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Bernstein-Durrmeyer operators with
arbitrary weight functions

Elena E. Berdysheva
University of Hohenheim, Stuttgart, Germany
Email: elena.berdysheva@uni-hohenheim.de

Let ρ be a non-negative bounded regular Borel measure on [0, 1] that satisfies

the following positivity assumption:
∫ 1

0 p dρ > 0 for all polynomials p such that
p ≥ 0 on [0, 1], p 6≡ 0. The Bernstein basis polynomials of degree n ∈ N are defined
for 0 ≤ k ≤ n by

pn,k(x) :=

(
n

k

)
xk (1 − x)n−k, x ∈ [0, 1].

We introduce the Bernstein-Durrmeyer operator with weight ρ

Mn,ρ f :=

n∑

k=0

∫ 1

0
f pn,k dρ

∫ 1

0 pn,k dρ
pn,k

for f ∈ Lqρ[0, 1], 1 ≤ q <∞, or f ∈ C[0, 1]. The operator Mn,ρ is linear and positive,
and it reproduces constant functions. It generalizes the well-known Bernstein-
Durrmeyer operators with Jacobi weights. The motivation for this generalization
comes from learning theory.

We investigate the operator Mn,ρ and its multivariate version on the d-dimensional
simplex. In particular, we make first steps in understanding convergence of the op-
erator.

Joint work with Kurt Jetter (University of Hohenheim).

The reduced basis method and greedy
algorithms

Ronald A. DeVore
Walter E. Koss Professor, Texas A&M University

College Station, TX 77843-3368, U.S.A.
Email: ronald.a.devore@gmail.com

The Reduced Basis Method is a technique for simultaneously solving a large
family of parametric PDEs. We shall show how this method can be viewed as
approximating the elements of a compact set in a Hilbert space by a suitable n-
dimensional space. We shall introduce a greedy procedure for finding the finite
dimensional space and analyze the convergence of this greedy algorithm.
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Zeros of polynomials

Dimitar K. Dimitrov
Departamento de Ciências de Computação e Estat́ıstica

IBILCE, Universidade Estadual Paulista
15054-000 São José do Rio Preto, SP, Brazil

Email: dimitrov@dcce.ibilce.unesp.br

We shall report some recent results on zeros of polynomials. We shall discuss
topics concerning polynomials with real zeros, the so-called hyperbolic polynomi-
als, and some applications related to the Riemann xi-function. Various results on
zeros of classical orthogonal polynomials will be considered too. Finally, we shall
formulate some interesting open problems on these topics.

On the Gasca-Maeztu conjecture in R
2

and R
3

Hakop Hakopian
Faculty of Informatics and Applied Mathematics, Yerevan State University

A. Manoogian str.1, 375025 Yerevan, Armenia
Email: hakophakopian@yahoo.com

The talk is focused on recent progress in the Gasca-Maeztu conjecture.
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Sub-exponentially localized kernels and
frames with applications to numerical

analysis

Kamen G. Ivanov
Institute of Mathematics and Informatics, Bulgarian Academy of Sciences

Acad. G. Bonchev Str., bl.8, 1113 Sofia, Bulgaria
Email: kamen@math.bas.bg

We construct sup-exponentially localized kernels and frames (needlets) in the
context of classical orthogonal expansions, namely, expansions in Jacobi polyno-
mials, spherical harmonics, orthogonal polynomials on the ball and simplex, and
Hermite and Laguerre functions. Further on, such rapidly decaying needlets are
developed in the context of tensor product orthogonal polynomials. These tools are
employed to the development of the theory of weighted Triebel-Lizorkin and Besov
spaces on product domains, whose components are among the d1-dimensional cube
[−1, 1]d1, the unit ball in Rd2 , the unit sphere in Rd3 , the d4-dimensional simplex,
etc.

A method for fast evaluation of spherical polynomials at many scattered points
on the unite 2-dimensional sphere is presented as an application of the sup-exponent-
ially localized needlets. It is fast, local, memory efficient, numerically stable and
with guaranteed (prescribed) accuracy. The method can be also applied for approx-
imation on the sphere, verification of spherical polynomials and for fast generation
of surfaces in computer-aided geometric design.

Existence of a solution to the 3D
primitive equations ”in the large”

Georgii M. Kobelkov
Institute of Numerical Mathematics, Russian Academy of Sciences

Gubkin str. 8, Moscow, 119333, Russia
Email: kobelkov@dodo.inm.ras.ru

For the system of primitive equations describing large-scale ocean dynamics,
existence and uniqueness of a solution ”in the large” is proved. This system is
obtained from 3D Navier-Stokes equations with taking into account smallness of
depth with respect to horizontal size. So the equation for the velocity in vertical
direction is modified and two more nonlinear equation for salinity and temperature
are added. Formulation of the main result is the following: for arbitrary 3D domain
being a cylinder with a piece-wise smooth boundary, for any viscocity coefficient,
any sufficiently smooth initial condition and arbitrary time interval a solution to
this problem exists and is unique and the L2 norm of the solution gradient is
continuous in time. So the result is just the same as was supposed by Leray for the
Navier-Stokes problem.
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Greedy algorithms and the best m-term
approximation

Eugene Livshitz
EverNote Corp., Room 501

Berezhkovskaya nab. 6, Moscow 121059, Russia
Email: livshitz@rambler.ru

Let H be a real separable Hilbert space. We say a set D ⊂ H is a dictionary
if each g ∈ D has norm one (‖g‖ = 1) and spanD = H . One of the main prob-
lem of Nonlinear Approximation is to construct for arbitrary f ∈ H an m-term
approximation

f →
m∑

k=1

ck(f)gk(f), ck(f) ∈ R, gk(f) ∈ D.

Greedy algorithms offer an effective procedure for computing such approxima-
tions. In the talk we discuss the two probably most popular kind of Greedy Algo-
rithms: Pure Greedy Algorithm (PGA) and Orthogonal Greedy Algorithm (OGA),
and compare their performance (the rate of convergence) with the best m-term
approximation with regard to the dictionary D:

σm(f,D) := inf
ck∈R, gk∈D, 1≤k≤m

‖f −
m∑

k=1

ckgk‖.

We pay a special attention to recent results on the efficiency of Greedy Algo-
rithms with regard to dictionaries with small coherence µ(D)

µ(D) := sup
φ,ψ∈D, φ 6=ψ

|〈φ, ψ〉|,

and discuss their applications to Compressed Sensing.
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Derivative estimates for meromorphic
functions and functions of exponential

type

Qazi I. Rahman
Université de Montréal, Faculté des arts et des sciences

Département de mathématiques et de statistique
C. P. 6128, succursale Centre-ville Montréal (Québec), H3C 3J7, Canada

Email: rahmanqi@dms.umontreal.ca

We shall present some inequalities for meromorphic functions with restricted
poles and for functions of exponential type in a half-plane. Their relationship to
certain Bernstein type inequalities for rational functions will be discussed. We also
intend to mention a few problems which we would have liked to solve but have not
been able to.

Landau-Kolmogorov inequality revisited

Alexei Shadrin
Department of Applied Mathematics and Theoretical Physics

Cambridge University, Cambridge, United Kingdom
Email: A.Shadrin@damtp.cam.ac.uk

The main guideline in studying the Landau-Kolmogorov inequality in the max-
norm on a finite interval is Karlin’s conjecture: among all the functions f with
‖f‖ = 1 and ‖f (n)‖ = σ, the maximal value ‖f (k)‖ of the norm of intermediate
derivative is attained by an appropriate Zolotarev polynomial or spline. So far, this
conjecture has been proved for all σ > 0 for n ≤ 4, and for particular σ = σn for all
n. Using a new approach, we prove Karlin’s conjecture in several further subcases.
First of all, we close the “polynomial” case (σ ≤ σn, all n and k). Secondly, in
the spline case (σ > σn), we advanced up to the second intermediate derivative
(k = 1, 2, all n). And, finally, we obtained nearly complete solution (all σ, almost
all k) for (not very) small n ≤ 20.
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Extending and modifying classical
operators to the weighted case

József Szabados
Alfréd Rényi Mathematical Institute, P. O. Box 127

H-1364 Budapest, Hungary
Email: szabados@renyi.hu

Linear operators like Bernstein, Szász-Mirakyan, Kantorovich play an important
role in approximation theory, both from theoretical and numerical point of view.
Our purpose here is to enlarge the class of functions where these operators act. For
this aim we introduce weights, both on finite and infinite intervals. These weights
may also have singularities at fixed inner points. The corresponding function classes
are such that they allow a high rate of unboundedness of the functions not only at
the endpoints, but at inner points as well. Boundedness of the operators, conver-
gence, error estimates, Voronovskaya type limit relations and saturation will also
be considered.

