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1 Introduction

In [9] Michael has proved the following:

Theorem 1.1 If θ : X → Y is a lower semi-continuous closed-valued
mapping of a paracompact space X into a complete metric space Y , then there
exist a lower semi-continuous compact-valued mapping φ : X → Y and an upper
semi-continuous compact-valued mapping ψ : X → Y such that φ(x) ⊆ ψ(x) ⊆
θ(x) for every x ∈ X.

Let X and Y be non-empty topological spaces. A set-valued mapping
θ : X → Y assigns to every x ∈ X a non-empty subset θ(x) of Y . If φ, ψ : X → Y
are set-valued mappings and φ(x) ⊆ ψ(x) for every x ∈ X, then φ is called a
selection of ψ.

Let θ : X → Y be a set-valued mapping and let A ⊆ X and B ⊆ Y .
The set θ−1(B) = {x ∈ X : θ(x)

⋂
B 6= ∅} is the inverse image of B, θ(A) =

θ1(A) =
⋃
{θ(x) : x ∈ A} is the image of the set A and θn+1(A) = θ(θ−1(θn(A)))

is the n+1-image of the set A. The set θ∞(A) =
⋃
{θn(A) : n ∈ N} is the largest

image of the set A (see [5]). A set-valued mapping θ : X → Y is called lower
(upper) semi-continuous if for every open (closed) subset H of Y the set θ−1(H)
is open (closed) in X.

In [2, 3, 4] was proved the following conversion of Theorem 1:
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Theorem 1.2 For a T1-space X the following are equivalent:

1. X is paracompact.

2. For every lower semi-continuous closed-valued mapping θ : X → Y
into a complete metric space Y there exists an upper semi-continuous compact-
valued mapping ψ : X → Y such that ψ(x) ⊆ θ(x) for every x ∈ X.

3. For every lower semi-continuous mapping closed-valued mapping θ :
X → Y into a discrete space Y there exists an upper semi-continuous compact-
valued mapping ψ : X → Y such that ψ(x) ⊆ θ(x) for every x ∈ X.

The aim of the present article is to extend the assertions of Theorem 1
and to propose a characteristic of fully paracompactness (see Theorem 4). The
article continues the investigations from earlier articles [5, 6] of the authors.
Any paracompact space is considered to be Hausdorff. We use the terminology
from [7, 14]. By |A| we denote the cardinality of a set A and N = {1, 2, ...}. We
consider only the covering dimension of spaces.

2 On paracompact spaces

A set-valued mapping θ is called simple if θ∞(x) = θ(x) for every x ∈ X.

Remark 2.1 For a set-valued mapping θ : X → Y the following 1,2
and 3 are equivalent:

1. θ∞(x) = θ(x) for every x ∈ X;

2. θ2(x) = θ(x) for every x ∈ X;

3. For every x, y ∈ X either θ(x) ∩ θ(y) = ∅ or θ(x) = θ(y).

Remark 2.2 Letθ : X → Y be a set-valued mapping. Then θ∞(x) =
θ(x) is a simple set-valued mapping.

Proposition 2.3 Let θ : X → Y be a simple closed-valued mapping of
a space X into a space Y . Then:

1. If θ is lower semi-continuous and Y is first-countable, then θ−1(θ(x))
is a Gδ-set of X for every x ∈ X. 2. If θ is upper semi-continuous and Y is a
metric space, then θ−1(θ(x)) is a Gδ-set of X for every x ∈ X.

Theorem 2.4 Let θ : X → Y be a lower semi-continuous closed-valued
mapping of a paracompact space X into a complete metric space Y . Then there
exist a lower semi-continuous compact-valued mapping φ : X → Y , an upper
semi-continuous compact-valued mapping ψ : X → Y , a metric space Z and a
continuous single-valued mapping g : X → Z such that:

1. φ(x) ⊆ ψ(x) ⊆ θ(x) for every x ∈ X;

2. ν : X → Y × Z, where ν(x) = φ(x) × {g(x)} for every x ∈ X, is a
lower semi-continuous compact-valued mapping;
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3. λ : X → Y × Z, where λ(x) = ψ(x) × {g(x)} for every x ∈ X, is an
upper semi-continuous compact-valued mapping;

4. λ∞(x) is a separable metric subspace of Y × Z for every x ∈ X.

