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The notion of n-norm is introduced in [6] as a generalization of the notion of 2-norm
introduced by Gahler in [1]. The notion of n-seminorm is introduced in [5] as a generalization
of the notion of 2-seminorm. An equivalent definition of 2-norm is given in [2]. Using the
technique in [2], some classes of subsets of X™ are introduced in [3]. Using them, in this paper,

it is given a characterization of n-seminorm in the sense of Minkowski.

1. Introduction

Definition 1.1 Let X be a vector space over the field ® and let p :
X™ — R be a mapping which satisfies the conditions:

e a) p(x1,x2,...,2,) = 0, for every linearly dependant set {z1,...,x,};

e b) p(x1,..;2n) = P(Tr(1)s - Tr(n)), for every permutation
m:{Ll,.,n} —={1,..,n};

e ¢) p(axy,xa,....x,) = |a| p(x1,x29,...,2,), for any scalar o and arbitrary
L1y ey Ty € X

o d) p($1+$l1,$2,...,$n) < p(x1,22, ..y Tn) —l—p(xll,:vg,...,:z:n), for arbi-

/
trary z1,xy,22,...,Tn € X.

The function p : X™ — R which satisfies the conditions a) — d) is called
n-seminorm, and the ordered pair (X, p) is called real n-seminormed space.

Let X be a vector space over a field ®. (The field ® is either R or C )
The notions of n-absorbing, n-balanced and n-convex set in X” are introduced
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in [3], as a generalization of the notions of absorbing, balanced and convex set
in X, respectively. In [3] are, also, introduced two new notions i.e. n-invariant
set and the set /\,, and some of the basic properties of these subsets of X" are
given. Since we will use these subsets in our subsequent work, first we will give
their definitions and some of their properties.

Let M,,(®) denote the set of quadratic matrixes of order n over the field ®.

For arbitrary (z1,...,2,) and for any matrix A € M, (®), we define op-
eration - : M, (®) x X" — X", by A- (x1,...,7,) = A(21,...,2,) T, where the
right side of the equation is multiplication of a matrix with a vector.

For example, in the case n = 2, for A = a2 o My (®) and
a a2

a1 a a1l a
(71, 22) € X2, we get A-(z1,20) = [ 2 ]-(wl,xQ) = [ 212 ] (xl,xz)T
az1 a2 as1 a2

ail  a12 1
= = (a1 + a12x2, a1 + ax2).
a1 a2 T3

Definition 1.2. The set V C X™ is n-balanced if AVT CV, for arbitrary
matrix A € M, (®) with |det A| < 1, where VI={(z1,....z,,)7|(z1,....7,,) €V}

Definition 1.3. The set S C X" is n-convex if (x1,...,z;—1,tx; +
(1—t) x;,...,xn) €S, for arbitrary (1,..., Xi—1, Tiye.., Tn) ,(arl,...,xi_l,x;,...,a?n) €S
and for any ¢t € [0,1].

Definition 1.4. The set W C X" is n-absorbing if for every (x1,...,x,) €
X" there exists Ay, . 5, € M, (®) with detA,, ., >0 such that

(X1, ey ) € Axl,m,onT, ie. (149017.”796”)_1 (21, ...,arn)T cw.

Definition 1.5. The set P C X" is n-invariant if APT C P, for every
A € M, (®) with det A = 1, where PT = {(x1,...,2,)7| (21, ...,x,) € P}.

Definition 1.6. The set A, C X™ consists of all elements (zy,...,x,) € X"
for which the set {z1,..., 2, } is linearly dependent.

The following lemma is important for the characterization of n-seminorms.

Lemma 1.7. IfW C X" is n-absorbing and n-invariant set, then
A, CW.
The proof of Lemma 1 is given in [3].

Theorem 1.8. Let p : X" — R be n-seminorm. The set
F = {(x1,...,zp) |p(x1,....,xn ) <1} is n-conver, n-absorbing and n-balanced
set and A, C F.
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The proof of Theorem 1 is given in [3].