Extremal problems in approximation
theory and Lagrange principle

Vladimir M. Tikhomirov
Moscow State University, Moscow, Russia

Email: vmtikh@googlemail.com

Essential part of Borislav Boyanovs scientific biography was devoted to exact
solution of extremal problems. In the report devoted to the memory of this promi-
nent mathematician, extremal problems will be considered from the point of view
of one general principle of the extremal theory, which we call the Lagrange prin-
ciple. According to this principle, when one searches a necessary condition of an
extremal problem with equality constraints in which smoothness is interlaced with
convexity, it is sufficient to construct the Lagrange function of the problem and
then to apply necessary conditions for a minimum of the Lagrange function as if
the variables are independent. The equations that one will find, combined with
the given equations, will serve to determine all the unknowns. This general method
will be illustrated by a series of concrete problems of approximation, interpolat1ion,
recovery, Kolmogorov-type inequalities etc.
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Old and new results on the Favard
operator

Ulrich Abel
Fachhochschule Giessen-Friedberg, University of Applied Sciences

Wilhelm-Leuschner-Straße 13, 61169 Friedberg, Germany
Email: Ulrich.Abel@mnd.fh-friedberg.de

In 1944, J. Favard introduced the operator Fn given by

(Fnf) (x) =
1√
πn

∞∑

ν=−∞

f
( ν
n

)
exp

(
−n
(ν
n
− x
)2
)

which is a discrete analogue of the Gauss–Weierstrass singular convolution inte-
gral. The sequence (Fnf) converges to f for continuous functions defined on R

which have polynomial growth at ±∞. We report some known properties such as
saturation theorems in certain polynomial weight spaces and present Kantorovich
and Durrmeyer variants.

In fact, we treat a slight generalization Fn,σn
which was introduced and studied

by Gawronski and Stadtmüller. While in previous investigations functions of poly-
nomial or exponential growth were considered, here we deal with the larger class of

functions satisfying a growth condition f (u) = O
(
eKu

2
)

as |u| → ∞.

We study the local rate of convergence for smooth functions. The main result is
a complete asymptotic expansion for the sequence (Fn,σn

f) as n tends to infinity.
Furthermore, we consider a truncated version of these operators which possesses
the same asymptotic properties. All results were proved also for simultaneous
approximation.

Some recent results are joint work with Prof. Paul L. Butzer.

On the convergence of trigonometric
Fourier series

Teimuraz Akhobadze
Institute of Mathematics, Faculty of Exact and Natural Sciences

Tbilisi State University, Chavchavadze str. 1, Tbilisi 0128, Georgia
Email: takhoba@gmail.com

For continuous functions of two variables modified modulus of continuity and
modulus of variation are considered. In terms of such modulus a sufficient condi-
tions of uniform convergence of double trigonometric Fourier series is given.
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An inequality of Duffin–Schaeffer type

Geno Nikolov and Alexander Alexandrov
Department of Mathematics, University of Sofia
5 James Bourchier Blvd., 1164 Sofia, Bulgaria

E-mails: geno@fmi.uni-sofia.bg, ava@fmi.uni-sofia.bg

Denote by Hm the m-th Hermite polynomial, and for n ∈ N, n ≥ 2, let a = a(n)
be the rightmost zero of Hn. We prove that if f is an algebraic polynomial with real
coefficients of degree not exceeding n, such that |f | ≤ |Hn| at the zeros of Hn+1,
then for k = 1, . . . , n,

|f (k)(x+ iy)| ≤ |H(k)
n (a+ iy)| for every (x, y) ∈ [−a, a]× R,

and the equality occurs only when f = ±Hn. This is an analogue of the Duffin and
Schaeffer refinement of Markov’s inequality.

On Fournier-Gagliardo mixed norm spaces

Robert Algervik and Viktor Kolyada
Department of Mathematics, Karlstad University

Universitetsgatan 2, 651 88 Karlstad, Sweden
Email: robert.algervik@kau.se

We study mixed norm spaces V(Rn) that arise in connection with Sobolev spaces
W 1

1 (Rn). We prove embeddings of V(Rn) into Lorentz type spaces defined in terms
of iterative rearrangements. Basing on these results, we introduce a scale of mixed
norm spaces Vp(Rn). We prove that V(Rn) ⊂ Vp(Rn) and we discuss some questions
related to this embedding.
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Lower bounds for eigenvalues by
nonconforming FEM on convex domain

Andrey B. Andreev and Milena R. Racheva
Department of Informatics, Technical University of Gabrovo

5300 Gabrovo, Bulgaria
Emails: andreev@tugab.bg, milena@tugab.bg

In this work we analyze the approximations of second order eigenvalue problems
(EVPs). The nonconforming piecewise linear finite element with integral degrees of
freedom is used. We prove that the eigenvalues computed by means of this element
on convex domain are smaller that the exact ones if the mesh size is small enough.
Some numerical results are also given.

Locally monotone approximations
of real functions on graphs

Roumen Anguelov and Inger Fabris-Rotelli
Department of Mathematics and Applied Mathematics, University of Pretoria

E-mails: roumen.anguelov@up.ac.za, inger.fabris-rotelli@up.ac.za

The idea of using monotonicity as a concept of smoothness within the Approxi-
mation Theory originates in the works of Sendov and Popov, e. g. [4]. The proper-
ties of the modulus of nonmonotonicity introduced by them are studied by many of
their students and collaborators, including in the work of Borislav Bojanov, [2]. In
this work we present an extension of this theory to a multidimensional setting with
applications to signal processing where locally monotone approximations appear
naturally as an output of filters, e.g. for noise from signal separation. The LULU
operators, well known in the multi-resolution analysis of sequences [3], are filters
which are particularly intended to extract a signal of prescribed local monotonicity.
The abstract mathematical problem is approximation of real functions defined on a
connected graph by a set of locally monotone functions on the same domain. The
LULU operators suitably extended to this general setting as in [1] have shape pre-
serving properties important for the processing of signals of arbitrary dimension.
In addition to that, we prove that they produce locally monotone approximations
which are nearly optimal in the sense that the error of the approximation in any
lp norm, p ∈ [1,∞], is bounded by a constant multiple of the error of any other
approximation by functions from the same set.

References

[1] R. Anguelov, I. Fabris-Rotelli, LULU Operators and Discrete Pulse Transform for Multi-
Dimensional Arrays, IEEE Transactions on Image Processing, to appear.

[2] B. Bojanov, On the connection between the variation and the modulus of nonmonotonicity of

a function (in Bulgarian), Bulletin de L’Institut de Mathematiques, Vol. 13 (1970) pp. 99–103
[3] C. H. Rohwer, Nonlinear Smoothers and Multiresolution Analysis, Birkhäuser, 2005.
[4] Bl. Sendov, V. Popov, On some properties of the Hausdorff metric, Mathematica, Cluj, 7, 1

(1965), 145-154.
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Polynomials that deviate the least from
zero in measure and in the uniform norm
on compact sets of a given measure and

other related problems

Vitalii V. Arestov
Ural State University, and Institute of Mathematics and Mechanics

of the Ural Division of the Russian Academy of Sciences
Ekaterinburg, Russia

Email: Vitalii.Arestov@usu.ru

We will discuss several interrelated extremal problems for trigonometric polyno-
mials that deviate the least from zero in the following three senses:

1) in measure; more precisely, with respect to the functional

µ(fn) = mes{t ∈ [0, 2π] : |fn(t)| ≥ 1};
2) in the uniform norm on compact sets of a given measure;
3) with respect to the integral functionals

∫ π

−π

ϕ(|fn(t)|) dt

over the class of functions ϕ nondecreasing and nonnegative on the half-line
[0,+∞)

We will discuss corresponding problems for algebraic polynomials on the unit
circle with zeros on the circle.

Most of the results are obtained by the author jointly with A. S. Mendelev [1].

References

[1] Arestov V. V. and Mendelev A. S. Trigonometric polynomials deviating the least from zero in
measure and related problems // Electronic publishing. 2009. http://arxiv.org/abs/0912.3670

This work was supported by the Russian Foundation for Basic Research (project No.

08-01-00213).
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On a class of local average sampling
expansions in subspaces of L2(R)

Nikolaos Atreas
Department of Mathematics, Faculty of Engineering Statistics

Aristotle University of Thessaloniki, 54124 Thessaloniki, Greece
Email: natreas@csd.auth.gr

Let τ be a sampling set on R, φ is a function with certain regularity and a
non-vanishing property in a neighborhood of the origin for its Fourier transform

φ̂ and {〉f, φ(. − τn)〈} is a sequence of sampled data for some square-integrable
function f . Then there exists a space V τφ such that every function f ∈ V τφ is
uniquely determined by and stably reconstructed from the above sample set. As
the reconstruction formula involves evaluating the inverse of an infinite matrix we
consider a partial reconstruction formula suitable for numerical implementation and
provide an estimate to the corresponding error.

