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1 Introduction

In [9] Michael has proved the following:

Theorem 1.1 If0 : X — Y is a lower semi-continuous closed-valued
mapping of a paracompact space X into a complete metric space Y, then there
exist a lower semi-continuous compact-valued mapping ¢ : X —'Y and an upper
semi-continuous compact-valued mapping ¥ : X — 'Y such that ¢(z) C ¢(x) C
O(x) for every x € X.

Let X and Y be non-empty topological spaces. A set-valued mapping
0 : X — Y assigns to every x € X anon-empty subset 0(z) of Y. If ¢, : X - Y
are set-valued mappings and ¢(z) C ¢(x) for every x € X, then ¢ is called a
selection of 1.

Let 6 : X — Y be a set-valued mapping and let A C X and B C Y.
The set 671(B) = {x € X : 0(z) (B # @} is the inverse image of B, 0(A) =
01(A) = U{0(x) : x € A} is the image of the set A and 0" 1(A) = 0(0~1(0"(4)))
is the n+1-image of the set A. The set 0°(A) = (J{6"(A) : n € N} is the largest
image of the set A (see [5]). A set-valued mapping 6 : X — Y is called lower
(upper) semi-continuous if for every open (closed) subset H of Y the set 0~!(H)
is open (closed) in X.

In [2, 3, 4] was proved the following conversion of Theorem 1:
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Theorem 1.2 For a Ti-space X the following are equivalent:

1. X 1is paracompact.

2. For every lower semi-continuous closed-valued mapping 6 : X — Y
into a complete metric space Y there exists an upper semi-continuous compact-
valued mapping ¥ : X =Y such that (x) C 0(x) for every xz € X.

3. For every lower semi-continuous mapping closed-valued mapping 0 :
X — Y into a discrete space Y there exists an upper semi-continuous compact-
valued mapping ¥ : X =Y such that ¢(x) C 0(z) for every z € X.

The aim of the present article is to extend the assertions of Theorem 1
and to propose a characteristic of fully paracompactness (see Theorem 4). The
article continues the investigations from earlier articles [5, 6] of the authors.
Any paracompact space is considered to be Hausdorff. We use the terminology
from [7, 14]. By |A| we denote the cardinality of a set A and N = {1,2,...}. We
consider only the covering dimension of spaces.

2 On paracompact spaces
A set-valued mapping 6 is called simple if 0°°(x) = 6(z) for every z € X.

Remark 2.1 For a set-valued mapping 6 : X — Y the following 1,2
and 3 are equivalent:

1. 6°(x) = 0(x) for every x € X;

2. 0%(z) = 0(x) for every x € X;

3. For every x,y € X either 6(x) N0(y) = @ or O(x) = 0(y).

Remark 2.2 Letf : X — Y be a set-valued mapping. Then 6*°(x) =
0(z) is a simple set-valued mapping.

Proposition 2.3 Let 0 : X =Y be a simple closed-valued mapping of
a space X into a space Y. Then:

1. If 6 is lower semi-continuous and Y is first-countable, then 0~1(0(x))
is a Gg-set of X for every x € X. 2. If 0 is upper semi-continuous and Y is a
metric space, then 0~1(0(x)) is a Gs-set of X for every x € X.

Theorem 2.4 Let 0 : X — Y be a lower semi-continuous closed-valued
mapping of a paracompact space X into a complete metric space Y. Then there
exist a lower semi-continuous compact-valued mapping ¢ : X — Y, an upper
semi-continuous compact-valued mapping 1 : X — Y, a metric space Z and a
continuous single-valued mapping g : X — Z such that:

1. ¢(z) C(x) C O(x) for every xz € X;

2. v:X =Y X Z, where v(z) = ¢(z) x {g(x)} for every x € X, is a
lower semi-continuous compact-valued mapping;



Around One Michael’s Theorem . .. 315

3. A: X =Y x Z, where AN(z) = (x) x {g(x)} for every z € X, is an
upper semi-continuous compact-valued mapping;
4. A®°(x) is a separable metric subspace of Y x Z for every x € X.