2. Main results concerning the characterization of n-seminorms as

n-functionals of Minkowski

Let the set U C X™ be n-absorbing set. For (x1,z9,...,2,) € X", we
define the sets Hy (x1,9,..,x,) € M, (®) and My (z1,z2,...,2, ) C R, to be
the following sets:

Hy (x1, 29, ..., xy) = {A |det A > 0, (x1, z2,...,2y) € AUT} and
My (z1, 22, ....;2n) = {det A| A € Hy (x1,22,....,2p)}

For the n-absorbing set U C X", we define puy : X” — R to be the
function py(x1,x9, ..., x,) = inf{t| t € My (x1,x2,...,2y)}.
We call this function n-functional of Minkowski.

Lemma 2.1.  Let the set U C X"™ be n-absorbing, n-invariant and
n-convex set and (x1,x9,...,x,) € X"™. Then the set My (x1,x2,...,x,) s a
semiline with end point py(x1, 2, ..., Tp).

Proof. Let U C X" be n-absorbing, n-invariant and n-convex set and
(r1, 22y, ) € X™. Let Hy (21, 22,..., Tp) C My (®) and My (21, x2,...,2,) CR
be the sets defined as above. We will prove that the set My (21, x2,...,x,) is a
semiline with end point py (x1,...,x,). If t € My (z1, 22, ....,x,) is an arbitrary
element, then there exists A € M, (®), A € Hy (z1,x2,...,z,) with detA =t

1
and A1 (CL’l,IL‘Q,...,CL'n)T € U. Since detA = ¢ and detA™! = TotAd = 1

1
because U is n-invariant, we get that ( ;xl, 9, ..., a:n) € U. Using the fact that

, and

the set U is n-absorbing and n-invariant, according to Lemma 1.7, we get that
t

(0,2, ...,x,) € U. Because the set U is n-convex, for arbitrary s > ¢, 0 < — < 1,
s

we have that

t /1 t
- (—CL’l,:I,‘Q,...,CL'n) + (1 — —> (0,9, ...,x,) €U
s\t s

1 t1 t
(—xl,xz,...,wn) = (——371 + (1 — —) 0, z2, ,xn> el.
S st s

Using this and the fact that U is n-invariant set, we get that, for B € M, (R)
with det B = s, B~ (1, 22, ...,CL’n)T eU.

1.e.
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Since s > t is arbitrary, we get that My (z1, 22, ..., zy,) is a semiline with
end point py (21, ..., Tn). [

Lemma 2.2. Let U C X" be n-convex, n-absorbing and n-invariant set
and let (x1,x9,...,xy) € X"™. Then py(x1,x2,...,2T,) is subadditive with respect
to every variable, i.e.

/ /
MU(xlal.Q: s Ti L, 7$n) < MU($17x27 -y Ly 7xn) + /'LU(xhxz? e Ly '“7xn)7
/ .
where x;,x1, %2, ...,y € X are arbitrary elements.

Proof. Let U C X" be n-convex, n-absorbing and n-invariant set and
let (z1,x2,...,x,) € X™. It is enough to prove that the function py(x1, z2, ..., ;)
is subadditive with respect to the first variable. For arbitrary chosen elements
161,:13/1,:132, vy Ty, let s > py (1,29, ...,xy,) and t > ,LLU(IL‘;,IL‘Q, .y Tp) be arbi-
trary chosen. Using the definitions and the properties of My (21, z2, ..., z,) and
MU(.fL'll,.fL'Q, .y Tp), we get that there exist A € My (1,22, ..., x,) with det A = s
and B € My (x}, x3, ..., z,) with detB = t such that

AN @y, 29, oy an) €U, B™Nay, 29, ..., 2" € U.
. . . 1
Since U is n-invariant, we have that (2371, x2,y..., Tpn) €U and

Because the set U is n-convex, for u =t + s and o =
1), we get that

1 / 1 1,
(E (1.1 + xl)al?r“:wn) = (Ewl + E$17x27"'7xn) =

t /1 s (1, 1 1,
= (— <—a?1) + — (—x1>,a:2,...,afn> = (a <—x1> + 5 (—a:l),xz,...,xn) eU
u \t u \S t s
Therefore, for every matrix C' € M, (®) with det C' = w, it holds

—1 /
C Y xy +ay,29,....2,)T €U,

ie. u € My(x + x),o,...,2,). According to the definition of the functional
uu, we have
pu(ry + oy, 29, ooy xy) <u=s8+1t,

where s and ¢ are arbitrary elements.
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So, we proved that ,U,U(l'l—i-l'/l, X900 ) <y (1, xz,...,xn)—l—uU(arll,xz,...,xn),
i.e. that the funcional uy is subadditive. |

Lemma 2.3. Let U C X" be n-convex, n-absorbing and n-invariant set
and let (x1,x9,...,xy) € X™. Then py(x1,z2,...,x,) is homogenous for every
positive scalar, with respect to every variable, i.e. puy (1, T2, ..., x4, ...y xy) =
tuy (T1,22yeeey Tiyeury ), for arbitrary t > 0 and for every (x1,x2,...,x,) € X™.