A reduced space interpolation method for
the time derivative applied to transport

in domains with heterogeneous geometric
dimensions

Mohamed Belhout, Pousin Jérôme and Yves Renard
Université de Lyon CNRS INSA-Lyon ICJ UMR 5208, bat. L. de Vinci

20 Av. A. Einstein, F-69100 Villeurbanne Cedex France
Email: mohamed.belhout@insa-lyon.fr

In this work, we consider transport phenomena by convection or by conduction
taking place in 2D domains of heterogeneous dimensions. Such problems arise when
for example two time scales are considered. In what follows, an heterogeneous
domain is presented.

0 1/2

1

1 x

t

1/2+ε

1/2−ε
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When ǫ = 0, when look for a function u solution of:

(T0)






1[0, 1
2
](x)∂tu(x, t) + ∂xu(x, t) + u(x, t) = f(x, t); dansΩ

∂tu(x, t) = 0; dans 1
2 < x < 1

u(x, 0) = u0(x) 0 < x < 1
2 ; u(0, t) = 0;

By using a numerical method based on a projection method, error estimations
are given for the space discretized problem, and the efficiency of the method is
checked with an example.

Scattered data approximation in high
dimensions

Peter G. Binev
Department of Mathematics, University of South Carolina

Columbia, SC, U.S.A.
Email: binev@math.sc.edu

Given a data set X ⊂ Rd of N data points xi along with values yi ∈ Rd
′

,
i = 1, ..., N , and viewing the yi as values yi = f(xi) of some unknown function

f , we wish to return for any query point x ∈ Rd an approximation f̃(x) to f(x).
Here the spatial dimension d should be thought of as large. We wish to emphasize
that we do not seek a representation of f̃ in terms of a fixed set of trial functions
but define f̃ through recovery schemes which, in the first place, are designed to be
fast and to deal efficiently with large data sets. For this purpose we propose new
methods based on what we call sparse occupancy trees and piecewise linear schemes
based on simplicial subdivisions.

On local behavior of holomorphic
functions along complex submanifolds of

CN

Alex Brudnyi
Department of Mathematics and Statistics, University of Calgary

Calgary, Alberta, Canada T2N 1N4
Email: albru@math.ucalgary.ca

In the talk I establish some general results on restrictions of holomorphic func-
tions to complex submanifolds of CN . The subject pertains to the area of the,
so-called, polynomial inequalities for analytic and plurisubharmonic functions that
includes, in particular, Bernstein, Markov and Remez type inequalities.
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Smooth convex resolution of unity on
general partitions of multidimensional

domains using generalized expo-rational
B-splines, and application to multivariate
approximation and Hermite interpolation

on scattered point sets

Lubomir T. Dechevsky
Narvik University College, Narvik, Norway

E-mail: ltd@hin.no

Consider a scattered point set in a multidimensional domain and a general par-
tition of the domain in subdomains such that: (i) every subdomain corresponds
to one, and only one, element of the scattered point set (henceforward called ’its
point’); (ii) the subdomains are either disjoint or may overlap in such a way that
each subdomain contains in its interior only ’its point’ and no other element of the
scattered point set (the boundary of the subdomain can contain other elements of
the scattered point set); the subdomains are bounded and simply connected. Start-
ing from two families of radial-basis or tensor-product generalized expo-rational
B-splines (GERBS) one of which has Hermite interpolation property and the other
one forms a smooth convex resolution of unity of specific type associated with the
original subdomain partition, we design an explicit algebraic construction of a new
family of basis functions which combines the properties of smooth convex resolution
of unity (associated with the original subdomains) with Hermite interpolation in
the elements of the original scattered point set. Hermite interpolation of multivari-
ate multidimensional vector fields in the scattered point set is achieved by a linear
combination of the new basis functions where the coefficient of each basis function
is the (tensor-product) Taylor polynomial centered at ’its point’ and including all
partial derivatives up to the total order of Hermite interpolation, which order may
vary at different elements of the scattered point set. Once the vector field has been
Hermite-interpolated, it is very easy to switch from interpolatory to Bezier form
of the presentation, by changing the monomial bases in each variable used in the
tensor-product Taylor polynomial to Bernstein polynomial bases, where the Bern-
stein polynomials are scaled to the support of the original tensor-product GERBS
families (with respective modification to the radial-basis case). The construction is
readily parallelized. The assumptions on the partition subdomains are very general
and include disjoint convex covers such as Voronoi tilings as well as overlapping
star-shaped covers such as the star-1 neighbourhoods of the vertices in a triangu-
lation (simplectification) in dimensions 2, 3 and higher. Replacing the local Taylor
polynomials by polynomials of the same total degree which are optimal with respect
to a local least-squares or K-functional criterion, in combination with the resolution
of unity, provides high-quality data fitting and multivariate approximation. In the
case of Hermite interpolation, the respective generalized Vandermonde matrix is
always in Jordan normal form.
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Some extremal problems for algebraic
polynomials on the Euclidean sphere

Marina V. Deikalova
Ural State University, Ekaterinburg, Russia

Email: Marina.Deikalova@usu.ru

Let Rm, m ≥ 2, be the m-dimensional real Euclidean space; let Sm−1 be its
unit sphere. For a number h, −1 < h < 1, we define the spherical cap C(h) =
C(h, em) = {x = (x1, . . . , xm) ∈ Sm−1 : xm ≥ h} centered at the ”north pole”
em = (0, . . . , 0, 1) of the sphere. We denote by χh the characteristic function of the
cap C(h). Our interest is the best approximation en,m(χh) = inf{‖χh−Pn‖L(Sm−1) :

Pn ∈ Pn,m} of the characteristic function χh of the cap C(h) in the space L(Sm−1)
by the set Pn,m of algebraic polynomials in m real variables with real coefficients
of total degree at most n.

In particular, we will give the value of en,m(χh) for m = 3 and for all h ∈ (−1, 1).

For h = cos πj
n+1 , 1 ≤ j ≤ n, the result was obtained by the author earlier [1]. The

problem of finding the value en,m(χh) is connected, in particular, with the problem
about the best constant in the Jackson–Nikol’skii inequality between the uniform
and integral norms of an algebraic polynomial on the sphere. We use an approach
of A. G. Babenko and Yu. V. Kryakin [2].

References

[1] M.V. Deikalova, The Taikov Functional in the Space of Algebraic Polynomials on the Multi-
dimensional Euclidean Sphere, Math. Notes 84 (4), 498 (2008).

[2] A. G. Babenko and Yu. V. Kryakin, Integral Approximation of the Characteristic Function of
an Interval by Trigonometric Polynomials, Proc. Steklov Inst. Math. 264 (Suppl. 1), 39 (2009).

This work was supported by the Russian Foundation for Basic Research (project No.

08-01-00213).
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Exact performance of (ρ, θ)-Hough
transform for star chain images processing

Dimo T. Dimov
Institute of Information Technologies, Bulgarian Academy of Sciences

1113 Sofia , Bulgaria
Email: dtdim@iinf.bas.bg

The well known (ρ, θ)-interpretation [1] of Hough transform (HT) [2] is a projec-
tion technique that is most often treated in image processing considering its facilities
to localize long stretched objects in a given image [3]. The definition of ”exact HT”
has been introduced for the both given grids (xsize×ysize) and (ρsize×θsize) of the
input image and of the HT result image respectively, considering the (ρ, θ)-HT like a
Radon transform [4]. A few iterative approaches have been also proposed to approx-
imate the exact HT through a balance among the inner-noise-of-performance’s level
and the respective software effectiveness - programming duration and/or process-
ing speed [4]. Unfortunately, these approaches become less and less acceptable with
increasing of the input image grid as in the case of astronomical images, e.g. when
HT is applied for identification of flare objects in chain plate images [5]. In this
work an analytic solution for the exact performance of (ρ, θ)-HT is proposed based
on the results in [4]. Being not iterative the solution is enough simply program-
mable and is expected to be much more effective than the previous ones already
mentioned. This research is partially sponsored by the National Astroinformat-
ics project, Grant # DO-02-275/2008 of the National Science Fund at Bulgarian
Ministry of Education and Science (www.astroinformatics.eu).

References

[1] Duda R. O., P. E. Hart, Use of the Hough transformation to detect lines and curves in
picturesCommun. ACM 15 (1972), 11–15.

[2] Hough P. V. C, Method and means for recognizing complex patterns. U. S. Patent 3-069-654,
1962.

[3] Illingworth J., J. Kittler, A Survey of the Hough Transform, Comp. Vision, Graphics,

and Image Proc. J. 44 (1988), 87–116.
[4] D. Dimov, Using an Exact Performance of Hough Transform for Image Text Segmentation,

Proc. of ICIP’2001, Oct. 7-10, 2001, Thessaloniki, Greece, Vol. I, pp. 778–781.
[5] Aniol, R., Duerbeck, H.W., Seitter, W.C., Tsvetkov, M.K., An automatic search for

flare stars in southern stellar aggregates of different ages. In: Flare Stars in Star Clusters,

Associations and Solar Vicinity, IAU Symp. 137 (L.V. Mirzoyan, B.R. Pettersen and M.K.
Tsvetkov, Eds.), Kluwer Acad. Publish., Dordrecht-Boston-London, 1990, pp. 85–94.
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Splines with constraints

Asen L. Dontchev
Mathematical Reviews, Ann Arbor, MI, U.S.A.