P r o o f. Let d be a complete metric on Y . Put Vn(y) = {z ∈ Y : d(y, z) <
2−n} for every y ∈ Y and every n ∈ N. If y ∈ Y and F is an non-empty subset of
Y , then diam(F ) = sup{d(y, z) : y, z ∈ F} and d(y, F ) = inf{d(y, z) : z ∈ F}.
Assume that diam(∅) = 0 and d(y,∅) = ∞. Fix a sequence {ξn = {Vα : α ∈
An} : n ∈ N} of open locally finite covers of Y such that diam(Vα) < 2−n for
every α ∈ An and every n ∈ N.

By virtue of Theorem 1 there exist two lower semi-continuous compact-
valued mappings φ1, φ : X → Y and two upper semi-continuous compact-valued
mappings ψ1, ψ : X → Y such that φ(x) ⊆ ψ(x) ⊆ φ1(x) ⊆ ψ1(x) ⊆ θ(x) for
every x ∈ X. Put Wα = φ−11 (Vα) for every α ∈ An and every n ∈ N.

Since ψ1 is an upper semi-continuous compact-valued mapping, then ξ′n =
{ψ−11 (Vα) : α ∈ An} is a locally finite open cover of X. By construction,
Wα ⊆ ψ−11 (Vα). Thus γn = {Wα : α ∈ An} is an open locally finite cover
of X for every n ∈ N. Since ψ−1(Vα) is an Fσ-set and ψ−1(Vα) ⊆ Wα, there
exists an open Fσ-set Uα of X such that ψ−1(Vα) ⊆ Uα ⊆ Wα. Therefore
ηn = {Uα : α ∈ An} is an open locally finite cover of X for every n ∈ N.

There exists a family {fα : X → [0, 1] : α ∈ An, n ∈ N} of continuous
functions on X such that

∑
{fα(x) : α ∈ An} = 2−n and X \ Uα = f−1α (0) for

every α ∈ An and n ∈ N. Put ρ(x, z) =
∑
{| fα(x) − fα(z) |: α ∈ An, n ∈ N}

for x, z ∈ X. By construction, ρ is a continuous pseudometric on X. There
exist a metric space (Z, ρ) and a continuous mapping g : X → Z such that
ρ(g(x), g(z)) = ρ(x, z) for every x, z ∈ X.

Fix x ∈ X. Put An(x) = {α ∈ An : x ∈ Uα}. Thus ψ(x) ⊆ ∪{Uα : α ∈
An(x)} for every n ∈ N. Let λ(x) = ψ(x) × {g(x)} and ν(x) = φ(x) × {g(x)}.
The mapping λ : X → Y ×Z is upper semi-continuous compact-valued and the
mapping ν : X → Y × Z is lower semi-continuous compact-valued. If x ∈ X
and Ψ(x) = ψ(g−1(g(x))), then B(x) = {Uα : α ∈ An, n ∈ N} is a countable
base of the subspace Ψ(x) in Y . Let p : Y × Z → Y and q : Y × Z → Z
be the natural projections, z ∈ Z and H ⊆ q−1(z). Fix x ∈ λ−1(H). Then
λ(x) = ψ(x) × {g(x)} and λ(x) ∩H 6= ∅. Thus there exists (y, z) ∈ λ(x) ∩H.
Hence g(x) = z. Therefore λ(λ−1(H)) ⊆ q−1(z). Hence, by construction, λ∞(x)
is a separable metric subspace of Y × Z for every x ∈ X.

Let {ϕ,ψ, φ, θ} be set-valued mappings of a space X into a space Y . We
say that:

– {ϕ,ψ} is a Michael pair of mappings of X into Y if ϕ : X ↔ Y is a
lower semi-continuous compact-valued mapping, ψ : X ↔ Y is a upper semi-
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continuous compact-valued mapping and ϕ(x) ⊆ ψ(x) for every x ∈ X;

– {ψ, φ, θ} is a Michael triple of mappings X into Y if φ : X ↔ Y is
a lower semi-continuous compact-valued mapping, ψ, θ : X ↔ Y are upper
semi-continuous compact-valued mappings and ψ(x) ⊆ φ(x) ⊆ θ(x) for every
x ∈ X;

– {ϕ,ψ, φ, θ} is a Michael quadruple of mappings of X into Y if ϕ, φ :
X ↔ Y are lower semi-continuous compact-valued mappings, ψ, θ : X ↔ Y are
upper semi-continuous compact-valued mappings and ϕ(x) ⊆ ψ(x) ⊆ φ(x) ⊆
θ(x) for every x ∈ X.

