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A polynomial quasigroup is said to be a quasigroup (Q, ∗) defined by a bivariate
polynomial P (x, y) over a ring (Q,+, ·) by x ∗ y = P (x, y) for each x, y ∈ Q.

In this paper we investigate the parastrophic quasigroups of polynomial quasigroups,

and give an explicit answer to the question whet-her a parastrophic operation of the quasigroup

operation can be defined by a polynomial over the same ring. As an important corollary of

this result, follows a theorem concerning the symmetric group of permutations on the ring

(Q,+, ·).
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1. Quasigroups and their parastrophic operations

Definition 1. Let σ be any permutation over the set {1, 2, 3}, i.e.
σ ∈ S3, and let (Q, f) be a binary quasigroup. The operation σf defined by

σf(xσ(1), xσ(2)) = xσ(3) ⇔ f(x1, x2) = x3,

is called a σ- parastrophe of the quasigroup (Q, f), or just a parastrophe.

From the definition, it is clear that for a given binary quasigroup (Q, f),
there are 3!− 1 = 5 parastrophes.

Proposition 1. Given a binary quasigroup (Q, f), each of its paras-
trophes σf also defines a binary quasigroup (Q, σf).
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P r o o f. Let a and b be arbitrary elements of the quasigroup Q. We look
at the solution of the equation

σf(a, x) = b. (1)

(The reasoning for the equation σf(x, a) = b is analogous.)
Using the notations

a = yσ(1) ,

x = yσ(2) ,

b = yσ(3) ,

(1) becomes
σf(yσ(1), yσ(2)) = yσ(3),

which is equivalent to
f(y1, y2) = y3.

We have one of the two following cases:
i/ σ(2) = 3 i.e. y3 = x,
and since f is a binary operation, x is uniquely determined.
ii/ σ(2) 6= 3 t.e. x ∈ {y1, y2},
and since f is a quasigroup operation, x is uniquely determined.

Hence, σf is a quasigroup operation.

Proposition 2. The relation “is parastrophic to” is an equivalence re-
lation on the set of all binary quasigroups.

P r o o f. Clearly, (Q, εf) = (Q, f) is parastrophic to (Q, f), where ε is the
identical permutation.

Let g be parastrophic to f . That means that there is a permutation
σ ∈ S3 such that g = σf , i.e.

g(xσ(1), xσ(2)) = xσ(3) ⇔ f(x1, x2) = x3. (2)

If we denote yi = xσ(i), for i ∈ {1, 2, 3}, we get that

g(xσ(1), xσ(2)) = xσ(3) ⇔ g(y1, y2) = y3, (3)

and therefore

f(x1, x2) = x3 ⇔ f(xσ(σ−1(1)), xσ(σ−1(2))) = xσ(σ−1(3)) ⇔
⇔ f(yσ−1(1), yσ−1(2)) = yσ−1(3).

(4)

From (2), (3) and (4)

g(y1, y2) = y3 ⇔ f(yσ−1(1), yσ−1(2)) = yσ−1(3),
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i.e. f is parastrofic to g.
Let g be parastrophic to f , and h parastrophic to g. Then, there are

permutations σ, τ ∈ S3 such that, for every xi, yj ∈ Q

g(xσ(1), xσ(2)) = xσ(3) ⇔ f(x1, x2) = x3,

h(yτ(1), yτ(2)) = yτ(3) ⇔ g(y1, y2) = y3.

Again, using the notation yi = xσ(i), for i ∈ {1, 2, 3}, we have that

h(xσ(τ(1)), xσ(τ(2))) = xσ(τ(3)) ⇔ h(yτ(1), yτ(2)) = yτ(3) ⇔
⇔ g(y1, y2) = y3 ⇔ g(xσ(1), xσ(2)) = xσ(3) ⇔
⇔ f(x1, x2) = x3.

i.e., h is parastrophic to f .
As an easy corollary, follow the next two propositions.

