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A Weighted Prime Geodesic Theorem !

Muharem Avdispahi¢ and DZenan Gusié

We consider a weighted form of the prime geodesic theorem for a compact Riemann
surface as a 1 — level analogue of the classical von Koch theorem. A result in that direction
is obtained for higher dimensional real hyperbolic manifolds with cusps.
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1 Introduction

In 1901, von Koch proved that the Riemann hypothesis is equivalent to the
best possible bound in the prime number theorem. The precise version of von
Koch’s result says that the Riemann hypothesis is equivalent to the following
asymptotic equation

(1) n(z) = li (z) + E(z)

as £ — +o00o, where E(z) = O (x% log :c) and 7(z) denotes the number of prime

numbers not larger than z. The best estimate of the error term known up to
3 1

now is E(z) = O (:c exp (—c(log m)g) (log log x)_g), obtained by Vinogradov

in 1958.

The set of lengths of prime geodesics over a compact locally symmetric
space is related to the Selberg zeta function in a manner which is evocative to
the relationship between prime numbers and the Riemann zeta function. Let
R be a d-dimensional compact Riemannian manifold whose simply connected
Riemannian covering manifold H is a symmetric space of noncompact type and
of rank 1. Then, H can be represented as G/K where G is a noncompact

1This work has been partially supported by a grant from the Federal Ministry of Science
and Education of Bosnia and Herzegovina
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connected simple Lie group of rank 1 with finite center and K is a maximal
compact subgroup of G. As a consequence, R can be represented as I'\G/K,
where I is a discrete subgroup of G acting freely on H such that I'\G is compact.

Let us recall that a prime geodesic C over R corresponds to the conju-
gacy class of a primitive hyperbolic element v € I'. As usual, let 7r(z) be the
number of prime geodesics C., of length [ (C,) < logz. Then the prime geodesic
theorem states

iL'd_l

d-1

(2 mr(z) ~ (logz)™" .

Relation (2) was independently proved by Gangolli [6] and DeGeorge [4] (see also
Wakayama [17]) when R is compact and extended by Gangolli and Warner (7] to
the noncompact finite volume case. The search for the optimal error bound in
the prime geodesic theorem is widely open. However, one should hardly expect
to get a more informative general result without entering into details of compact
locally symmetric spaces case by case.

2 Classification

Let R be as above. Being symmetric and of rank 1, the covering manifold
‘H is known to be a real, a complex or a quaternionic hyperbolic space or the
hyperbolic Cayley plane (see e.g., [3])

2.1 Real hyperbolic space HR?

We may represent real hyperbolic space H = H R? as H = SOy (d,1) /SO (d),
d > 3. Here, dim (H) = d according to [10]. Also, due to [5], the critical strip of
the Selberg zeta function associated to R in this case is given by 0 < Re(s) <
d-1.

2.2 Complex hyperbolic space HC™

We may write H = G/K, where G = SU(1,m)/Zy, K = S (U(1) x U(m)) /Zy,
m > 2 for any divisor k of m + 1. In this case, dim (H) = 2m and the critical
strip is given by 0 < Re(s) < 2m.

2.3 Quaternionic hyperbolic space HH™

A possible representation is H = Sp(1,m) /Sp(1) x Sp(m), m > 2. Now,
dim (H) = 4m and the critical strip is given by 0 < Re (s) < 4m + 2.
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2.4 Hyperbolic Cayley plane HCa?

The unique representation of the hyperbolic Cayley plane H = HCa? is H =
F;2%/Spin(9). Here, dim (H) = 16 and the critical strip in this exceptional case
is given by 0 < Re(s) < 22.

One could expect that obtaining a more precise version of the prime
geodesic theorem would depend on dim (R) and an appropriate choice of a zeta
function. As explained by Gangolli and Warner in (7, Section 5], the Selberg
zeta function is not sufficient for this purpose in the case of dimension d higher
than 3, since it provides us information only on the error terms related to the
poles in the strip (d — 2,d — 1].