In the proof of Theorem 2 we establish the validity of the following as-
sertion.

Proposition 2.5 Let ψ, φ, θ be a Michael triple of mappings of a normal
space X into a metric space Y . Then there exist a metric space Z and a
continuous single-valued mapping g : X → Z such that:

1. ν : X → Y × Z, where ν(x) = φ(x) × {g(x)} for every x ∈ X, is a
lower semi-continuous compact-valued mapping;

2. λ : X → Y × Z, where λ(x) = ψ(x) × {g(x)} for every x ∈ X, is an
upper semi-continuous compact-valued mapping;

3. λ∞(x) is separable for every x ∈ X.

3 On finite-dimensional paracompact spaces

Theorem 3.1 Let θ : X → Y be a lower semi-continuous closed-valued mapping
of a paracompact space X into a complete metric space Y and dimX ≤ n.
Then there exist two metric spaces Z and S, a continuous single-valued mapping
g : Z → Y , a continuous single-valued mapping h : S → Z and an upper semi-
continuous mapping ψ : X → Z, such that:

1. dimZ ≤ n and dimS = 0.;

2. h : S → Z is a closed mapping and with the fibers h−1(z) of cardinality
at most n+ 1;

3. |ψ(x)| ≤ n+ 1 and g(ψ(x)) ⊆ θ(x) for any x ∈ X;

4. λ : X → S, where λ(x) = h−1(ψ(x)) for every x ∈ X, is an upper
semi-continuous finite-valued mapping;

5. λ∞(x) is a separable subspace for every x ∈ X.

P r o o f. There exists a complete metric space (B, d) and a continu-
ous open mapping f : B → Y such that dimB = 0 (see[1]). The mapping
ϕ : X → B, where ϕ(x) = f−1(θ(x)) for each x ∈ X, is lower semi-continuous
and closed-valued. Since X is a paracompact space and dimX ≤ n,there exist
(see [2, 3, 13]) a sequence {γn = {Uα : α ∈ An} : n ∈ N} of open locally finite
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covers of X, a sequence {ηn = {Fα : α ∈ An} : n ∈ N} of closed locally finite
covers of X, a sequence {ξn = {Vα : α ∈ An} : n ∈ N} of families of open sub-
sets of B and a sequence {πn : An+1 → An : n ∈ N} of single-valued mappings
such that:

1. Fα ⊆ Uα ⊆ clXUα ⊆ ϕ−1(Vα) and diamVα < 2−n for all n ∈ N and
α ∈ An;

2. Uα = ∪{Uβ : β ∈ π−1n (α)}, ∪{clBVβ : β ∈ π−1n (α)} ⊆ Vα and
Fα = ∪{Fβ : β ∈ π−1n (α)} for all n ∈ N and α ∈ An;

3. If x ∈ X, n ∈ N and An(x) = {α ∈ An : x ∈ Fα}, then |An(x)| ≤ n+1;

4. There exists a family of continuous non-negative functions {uα : X →
[0, 1] : n ∈ N, α ∈ An}) such that Uα = u−1α (0) and Σ{uβ(x) : β ∈ An} = 2−1

for all x ∈ X, n ∈ N and α ∈ An.

Put A(x) = {α = (αn :∈ N) : αn ∈ An(x), n ∈ N}. If α = (αn :∈ N) ∈
A(x), then V (α) = ∩{Vαn :∈ N}. For any x ∈ X we put ψ1(x) = ∪{V (α) :
αA(x)}. Then ψ1 : X → B is an upper semi-continuous mapping, |ψ1(x)| ≤ n+1
and ψ1(x)) ⊆ ϕ(x) for any x ∈ X.

Put ρ1(x, z) =
∑
{|uα(x) − uα(z)| : α ∈ An, n ∈ N} for all x, z ∈ X.