Proof. Let d be a complete metricon Y. Put V,,(y) = {z € Y : d(y,2) <
27"} for every y € Y and every n € N. If y € Y and F is an non-empty subset of
Y, then diam(F) = sup{d(y, z) : y,z € F} and d(y, F) = inf{d(y,2) : z € F}.
Assume that diam(@) = 0 and d(y, @) = oco. Fix a sequence {&, = {V, : a €
Ap} i n € N} of open locally finite covers of Y such that diam(V,) < 27" for
every a € A, and every n € N.

By virtue of Theorem 1 there exist two lower semi-continuous compact-
valued mappings ¢1, ¢ : X — Y and two upper semi-continuous compact-valued
mappings 1, 1 : X — Y such that ¢(z) C ¥(x) C ¢1(x) C vy (x) C O(x) for
every z € X. Put W, = gbl_l(Va) for every a € A,, and every n € N.

Since 1)1 is an upper semi-continuous compact-valued mapping, then £/, =
{wl_l(Va) o € A,} is a locally finite open cover of X. By construction,
W, C wl_l(Va). Thus v, = {Ws : « € A,} is an open locally finite cover
of X for every n € N. Since v ~1(V},) is an F,-set and ¢ ~!(V,) C W,, there
exists an open F,-set U, of X such that v~1(V,) € U, C W,. Therefore
M = {Uqs : @ € A, } is an open locally finite cover of X for every n € N.

There exists a family {f, : X — [0, 1] : a € A4,, n € N} of continuous
functions on X such that Y {fa(7) : @ € A,} =27 and X \ U, = f,1(0) for
every a € A, and n € N. Put p(x,2) = Y {]| fa(z) — fa(2) |: @ € A, n € N}
for x,2z € X. By construction, p is a continuous pseudometric on X. There
exist a metric space (Z,p) and a continuous mapping g : X — Z such that
p(g(x),g(2)) = p(z, z) for every z,z € X.

Fix x € X. Put A,(z) ={a € A, : x € U,}. Thus ¢(x) CU{U, :a €
Ay (z)} for every n € N. Let A\(z) = ¢(x) x {g(z)} and v(z) = ¢(x) x {g(z)}.
The mapping A : X — Y X Z is upper semi-continuous compact-valued and the
mapping v : X — Y X Z is lower semi-continuous compact-valued. If x € X
and ¥(z) = (g7 (g(x))), then B(z) = {U, : a € Ap,n € N} is a countable
base of the subspace ¥(x) in Y. Let p: Y X Z Y and q: Y x Z — Z
be the natural projections, z € Z and H C ¢ !(z). Fix x € A™}(H). Then
AMz) = ¢(x) x {g(z)} and A\(z) N H # @&. Thus there exists (y,z) € AM(z) N H.
Hence g(z) = z. Therefore A\(A"1(H)) C ¢~ (). Hence, by construction, A*°(z)
is a separable metric subspace of Y x Z for every z € X. |

Let {p, %, ¢, 0} be set-valued mappings of a space X into a space Y. We
say that:

— {p, ¥} is a Michael pair of mappings of X into Y if p: X <> YV isa
lower semi-continuous compact-valued mapping, ¥ : X < Y is a upper semi-
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continuous compact-valued mapping and ¢(x) C 1(x) for every z € X

— {4, ¢,0} is a Michael triple of mappings X into YV if ¢ : X < Y is
a lower semi-continuous compact-valued mapping, 1,60 : X < Y are upper
semi-continuous compact-valued mappings and ¥ (z) C ¢(z) C 0(x) for every
r € X;

—{¢, 1, 0,0} is a Michael quadruple of mappings of X into Y if ¢, ¢ :
X < Y are lower semi-continuous compact-valued mappings, 1,0 : X < Y are
upper semi-continuous compact-valued mappings and ¢(z) C ¥(x) C ¢(z) C
O(x) for every x € X.

In the proof of Theorem 2 we establish the validity of the following as-
sertion.