3 Compact Riemann surfaces case

Let R = I'\'H be a compact Riemann surface of genus g > 2, where
I is a strictly hyperbolic discrete subgroup of PSL (2,R) and H is the upper
half-plane. Denote by I'y, resp. PTI'}, the set of the I'—conjugacy classes of
hyperbolic resp. primitive hyperbolic elements in I'.  We set A(y) = 1(C,,)

for v € T, where v = 78(7), o € PI'y, j(v) € N. Let N(v) = ¢(C0). As
usual, we introduce 1o(z) = > . cr, | Ny<s A() and define 9, (x) recursively by

Yn(x) = [Yn_1(t)dt for n € N. One has (see, e.g., [14, p. 98], [15, p. 245])
0

3) b= Y AG)@- N

" y€ETL,N(y)<z

The Selberg zeta function for the group I is defined by

+o00
-1
zr(s)= II TI(1-N(o)=™*) ", Re(s)>1,
Yo €PT}, k=0
and meromorphically continued to the whole complex plane. Nontrivial zeros of

Zr are located at s, = %+i7‘n and §, = %—irn where r, = \/Ap — % for A\, > %

and r, = —iy/—=Ap + % for A\, < i‘ Here, )\, ranges through the sequence of

eigenvalues of the Laplace-Beltrami operator on I'\'H.
Randol [15] proved the prime geodesic theorem with the error term (see
also [11], [12], [9], [2])
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(4) @)= 3 I (xs")+0(:c% (logw)_l),

3<sn<1

where )\, = s, (1 — s,) is a small eigenvalue in [O, %] of the Laplacian A acting
on L? (R).

In view of the remarkable fact that the analogue of the Riemann hypoth-
esis holds for the Selberg zeta in this case, the error term in (4) is far from

the expected O (z%“). The biggest obstacle is the higher density of nontrivial

zeros of the Selberg zeta function when compared to the Riemann zeta case.
This gives us a motivation to take a look at a weighted prime geodesic theorem
in the following form.

Theorem 1 For every compact Riemann surface of genus g > 2, the asymptotic
equation

_NW) _ S T 1
o 7€Fh,XN%v)sx A (1 z ) R ,;1 Sn(sn+1) e (z log "”)

holds true as x — +oo. The implied constant depends solely on I'. Here, M 1is
determined by the condition A, € [0, %) if and only if 0<n<M.

Proof. It is enough to prove the following relation

P () i z* +0 (ac% lo; a:) +
. —
x oy (sn+1) sx), * o

For ¢ > 1 we get (see [8, Th. 40.])
1 c+iooR, ( ) o
_ 1 r(s z®
¥n(2) = omi Rr(s)s(s+1)...(s+ n)ds’

c—i00

where Rr is the Ruelle zeta function defined by

Re(s)= [[ A-N(o)™®)", Re(s)>1,

Yo €PTy

and meromorphically continued to the whole complex plane. Let € > 0 be a
number such that real zeros sg, S1,...,80 of Zr belong to the segment (% + 2¢, 1] .
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Applying the Cauchy residue theorem to the rectangle given by vertices ¢ — iT’,
c+iT, % + 2e + 14T, % + 2¢ — 4T and letting T" — 400, we obtain

o " 1+2e+ioco +1
xsn 1 Rl"(s) z®
I S L ——ds.
(6) P1(x) T;) Sn(Sn+1) 2w Rr(s) s(s + 1)

5 +2e—ico

Reasoning as in [2, p. 1839], we easily derive

Rp(s) _ 1/ T \2max(01+e—0)
" Ri(é‘) =0 (E (logT)

for s =0 +4T, 0 > 3 +¢&, T > 1000, T # all r,,. Hence, (6) and (7) imply

a8 3+2+iT "
_ s 1 Rp(s) z°
(®) vi(e) = nZ: Sn(Sn+1)  2mi Br(@) s+ D

=0
142e—iT

o (B%+25 .
e2logT

The integral on the right hand side can be estimated in the same way as in [9].
We put A= N+ % for some N € N and apply the Cauchy residue theorem over
the rectangle with vertices % + 2e — 1T, % +2e 41T, —A+1iT, —A—iT. Having
in mind that (see, e.g., [16])

M

. Zr(s+1)
)= "7
we deduce
3+2e+iT ' () "
1 Rp(s) z°
_ A\ ds = 41
(9) 5 Rp(s)s(s+1)ds ar + Bxrlogzr + v+ dlogx
142e—iT

3n+1 Sn+1 §n+1
S S (et )
3n ) sn(sn+1) 3p(5n+1)