By construction ρ1 is a continuous pseudometric on X. There exist a metric
space (Z1, ρ) and a continuous mapping g1 : X → Z1 such that ρ(g1(x), g1(z)) =
d1(x, z) for every x, z ∈ X. By virtue of Mardešić’s factorization theorem, there
exist a metric space Z2 and two continuous single-valued mappings g2 : X → Z2

and g3 : Z2 → Z1 such that dimZ2 ≤ n and g1 = g3 · g2 (see [8, 10]). One can
assume that the spaces Z1, Z2 and Z3 are complete metrizable.

Put Z = B × Z2 and ψ(x) = ψ1(x) × {g2(x)} for any x ∈ X. Let
g(s, z×) = f(s) for any point (s, z) ∈ Z. By construction, ψ : X → Z is a upper
semi-continuous mapping, |ψ(x)| ≤ n + 1, ψ(x) ⊆ ϕ(x) and g(ψ(x)) ⊆ θ(x) for
any x ∈ X. Let x ∈ X, n ∈ N and Ln(x) = {α ∈ An : x ∈ Fα}. If x, z ∈ X
and g1(x) = g1(z) (i.e. ρ1(x, z) = 0), then Ln(x) = Ln(z) for any n ∈ N. Let
q : B ×Z2 → Z2 be the natural projections, z ∈ Z2 and H ⊆ q−1(z) = B ×{z}.
Then ψ(ψ−1(H)) ⊆ q−1(z). Thus ψ∞(x) is a separable subspace of Z and
ψ∞(x) ⊆ B×{g(x)} for each x ∈ X. By virtue of Morita’s theorem, there exist
a metric space S and a closed continuous single-valued mapping h : S → Z such
that dimS = 0 and the fibers h−1(z) are of cardinality at most n+1(see [8, 11]).

If the space Y is discrete, then B = Y , ψ∞(x) is a discrete subspace of
Z and ψ∞(x) ⊆ Y × {g(x)} for each x ∈ X. In fact we have

Theorem 3.2 Let θ : X → Y be a lower semi-continuous closed-valued
mapping of a paracompact space X into a discrete space Y and dimX ≤ n.
Then there exist two metric spaces Z and S, a continuous single-valued mapping
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g : Z → Y , a continuous single-valued mapping h : S → Z and a upper semi-
continuous mapping ψ : X → Z, such that:

1. dimZ ≤ n and dimS = 0;

2. h : S → Z is a closed mapping and with the fibres h−1(z) of cardinality
at most n+ 1;

3. |ψ(x)| ≤ n+ 1 and g(ψ(x)) ⊆ θ(x) for any x ∈ X;

4. λ : X → S, where λ(x) = h−1(ψ(x)) for every x ∈ X, is an upper
semi-continuous finite-valued mapping;

5. λ∞(x) is a countable discrete subspace for every x ∈ X.

4 Fully paracompact spaces

A space X is called fully paracompact if X is a regular space and for every open
cover ω of X there exist an open refinement ξ of X and a sequence {ξn : n ∈ N}
of open star-finite covers of X such that ξ ⊆

⋃
{ξn : n ∈ N}. Recall that a

family ζ of subsets of X is star-finite if the set {H ∈ ζ : H ∩ L 6= ∅} is finite
for every L ∈ ζ. Every fully paracompact space is paracompact.

A space X is called strongly paracompact if X is a Hausdorff space and
every open cover ω of X has an open star-finite refinement. Every strongly
paracompact space is fully paracompact.

Let τ be a cardinal number. Denote by B(τ) the topological product of a
countably family of discrete spaces of cardinality τ . The space B(τ) is called the
Baire space of weight τ ([7], Example 4.2.12). If R is the space of reals and the
cardinal number τ is uncountable, then the space B(τ)×R is fully paracompact
and not strongly paracompact [12].

Recall that a family {Uα : α ∈ A} is called σ-discrete (σ-locally finite)
if A =

⋃
{An : n ∈ N} and the family {Uα : α ∈ An} is discrete (locally finite)

for every n ∈ N.