Email: ald@ams.org

It is classically known that the interpolating cubic spline can be viewed as a
solution of an optimal control problem. We build upon this observation by adding
constraints to the problem such as convexity, monotonicity and restricted range,
and show how to handle the constraints both theoretically and numerically by
applying various versions of the Lagrange principle.

On estimating the rate of best
trigonometric approximation in Lp by a

modulus of smoothness

Borislav R. Draganov† and Parvan E. Parvanov
Department of Mathematics, University of Sofia
5 James Bourchier Blvd., 1164 Sofia, Bulgaria

Emails: bdraganov@fmi.uni-sofia.bg, pparvan@fmi.uni-sofia.bg

We present a characterization of best trigonometric approximation in Lp, 1 ≤
p ≤ ∞, by a modulus of smoothness, which is invariant under translation of the
approximated function by a trigonometric polynomial of a given degree like best
trigonometric approximation itself. This characterization is quite similar to the one
given by the classical modulus of smoothness. The modulus possesses properties
similar to those of the classical one.

Supported by grants 49/2009 and 179/2010 of the National Science Fund to the
University of Sofia.

Keywords and phrases: Best trigonometric approximation, modulus of smooth-
ness, K-functional, trigonometric B-spline.

MSC 2010: 42A10, 41A10, 41A25, 41A27, 41A50, 42A38, 42A85.

† Second affiliation of this author is: Institute of Mathematics and Informatics, Bulgarian

Academy of Science, bl. 8, Acad. G. Bonchev Str., 1113 Sofia, Bulgaria
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Asymptotic behavior of Carleman
orthogonal polynomials∗

Peter Dragnev
Indiana-Purdue University, 2101 E. Coliseum Blvd.

46805 Fort Wayne, IN, U.S.A.
Email: dragnevp@ipfw.edu

Let L be an analytic Jordan curve in the complex plane C. Polynomials that
are orthonormal with respect to area measure over the interior domain of L were
first considered by Carleman, who established a strong asymptotic formula for the
polynomials valid on certain open neighborhood of the closed exterior of L. Here we
extend the validity of Carlemans asymptotic formula to a maximal open set, every
boundary point of which is an accumulation point of the zeros of the polynomials.

∗ Joint work with Erwin Miña-Dı́az, University of Mississippi

Optimal adaptive sampling recovery
based on quasi-interpolant representations

Dinh Dung
Information Technology Institute, Vietnam National University

Hanoi E3, 144 Xuan Thuy, Hanoi, Vietnam
Email: dinhdung@vnu.edu.vn

We propose a new approach to study optimal adaptive sampling algorithms
for recovery of functions by sets of a finite capacity which is measured by their
cardinality or pseudo-dimension. Let W ⊂ Lq, 0 < q ≤ ∞, be a class of functions
on [0, 1]d. For B a subset in Lq, we define a sampling recovery method with the
free choice of sample points and recovering functions from B as follows. For each
f ∈ W we choose n sample points. This choice defines n sampled values. Based on
these sampled values, we choose a function from B for recovering f . The choice of n
sample points and a recovering function from B for each f ∈W defines a sampling
algorithm SBn (f) for recovery by functions in B. An efficient sampling algorithm
should be adaptive to f .

Given a family B of subsets in Lq, we consider optimal adaptive sampling algo-
rithms for recovery of functions in W by B from B in terms of the quantity

Rn(W,B)q := inf
B∈B

sup
f∈W

inf
SB

n

‖f − SBn (f)‖q.

Denote Rn(W,B)q by en(W )q if B is the family of all subsets B of Lq such that the
cardinality of B does not exceed 2n, and by rn(W )q if B is the family of all subsets
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B in Lq of pseudo-dimension at most n. Let 0 < p, q, θ ≤ ∞ and α > d/p. Then
for the d-variable Besov class Bαp,θ, we proved that

(1) en(B
α
p,θ)q ≍ rn(Bαp,θ)q ≍ n−α/d.

In comparing with the asymptotic order of optimal non-adaptive sampling recovery
n−α/d+(1/p−1/q)+ , the convergence rate (1) is better for p < q. To construct asymp-
totically optimal adaptive sampling algorithms we use a B-spline quasi-interpolant
representation in Besov spaces associated with some equivalent discrete quasi-norm.
The main results of this talk are published in [1] and [2].
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[1] D. Dung, Non-linear sampling recovery based on quasi-interpolant wavelet representations,
Adv. Comput. Math. 30 (2009) 375–401.

[2] D. Dung, Optimal adaptive sampling recovery, Adv. Comput. Math., DOI 10.1007/s10444-
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Subspace correction method for
discontinuous Galerkin discretizations of

linear elasticity equations

B. Ayuso∗, I. Georgiev, J. Kraus∗∗, L. Zikatanov∗∗∗

Institute of Mathematics, Bulgarian Academy of Sciences
Acad. G. Bonchev Str., bl.8, 1113 Sofia, Bulgaria

Email: john@parallel.bas.bg

In this talk we will present a preconditioning techniques for certain classes of
discontinuous Galerkin (DG) methods, so-called interior penalty (IP) finite flement
methods, for linear elasticity problems in primal (displacement) formulation. We
will recall some of their stability and approximation properties and comment on
their suitability as a discretization tool for problems with nearly incompressible
materials. Next we propose a natural splitting of the DG space, which gives rise
to uniform preconditioners. The presented approach was recently introduced by B.
Ayuso and L. Zikatanov in the context of designing subspace correction methods
for scalar elliptic equations and is extended here to linear elasticity, i.e., a class of
vector field problems. Similar to the scalar case the solution of the linear algebraic
system corresponding to the IP DG method is reduced to a solution of a problem
arising from discretization by nonconforming Crouzeix-Raviart elements plus the
solution of a well-conditioned problem on the complementary space.

∗ Centre de Recerca Matematica, Barcelona, Spain
∗∗ RICAM, AAS, Linz, Austria
∗∗∗ Penn State University, University Park, PA, USA
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On interpolation in the unit disk based on
both Radon projections and function

values

Irina Georgieva∗ and Rumen Uluchev∗∗
∗ Institute of Mathematics, Bulgarian Academy of Sciences

∗∗ Higher Transport School ”Todor Kableshkov”, Sofia
Emails: irina@math.bas.bg, ruluchev@vtu.bg

There are important problems in medicine, materials science, radiology, arche-
ology, biology, geophysics, oceanography, for which the relevant data comes as line
integrals along a finite set of segments and tomographic reconstruction is applied
using such kind of information. Recently many mathematicians have investigated
methods for solving various approximation problems using Radon projections type
of data.

Here we consider interpolation of function in two variables on the unit disk by
bivariate polynomials, based on its Radon projections and function values. We
prove a necessary and sufficient condition for regularity of a scheme of chords and
points of the unit circle. Results of some numerical experiments are presented too.
There are important problems in medicine, materials science, radiology, archeol-
ogy, biology, geophysics, oceanography, for which the relevant data comes as line
integrals along a finite set of segments and tomographic reconstruction is applied
using such kind of information. Recently many mathematicians have investigated
methods for solving various approximation problems using Radon projections type
of data.

Here we consider interpolation of function in two variables on the unit disk by
bivariate polynomials, based on its Radon projections and function values. We
prove a necessary and sufficient condition for regularity of a scheme of chords and
points of the unit circle. Results of some numerical experiments are presented too.

Strong approximation of two-dimensional
Walsh Fourier series

Ushangi Goginava and Larry Gogoladze
Institute of Mathematics, Faculty of Exact and Natural Sciences

Tbilisi State University, Chavchavadze str. 1, Tbilisi 0128, Georgia
Emails: z goginava@hotmail.com, lgogoladze1@hotmail.com

We study the exponential uniform strong approximation of two-dimensional
Walsh-Fourier series. In particular, it is proved that the two-dimensional Walsh-
Fourier series of the continuous function f is uniformly strong summable to the
function f exponentially in the power 1/2. Moreover, it is proved that this result
is best possible.
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Bases in Banach spaces of smooth
functions on Cantor-type sets

A. Goncharov and N. Özfidan
Department of Mathematics, Bilkent University, 06800 Ankara, Turkey

Email: goncha@fen.bilkent.edu.tr

We present explicitly for a Cantor-type set K a Schauder basis in the Banach
space Cp(K) of p times differentiable on K functions as well as in the Whitney
space Ep(K). In the construction we use local Taylor expansions of functions.

Simultaneous approximation by Bernstein
operators in Hölder norms I & II

Heiner Gonska (Duisburg) and Gancho Tachev (Sofia)
Emails: heiner.gonska@uni-due.de, gtt fte@uacg.bg

In these two talks we present a quantitative result on simultaneous approximation
by classical Bernstein operators, considered as mapping the space Cm,α[0, 1] into
Cr,β[0, 1]. Here Cm,α[0, 1] denotes all m-times continuously differentiable functions
on [0, 1] whose m-th derivative satisfies a Hölder-Lipschitz condition with exponent
α. Cr,β [0, 1] is defined analogously. The main result is the following theorem.

