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1. Introduction

The Bellman gamma distribution is a matrix variate distribution, which
is a generalization of the Wishart and the matrix gamma distributions (see [1]).
In practice it arises as a distribution of the empirical normal covariance matrix
for samples with monotone missing data (see [3]).

Definitions of the Bellman gamma type I and II distributions are given in
the next section. Section 2 contains also some notations and preliminary notes.
The main results are given in Section 3. The exact distributions of determinants
and quotient of determinants of some submatrices of Bellman gamma distributed
random matrices are obtained. The method, considered in this paper, gives the
possibility to be derived the distribution of products and quotient of products
of principal minors of a Bellman gamma matrix.

2. Preliminary notes

Let A be a real square matrix of order n. Let a and 5 be nonempty
subsets of the set N, = {1, ...,n}. By Alx, 5] we denote the submatrix of A,
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composed of the rows with numbers from « and the columns with numbers from
B. When 5 = «, Ala, o] is denoted simply by Ala]. Let i,5 € N,, and 7,5 ¢ «.
Suppose that in the submatrix Al U {i}, U {j}] of the matrix A = (a;;)
we replace the element a;; with 0. We shall denote the obtained matrix by
AlaU{i}, aU{5}]°.

The next definitions of Bellman gamma type I and II distributions are
given in [1]. By I'}(aq,...,a,) is denoted the generalized multivariate gamma

function, T (ay, ..., a,) = 7" D/4 ] F(aj - (- 1)/2), a; > (j—1)/2,5 =
i=1
1,...,n.

Definition 2.1. A random positive definite matrix U (n x n) is said to
follow Bellman gamma type I distribution, denoted by U ~ BGY! (ay,. .., a,; C),
if its probability density function is given by

(ﬁ (det C[{s, ..., n}])“i‘““) (det U)an—(n+1)/2
fol1) === 0, (o)

Ih(ar,. . an) 1:‘1[2 (det U[{1,... i — 1}])%i—ai-

where C (n xn) is a positive definite constant matrix, ap = 0 and a; > (j—1)/2,
j=1,...,n.
Definition 2.2. A random positive definite matrix U (n x n) is said to

follow Bellman gamma type II distribution, denoted by U ~ BGLI (by, ..., by; B),
if its probability density function is given by

<ﬁ (det B{1,... ,i}])b"-i“"’"-i) (det U)bn—(n+1)/2
fu(U) = ~=1 — ¢~tr(BU)

F;:L(blv cee 7bn) nH (det U[{’L + ]_, . 7n}])bn7i+1—bn,i
i=1

where B (n xn) is a positive definite constant matrix, by = 0 and b; > (j—1)/2,
j=1...,n.

The next five Propositions are proved in [4]. We shall denote by I,, the
square matrix of size n with units on the anti-diagonal and zeros elsewhere.

_ Proposition 2.1.  Let U ~ BGL (a1,...,a,;C). Then the matriz V
=1, U1, is Bellman gamma type II distributed BG!! (ay,...,a,;B), B = 1,CI,.

Proposition 2.2. Let U ~ BGL(ay,...,a,;C) and L be an arbitrary
lower triangular constant matriz of size n. Then the matriz W = LUL! has
distribution BGL (a1, ..., a,; (LH)71CL™Y).
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For an arbitrary positive definite matrix U there exist a unique lower
triangular matrix V with positive diagonal elements, such that U=V V*. The
matrix V is called the Cholesky triangle.

Proposition 2.3. Let U = (u; ;) be an arbitrary positive definite matric
of size n. Then U =V V', where V = (v j) is a lower triangular matriz,

o detUL... b {1, i 14}
e vi;det U{1,...,i— 1}]

;2<5i<j<m,

det U[{1,...,j}] ui; o
VL1 = VLD Vi \/detU[{l,...,j T

)

Proposition 2.4. Let C = (¢; j) be an arbitrary positive definite matriz
of size n. Then C = DD*, where D = (d; ;) is an upper triangular matriz,