(8n + 0<rn<T
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M zon Isn .’EE"
Z(Sn_l)sn ;(gn_l)gn— Z ((sn—l)sn+(gn‘1)§n>

0<rn<T

x%+25
+ (49 - 4)Zk(k +o< . )+0(x1—A)

where «, 3, v and § are constants that depend solely on I'. Passing to the limit
A — +o00 in (9) and taking into account (8), we obtain

(10) P1(z) = az + Brlogz + v+ Slogx
pon+l M Sl zontl 2on+1
+z st o ( )
0 Sn (sn + 1) 1 5n (8n+1) o<m<r \5n (sn+1)  3.(5n+1)
M % e Sn Sn 3,
zn & z xsn
_ _ _ e 4 _
;(sn—l)sn nzz:l(sn—l)sn osgg:r((s"—l)sn (Sn—l)sn)

+o00 349
1 1-k z2"%
49 — 4 — O — 1.
+(4g ),gkr(k—l)z + (szlogT>
Define N(t) to be the number of s, = % + ir, (or 5, = § — iry) such that
Tn = 1/An — %, An > § and r, < t. It is known that N(t) = O (¢?). Hence,

w3n+1 x§n+1 3
> (sn ot  E Gt 1)) =0 («t1087),

0<r,<T
zsn zon ) 1
+ = — | =0 (z2logT).
os;n:g ((sn —1)s, (p—1)3, ( )

Now, equation (10) becomes

sn+1

n(sn+1)

3
1 5+2¢
+0 (z) + O (a:%) +0 (x% logT) +0 (;) +0 (;;W)

M Sn+1 3492
b 4 3 xTr2
= —————— + 0 |(x2l0gT O| ——.
; Sn (sn+1) * (:1: o8 ) i (52 logT)

(11) Yi(z) = O(xlogm)+z O(a:%) +O(m% logT)
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The optimal size of the error term in (11) is given when 7' ~ z and € ~

logz*
We finally obtain
. M sn+1
T 3
=5 ———+(sf10ga).
Y1(z) ,;Sn gD T (xz ogz
This completes the proof of theorem. [ ]

4 Real hyperbolic manifolds with cusps case

We first recall our refinement [1] of Park’s prime geodesic theorem for
higher dimensional real hyperbolic manifolds with cusps [14]. The obtained
estimate coincides with the best known result (4) in the Riemann surfaces case.

Let T’ be a discrete co-finite torsion free subgroup of G = SOq (d,1)
satisfying the condition ' " P = I' N N(P) for P € Pr, where Pr is the set of
I'—conjugacy classes of ['—cuspidal parabolic subgroups in G and N(P) is the
unipotent part of P. Denote by K a maximal compact subgroup of G. The
manifold R = I'\G/K is a d-dimensional real hyperbolic manifold with cusps.
In [1] the authors proved the theorem in the following form

Theorem 2 Let R be a d-dimensional real hyperbolic manifold with cusps, d >
3. Then

mr(z) = > (-1)F1 (xsn(k)) +0 (x%do (log z)—l)

3do<sn(k)<2do

as T — +00, where dy = 451, (sn(k) — k) (2do — k — sn(k)) is a small eigenvalue
in [0,3d3] of Ak on sy x, (k) With sp(k) = do + idn(k) or sn(k) = do — iAn(K)
in (%d0,2d0], Ay is the Laplacian acting on the space of k—forms over R and

o n(k) 18 the principal series representation.

Concerning a weighted prime geodesic theorem in this setting, we prove
the next result.

Theorem 3 Let R be a d-dimensional real hyperbolic manifold with cusps, d >

3. Then
> am(1-2)-

‘YerhyN(’Y)Sx
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Isn (k)

D N IR (SFSY)

sn(k)€(do,2do)

+O0 (a:%d"_i)

as r — +00.