Proposition 2.5 Let 1, ¢, 0 be a Michael triple of mappings of a normal
space X into a metric space Y . Then there exist a metric space Z and a
continuous single-valued mapping g : X — Z such that:

1. v: X =Y x Z, where v(z) = ¢(x) x {g(x)} for every x € X, is a
lower semi-continuous compact-valued mapping;

2. \: X =Y x Z, where A\(x) = (z) x {g(x)} for every x € X, is an
upper semi-continuous compact-valued mapping;

3. A\>®°(x) is separable for every x € X.

3 On finite-dimensional paracompact spaces

Theorem 3.1 Letf: X — Y be a lower semi-continuous closed-valued mapping
of a paracompact space X into a complete metric space Y and dimX < n.
Then there exist two metric spaces Z and S, a continuous single-valued mapping
g:Z — Y, a continuous single-valued mapping h : S — Z and an upper semi-
continuous mapping ¢ : X — Z, such that:

1. dimZ <n and dimS =0.;

2. h:S — Z is a closed mapping and with the fibers h='(z) of cardinality
at most n+ 1;

3. ()| <n+1 and g(¢(x)) C 0(x) for any x € X;

4. A: X — S, where \N(x) = h™1(p(x)) for every x € X, is an upper
semi-continuous finite-valued mapping;

5. A®°(x) is a separable subspace for every x € X.

Proof. There exists a complete metric space (B,d) and a continu-
ous open mapping f : B — Y such that dimB = 0 (see[l]). The mapping
¢ : X = B, where p(x) = f~1(0(z)) for each € X, is lower semi-continuous
and closed-valued. Since X is a paracompact space and dimX < n,there exist
(see [2, 3, 13]) a sequence {v, = {Uy : @ € A,} : n € N} of open locally finite
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covers of X, a sequence {1, = {F, : « € A,} : n € N} of closed locally finite
covers of X, a sequence {£, = {V,: o € A,} : n € N} of families of open sub-
sets of B and a sequence {m, : Apy+1 — A, : n € N} of single-valued mappings
such that:

1. F, CU, CexU, C 9 Y(V,) and diamV,, < 27" for all n € N and
o€ Ay;

2. Uy = WU : B € ml(a)}, UV : B € mt ()} C V, and
Fo=U{Fz:Bem (a)} foralln € Nand a € Ay;

3. Ifrxe X,neNand 4, (x) = {a € A, : x € F,}, then |4, (2)| < n+1,;

4. There exists a family of continuous non-negative functions {uq : X —
0,1 : n € Ny« € A,}) such that U, = u;'(0) and S{ug(z) : 8 € A,} =271
forallz € X, neNand a € A,.

Put A(z) = {a = (a, :€ N) : v € Ap(2),n € N}, If @ = (a0, :€ N) €
A(z), then V(o) = M{V,, :€ N}. For any z € X we put ¢1(z) = U{V(a) :
aA(x)}. Then ¢y : X — B is an upper semi-continuous mapping, |11 (z)| < n+1
and ¥1(x)) C p(z) for any x € X.

Put pi(z,z) = > {|lua(x) —ua(2)| : @ € Ay,n € N} for all z,z € X.
By construction p; is a continuous pseudometric on X. There exist a metric
space (Z1, p) and a continuous mapping g1 : X — Z; such that p(g1(z),91(2)) =
dy(z, z) for every x, z € X. By virtue of Mardesié¢’s factorization theorem, there
exist a metric space Zs and two continuous single-valued mappings gs : X — Z5
and g3 : Zo — Zp such that dimZs < n and g1 = g3 - g2 (see [8, 10]). One can
assume that the spaces Z1, Z5 and Z3 are complete metrizable.

Put Z = B x Zy and ¥(x) = 1(z) x {g2(z)} for any z € X. Let
g(s,z2x) = f(s) for any point (s,z) € Z. By construction, ¢ : X — Z is a upper
semi-continuous mapping, |¢(x)| < n+ 1, ¢¥(z) C ¢(z) and g(y(z)) C O(x) for
any x € X. Let x € X, n € Nand L,(z) = {a € A, :z € Fo}. Ifzx,z € X
and g1(x) = g1(2) (i.e. pi(x,z) = 0), then L, (z) = L,(z) for any n € N. Let
q: B x Zy — Z3 be the natural projections, z € Zy and H C ¢~ '(2) = B x {z}.
Then ¥(¢p~1(H)) C ¢ (z). Thus *>(x) is a separable subspace of Z and
>®(x) C B x{g(z)} for each x € X. By virtue of Morita’s theorem, there exist
a metric space S and a closed continuous single-valued mapping h : S — Z such
that dimS = 0 and the fibers h=1(2) are of cardinality at most n+1(see [8, 11]).
[