A family {Hα : α ∈ A} is said to have a σ-discrete decomposition if
there exist a sequence {{Pβ : β ∈ Bn} : n ∈ N} of discrete families of sets
and a sequence {pn : Bn → A : n ∈ N} of single-valued mappings such that
A =

⋃
{pn(Bn) : n ∈ N} and

⋃
{Pβ : β ∈ p−1n (α), n ∈ N} = Hα for every α ∈ A.

Theorem 4.1 Let θ : X → Y be a lower semi-continuous closed-valued
mapping of a fully paracompact space X into a complete metric space Y . Then
there exist a lower semi-continuous compact-valued mapping φ : X → Y , an
upper semi-continuous compact-valued mapping ψ : X → Y , a metric space Z
and a continuous single-valued mapping g : X → Z such that:

1. φ(x) ⊆ ψ(x) ⊆ θ(x) for every x ∈ X;

2. ν : X → Y × Z, where ν(x) = φ(x) × {g(x)} for every x ∈ X, is a
lower semi-continuous compact-valued mapping;
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3. λ : X → Y × Z, where λ(x) = ψ(x) × {g(x)} for every x ∈ X, is an
upper semi-continuous compact-valued mapping;

4. λ∞(x) is a separable metric subspace of Y × Z for every x ∈ X;

5. dimZ = 0.

P r o o f. Let d be a complete metric on Y . Fix a sequence {ξn = {Vα :
α ∈ An} : n ∈ N} of open locally finite covers of Y such that diam(Vα) < 2−n

for every α ∈ An and every n ∈ N.

By virtue of Theorem 1 there exists an upper semi-continuous compact-
valued mapping ψ1 : X → Y such that ψ1(x) ⊆ θ(x) for every x ∈ X. Fix a
mapping ψ : X → Y such that ψ(x) ⊆ ψ(x) for every x ∈ X. Put Wα = ψ−1(Vα)
for every α ∈ An and every n ∈ N. Since ψ1 is an upper semi-continuous
compact-valued mapping, then ξ′n = {ψ−11 (Vα) : α ∈ An} is a locally finite open
cover of X. By construction, Wα ⊆ ψ−11 (Vα) and γn = {Wα : α ∈ An} is a
locally finite cover of X for every n ∈ N.

There exist a sequence {ξnm = {Uβ : β ∈ Bnm} : n,m ∈ N} of open
star-finite covers of X and a sequence {ξn = {Uβ : β ∈ Bn} : n ∈ N} of open
locally finite covers of X such that:

1. Bn ⊆ ∪{Bnm : m ∈ N} for any n ∈ N;

2. For each n ∈ N and β ∈ Bn the set A(n, β) = {α ∈ An : Uβ∩Wα 6= ∅}
is finite.

For each n ∈ N there exists a decomposition {Bµ : µ ∈ Znm} of the set
Bnm such that:

– each set Bµ is countable and the set Hµ = ∪{Uβ : β ∈ Bµ}is open-and-
closed in X;

– Hµ ∩Hν = ∅ for all distinct elements µ, ν ∈ Znm.

By construction, Hµ = ∪{clXUβ : β ∈ Bµ}. For each x ∈ X and n,m ∈ N
there exists a unique element µ(x, n,m) ∈ Znm such that x ∈ Hµ(x,n,m). On each
Znm we consider the discrete topology and put Z = Π{Mnm : n,m ∈ N} and
g(x) = (µ(x, n,m) : n,m ∈ N) for each x ∈ X. Since the covers {Hµ : µ ∈Mn}
are discrete, g : X → Z is a single-valued continuous mapping.

Fix x ∈ X. Let Bn(x) = ∪{Bn ∩ Bµ(x,n,m) : m ∈ N} and An(x) =
∪{A(n, β) : β ∈ Bn(x)} for every n ∈ N, A(x) = ∪{An(x) : n ∈ N} and
B(x) = {Vα : α ∈ A(x)}. Then M(x) = M(z) provided g(x) = g(z). The family
B(x) is a countable base of the set ψ(g−1(g(x))). Hence, by construction, λ∞(x)
is a separable metric subspace of Y ×Z for every x ∈ X. Suppose that{φ, ψ, ψ1}
is a Michael triple of mappings. The proof is complete.