_ det C[{i,j+1,...,n}{j,...,n}]
djjdetC[{j+1,...,n}]

d@j ,1§i<j§n—l,

det C[{i,...,n}] Cin .
dnn: n,My dzz: . ;din: —, :1,..., — 1.
m = Venn G, \/detC[{z—i—l,...,n}] g "

Proposition 2.5. Let U ~ BGI (ay,...,an;1,) and U = VV
where V. = (VZ]) 15 a lower triangular random matriz with Vi; > 0. Then
Vij, 1 < j <i < n are independently distributed, VZQZ ~ G(ai —(i-1)/2, 1),
i=1,...,n and V2V, ; ~ N(0,1), 1 <j <i<n.

The next properties of the Beta and Gamma distributions can be easily
checked.

Proposition 2.6. If( ~ Beta(a,a,—1,1) then1—¢% ~ Beta(a,1/2,0,1).

Proposition 2.7. Let (1 and (2 be independent random variables, (1 ~
Beta(a,b,0,1), (2 ~ Beta(a +b,¢,0,1). Then the product (1(2 has distribution
Beta(a,b+ ¢,0,1).

Proposition 2.8. Let (1 and (o be independent random variables, (1 is
Gamma distributed G(«, \) and (3 ~ Beta(a—9,0,0,1). Then (1(a~ G(a—0§, \).
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3. Main results

From Proposition 2.1 it follows that the properties of a Bellman gamma
type I distributed random matrix can be reformulated for Bellman gamma type
II matrices.

Using Proposition 2.2, the properties of BGL (a1, ..., an;1,) distribution
can be generalized for BGL(ay,...,a,;C), where C is an arbitrary positive def-
inite matrix.

Theorem 3.1. Let U~ BGL(ay,...,a,;C) and n;, i =1,...,n be the
random variables

det U[{L,...,i}]  detC[{s,...,n}]

a =2,...,n—1
771 detU[{l,,Z—l}]detC[{z+17,n}];l ) 7n 9
det C det U
= det U[{1 . = det C[{n}].
m = det Ut }]detC[{Q,...,n}]’ = At UL, on—1) [{n}]
Then n;, © = 1,...,n are mutually independent and n; is gamma distributed

G(a,-—(i—l)/Q,l),i: 1,...,n.

Proof. Suppose at first that C =1,. Let V = (V; ;) be the Cholesky
triangle of U. According to Propositions 2.3, 1 = V12,17 N = sz, 1=2...,n.
Therefore from Proposition 2.5 the Theorem follows.

Let now C be an arbitrary n xn positive definite matrix. Let D be the up-
per triangular matrix, defined by Proposition 2.4. Then DD!= C and according
to Proposition 2.2, the matrix W = D*UD has distribution BGL (a1, ..., an;1,).
Since W[{1,...,i}] = D'[{1, ...,i}]U[{1, ...,i}|D[{1, ...,i}] for i = 1,...,n, it can
be seen that

det W[{1,...,i}] .
=det W[{1}],n; = i=2,...,n.
m=det W = S oo "
Hence, according to the first part of the proof, the Theorem follows. |

Corollary 3.1 Let U ~ BG.(ay,...,a,;C). Then the random variable
det U det C is distributed as the product 0y ...nn, where Ny, ..., Ny are mutually
independent random variables, 1; ~ G(ai —(i—-1)/2, 1), i=1,...,n.

Theorem 3.2. Let U ~ BGL(a1,...,an;1,) and i be an integer,
1 <i<n. Then for all integers j, i < j < n the random variable

det U[{1,...,i}, {1,...,i—1,5}] (3.1)

is distributed as the product vy ...n;—1y/M;i, where v, ni,...,n; are mutually
independent, \/2v ~ N(0,1), g ~G<ak —(k—=1)/2, 1), k=1,...,1i.
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Proof. Let V = (V;;) be the Cholesky triangle of U. Let us consider

the random variables v = V;;, m1 = V12,17 N = Vk%k, k = 2,...,i. Accord-
ing to Proposition 2.3, for i < j < n the random variable (3.1) is equal to
vnt ... Ni—1y/Ni- Now, using Proposition 2.5 we complete the proof. |

Corollary 3.2 Let U ~ BGl(ay,...,a;1,) and i be an integer, 1 <
1 <mn. Then for all integers j, 1 < j<n

det U[{1,...,i%, {1,....i—1,5}]
det UL, .. .,i—1}] ~ VI

(3.2)

det U[{L,...,i1{1,...,i—1Lj}] v
det U[{1,...,1}] ~ U (33)

where v and 1 are independent, v/2v ~ N(0,1) and n ~ G (a; — (i —1)/2,1).