If the space Y is discrete, then B =Y, ¢*°(z) is a discrete subspace of
Z and ¥>°(z) CY x {g(x)} for each z € X. In fact we have

Theorem 3.2 Let 0 : X — Y be a lower semi-continuous closed-valued
mapping of a paracompact space X into a discrete space Y and dimX < n.
Then there exist two metric spaces Z and S, a continuous single-valued mapping
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g:Z =Y, a continuous single-valued mapping h : S — Z and a upper semi-
continuous mapping ¥ : X — Z, such that:

1. dimZ <n and dimS = 0;

2. h:S — Z is a closed mapping and with the fibres h='(z) of cardinality
at most n+ 1;

3. |Y(x) <n+1 and g(¢(z)) C () for any z € X;

4. A : X = S, where MN(z) = h=1(yp(x)) for every x € X, is an upper
semi-continuous finite-valued mapping;

5. X\®(x) is a countable discrete subspace for every x € X.

4 Fully paracompact spaces

A space X is called fully paracompact if X is a regular space and for every open
cover w of X there exist an open refinement £ of X and a sequence {&, : n € N}
of open star-finite covers of X such that £ C (J{{, : n € N}. Recall that a
family ¢ of subsets of X is star-finite if the set {H € ( : HNL # @&} is finite
for every L € (. Every fully paracompact space is paracompact.

A space X is called strongly paracompact if X is a Hausdorff space and
every open cover w of X has an open star-finite refinement. Every strongly
paracompact space is fully paracompact.

Let 7 be a cardinal number. Denote by B(7) the topological product of a
countably family of discrete spaces of cardinality 7. The space B(7) is called the
Baire space of weight 7 ([7], Example 4.2.12). If R is the space of reals and the
cardinal number 7 is uncountable, then the space B(7) x R is fully paracompact
and not strongly paracompact [12].

Recall that a family {U, : « € A} is called o-discrete (o-locally finite)
if A= |J{A,: n € N} and the family {U, : a € A,} is discrete (locally finite)
for every n € N.

A family {H, : a € A} is said to have a o-discrete decomposition if
there exist a sequence {{P3 : € B,} : n € N} of discrete families of sets
and a sequence {p, : B, — A : n € N} of single-valued mappings such that
A=U{pn(Bn): neN}and | J{Ps: 8 € p,'(a),n € N} = H, for every a € A.

Theorem 4.1 Let 0 : X — Y be a lower semi-continuous closed-valued
mapping of a fully paracompact space X into a complete metric space Y. Then
there exist a lower semi-continuous compact-valued mapping ¢ : X — Y, an
upper semi-continuous compact-valued mapping ¥ : X — Y, a metric space Z
and a continuous single-valued mapping g : X — Z such that:

1. ¢(x) C(x) C O(x) for every x € X;

2. v:X =Y X Z, where v(z) = ¢(z) x {g(x)} for every x € X, is a
lower semi-continuous compact-valued mapping;
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3. A: X =Y x Z, where AN(z) = (x) x {g(x)} for every z € X, is an
upper semi-continuous compact-valued mapping;

4. A®°(x) is a separable metric subspace of Y X Z for every x € X;

5. dimZ = 0.

Proof. Let d be a complete metric on Y. Fix a sequence {§, = {V, :
a € Ay} n e N} of open locally finite covers of Y such that diam(V,) < 27"
for every a € A,, and every n € N.

By virtue of Theorem 1 there exists an upper semi-continuous compact-
valued mapping ¥; : X — Y such that ¢;(z) C 0(z) for every z € X. Fix a
mapping ¢ : X — Y such that 1 (z) C ¢(x) for every z € X. Put W, = ¢~ 1(V,,)
for every @ € A, and every n € N. Since 7 is an upper semi-continuous
compact-valued mapping, then &, = {1y (V) : a € A} is a locally finite open
cover of X. By construction, W, C wl_l(Va) and v, = {W,: a€ A,} is a
locally finite cover of X for every n € N.