Theorem. Let r,m ∈ N0, 0 ≤ α, β ≤ 1, r ≤ m, r + β ≤ m + α. Then for
f ∈ Cm,α and n > m+ 1 one has

||Bnf − f ||r,β ≤ cr · (n− r − 1)max{−1, r+β−m−α
2 } · ||f ||m,α.

Here cr is a constant depending only on r, α, β.
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m-term approximation in tensor products
of Sobolev and Besov spaces

Markus Hansen
Mathematical Institute, Friedrich-Schiller-Universität Jena, Germany

Email: markus.hansen2@uni-jena.de

Tensor products yield a quite easy approach towards functions in many variables
and high-dimensional approximation. Here we shall be concerned with associated
tensor product spaces of isotropic Sobolev and Besov spaces, which turn out to be
closely related to function spaces of dominating mixed smoothness.

Within this framework, the problem of m-term approximation with respect to
tensor product wavelet systems is considered. Our main interest lies in the as-
ymptotic behaviour of the error of this method. To this end, several explicit con-
structions are investigated, including the (linear) approximation from hyperbolic
crosses.

The obtained results extend and complement earlier ones by Temlyakov, Dinh
Dung and Nitsche.

Strong converse results on
Baskakov-Durrmeyer operators and their

quasi-interpolants

Margareta Heilmann and Martin Wagner
Department C, Mathematics and Natural Sciences

University of Wuppertal, Gaußstr. 20
D-42119 Wuppertal, Germany

Emails: heilmann@math.uni-wuppertal.de, wagner@math.uni-wuppertal.de

We consider the Durrmeyer modification of the Baskakov operators and the
corresponding quasi-interpolants. We present a strong converse result of type A for
the operators and one of type B for the quasi-interpolants in the terminology of
Ditzian and Ivanov.
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Near-best approximation by a de la Vallée
Poussin-type interpolatory operator

Ágota P. Horváth
Budapest University of Technology and Economics

Email: ahorvath@chardonnay.math.bme.hu

Practically, it is always an interesting problem to construct a discrete linear op-
erator, which approximates for instance continuous functions in near-best order. It
is a natural idea to use some kind of de la Vallée Poussin-type means for proving
best, or near-best order of approximation. After the investigations of eg. R. Bo-
janic, O. Shisha, and G. Freud, in 1974 J. Szabados gave the discrete version of de
la Vallée Poussin means in the trigonometric. The considerable generalization of
this result, which was simultaneously an answer of a question of G. Freud and A.
Sharma, was given by O. Kis and J. Szabados.

In 1999 H. N. Mhaskar and J. Prestin established a result on bounded quasi-
interpolatory operators, which also based on de la Vallée Poussin-type means. Their
discretizing method based on the quadrature formula, and not on some integral
approximating sum, as in the previous papers. However it deals with rather general
weighted spaces, (applying the results to generalized Jacobi and Freud weights) the
interpolatory property had been lost. Generalized de la Vallée Poussin means in
Jacobi-weightedLp-spaces was first treated by Nguyen Xuan Ky, and in 2008 further
results were given by G. Mastroianni and W. Themistoclakis.

In this talk we should like to give a de la Vallée Poussin-type interpolatory process
in some Jacobi weighted spaces, and deal with the question of approximation of
continuous functions. The utility of this method is in the simplicity of the nodes.

Numerical investigation of fluxon
solutions in stackes of Josephson junctions

Ivan G. Hristov and Stefka N. Dimova
Department of Mathematics, University of Sofia
5 James Bourchier Blvd., 1164 Sofia, Bulgaria

Emails: ivanh@fmi.uni-sofia.bg, dimova@fmi.uni-sofia.bg

The Sakai-Bodin-Pedersen model - a system of perturbed sine-Gordon equations
- is used to study numerically the dynamics of Josephson phases in stacks of induc-
tively coupled long Josephson Junctions. The boundary conditions correspond to a
stack of overlap geometry. We investigate solutions with static and moving fluxons
in each junction and find their regions of stability and existence with respect to the
parameters. Different physical characteristics are calculated and interpreted. To
solve numerically the above problems Finite Element Method and Finite difference
method are used.
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Boolean invertible matrices identified
from two permutations, their

corresponding unbalanced Haar matrices
and an application to data encryption

Costas Karanikas
Department of Mathematics, Faculty of Engineering Statistics

Aristotle University of Thessaloniki, 54124 Thessaloniki, Greece
Email: karanika@csd.auth.gr

We construct all m×m boolean invertible matrices (called Z matrices) satisfying
the following property: when we perform the Hadamard product operation on the
set of rows of a Z matrix we produce either a member of the same set or the
zero row. It turns out that all Z matrices come from column permutations of
upper unitriangular boolean matrices and they are uniquely determined by a pair
of permutations of the set {1, 2, . . . ,m}. As the Gram Schmidt orthonormalization
process of the set of row vectors of Z matrices produces unbalanced Haar matrices,
Haar matrices can be coded by a pair of permutations as well. We develop a new
encryption scheme based on the identification property of Z matrices.

Functions approximated by any sequence
of interpolating generalized polynomials

Yoshiyuki Nishino and Kazuaki Kitahara
School of Science and Technology, Kwansei Gakuin University

Sanda 669-1337, Japan
Email: kitahara@kwansei.ac.jp

Let {u0, u1, . . . , un, . . .} be an inifinite complete Chebyshev system of C[a, b].
Let

Xn : (a ≤)x
(n)
0 < x

(n)
1 < · · · < x

(n)
kn

(≤ b), n ∈ N

be any prescribed system of nodes, where limn→∞ kn = ∞ and let pf,Xn
(x), n ∈

N be the generalized polynomials in Span{u0, u1, . . . , ukn
} that interpolates the

function f at the nodes of Xn. Then, we consider properties of functions f ∈ C[a, b]
which are uniformly approximated by any sequence {pf,Xn

(x)} of interpolating
generalized polynomials to f .
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Universal construction of orthogonal
double shift functions and applications

Vasil Kolev
Institute of Computer and Communication Systems

Bulgarian Academy of Sciences
Acad. G. Bounchev Str., bl.2, 1113 Sofia, Bulgaria

Email: kolev acad@abv.bg

A subset {ν1, ν2, . . . , νn} of a vector space V , with the inner product 〈·, ·〉 is called
orthonormal if 〈νi, νj〉 = 0 when i 6= j. That is, the vectors are mutually perpen-
dicular. Moreover, they are all required to have length one, i.e., , 〈νi, νi〉 = 1. An
orthonormal set must be linearly independent, and so it is a vector space basis for
the space it spans. Such a basis is called an orthonormal basis. In signal processing
orthogonal basis functions have many applications. The simplest example is the

standard basis e1 for the Euclidean space Rn. A rotation R(φ) =

(
cosφ sinφ
− sinφ cosφ

)

through the origin will send an orthonormal set to another orthonormal set. In fact,
given any orthonormal basis, there is a rotation, or rotation combined with a flip,
which will send the orthonormal basis to the standard basis. These are precisely
the transformations which preserve the inner product, and are called orthogonal
transformations. Example, Haar matrices, all orthogonal wavelet and multiwavelet
transforms, as well as all other orthogonal matrices and transforms. These matrices
can be represents by unitary matrix. The simplest and most popular way to repre-
sent a 2 × 2 unitary matrix is by a rotation R(φ). Factorization of a matrix R(φ)
of two Jacobi reflectors matrices leads to universal representation for orthogonal
double shift transformations : R(φ) = J(α)J(β) with b−a = φ mod 2π. This R(φ)
can be represented as a rank-2 modification to the identity matrix.