Proof. Let UC X" be n-convex, n-absorbing and n-invariant set and let
(r1,22,.c,zp) € X™ and t > 0 be arbitrary chosen. For arbitrary
s€ My (txy1,xa,...,x,) there exist a matrix A with detA=s>0 and (tz1,22,...,2,)€
AUT ie. A7 (tw1,29,...,3,)" € U. Using that U is n-invariant set, we get

t t

that < L1y T2yeeny n) €U. Since t, s>0, there exists B with detB = (—)*1 such
s

that (z1,22,...,2,) € BUT. Therefore ; € My (z1,x9,...,2,), and, according

s
to the definition of the functional py7, we have that uy (x1,z9,...,2,) < " ie.

tuy (1,29, ..., 2,) < s. Since s is arbitrary, we get that

(1) tuy (21,22, ooy Tn) < pu (txy, o, .y Ty) -
Let s € My (x1,x2,...,x,) be arbitrary chosen. Then there exist
Ac Hy(zynx2,....2,) with det A=s and (z1,22,...,1,) € AUT i.e. A (xy,9,...,0,)7 €

1 1
U. Using that U is n-invariant set and det A~ ==, we get that (—:cl, T9,yeery xn> €
s s

1
U, ie. (t_ (txy) ,mg,...,:vn> € U. Since U is n-invariant set, for each matrix C'
s

with detC' = st >0, we have that (tzy, za,...,x,) €CUT i.e. C7F (twy, 29,..., xn)T €
U. Therefore st € My (txy1, 2, ...,x,), and, according to the definition of the
functional p7, we have that

uy (tr1, 2, ..., xy) < ts.
Since s € My (z1, %2, ..., Ty) is arbitrary, we get that
(2) pu (tey, oy oy ) < tuy (1,2, ..., Ty)

From (1) and (2), we get uy (txi,z2,...,2,) = tuy (r1,x2,..., Ty ), for
arbitrary ¢ > 0 and for every (x1,z9,...,x,) € X™.

In the case t = 0, we have (01’1,1’2,.. n) = (0,29,...,2,) € Ay CU. So,
for every A € M,,(®) with det A >0, A~! (0, 9,...,x ) A C U. Therefore

My (0,z9,...,2,) = (0,400), i.e. py (0z1,22,...,2,) = Ouy (0,22, ..., zp). W
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Lemma 2.4. Let U C X" be n-convex, n-absorbing and n-balanced set
and let (x1,x9,....,x,) € X"™. Then py(z1,x2,...,Tyn) 18 homogenous for every
scalar, with respect to every wariable, i.e. p (X1, T2yt ey ) =
tpy (@1,29,..,Tiye ), for arbitrary scalar t and for every (x1,xa,...,x,) € X".

Proof. Let U C X" be n-convex, n-absorbing and n-balanced set and
let « € ® with || =1 and (21, 22, ..., ) € X™ be arbitrary chosen. Let

My (axy, xo, ..., xy) = {det A|A € Hy (oxy, @2, ..., xp) }

and
My (x1,x9,...,x,) = {det A|A € Hy (x1,x2,...,2,)} .

For arbitrary s € My (x1, xa, ..., ) there exists A € M,,(®) with det A =
s such that A~ (z1, 29, ...,arn)T € U. For the matrixes

a 0 0 .. O a 0 0 0
0O 1 0 .. O 0 1 0
B=|0 0 1 .. 0|andB=]0 0 1 0
0 0 O 1 0o 0 0 .. 1

we have that BB = Eand A~ = A7'E = A7 BB. Since A™! (21, 29, ..., arn)T €
U, using the last equation, we get (A_lBF) (xl,xg,...,xn)T € U. Therefore

(A71B) (B (21, w9, ...,xn)T)T eU,ie. (A7'B)(azi, z2, .., an )l eU.
Since U is n-balanced set and |det B| = |a| = 1, we get that

B ((A_lB) (o, o, ...,:cn)T>T eU,i.e. (F (A7'B) ) (ax1, T, .y xy)t € U.
Because of det (FAAB) =det Bdet A~'det B = adet A~'@ = det A™!