There exist a sequence {&nm = {Us : B € Bpm} @ n,m € N} of open
star-finite covers of X and a sequence {§, = {Ug : € B,} : n € N} of open
locally finite covers of X such that:

1. B, CU{B,m : m € N} for any n € N;

2. For eachn € Nand 3 € B, theset A(n,3) = {a € A, : UgNW, # &}
is finite.

For each n € N there exists a decomposition {B,, : u € Zp;,} of the set
By, such that:

—each set B, is countable and the set H,, = U{Ug : § € B, }is open-and-
closed in X;

- H, N H, = for all distinct elements p,v € Z,m.

By construction, H, = U{clxUp : B € B,}. Foreachz € X andn,m € N
there exists a unique element u(x,n,m) € Zy,, such that z € H,(2n,m)- On each
Znm we consider the discrete topology and put Z = II{M,,, : n,m € N} and
g(x) = (u(xz,n,m) : n,m € N) for each z € X. Since the covers {H, : p € M,}
are discrete, g : X — Z is a single-valued continuous mapping.

Fix x € X. Let By(z) = U{Bn N Byznm) : m € N} and A,(r) =
U{A(n,B) : B € By(z)} for every n € N, A(z) = U{A4,(x) : n € N} and
B(z) ={Va:a € A(x)}. Then M(z) = M(z) provided g(z) = g(z). The family
B(z) is a countable base of the set (g~ (g(z))). Hence, by construction, A*°(z)
is a separable metric subspace of Y x Z for every x € X. Suppose that{¢o, 1,1}
is a Michael triple of mappings. The proof is complete. ]

Now we continue the arguments from the proof of Theorem 4. Fix n,m €
N. We put B(n,m,u) = B, N B, and A(n,m,p) = {a € A, : WoNUg # @
for some € B(n,m,u)} for any u € Zpy,. The set A(n, m, p) is countable or
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finite. Thus A(n, m,u) = {ag(p) : k € N(u) C N} Put C(nmk) = {(p, ar(p))
B € Znm,ag(p) € A(n,m,p)} and Vg = Wy, () N Hy, for any 8 = (u, g (1)) €
C(nmk). Consider the single-valued mapping ppmi : C(nmk) — A,, where
DPrmik (i1, @) = « for any (u, «) € C(nmk). By construction, we have:

— the family v,mr = {Vp : B € C(nmk)} is open and discrete in X;

— the family &,mp = {V3 = g(V3) : B € C(nmk)} is open and discrete
in Z;

~Wo=U{V3: B € C(nmk),m,k € N}.

Therefore we prove the following assertion.

Proposition 4.2 Let p, v : X — Y be two set-valued mappings of a fully
paracompact space X into a metric space Y, the mapping v is upper semicon-
tinuous and @(x) C ¥(x) for each x € X. Then for any o-locally finite family
{Va 1 «a € A} of the space Y there exist a metric space Z and a continuous
single-valued mapping g : X — Z such that:

1. dimZ = 0;

2. X\: X =Y x Z, where AN(z) = ¢(z) x {g(x)} for every x € X, is an
upper semi-continuous compact-valued mapping;

3. A\*®(x) is a separable metric subspace of Y x Z for every x € X;

4. The family {g(¢™' (Vo)) : o € A} has a o-discrete decomposition
n Z.

Corollary 4.3 Let 0 : X — Y be a lower semi-continuous closed-valued
mapping of a fully paracompact space X into a complete metric space Y. Then
there exist a metric space Z, a lower semi-continuous compact-valued mapping
¢: X — Z, an upper semi-continuous compact-valued mapping ¢ : X — Z,
and a continuous single-valued mapping g : Z —'Y such that:

1. g(¢(2)) C g((x)) C O(x) for every x € X;

2. p>®°(x) is a separable metric subspace of Z for every x € X;

3. dimZ = 0.