Proposition 3. Let (Q, f) be a binary quasigroup. The parastrophic
operations of f satisfy the identities:

(13)f(f(x1, x2), x2) = x1,

f((13)f(x1, x2), x2) = x1,
(23)f(x1, f(x1, x2)) = x2,

f(x1,
(23)f(x1, x2)) = x2,

(123)f(x2, f(x1, x2)) = x1,

f(x2,
(123)f(x1, x2)) = x1,

(132)f(f(x1, x2), x1) = x2,

f((132)f(x1, x2), x1) = x2.

Proposition 4. Let (Q, f) be a binary quasigroup. For the parastrophes
of f we have:

(12)f(x1, x2) = f(x2, x1),
(123)f(x1, x2) = (12)((13)f)(x1, x2),
(132)f(x1, x2) = (12)((23)f)(x1, x2),
(13)f(x1, x2) = (23)((12)((23)f))(x1, x2).

P r o o f. The first identity is clearly true. For the others, we have:

(12)((13)f)(x1, x2) = x3 ⇔ (13)f(x2, x1) = x3,

⇔ f(x3, x1) = x2,

⇔ (123)f(x1, x2) = x3.
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(12)((23)f)(x1, x2) = x3 ⇔ (23)f(x2, x1) = x3,

⇔ f(x2, x3) = x1,

⇔ (132)f(x1, x2) = x3.

(23)((12)((23)f))(x1, x2) = x3 ⇔ (12)((23)f)(x1, x3) = x2,

⇔ (23)f(x3, x1) = x2,

⇔ f(x3, x2) = x1,

⇔ (13)f(x1, x2) = x3.

It is common to denote the quasigroup operation f by “∗”, (13)f by “/”,
and (23)f by “\”.

2. Polinomial quasigroups and their parastrophes

A polynomial P (x) = a0 + a1x + · · · + adx
d in a finite ring R is said to

be a permutation polynomial if P permutes the elements of R.

We say that a binary quasigroup (Q, f) is a polynomial quasigroup if there
is a ring (Q,+, ·) and a bivariate polynomial P (x, y) ∈ Q[x, y] such that

f(x, y) = P (x, y) for every x, y ∈ Q.

Rivest [1] considers polynomials over Z2w , where w is a positive integer,
that define binary quasigroups of order 2w. He proves the following statement.

Theorem 1. (a) Let P (x) = a0 + a1x+ · · ·+ adx
d be a polynomial with

integral coefficients. Then P (x) is a permutation polynomial modulo 2w, w ≥ 2,
if and only if a1 is odd, (a2 + a4 + a6 + . . . ) is even, and (a3 + a5 + a7 + . . . )
is even.

(b) A bivariate polynomial P (x, y) =
∑

i,j ai,jx
iyj, represents a quasi-

group operation in Z2w , w ≥ 2, if and only if the four univariate polynomials
P (x, 0), P (x, 1), P (0, y) and P (1, y), are all permutation polynomials in Z2w .

Let (Q, f) be a binary polynomial quasigroup, and let P (x, y) be its
polynomial representation over the ring (Q,+, ·). Let (Q,σf) be the quasigroup
defined by some parastrophic operation σf of f .

We are interested if there is a polynomial Pσ(x, y) over (Q,+, ·) that
defines (Q,σf), i.e. a polynomial that satisfies

Pσ(x, y) = z ⇔ σf(x, y) = z.
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We will look for such polynomials P(12), P(13), P(23), P(123), P(132), that represent
the five parastrophic operations of f respectively.

According to Proposition 3, these polynomials should satisfy the following
identities.

P(12)(x, y) = P (y, x) (5)

P(13)(P (x, y), y) = x,

P (P(13)(x, y), y) = x, (6)

P(23)(x, P (x, y)) = y,

P (x, P(23)(x, y)) = y, (7)

P(123)(y, P (x, y)) = x,

P (y, P(123)(x, y)) = x, (8)

P(132)(P (x, y), x) = y,

P (P(132)(x, y), x) = y, (9)

It is clear that the next proposition is true.

Proposition 5. Let (Q, f) be a binary polynomial quasigroup, and let
P (x, y) be be its polynomial representation over the ring (Q,+, ·).