1 __ -1 —
= — > 0 and (ax1,x9,....,2,) € (BA_IB) UT, we get that B~1AB -

s
BAB € Hy (axy, 2, ...,x,) i.e. s € My (axy,x2,...,2y). Since s is an arbitrary
element which belongs to My (z1, z2, ..., z,), we conclude that

(3) My (z1,22, ..., 2n) C My (ax1,22, ..., Tn) -

Let us now suppose t € My (axy, xa,..., T, ) is arbitrary chosen. Because of
the definition of My (ax1, xa,..., 2, ), there exists D € M,, (®) such that detD =

T
t and D71 (a:vl,:ng,...,:cn)T € U. Therefore D_l(B (xl,xg,...,xn)T> cU ie.
(D™ 'B) (21, 29,....2n)" €U.
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Since U is n-balanced set and |det B| = |[@| =1, we have that BUT CU.

Therefore (BD'B) (21, x2..,z,)" €U. Using that det BD™'B = ardet D~'a =

1 — -1

n > 0, we get that (BD*IB) € Hy (z1,x2, ..., Tp), 1.e. t € My (z1,22,...,24).

Since t is an arbitrary element which belongs to My («xy, xo, ..., ), we conclude
that

(4) My (axy, @9, ..., xy) € My (z1, 22, ..., Ty)
From (3) and (4), we get that
(5) My (axy,xo, ..oy xy) = My (21,22, ..., Ty

for any scalar o with |a| = 1.
Using (5) and the definition of the n-functional of Minkowski, ugr, we get

(6) Hu (OZCEl,"L‘Q,...,IEn) — Hu (x17$27"'7xn)7

for any scalar o with |a| = 1.
Now, let o be an arbitrary scalar and (z1, x2, .., z,) € X™ be an arbitrary

chosen element. Then, using that Tal =1, |a| > 0 and (6), we get
«

«
uy (Qx1, 22, .y Tp) = py | | o] mznl,:vg, Ty | =
«
~ ol (s, = lol s (o122, )
Therefore py (axy, xo,...;x,) = |a|py (x1,22,...,2,), for any scalar
a € ® and for an arbitrary (z1,x9,...,z,) € X" (]

Lemma 2.5. Let U C X" be n-convez, n-absorbing and n-balanced set
and let (x1,x9,...,x,) € X"™. Then uy(x1,x2,...,xy,) does not change the value
under any permutation of its variables, i.e. py (T1,...,Tn) = pu (arﬁ(l), ey xﬁ(n)),
for any permutation w: {1,2,...n} — {1,2,....,n}.

Proof. Let U C X™ be n-convex, n-absorbing and n-balanced set. Let
(r1,22,...,2,) € X™ be arbitrary chosen and let 7 : {1,2,....n} — {1,2,...,n}
be an arbitrary permutation. Each permutation matrix has determinant equals
to 1 or-1. Let 7 (k) = i, and let us denote the permutation matrix with B;,;, .,

1 1
and C' = (Biyi,..i,) " Then det C' = =—,le. |detC|=1.

det B;iy..5, £l
Let t e My (:L'ﬂ.(l),..., :L‘ﬂ(n)> be arbitrary chosen. For A€ Hy (:L'ﬂ.(l),..., :z:ﬂ(n)>

T
with detA = ¢, A~! (wﬁ(l),...,xw(n)) € U. Using that U is n-balanced set, for
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T
the matrix C, we have C <A1 (arﬁ(l), ...,xﬁ(n)) ) eUie (CA™'Bii,.in)

-1
(z1, ...,ZL’n)T € U. Therefore ((Bimmin)_l AC_I) (z1, ...,ZL’n)T € U. Since
det ((Bilizmin)fl AC’_l) = det (BiliZ,,,in)fl det Adet C~! = t, we get that
te My (1'1, ,l‘n)

We proved that M, (xﬂ(l), ...,xw(n)> C My (z1, ..., Tp)-

Let t € My (x1, ..., x,) be arbitrary chosen. For B € Hy (x1, ..., z,) with

T
det B = t, B (z1,...,2n)" € U. Then (B71C) (xﬂ(l), s ZCW(n)) evU.
Since U is n-balanced set and |Bj,i,..i,| = 1, we have
T

(Biliz...inBilc) (l'ﬁ(l), ,wﬁ(n)) ceU
i.e. . .