Theorem 4.4 If X is a fully paracompact space, then for every lower
semi-continuous mapping 0 : X — Yinto a discrete space Y there exist a discrete
space D, a single-valued mapping f : D — Y, an upper semi-continuous finite-
valued mapping ¥ : X — D, a lower semi-continuous mapping p : X — D, a
metric space Z and a single-valued continuous mapping g : X — Z such that:

1. p(x) C(x) and f(p(x)) C O(x) for every x € X;

2. For every x € X the set (g~ 1(x)) is countable;

3. If \Nz) = ¢Y(z)x{g(x)} and ¢(z) = p(z) x{g(x)}, then A : X — DxZ
is upper semi-continuous and ¢ : X — DX Z is lower semi-continuous, moreover
A (x) is a countable discrete subspace of D x Z for every x € X;

4. dimZ = 0.
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Proof. Assume that X is is fully paracompact and 6 : X — Y is a lower
semi-continuous mapping into a discrete space Y. Then v = {Uy = 67 1(y) :
y € Y} is an open cover of the space X and there exist an open refinement
¢ of X and a sequence {&, = {V, : aA, : n € N} of open star-finite covers
of X such that £ C |J{&, : n € N}. We can consider that £ = {V,, : aD},
D C U{4,, : n € N} and the cover ¢ is locally finite. For any aU {4, : n € N}
there exists an open subset H, of X such that:

—clXH, C Vy;

—n={H,:aD} is a cover of X;

—nn = {Hy : @Ay} is a cover of X for any n € N.

On D we consider the discrete topology. For each o € D we fix a point
y = f(a) € Y such that V,, C Uy.

For each z € X we put ¢(z) = {a € D :x € clxH,} and ¢(z) = {a €
D :x € H,}. By construction, ¢ : X — D is upper semi-continuous, ¢ : X — A
is lower semi-continuous, ¢(z) C ¢(z) and f(¢(z)) C §(z) for every x € X. For
each n € N there exists a decomposition {4, : p € M,} of the set A,, such that:
- each set A, is countable and the set W, = U{H, : a € A, } is open-and-closed
in X; - W,NW, = & for all distinct elements u,v € M,.

By construction, W, = U{clxH, : @ € A,} and for each point z € X
there exists a minimal number [(z) € N such that ¢ (z) C U{A, : n < I(z)}.
On each M, we consider the discrete topology and put Z = II{M,, : n € N}
and g(z) = {u(x,n) : n € N} for each v € X. Since the covers {W, : u € M,}
are discrete, g : X — Z is a single-valued continuous mapping. Fix z € X.
Put Z(z) = {(un : n € N) € Z : py = p(x,4) for any i < l(z)}. The set
Z(x) is closed-and-open and g~ (W(z) = "{W ) : n < l(2)}. Let D(z) =
D 0 (U{Au@zn) @ n € N}). The set D(x) is countable and +(x) C D(z). Fix
s € X. Then g(s) = g(x) if and only if D(s) = D(z). Thus (g~ (z)) C D(x).
This complete the proof. ]

Assume that for any sequence {U, : n € N} of open-and-closed subsets
of X the set N{U,, : n € N} is open. In this case the mapping ¢ : X — Z is
continuous if on Z we consider the discrete topology. Let h(a, z) = f(«). Then
h:DxZ —Y is asingle-valued mapping, the mapping A : X — D x Z is upper
semi-continuous and finite-valued, h(A(z) C 6(x) and A*°(x) is a countable
subspace of D x Z for every x € X. Therefore from ([5], Theorem 2) it follows

Corollary 4.5 Let X be a fully paracompat space and for any sequence
{Un : n € N} of open-and-closed subsets of X the set "{U, : n € N} is open.
Then the space X is strongly paracompact.

Theorem 4.5 For a Ti-space X the following are equivalent:
1. X s fully paracompact.
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2. For every lower semi-continuous closed-valued mapping 0 : X — Y
into a complete metric space (Y, d) and an open locally finite cover {H, : a € A}
of of the space Y there exist a lower semi-continuous compact-valued mapping
¢: X =Y, an upper semi-continuous compact-valued mapping ¥ : X — Y, a
metric space Z and a single-valued continuous mapping g : X — Z such that:

2.1. ¢(x) CY(x) CO(x) for every x € X;

2.2. $(X) CU{Ho: a€ A};

2.3. The family {g(v"Y(Hy)) : « € A} has a o-discrete decomposi-
tion in Z;

2.4. dimZ =0;