Let P(n,R) be the set of all real, symmetric, positive definite matrices
of order n. Let us denote by D(n,R) the set of all real, symmetric matrices
of order n, with positive diagonal elements, which off-diagonal elements are
in the interval (-1,1). There exist a bijection (one-to-one correspondence) h
D(n,R) — P(n,R), considered in [2]. The image of an arbitrary matrix X =
(2; ;) from D(n,R) by the bijection &, is a matrix Y = (y; ;) from P(n,R), such
that

Yii = Tig, 1=1,...,n, (3,4)
Yiitl = Tiit13/YiiYit1,i+1, = 1,...,n—1, (3.5)
yij = {(=) 7 det Y[{i,...,5 =1}, {i+1,...,}]° (3.6)

g\ /det Y[{i,...,j — ] det Y[{i +1,..., 7} }/det Y[{i +1,...,j — 1}],
1<i+1l<ji<n.
It is shown in [2] that

o detY[{i,...,j}detY[{i+1,...,5 — 1}]

1— 22, =
Y0 T et Y[{d,. ) — 1} det Y[{i + 1,...,5}]

L 2<i+1l<j<n, (3.7)

1_x?i+1:detY[{i,i+1}]7Z.:Lm,n_l, (3.8)
’ YiiYi+1,i+1

detY[{i,...,j}]:xi,i...xj,j( 11 (1—x§7t)), 1<i<j<n. (39)

i<s<t<j
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The Jacobian of the transformation from (z; ;) to (v; ;) is

detJ = [ VI Ynn ( \/detY yeeosJt] detY[{j,...,n}])] . (3.10)

Theorem 3.3. Letay, ..., a, be real numbers, such that a; > (i—1)/2,
i=1,...,n. Let &= (& ;) be a symmetric n x n random matriz. Suppose that

&, 1 <1 < j<mn are mutually independent, & ; ~ Beta(aj —(j—1)/2,a;—

(j—i)/2,—1,1), 1<i<j<mnand&i~ Ga;,1), i = 1,...,n. Then the

matriz U = h(€) has Bellman gamma type I distribution BGL (ay,. .., an;1,).
Proof. The joint density function of & ;, 1 < ¢ < j < n has the form

(G—1)
flag1<i<j<n) = (H )( i <1—x3,j>af’2l),

1<i<j<n

zig >0,1=1,...,n, z;; € (—1,1), 1 <i < j < n. Using the well-known
property of the gamma function I'(2z) = 7~ /22%*~1D(2)'(z + 1/2), it can
be seen that K1 = I'%(a1,...,a,). The new variables are the elements U; ;,
1 <i < j < n of the matrix U. Using (3.4), (3.7), (3.8) and (3.10) we obtain
that the joint density of U;;, 1 < i < j < n is equal to the right hand side of
(2.1) with C =1I,,. -

Corollary 3.3 Let U ~ BGl(ay,...,a,;1,) and p, q be integers, 1 <
p < q <n. Then the matriz U[{p,...,q}| has distribution BGé,pH(ap, Sy ag;
Ig—pt1)-

Proof. According to Theorem 3.3, U can be considered as an image

U = h(€). From formulas (3.4) — (3.6) it can be seen that if Y = A(X) and p, ¢
be integers, 1 < p < ¢ < n then

Y({p,....a}l = M(X[{p, ..., a}])- (3.11)

Applying again Theorem 3.3 we complete the proof. ]

Corollary 3.4 Let U ~ BGl(ay,...,an;1,) and p be an integer, 1 <
p < n. Then the random matrices U[{1,...,p}] and U[{p + 1,...,n}| are
independent.