On the Schur-Szegő composition of
polynomials

Vladimir Kostov
Université de Nice, Laboratoire de Mathématiques

Parc Valrose, 06108 Nice, Cedex 2, France
Email: kostov@unice.fr

The Schur-Szegő composition of the polynomials Pj :=
∑n

i=0 C
i
nbi,jx

i, j = 1, 2,
is defined by the formula P1 ∗ P2 =

∑n
i=0 C

i
nbi,1bi,2x

i. Any polynomial (x + 1)Q,
where Q is monic and degQ = n−1, is representable as Schur-Szegő composition of
n− 1 polynomials of the form (x+ 1)n−1(x+ ak). The mapping between the tuple
of coefficients of the polynomial Q and the elementary symmetric polynomials of
the quantities ak can be viewed as an affine mapping in the space of monic degree
n− 1 polynomials. It preserves the set of polynomials the real parts of whose roots
are all positive. We discuss this and other geometric properties of this mapping
and of its analog for functions of the form exQ with Q as above.
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Infinite-dimensional generalization of
Kolmogorov-Gelfand theory of widths and

applications to Compressive Sensing

Ognyan Kounchev
Institute of Mathematics and Informatics, Bulgarian Academy of Sciences

Acad. G. Bonchev Str., bl. 8, 1113 Sofia, Bulgaria
Email: kounchev@gmx.de

Based on the notion of multivariate Chebyshev system (cf.
http://arxiv.org/pdf/0808.2213v1)
we introduce a new concept of widths (called ”harmonic widths”) which is an
infinite-dimensional generalization of the theory of Kolmogorov and Gelfand. This
new approach allows to obtain non-trivial widths for subsets of C∞(D) for domains
D in Rn. In particular, we consider the widths of the set

K =

{
f ∈ C

∞ (B) :

∫

B

|∆pf (x)| dx ≤ 1

}

where B ⊂ Rn is the open unit ball; for n = 1 the widths of K were studied by
Kolmogorov in his original paper of 1937. Similar sets are interesting for Image
Processing applications. As in the case of the usual widths (cf. e.g. A. Cohen,
W. Dahmen, and R. DeVore, Compressed sensing and best k−term approximation,
available in
http://www.math.sc.edu~devore/publications/CDDSensing\_6.pdf ),
we seek for an application of these new harmonic widths to Compressive Sensing by
means of appropriate Wavelet Analysis. Research partially sponsored by Project
Astroinformatics, DO-02-275, www.astroinformatics.eu.

Zero distribution of sequences of rational
approximants

Ralitza K. Kovacheva
Institute of Mathematics and Informatics, Bulgarian Academy of Sciences

Acad. G. Bonchev Str., bl. 8, 1113 Sofia, Bulgaria
Email: rkovach@math.bas.bg

Let I := [−1, 1] and let the function f be continuous and real- valued on the
interval I. Given a pair (n,m) of non-negative integers, set rn,m for the best real
Chebyshev approximant to f on I with respect to Rn,m (= p/q; deg p ≤ n; deg q ≤
m). As is known, the rational function rn,m is unique and characterized by the
alternation condition for the error curve f − r∗n,m; namely: writing rn,m = pn/qm,
where pn and qm have no common factors, let

dn,m := min{n− deg pn; m− deg qm},
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then there exist m+ n+ 2 − dn,m points x
(n,m)
k ,

−1 ≤ x
(n,m)
1 < · · · < x

(n,m)
m+n+2−dn,m

≤ 1,

which satisfy

λ(−1)k(f − rn,m)(x
(n,m)
k ) = ‖f − rn,m‖I ,

where λ = −1 or λ = 1 is fixed.
For definiteness, let us consider a sequence {mn} with

mn ≤ n, mn ≤ mn+1 ≤ mn + 1.

Assume now that f has a singularity at the point z0 ∈ I. Our interest is devoted to
the behavior of the zeros of the sequence {rn,mn

} around the point z0. E. B. Saff
has announced the hypothesis that z0 attracts zeros of {rn,mn

} as n → ∞. In the
present talk, we provide results about corroboration of this hypothesis for some
functional classes, as well as more precise statements about the zeros distribution.
The results are joint with H. P. Blatt.

On Markov, Bernstein and Chebyshev
type inequalities for k-monotone

polynomials

András Kroó
Alfréd Rényi Institute of Mathematics

Hungarian Academy of Sciences, Budapest, Hungary
Email: kroo@renyi.hu

In a recent joint paper with József Szabados we initiated the study of Markov
type inequalities for the so called k-monotone polynomials, whose first k deriv-
atives are nonnegative in the interval considered. For the first derivative of k-
monotone polynomials the exact constant of Markov type inequality was found for
uniform and L1 norms. This exact constant was given in terms of largest zeros of
certain Jacobi polynomials. Moreover it was shown that in general for derivatives

of order j the sharp order of magnitude of Markov constants is
(
n2

k

)j
.

Subsequently we also established asymptotically sharp Bernstein type inequal-
ities for derivatives of k-monotone polynomials, when their size is measured on
[−1, 1] in weighted uniform or L1 norms with weight ϕ(1 − x), where ϕ is such
that ϕ(x)/x is decreasing. It turns out that the order of magnitude of constants in

Bernstein type inequalities for derivatives of order j is
(
ϕ
(
k
n2

)
n2

k

)j
.

In addition we also give an exact solution to the Chebyshev type extremal prob-
lem of finding monic k-monotone polynomials of minimal uniform and L1 norms.
Just as in the case of Markov type inequalities for k-monotone polynomials these
extremal polynomials are related to certain Jacobi polynomials.
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Weak convergence of greedy algorithms in
Banach spaces

Denka Kutzarova
Department of Mathematics, University of Illinois

1409 West Green Street, Urbana, IL, U.S.A.
Email: denka@math.uiuc.edu

We give sufficient conditions for weak convergence of the X-greedy algorithm.
We also consider some modified greedy algorithms. The results are joint with
S. Dilworth, K. Shuman, V. Temlyakov and P. Wojtaszczyk.

Discontinuous Galerkin finite element
method of elliptic problems

Raytcho D. Lazarov
Department of Mathematics, Texas A&M University

College Station, TX 77843–3368, U.S.A.
Email: lazarov@math.tamu.edu

In the last decade, especially after the fundamental paper of Arnold, Brezzi,
Cockburn, and Marini, [1], the discontinuous Galerkin method (DG FEM) has
emerged as a powerful technique for solving PDE’s that features flexibility in mesh-
ing and polynomial spaces, easily controlled stability, local conservation properties,
and possibility to glue mixed, standard Galerkin, nonconforming, and other finite
element approximations. However, DG FEM uses excessive number of degrees of
freedom. Hybridization is one possible way to substantially reduce the number of
degrees of freedom.

The first hybridization of a finite element method was proposed in 1965 by Fraejis
de Veubeke as an implementation of numerical methods for solving the equations of
linear elasticity. In 1985 Arnold and Brezzi showed that the hybridization is more
than an implementation trick. They proved that the new unknown, which plays a
role of a Lagrange multiplier for restoring the interelement continuity of the normal
derivative across the interfaces, contains extra information about the exact solution
and used this for postprocessing the finite element solution. After another two
decades, a new perspective on hybridization emerged [2] with the characterization
of the approximate trace as the solution of certain interface problem. The main
ideas of the hybridization combined with the technique of lifting operators from dis-
continuous Galerkin (DG) approximations led to a unified hybridization technique
[3] for DG, mixed, nonconforming, and conforming finite element approximations
of second order elliptic problems.

In the talk we shall discuss this general hybridization framework for second
order elliptic problems, which is characterized by: (1) the finite element spaces of
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the local solutions, (2) the numerical traces of the solution and the flux, and (3) the
space of the Lagrange multiplier. We first show, that this framework reproduces
the known hybridization of the standard mixed finite element approximations, in
particular those of [2]. Next we study the hybridization of the interior penalty (IP)
DG method and show that the proposed procedure fully characterizes the class of
hybridizable IP DG schemes. We demonstrate that from the known IP DG methods
only the IP scheme due to Ewing, Wang, and Yang, [4], is hybridizable. Finally, we
show that most of the LDG schemes are hybridizable and fully characterize them.

The talk is based on the joint work [3] of the author with Cockburn and Gopal-
akrishnan. References

[1] D. N. Arnold, F. Brezzi, B. Cockburn, and L. D. Marini, Unified analysis of discontinuous

Galerkin methods for elliptic problems, SIAM J. Numer. Anal., 39 (2002), pp. 1749–1779.
[2] B. Cockburn and J. Gopalakrishnan, A characterization of hybridized mixed methods for

second order elliptic problems, SIAM J. Numer. Anal., 42 (2004), pp. 283–301.
[3] B. Cockburn, J. Gopalakrishnan, and R. Lazarov, Unified hybridization of discontinuous

Galerkin, mixed and continuous Galerkin methods for second order elliptic problems, SIAM
J. Numer. Anal., 47 (2) (2009), pp. 1319–1365

[4] R. Ewing, J. Wang, and Y. Yang, A stabilized discontinuous finite element method for

elliptic problems, Numer. Linear Alg. Appl., 10 (2003), pp. 83–104.

On functions of bounded p-variation

Viktor Kolyada and Martin Lind
Department of Mathematics, Karlstad University

Universitetsgatan 2, 651 88 Karlstad, Sweden
Email: martin.lind@kau.se

We obtain estimates of the total p-variation (1 < p < ∞) and other related
functionals for a periodic function f ∈ Lp[0, 1] in terms of its Lp-modulus of con-
tinuity. These estimates are sharp for any rate of the decay of ø(f ; ).p

. Moreover,

the constant coefficients in them depend on parameters in an optimal way.