If P(12)(x, y), (resp. P(13)(x, y); P(23)(x, y); P(123)(x, y); P(132)(x, y) ) is
a polynomial satisfying (5), (resp. (6); (7); (8); (9)), then it defines the quasi-
group (Q,(12)f(x, y)) (resp. (Q,(13)f(x, y)); (Q,(23)f(x, y)); (Q,(123)f(x, y));
(Q,(132) f(x, y)) ).

From Proposition 4, we conclude that if P (x, y) defines the quasigroup
(Q, f), then there always exists a polynomial P(12)(x, y) that represents the

quasigroup (Q,(12)f), defined by

P(12)(x, y) = P (y, x).

The same proposition also tells us that it is enough to further investigate
the existence of a polynomial representation only of the quasigroup (Q,(23)f).
This means that if there is a polynomial representation of (Q,(23)f) for every
quasigroup operation f that is defined by a polynomial, then there is a polyno-
mial representation of all of the parastrophic operations of f .
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In the sequel, we will denote (23)f by the usual notation “\”, and the
polynomial representation, whose existence we investigate, by P\(x, y).

3. Extending the notion of permutation

Let Q be a final set with n elements. Let S denote the set of all mappings
f : Q2 → Q such that the projection fa(x) = f(a, x) is a permutation for every
a ∈ Q.

Let x ∈ Q. We define an operation “•” on S, by:

f • g(x, y) = f(x, g(x, y)).

Theorem 2. (S, •) is a group.

P r o o f. Let f, g ∈ S and let (x, y) ∈ Q. Then

(f • g)x(y) = f • g(x, y) = f(x, g(x, y)) = fx(g(x, y)) = fx(gx(y)) = fx ◦ gx(y).

The later is a composition of permutations, thus a permutation, which means
that f • g ∈ S, i.e. the set S is closed under the operation “•”.

The equality

f • (g • h)(x, y) = f(x, g • h(x, y)) = f(x, g(x, h(x, y))) =

= f • g(x, h(x, y)) = (f • g) • h(x, y),

confirms the associative law, so (S, •) is a semigroup.
The mapping e(x, y) = y, clearly belongs to S, and it is the identity

element in S since

f • e(x, y) = f(x, e(x, y)) = f(x, y), and

e • f(x, y) = e(x, f(x, y)) = f(x, y),

for every mapping f ∈ S.

Let f ∈ S. We define a mapping f ′ : Q2 → Q by:

f ′(x, y) = z ⇔ f(x, z) = y.

We show that f ′ = f−1. Since

f ′x(y) = f ′(x, y) = z ⇔ f(x, z) = y ⇔ fx(z) = y,

it follows that f ′x = f−1x , which means that f ′x is a permutation, i.e. f ′ ∈ S.
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Furthermore, if z is such that z = f ′ • f(x, y), we have that

z = f ′(x, f(x, y)) ⇔
⇔ f(x, z) = f(x, y) ⇔
⇔ fx(z) = fx(y) ⇔
⇔ z = y,

and thus we conclude that

f ′ • f(x, y) = y = e(x, y).

Similarly, since for w = f • f ′(x, y),

w = f(x, f ′(x, y)) ⇔
⇔ f ′(x,w) = f ′(x, y) ⇔
⇔ f ′x(w) = f ′x(y) ⇔
⇔ w = y,

we get that

f • f ′(x, y) = y = e(x, y).

Hence, f • f ′ = f ′ • f = e, i.e. f ′ is the inverse element of f in S.
The next corollary follows immediately from the definition of a quasi-

group.

Corollary 1. Let (Q, f) be a finite binary quasigroup. Then f belongs
to S.

This result leads us to the next one, which gives the answer to the main
problem of this article.

Corollary 2. Every finite polynomial quasigroup (Q, ∗), defined by a
polynomial over the ring (Q,+, ·), has a polynomial parastrophe (Q, \).

P r o o f. Let (Q, ∗) be a binary poynomial quasigroup defined by the
polynomial P (x, y). Then, P ∈ S. Since S is a finite group, every quasigroup
has a finite order, thus there is r ∈ N, r ≤ |S|, such that P r = e, and

P r−1 • P = e,

P • P r−1 = e.