Proof. Using (3.11) we have U[{1,...,p}] = h(€[{1,...,p}]), U{p +
Snt = h(E{p+1,...,n}]). Since &;, 1 < i < j < n are mutually
independent, the Corollary follows. [
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Theorem 3.4. Let U ~ BG(a1,...,an;1,) and U be partitioned
with submatrices U, ;, 1,5 = 1,...,k, where U;; are square matrices of size n;,
1=1,...,k. Then
det U
det U171 ...det Uk,k

~ Bni+1-- - B, (3.12)

where B, j =n1+1,...,n are mutually independent, B; ~ Beta(aj —(7—-1)/2,

(n1+---ny;)/2,0, 1); r; is the greatest integer such that ny + -+ n,, < j,
j=n1+1,...,n.

_Proof. According to Theorem 3.3, U can be considered as an image
U = h(§). Applying (3.9) to det U and det U;;, i =1, ..., k, we obtain that the

n 7’L1+"‘+nr]-

left hand side of (3.12) equals to  [] I (1-¢

5j)- Let us substitute
Jj=n1+1 s=1 ’

N1t
B = I a- 527j),j:n1+1,...,n. Since &5, 1 < s < j < n are
sS=
mutually independent, £y, +1, ..., By are also independent. Using Propositions

2.6 and 2.7, we obtain that for 1 <u<v<j<n
(1-€2;)...(1—€,) ~ Beta(a; - (j —w)/2, (v = u+1)/2,0,1).  (3.13)

Now, applying (3.13) we find the distribution of 3; and complete the proof. m

Theorem 3.5. Let U ~ BG! (ay,...,an;1,) and p, q be integers,
l<p<qg<n. Then

det U[{1,...,q}]det U[{p,...,n}]
det U{p,...,q}] ~M e Tin, (3.14)

where n;, i = 1,...,n are mutually independent and mwG(ai —(i—-1)/2, 1),

i=1,...,q, mwG(ai—(i—p)/Q,l), i=q+1,...,n.
Proof. Applying (3.9) to detU[{1,...,q}], detU[{p,...,n}] and
det U[{p, ..., q}] we obtain that the left hand side of (3.14) equals to

q t—1 n t—1
11 Enm (H H(l—ﬁit)> ( 11 H(l—ﬁit))~

t=2 s=1 t=q+1s=p
t—1 t—1
Let us substitute 8, = [[ (1—&2,), t =2,...,q, B = [ (1 —&2,), t = q+
s=1 S=p

1,...,n. From (3.13) we have that 8, ~ Beta(at —(t=1)/2,(t —1)/2,0, 1),
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t=2,...,q, Bt ~ Beta(at — (t—p)/?,(t—p)/2,0,1), t=q+1,...,n. Let
m = &1, % = &ibi, © = 2,...,n. Since &; ~ G(a;,1), ¢ = 1,...,n, from
Proposition 2.8 the Theorem folows. ]

Theorem 3.6. Let U ~ BG! (ay,...,an;1,) and p, q be integers,
l<p<qg<n. Then

det Udet U[{p,...,q}]
det U[{1,...,q}]det U[{p,...,n}]|

~ Bys1- - Bus (3.15)

where Bgi1, ..., Bn are mutually independent and B; ~ Beta(ai —(i—1)/2,

(p—l)/?,O,l),izq—i—l,...,n.

Proof. Using (3.9) we obtain that the left hand side of (3.15) equals to
n p—l1 p—1
T II (- 5527,5). Let us substitute g = [] (1 — 53,7&)7 t=q+1,...,n. Since

t=q+1 s=1 s=1
&, 1 < s <t < naremutually independent, 8441, ..., 3, are also independent.
Finally, applying (3.13) we complete the proof. [

The method of approach, used in the proofs of Theorems 3.4-3.6, can be
applied for the derivation of the distribution of products and quotient of products
of principal minors of a kind U[{i,...,j}] of a Bellman gamma matrix U.
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