Now we continue the arguments from the proof of Theorem 4. Fix n,m ∈
N. We put B(n,m, µ) = Bn ∩ Bµ and A(n,m, µ) = {α ∈ An : Wα ∩ Uβ 6= ∅
for some β ∈ B(n,m, µ)} for any µ ∈ Znm. The set A(n,m, µ) is countable or
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finite. Thus A(n,m, µ) = {αk(µ) : k ∈ N(µ) ⊆ N}. Put C(nmk) = {(µ, αk(µ)) :
µ ∈ Znm, αk(µ) ∈ A(n,m, µ)} and Vβ = Wαk(µ) ∩Hµ for any β = (µ, αk(µ)) ∈
C(nmk). Consider the single-valued mapping pnmk : C(nmk) → An, where
pnmk(µ, α) = α for any (µ, α) ∈ C(nmk). By construction, we have:

– the family γnmk = {Vβ : β ∈ C(nmk)} is open and discrete in X;
– the family ξnmk = {V ′β = g(Vβ) : β ∈ C(nmk)} is open and discrete

in Z;
– Wα = ∪{Vβ : β ∈ C(nmk),m, k ∈ N}.
Therefore we prove the following assertion.

Proposition 4.2 Let ϕ,ψ : X → Y be two set-valued mappings of a fully
paracompact space X into a metric space Y , the mapping ψ is upper semicon-
tinuous and ϕ(x) ⊆ ψ(x) for each x ∈ X. Then for any σ-locally finite family
{Vα : α ∈ A} of the space Y there exist a metric space Z and a continuous
single-valued mapping g : X → Z such that:

1. dimZ = 0;
2. λ : X → Y × Z, where λ(x) = ψ(x) × {g(x)} for every x ∈ X, is an

upper semi-continuous compact-valued mapping;
3. λ∞(x) is a separable metric subspace of Y × Z for every x ∈ X;
4. The family {g(ϕ−1(Vα)) : α ∈ A} has a σ-discrete decomposition

in Z.

Corollary 4.3 Let θ : X → Y be a lower semi-continuous closed-valued
mapping of a fully paracompact space X into a complete metric space Y . Then
there exist a metric space Z, a lower semi-continuous compact-valued mapping
φ : X → Z, an upper semi-continuous compact-valued mapping ψ : X → Z,
and a continuous single-valued mapping g : Z → Y such that:

1. g(φ(x)) ⊆ g(ψ(x)) ⊆ θ(x) for every x ∈ X;
2. ψ∞(x) is a separable metric subspace of Z for every x ∈ X;
3. dimZ = 0.

Theorem 4.4 If X is a fully paracompact space, then for every lower
semi-continuous mapping θ : X → Y into a discrete space Y there exist a discrete
space D, a single-valued mapping f : D → Y , an upper semi-continuous finite-
valued mapping ψ : X → D, a lower semi-continuous mapping ϕ : X → D, a
metric space Z and a single-valued continuous mapping g : X → Z such that:

1. ϕ(x) ⊆ ψ(x) and f(ψ(x)) ⊆ θ(x) for every x ∈ X;
2. For every x ∈ X the set ψ(g−1(x)) is countable;
3. If λ(x) = ψ(x)×{g(x)} and φ(x) = ϕ(x)×{g(x)}, then λ : X → D×Z

is upper semi-continuous and φ : X → D×Z is lower semi-continuous, moreover
λ∞(x) is a countable discrete subspace of D × Z for every x ∈ X;

4. dimZ = 0.
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P r o o f. Assume that X is is fully paracompact and θ : X → Y is a lower
semi-continuous mapping into a discrete space Y . Then γ = {Uy = θ−1(y) :
y ∈ Y } is an open cover of the space X and there exist an open refinement
ξ of X and a sequence {ξn = {Vα : αAn : n ∈ N} of open star-finite covers
of X such that ξ ⊆

⋃
{ξn : n ∈ N}. We can consider that ξ = {Vα : αD},

D ⊆ ∪{An : n ∈ N} and the cover ξ is locally finite. For any α ∪ {An : n ∈ N}
there exists an open subset Hα of X such that:

– clXHα ⊆ Vα;
– η = {Hα : αD} is a cover of X;
– ηn = {Hα : αAn} is a cover of X for any n ∈ N.
On D we consider the discrete topology. For each α ∈ D we fix a point

y = f(α) ∈ Y such that Vα ⊆ Uy.
For each x ∈ X we put ψ(x) = {α ∈ D : x ∈ clXHα} and ϕ(x) = {α ∈

D : x ∈ Hα}. By construction, ψ : X → D is upper semi-continuous, ϕ : X → A
is lower semi-continuous, ϕ(x) ⊆ ψ(x) and f(ψ(x)) ⊆ θ(x) for every x ∈ X. For
each n ∈ N there exists a decomposition {Aµ : µ ∈Mn} of the set An such that:
- each set Aµ is countable and the set Wµ = ∪{Hα : α ∈ Aµ} is open-and-closed
in X; - Wµ ∩Wν = ∅ for all distinct elements µ, ν ∈Mn.

By construction, Wµ = ∪{clXHα : α ∈ Aµ} and for each point x ∈ X
there exists a minimal number l(x) ∈ N such that ψ(x) ⊆ ∪{An : n ≤ l(x)}.
On each Mn we consider the discrete topology and put Z = Π{Mn : n ∈ N}
and g(x) = {µ(x, n) : n ∈ N} for each x ∈ X. Since the covers {Wµ : µ ∈ Mn}
are discrete, g : X → Z is a single-valued continuous mapping. Fix x ∈ X.
Put Z(x) = {(µn : n ∈ N) ∈ Z : µi = µ(x, i) for any i ≤ l(x)}. The set
Z(x) is closed-and-open and g−1(W (x) = ∩{Wµ(x,n) : n ≤ l(x)}. Let D(x) =
D ∩ (∪{Aµ(x,n) : n ∈ N}). The set D(x) is countable and ψ(x) ⊆ D(x). Fix
s ∈ X. Then g(s) = g(x) if and only if D(s) = D(x). Thus ψ(g−1(x)) ⊆ D(x).
This complete the proof.

Assume that for any sequence {Un : n ∈ N} of open-and-closed subsets
of X the set ∩{Un : n ∈ N} is open. In this case the mapping g : X → Z is
continuous if on Z we consider the discrete topology. Let h(α, z) = f(α). Then
h : D×Z → Y is a single-valued mapping, the mapping λ : X → D×Z is upper
semi-continuous and finite-valued, h(λ(x) ⊆ θ(x) and λ∞(x) is a countable
subspace of D × Z for every x ∈ X. Therefore from ([5], Theorem 2) it follows

Corollary 4.5 Let X be a fully paracompat space and for any sequence
{Un : n ∈ N} of open-and-closed subsets of X the set ∩{Un : n ∈ N} is open.
Then the space X is strongly paracompact.

Theorem 4.5 For a T1-space X the following are equivalent:
1. X is fully paracompact.
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2. For every lower semi-continuous closed-valued mapping θ : X → Y
into a complete metric space (Y, d) and an open locally finite cover {Hα : α ∈ A}
of of the space Y there exist a lower semi-continuous compact-valued mapping
φ : X → Y , an upper semi-continuous compact-valued mapping ψ : X → Y , a
metric space Z and a single-valued continuous mapping g : X → Z such that:

2.1. φ(x) ⊆ ψ(x) ⊆ θ(x) for every x ∈ X;

2.2. φ(X) ⊆
⋃
{Hα : α ∈ A};

2.3. The family {g(ψ−1(Hα)) : α ∈ A} has a σ-discrete decomposi-
tion in Z;

2.4. dimZ = 0;

2.5. For each point x ∈ X the subspace ψ(g−1(g(x))) is separable.

3. For every lower semi-continuous closed-valued mapping θ : X → Y
into a complete metric space (Y, d) there exist a lower semi-continuous compact-
valued mapping φ : X → Y , an upper semi-continuous compact-valued mapping
ψ : X → Y , a metric space Z, a single-valued continuous mapping g : X → Z
and an open base {Hα : α ∈ A} of Y such that:

3.1. φ(x) ⊆ ψ(x) ⊆ θ(x) for every x ∈ X;

3.2. ψ(g−1(g(x))) is a separable metric space for every x ∈ X;

3.3. The family {g(ψ−1(Hα)) : α ∈ A} has a σ-discrete decomposi-
tion in Z;

3.4. dimZ = 0.