Proof. By [1, relation (6)]

sn (k)+d

_ _cank
(12) wd(z)—sn(k)gdj()%]( Y G T D e + D)

5n(0)+d

) IO E S B CR O ESO

sn(0)=do+irn(0)

Reasoning as in [1, pages 4-5], we introduce the function

z+hTn-1+h z1+h

A,tf(x)=/ / / F™ (z0)dzg . .. dzn_1

Loalyl | &

and obtain

(13) hEVAL, sn(k)(sn(k)inl(’)c)j‘f Gnb) 1 d)
sn(k)zZ;ik();)l+ o (e ®51)

(14) h‘(d_l)A;_l 5n(0)+d

52(0)(32(0) + 1) ... (5,(0) + d)
O (min (2941 |5, (0)[ 72, (1) |5, (0) ~(@+D) gitde))

Following [12, pp. 463-464] and using (14), we deduce

sn(0)+d

—(d—1) A+
5 " S an(0)=§:ikn(0) el Olieallh) +1). fonll)+ )

M +00
=0 (z"b“ ] t‘2dN(t)) +0 (h_(d_l)a:d+d° / t—("“)dN(t))
M

do
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=0 (mdo+1Md—2) +0 (h*(d—l)xd+d0M—1)

for some M > 2dy, where N(t) = O (t?) denotes the counting function of
$n(0) = do + i\ (0). Thus, (12), (13) and (15) imply

(_1)km3n(k)+1
sn(k) (sn(k) +1)

(16)  ATEDAL u(x) = Y

sn(k)€(do,2do]

+0 (h2d°+1)

+0 (xdo-HMd—Z) +0 (h—(d—l)xd+doM—1) .

Substituting M ~ xi, h ~ 24 into (16), we get

(17) P1(z) < h"@EDAT ga(z) =

wsn(k)+1 34043
Y Womemmry to @)

sn(k)€(do,2do]

Reasoning in an analogous way, one proves

xsn(k)+1

(18) > Vomemrn tOE ) sue.

sn (k)€ (do,2do)

Combining (17) and (18), we obtain

zsn (k)+1

19 hi@= Y (D o ().

sn(k)€(do,2do)

Now, the theorem follows from (19) and the fact that

> A (1- 20 _ue)

T T
YETH,N(7)<z
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5 Concluding remarks

1. Weighted prime number theorems that we investigate are to be compared
to the following classical theorem for the Riemann zeta function.

Theorem A. [13, Th. 30., p. 83f] Let 0 be the upper bound of the real parts of
the zeros of ((s). Then

(@) ¢r(z) = 5 + O (2%+7),
(b) ¥(z) =z + O (2°log’z),
(c) m(z) =liz+ O (2%logz) .

The facts that 3> 1 =0 (10g?T) and 3> & = O (%) (see, [13, Th. 25b,,

0<~<T >T

p. 70]) for the nontrivial zeros % + 47 of ((s) allow us flexibility in moving from

one level to another that is not present in the Selberg zeta case because of

> L =0() (see, [9, (6.14), p. 113]) and Y & = O (logT) (see, [9,
0<r,<T " 0<rn<T "

(5.10), p. 91]) for the Riemann surface and analogously for higher dimensional

manifolds.

2. Let us notice that the proof of Theorem 3. yields another proof of Theorem
1., after taking into account that the first integral on the right hand side of
(15) is O (log M) in the compact Riemann surface case. Indeed, with an ap-
propriate caution related to the difference in the definitions of our A (y) and

-1
Hejhal’s A () = 1(C,,) (1 - N (’y)'l) , the result could be deduced from [9,
Th. 6.16, p. 110]. We found our first proof worth presenting because of the term

ﬁ% in (8) as opposed to O (”’2—17?5—’—) (see, [9, Remark. 6.17., p. 110]).

The former might be useful for other applications as well.

3. We could summarize our results in the following form.
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Theorem 4 With the notation as in Theorem 3., let

1 N m
m@= T Am(1-T2)-
m! T
YELH,N(7)<z
msn(k)

> (Vo Em T el )

sn (k)€ (do,2do]

Then,
(a) Gm (z) = O (z%) if m > d,
(b) G (z) = O (z%logz) if m = d — 1 = 2dy,

(¢) G (z) =0 (m%(d_m"l)) if 0 < m < 2dp.

Indeed, integrating the relation (12) m — d times and having in mind that the
series on the right hand side of (12) is absolutely convergent, we obtain (a). If
we apply the operator h_lAf' in the way we applied h_(d_l)Aji'_l in (13) and
(14), we shall get (b). By the same reasoning the application of p{d—m) At
0 <m < d- 2, will give us (c). Actually, the assertion (b) coincides with
Theorem 1. from the Riemann surface case. Theorem 2. is derived from (c)
with m = 0.
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