2.5. For each point x € X the subspace ¥(g~(g(x))) is separable.

3. For every lower semi-continuous closed-valued mapping 0 : X —'Y
into a complete metric space (Y, d) there exist a lower semi-continuous compact-
valued mapping ¢ : X — 'Y, an upper semi-continuous compact-valued mapping
P : X =Y, a metric space Z, a single-valued continuous mapping g : X — Z
and an open base {Hy : a € A} of Y such that:

3.1. ¢(z) CY(z) CO(x) for every x € X;

3.2. (g~ (g(x))) is a separable metric space for every x € X;

3.3. The family {g(v"1(Hy)) : « € A} has a o-discrete decomposi-
tion in Z;

3.4. dimZ = 0.

4. A space X is reqular and for every lower semi-continuous mapping
0 : X — Y into a complete metric space Y and an open locally finite cover
{Hy : a € A} of of the space Y there exist a lower semi-continuous mapping
P X =Y, a metric space Z and a simple-valued continuous mapping g : X —
Z such that:

4.1. Y(x) C O(x) for every x € X;

4.2. ¥(g~ (g(x))) is a separable metric space for every x € X ;

4.8. The family {g(v "1 (Ha)) : o € A} has a o-discrete decomposi-
tion in Z;

4o4. dimZ = 0.

5. For every lower semi-continuous mapping 6 : X — Y into a complete
metric space Y and an open locally finite cover {H, : o € A} of of the space
Y there exist an upper semi-continuous mapping ¥ : X =Y, a metric space Z
and a simple-valued continuous mapping g : X — Z such that:

5.1. Y(x) CO(x) for every x € X;

5.2. ¥(g~(g(x))) is a separable metric space for every x € X;

5.3. The family {g(¢v " (H,)) : « € A} has a o-discrete decomposi-
tion i Z;
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5.4. dimZ = 0.

6. A space X is regular and for every lower semi-continuous mapping
0: X — Y into a discrete space Y there exist a set-valued mapping ¢ : X =Y,
a metric space Z and a simple-valued continuous mapping g : X — Z such that:

6.1. Y(x) CO(x) for every x € X;

6.2. ¥(g'(g(x))) is a separable metric space for every x € X;

6.3. The family {g(v"(y)) : v € Y} has a o-discrete decomposition
m Z;

6.4. dimZ = 0.

Proof. Implications 1 = 2 and 1 = 3 follows from Proposition 4.
Implications 2 = 3 = 4 = 6 and 3 = 5 = 6 are obvious.

(6 = 1): Let w = {U, : « € Y} be an open cover of X. Introduce
on Y the discrete topology with the metric d, where d(y,z) = 1 for every
y,z €Y, y # z. The mapping 0 : X — Y, where 0(z) = {y € Y : z € Uy}
is lower semi-continuous. Let ¢ : X — Y be a set-valued mapping, Z be a
zero-dimensional space, g : X — Z be a single-valued mapping and there exist
a sequence {&, = {Pg : f € B,} : n € N} of discrete families of subsets of Z
and a sequence {p, : B, — Y : n € N} of single-valued mappings such that
Y = Ulpa(Ba) s n € N} and U{Ps : B € pi(y), n € N} = g(41(y)) for
every y € Y, a o-discrete decomposition of {g(¢"(y)): y € Y} in X.

Fix n € N. There exists a discrete cover {Hg : € By} of Z such that
P C Hpg for every 3 € B,. Fix an open subset Vz of X such that g~ 1(Pg) N
1 (pn(B)) C Vs C Up,(8) ﬁg_l(Hﬁ) for every 8 € B,. Then ~, = {g_l(Hg) :
B € B,}U{Vg: B € B,} is a star-finite open cover of X. By construction
v=A{Vs: B € U{Bn : n € N}} is a refinement of w. Thus X is fully
paracompact. ]

Question 4.5. Suppose that for a T1-space X and for every lower semi-
continuous mapping € : X — Y into a discrete space Y there exist an upper
semi-continuous compact-valued mapping ¥ : X — Y, a metric space Z and a
single-valued continuous mapping g : X — Z such that ¢ (z) C 6(z) for every
r € X, dimZ = 0 and the set ¥(g~1(2)) is countable for every z € Z. Is it true
that X is fully paracompact?
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