4. A space X is regular and for every lower semi-continuous mapping
θ : X → Y into a complete metric space Y and an open locally finite cover
{Hα : α ∈ A} of of the space Y there exist a lower semi-continuous mapping
ψ : X → Y , a metric space Z and a simple-valued continuous mapping g : X →
Z such that:

4.1. ψ(x) ⊆ θ(x) for every x ∈ X;

4.2. ψ(g−1(g(x))) is a separable metric space for every x ∈ X;

4.3. The family {g(ψ−1(Hα)) : α ∈ A} has a σ-discrete decomposi-
tion in Z;

4.4. dimZ = 0.

5. For every lower semi-continuous mapping θ : X → Y into a complete
metric space Y and an open locally finite cover {Hα : α ∈ A} of of the space
Y there exist an upper semi-continuous mapping ψ : X → Y , a metric space Z
and a simple-valued continuous mapping g : X → Z such that:

5.1. ψ(x) ⊆ θ(x) for every x ∈ X;

5.2. ψ(g−1(g(x))) is a separable metric space for every x ∈ X;

5.3. The family {g(ψ−1(Hα)) : α ∈ A} has a σ-discrete decomposi-
tion in Z;
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5.4. dimZ = 0.

6. A space X is regular and for every lower semi-continuous mapping
θ : X → Y into a discrete space Y there exist a set-valued mapping ψ : X → Y ,
a metric space Z and a simple-valued continuous mapping g : X → Z such that:

6.1. ψ(x) ⊆ θ(x) for every x ∈ X;

6.2. ψ(g−1(g(x))) is a separable metric space for every x ∈ X;

6.3. The family {g(ψ−1(y)) : y ∈ Y } has a σ-discrete decomposition
in Z;

6.4. dimZ = 0.

P r o o f. Implications 1 ⇒ 2 and 1 ⇒ 3 follows from Proposition 4.
Implications 2⇒ 3⇒ 4⇒ 6 and 3⇒ 5⇒ 6 are obvious.

(6 ⇒ 1): Let ω = {Uα : α ∈ Y } be an open cover of X. Introduce
on Y the discrete topology with the metric d, where d(y, z) = 1 for every
y, z ∈ Y, y 6= z. The mapping θ : X → Y , where θ(x) = {y ∈ Y : x ∈ Uy}
is lower semi-continuous. Let ϕ : X → Y be a set-valued mapping, Z be a
zero-dimensional space, g : X → Z be a single-valued mapping and there exist
a sequence {ξn = {Pβ : β ∈ Bn} : n ∈ N} of discrete families of subsets of Z
and a sequence {pn : Bn → Y : n ∈ N} of single-valued mappings such that
Y =

⋃
{pn(Bn) : n ∈ N} and

⋃
{Pβ : β ∈ p−1n (y), n ∈ N} = g(ψ−1(y)) for

every y ∈ Y , a σ-discrete decomposition of {g(ψ−1(y)) : y ∈ Y } in X.

Fix n ∈ N. There exists a discrete cover {Hβ : β ∈ Bn} of Z such that
Pβ ⊆ Hβ for every β ∈ Bn. Fix an open subset Vβ of X such that g−1(Pβ) ∩
θ−1(pn(β)) ⊆ Vβ ⊆ Upn(β) ∩ g−1(Hβ) for every β ∈ Bn. Then γn = {g−1(Hβ) :
β ∈ Bn} ∪ {Vβ : β ∈ Bn} is a star-finite open cover of X. By construction
γ = {Vβ : β ∈

⋃
{Bn : n ∈ N}} is a refinement of ω. Thus X is fully

paracompact.

Question 4.5. Suppose that for a T1-space X and for every lower semi-
continuous mapping θ : X → Y into a discrete space Y there exist an upper
semi-continuous compact-valued mapping ψ : X → Y , a metric space Z and a
single-valued continuous mapping g : X → Z such that ψ(x) ⊆ θ(x) for every
x ∈ X, dimZ = 0 and the set ψ(g−1(z)) is countable for every z ∈ Z. Is it true
that X is fully paracompact?
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