References
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Bandlimited one-sided approximations to
the Gaussian

Friedrich Littmann
North Dakota State University, PO Box 5060

58108 Fargo, North Dakota, U.S.A.
Email: friedrich.littmann@ndsu.edu

Let Bτ be the class of entire functions of exponential type ≤ τ . We consider the
problem of best L1(R) and best one-sided L1(R) approximation by functions from

Bτ to locally integrable real-valued f whose (distributional) Fourier transform f̂ is
given for |t| ≥ τ by

f̂(t) =

∫ ∞

0

λ−1/2e−πλ
−1t2dν(λ),(2)

where ν is a (not necessarily finite) positive Borel measure on [0,∞) satisfying
certain growth conditions.

Functions of this form include x 7→ |x|s where s > 0 and s not an even integer,

the functions x 7→ x2n log |x| with n ∈ N, and x 7→ log(x
2+a
x2+b ) for 0 < a < b. We

obtain the best approximations from Bτ to the Gaussian, and use these to obtain
best approximations to functions satisfying (2). The approximation errors are given
in terms of Jacobi theta functions.

Rational functions with fixed poles
deviated least from zero on several arcs

with zeros on those arcs

Alexey L. Lukashov
Fatih University, Buyukcekmece, 34500 Istanbul,Turkey

and Saratov State University, Saratov, Russia
Email: alukashov@fatih.edu.tr

On the set ΓE = {z ∈ C : z = eiϕ, ϕ ∈ E}, where E = [α1, α2] ∪ · · · ∪ [α2l−1, α2l],

0 ≤ α1 < α2 < · · · < α2l < 2π, we shall consider functions RN (z) = PN (z)/
√
D(z),

where D(z) is a polynomial of degree 2a, z−aD(z) > 0 for z ∈ ΓE ; PN (z) is a monic
polynomial with zeros on ΓE . The class of such functions will be denoted by RD

N (E).

Theorem (joint with S.V. Tyshkevich) If for any j, j = 1, . . . , l, the sum of
the harmonic measures of ΓEj

with respect to the zeros of the polynomial D(z) =

eiaϕA(ϕ) =
m∗∏
j=1

(z−zj)mj is a natural number, ω(z, x) is the density of the harmonic

measure, then the minimum in the extremal problem

max
z∈ΓE

|R∗
N (z)| = min

RN∈RD
N

(E)
max
z∈ΓE

|RN (z)|
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is given by R∗
N (eiϕ) =

A∗
Nεe

iN−a
2
ϕ cos

(
π

2

∫

E∩[b,ϕ]

(
(N − a)(ω(∞, ξ) + ω(0, ξ)) +

m∗∑

j=1

mjω(zj , ξ)
)
dξ

)
,

|ε| = 1, with suitable finite constant A∗
N .

Research is supported by President of Russian Federation, NSh-4383.2010.1.

Harmonic analysis and approximation by
radial functions

V. E. Maiorov
Department of Mathematics, Technion

Haifa, Israel
Email: maiorov@tx.technion.ac.il

We characterize the radial functions whose scattered shifts form a fundamental
system in the space Lp(R

d). In particular, we show that for any even function
h from the space Lp(R, µ), 1 ≤ p ≤ 2, the space formed by all possible linear
combinations of shifted radial functions h(‖x + a‖), a ∈ R

d, is dense in the space
Lp(R

d), if and only if the function h is not a polynomial.

Computing multivariate Fekete and Leja
points by numerical linear algebra1

Stefano De Marchi
Department of Pure and Applied Mathematics, University of Padova, Italy

Email: demarchi@math.unipd.it

We present two greedy algorithms, that compute discrete versions of Fekete-like
points for multivariate compact sets by basic tools of numerical linear algebra. The
first gives the so-called Approximate Fekete Points by QR factorization with column
pivoting of Vandermonde-like matrices. The second computes Discrete Leja Points
by LU factorization with row pivoting. We also discuss the asymptotic distribution
of such points when they are extracted from Weakly Admissible Meshes. These
meshes are nearly optimal for least-squares approximation and contain interpolation
sets nearly as good as Fekete points of the domain. These allow us to replace a
continuous compact set by a discrete version, that is ”just as good” for all practical
purposes. Some examples will be presented in order to show the effectiveness of the
algorithms.

1This is a joint work with: Len Bos, University of Verona and Alvise Sommariva and Marco
Vianello, University of Padova.
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Markov interlacing property for
exponential polynomials

Lozko Milev and Nikola Naidenov
Department of Mathematics, University of Sofia
5 James Bourchier Blvd., 1164 Sofia, Bulgaria

Emails: milev@fmi.uni-sofia.bg, nikola@fmi.uni-sofia.bg

Let Un be an extended Tchebycheff system on the real line. Given a point
x̄ = (x1, . . . , xn), where x1 < · · · < xn, we denote by f(x̄; t) the polynomial from
Un, which has zeros x1, . . . , xn. (It is uniquely determined up to multiplication
by a constant.) The system Un has the Markov interlacing property (M) if the
assumption that x̄ and ȳ interlace implies that the zeros of f ′(x̄; t) and f ′(ȳ; t)
interlace strictly, unless x̄ = ȳ.

We formulate a general condition which ensures the validity of the property
(M) for polynomials from Un. We also prove that the condition is satisfied for some

known systems, including exponential polynomials
∑n

i=0 bie
αix and

∑n
i=0 bie

−(x−βi)
2

.
As a corollary we obtain that property (M) holds true for Müntz polynomials∑n
i=0 bix

γi , too.

Min-max polynomials on the ball in
several dimensions

Ionela Moale2

Johannes Kepler University
Altenbergerstr. 69, A-4040 Linz, Austria

Email: Ionela.Moale@jku.at

We consider the unit ball in Rd, d ≥ 2, and the problem of finding a best uniform
approximation on the unit ball to a homogeneous polynomial in d variables with
real coefficients by polynomials of lower degree. We call the error function of best
approximation a min-max polynomial on the unit ball. More precisely, for d = 2
we introduce a new class of min-max polynomials to the bivariate monomials xnym

for all n,m ∈ N. Then we consider the weighted analogue of this problem and
give explicit solutions for two types of weight functions positive on the unit disc.

2Supported by the Austrian Science Fund FWF, project number: P20413-N18.
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Furthermore, some results are presented for d ≥ 3, their simplest case being min-
max polynomials on the unit ball to the monomials x1...xd−1x

m
d for all m ∈ N.

The talk is based on joint work with Franz Peherstorfer.

Some properties of Durrmeyer
modification of the Meyer-König and
Zeller operators and other composite

linear operators

Antonio-Jesús López-Moreno and José-Manuel Latorre-Palacios
Department of Mathematics, University of Jaén, Jaén, Spain

Email: ajlopez@ujaen.es

We study some asymptotic and localization result for the several Durrmeyer type
modifications of the classical Meyer-König and Zeller operators. We also consider
and analyze other sequences of operators that can be obtained by composition
(notice that the Meyer-König and Zeller sequence derives by composition from the
Baskakov operators on [0,∞)).

On summability almost everywhere by
Cesáro and Abel-Poisson methods of

series with respect to block-orthonormal
systems

Givi Nadibaidze
Institute of Mathematics, Faculty of Exact and Natural Sciences

Tbilisi State University, Chavchavadze str. 1
Tbilisi 0128, Georgia

Email: g.nadibaidze@gmail.com

Block-orthonormal systems were introduced by Gaposhkin. He proved, that
the Menshov-Rademacher‘s theorem and the strong law of large numbers are valid
for such systems in certain conditions. We obtained some results on convergence
and summability of series with respect to block-orthonormal systems.In particular,
Menshov-Rademacher’s and Gaposhkin’s theorems were generalized and the exact
Weyl multipliers for the convergence and summability almost everywhere of series
with respect to block-orthonormal systems were established.

The necessary and sufficient conditions on the length of blocks were obtained,
when the Kacmarz‘s theorem is valid for the block-orthonormal series.Using proved
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theorems it is possible determine exact Weyl multipliers for the Cesáro (C,1) sum-
mability almost everywhere of block-orthonormal series in the case, when the Kac-
marz’s theorem is not true. We obtained the sufficient conditions on the length of
blocks guaranteeing (C,α)(−1 < α < 0)-summability almost everywhere of block-
orthonormal series.

Now the sufficient conditions on the blocks are established, when the block-
orthonormal series are (C,α)(α > 0) and Abel-Poisson’s summable almost every-
where; Also equivalence of the methods (C,α)(α > 0) and Abel-Poisson’s are es-
tablished in certain conditions for the block-orthonormal series.

Markov type inequalities for oscillating
exponential polynomials

Lozko Milev and Nikola Naidenov
Department of Mathematics, University of Sofia
5 James Bourchier Blvd., 1164 Sofia, Bulgaria

Emails: milev@fmi.uni-sofia.bg, nikola@fmi.uni-sofia.bg

Let Vn(ᾱ) be the set of all exponential polynomials of the form

v(x) =

n∑

i=0

bie
−αix, 0 < α0 < · · · < αn,

which have n simple zeros in (0,∞). Let hj(v), j = 0, . . . , n be the absolute values
of the local extrema of a polynomial v ∈ Vn(ᾱ).