(CilB (Bi1i2---7;n)71> (xw(1)7 ey ww(n)) eU.
Because of det (CilB (Bimmin)_l) = det C~' det Bdet (Bi,j,..i,) " =t we get
that t € My (xﬂ(l), ...,xw(n)). Therefore My (21, ...,x,) € My (a:w(l), ...,xw(n)).

So, we proved that My (x1,...,2,) = My (xw(l), ...,xw(n)).

Using the last equation and the definition of the n-functional of Minkowski,
MU, we get g (xla wfn) = KU (xﬂ'(l)7 7x7r(n)) n

Lemma 2.6. Let U C X" be n-convex, n-absorbing and n-invariant set
and let the set {x1,x2, ...,z } be linearly dependant. Then uy (x1,x2, ..., ) = 0.

Proof. Let U C X" be n-convex, n-absorbing and n-invariant set and
let the set {z1, z3,..., 2, } be linearly dependant i.e. (z1,xa,...,x,) €A,. For any

n n
matrix A = [a;j]nxn With detA >0, the set of vectors { > aijzj, Y. asjz;,...,
j=1 j=1

n
> anjxj} is linearly dependent. Therefore, for any matrix A = [a;;]nxn with
=1

det A >0, A~ (21,29, ...,20)T € A, CU. So, My (1,29, ...,2n) = (0, +00) i.e.
puy (1,9, .y xy) =0 . m

The following theorem 2.7 is a direct consequence of the previous Lemmas
and the fact that every n-balanced set is n-invariant set.

Theorem 2.7. Let U C X" be n-convex, n-absorbing and n-balanced
set. Then the n-functional of Minkowski, py, is a seminorm on X™.
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Theorem 2.8. Let U C X" be n-convex, n-absorbing and n-balanced
set and let pr : X™ — R be the n-funcional of Minkowski. If

V={ (21,22, ....,xn) | pv (x1,22,...;25) < 1} and

W ={ (21,22, ....2pn) | pv (1,22, ..., xn) <1}
then V. Cc U CW and py = py = pw -

Proof. It is obvios that V. C W. If (z1,22,..,2,) € V then
uy (r1,z2,...,2,) < 1. Because of the definition of py, we have that 1 €
My (z1, 22, ...,xy,) ie. E, € Hy(x1,x9,...,2,), where E, is the unit matrix
of order n. Therefore (x1, 9, ...,z,) € U. So, we proved that V C U.

If (x1,....,2,) € U then E € Hy (x1,22,...,24), 80 py (1,22, ..y @py) < 1
ie. (z1,x9,...,2,) € W. So, we proved that U C W.

Therefore V C U C W. Because of this, we have

HV ($17$27"'7$n) - HU (5131,1:2, ,fEn) - HW ('1:17'1:27 w'En)

i.e.
My (z1,22,...,xn) C My (z1, 22, ..., ) C My (21,22, ..., Tp)

Using the definition of py, we get that uw < py < py.
If s and t are real numbers such that uw (z1,22,...,2,) < s < t, then,
according to the definition of uyy, we get that

1 . 1
U (gl’l,l‘g,...,l‘n) = ;MW (1,22, zp) < 1 ie. <Em1,x2,...,xn> ew.

Therefore py (—x1, o, ...,y | <1 ie. puy (r1,22,....,2,) <8, SO
s

1 S 1
HuU (2151,162,-'-,1%) < n <li.e. (le,:m, ,xn> eV.

Using the definition of py, we get py (z1,22,...,25) < t. Since
t> uw (21, x9,...,x,) is an arbitrary element, we get that

ww (21, 224eeeey Ty) > py (x1, 224, ). Therefore py < pupy.

We proved that pyw = py = py. [
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