This means that P r−1 is the inverse element of P .
Also, obviously, P r−1(x, y) = P (x, P (x, . . . P (x, y) . . . )) is a polynomial.
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What’s left is to show that P r−1 defines the quasigroup (Q, \). But, this is a
direct consequence of Proposition 5 and the fact that

P (x, P r−1(x, y)) = e(x, y) = y = P r−1(x, P (x, y)).

Even more, from Proposition 4, we have:

Corollary 3. Let (Q, ∗) be a finite polynomial quasigroup, defined by a
polynomial over the ring (Q,+, ·), Then every parastrophic operation of (Q, ∗),
has a polynomial representation over the same ring (Q,+, ·).

This result is of great importance to the application of the theory of
quasigroups. It determines the extent to which such quasigroups can be used
in the creation of one way functions, but also broadens their use in the creation
of various types of cyphers. We hope, in the near future, this result will be
implemented in a concrete way.

At the end, we give another important theorem, which emphasizes the
nature of the set S, that it can be considered as a sort of an extension of the
notion of permutation.

Theorem 3. Let n be the number of elements of Q, and let Sn be the
group of permutations of Q. Then

S ∼= Snn,

where Snn is a direct product of Sn.

P r o o f. Let ψ : Zn → Q be a bijection. We define a mapping ϕ : S →
Snn by

ϕ(f) = (fψ(0), fψ(1), . . . , fψ(n−1)).

This mapping is well defined. Indeed, let

(fψ(0), fψ(1), . . . , fψ(n−1)) 6= (f ′ψ(0), f
′
ψ(1), . . . , f

′
ψ(n−1))

be two distinct elements of the set Snn. That means that there is an element
i ∈ Zn, such that

fψ(i) 6= f ′ψ(i).

So, there exists x ∈ Q such that fψ(i)(x) 6= f ′ψ(i)(x). In other words,

f(ψ(i), x) 6= f ′(ψ(i), x),

i.e., f 6= f ′.
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We show that ϕ is a bijection.
Let f ′, f ′′ ∈ S and let ϕ(f ′) = ϕ(f ′′). Then, f ′ψ(i) = f ′′ψ(i), for every

i ∈ Zn, i.e.,
f ′(ψ(i), x) = f ′′(ψ(i), x),

for every i ∈ Zn, and every x ∈ Q. Thus, f ′ = f ′′, and ϕ is an injection.
For every (fψ(0), fψ(1), . . . , fψ(n−1)) ∈ Sn, there exists f ∈ S such that

f(ψ(i), x) = fψ(i)(x),

so ϕ is also a surjection.
Next, let x ∈ Q.

ϕ(f • g)(x) =

= ((f • g)ψ(0), (f • g)ψ(1), . . . , (f • g)ψ(n−1))(x) =

= ((f • g)ψ(0)(x), (f • g)ψ(1)(x), . . . , (f • g)ψ(n−1)(x)) =

= ((f • g)(ψ(0), x), (f • g)(ψ(1), x), . . . , (f • g)(ψ(n− 1), x)) =

= (f(ψ(0), g(ψ(0), x)), f(ψ(1), g(ψ(1), x)), . . . , f(ψ(n− 1), g(ψ(n− 1), x))) =

= (f(ψ(0), gψ(0)(x)), f(ψ(1), gψ(1)(x)), . . . , f(ψ(n− 1), gψ(n−1)(x))) =

= (fψ(0)(gψ(0)(x)), fψ(1)(gψ(1)(x)), . . . , fψ(n−1)(gψ(n−1)(x))) =

= (fψ(0) ◦ gψ(0)(x), fψ(1) ◦ gψ(1)(x), . . . , fψ(n−1) ◦ gψ(n−1)(x)) =

= (fψ(0), fψ(1), . . . , fψ(n−1)) ◦ (gψ(0), gψ(1), . . . , gψ(n−1))(x) =

= ϕ(f) ◦ ϕ(f)(x)

Therefore, ϕ is a homomorphism.
Note that this isomorphism gives the cardinal number of the set S.

Corollary 4.
|S| = (n!)n.
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