We prove that for every v ∈ Vn(ᾱ), k ∈ N, and for every convex and strictly
increasing on [0,∞) function ψ such that ψ(0) = 0, the quantities hj(v

(k)), j =

0, . . . , n and the integral
∫∞

0
ψ
(
|v(k)(x)|

)
dx are monotone increasing functions of

h0(v), . . . , hn(v). As corollaries we obtain various Markov type inequalities for
polynomials from Vn(ᾱ).
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Schauder fractal bases of Lp(I)

M. A. Navascués
Departamento de Matemática Aplicada

Centro Politécnico Superior de Ingenieros, Universidad de Zaragoza
C/ Maŕıa de Luna 3 , 50018 Zaragoza, Spain

E-mail: manavas@unizar.es

In former papers we have defined fractal functions associated to any continuous
mapping defined on a bounded real set. In particular one can consider perturbed
polynomials, trigonometric bases, etc. The construction is made via an iterated
function system and its corresponding fractal attractor.

In this work the procedure is extended to p-integrable (1 ≤ p < +∞) functions
defined on a compact interval I. Every map in endowed with a family of fractal
functions that contains the original as a particular element. This correspondence
enables the construction of new spanning families for Lp(I). Depending on the value
of the coefficients of the iterated function system, one obtains Schauder sequences
and bases for this space, composed by fractal functions close eventually to the
classical.

References
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[2] M.A. Navascués, A.K.B Chand, Fundamental sets of fractal functions. Acta Appl. Math.,
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Universal phenomena in the complex
plane

Markus Niess
Kath. Universität Eichstätt-Ingolstadt, MGF

85071 Eichstätt, Germany
E-mail: markus.niess@ku-eichstaett.de

The most famous universal phenomenon in the complex plane, discovered by
Voronin in 1975, is the Riemann Zeta-Function ζ which satisfies also the following
well-known properties:

(i) It is holomorphic in the complex plane except for a single pole at z = 1 with
residue 1.

(ii) The symmetry relation ζ(z) = ζ(z̄) holds for z 6= 1.
(iii) The functional equation ζ(z)Γ(z/2)π−z/2 = ζ(1 − z)Γ((1 − z)/2)π−(1−z)/2

holds.

Let A denote the set of all functions satisfying (i)-(iii). By constructing ”universal”
approximants of ζ it is shown that –in a topological sense– the majority of the
functions in A fails to satisfy Riemann’s Conjecture.
Moreover, we consider universal meromorphic approximation on Vitushkin sets.
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On the behavior of ultraspherical
polynomials in the complex plane

Geno Nikolov and Alexander Alexandrov
Department of Mathematics, University of Sofia
5 James Bourchier Blvd., 1164 Sofia, Bulgaria

E-mails: geno@fmi.uni-sofia.bg, ava@fmi.uni-sofia.bg

It is well-known that the squared modulus of every function f from the Laguerre–
Polya class L− P of obeys a MacLaurin series representation

|f(x+ iy)|2 =

∞∑

k=0

Lk(f ;x)y2k, (x, y) ∈ R
2,

which reduces to a finite sum when f is a polynomial having only real zeros. The
coefficients {Lk} in this formula are representable as non-linear differential opera-
tors acting on f , and by a classical result of Jensen Lk(f ;x) ≥ 0 for f ∈ L−P and
x ∈ R. Here, we prove a conjecture formulated by the first-named author in 2005,

which states that for f = P
(λ)
n , the n-th ultraspherical polynomial, the functions

{Lk(f ;x)}nk=1 are monotone decreasing on the negative semi-axis and monotone in-
creasing on the positive semi-axis. We discuss the relation between this result and
certain polynomial inequalities, which are close in spirit to the celebrated refine-
ment of the classical Markov inequality, found by R. J. Duffin and A. C. Schaeffer
in 1941.

On ψ-direct sums and some inequalities

Ludmila I. Nikolova
Department of Mathematics, University of Sofia
5 James Bourchier Blvd., 1164 Sofia, Bulgaria

E-mail: ludmilan@fmi.uni-sofia.bg

Sequence spaces with absolute and normalized norms correspond to a class of
convex functions. Recently some authors succeed in getting results ( for instance
geometric properties ) about such spaces, called ψ-direct sums, by investigation the
corresponding function ψ. We consider some two dimensional cases and get some
inequalities ( for instance, of Beckenbach-Dresher type).

The talk is based on a joint work with L.-E. Persson and S. Varošanec.
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A Goodman-Sharma variant of the
Meyer-König and Zeller operators

Parvan E. Parvanov3

Department of Mathematics, University of Sofia
5 James Bourchier Blvd.

1164 Sofia, Bulgaria
Email: pparvan@fmi.uni-sofia.bg

The uniform weighted approximation errors of a Goodman-Sharma variant of the
Meyer-Konig and Zeller operators are characterized for functions from C(w)[0, 1]
with weight of the form xα0 (1−x)α1 for α0, α1 ∈ [−1, 0]. Direct and strong converse
theorems are proved in terms of the weighted K-functional.

The talk is based on a joint work with Kamen Ivanov (Institute of Mathematics
and Informatics of Bulgarian Academy of Sciences).

On extended cubatures of Turán type for
the ball

Hao Nguyen and Guergana Petrova
Department of Mathematics, Texas A&M University

College Station, TX 77843, U.S.A.
Email: gpetrova@math.tamu.edu

We consider two generalizations of the Turán type (0, 2) quadrature for the unit
ball in Rn that approximate the integral of a function u over the unit ball by linear
combination of surface integrals over the unit sphere of k normal derivatives of u
and surface integrals of u and ∆k+1u over m concentric spheres centered at the
origin. We prove that these two cubatures are the only ones that are exact for all
(2m + k + 1)-harmonic functions. We derive explicitly the weights and the nodes
of these cubatures for general k.

3Partially supported by grant no. 179/2010 of the National Science Fund of the Sofia University
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An inequality for self reciprocal
polynomials

Mohammed A. Qazi
Department of Mathematics, Tuskegee University

Tuskegee, Alabama 36088, U.A.A.
E-mail: qazima@aol.com

Let Pn be the class of all polynomials of degree at most n. Polynomials f ∈ Pn
which satisfy the condition znf(1/z) ≡ f(z) are called self-reciprocal and form the
sub-class P∗

n of Pn. For any ρ > 0, let M∞(f ; ρ) := max|z|=ρ |f(z)| and

Mp(f ; ρ) :=

(
1

2π

∫ π

−π

|f(ρeiθ)|p dθ

)1/p

, 0 < p <∞.

If f ∈ Pn then Mp(f
′ ; ρ) ≤ nρn−1 Mp(f ; 1) for any p > 0 and ρ ≥ 1, whereas,

if f ∈ P∗
n then Mp(f

′ ; ρ) ≤ (n/2)ρn−1 Mp(f ; 1) for any p > 0 and ρ ≥ 1.
Lately, it has been noted that at least for p ≥ 1, there exists a positive number ρn
strictly less than 1 such that Mp(f

′ ; ρ) ≤ nρn−1 Mp(f ; 1) for ρ ≥ ρn if f ∈ Pn.
By analogy, it has been asked if there was a positive number ρ∗n < 1 such that
Mp(f

′ ; ρ) ≤ (n/2)ρn−1 Mp(f ; 1) for all ρ ≥ ρ∗n and any f ∈ P∗
n. We propose to

discuss this question.

A new extremal property of the
Chebyshev polynomials: Maximizing pairs

of coefficients of bounded polynomials

Heinz–Joachim Rack
Steubenstrasse 26a, 58097 Hagen, Germany

Email: heinz-joachim.rack@drrack.com

Let Tn(x) =
∑n

k=0 tn,kx
k denote the n-th Chebyshev polynomial of the first kind,

and let Pn(x) =
∑n
k=0 akx

k denote any real polynomial of degree not exceeding n
which satisfies |Pn(x)| ≤ 1 for |x| ≤ 1 or merely |Pn(cos((n − i)π/n)| ≤ 1 for
0 ≤ i ≤ n. For the sum of the moduli of two coefficients of Pn(x) then holds

(i) |ak−1| + |ak| ≤ |tn,k| if n ≡ k mod 2 (G. Szegő’s coefficient inequality,
which implies V. A. Markov inequality |ak| ≤ |tn,k|, with a special case the
P. L. Chebyshev inequality |an| ≤ 2n−1 (see [1, p.673], [2]);

(ii) |a0| + |an| ≤ 2n−1, if n is odd (see [3]).
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In an attempt to generalize these sharp estimates for pairs of coefficients we ask:
Is |tn,k| large enough to sharply majorize |aj | + |ak|, where j < k ≤ n; j 6≡ n ≡ k
mod 2? We obtain an affirmative answer which covers the two inequalities (i) and
(ii) above, but there remain exceptional cases. We also provide an answer, in terms
of |tn,k|, to the analogous question concerning the alternative constellation of pairs
|ak| + |aj | (k < j < n; j 6≡ n ≡ k mod 2), in particular |ak| + |ak+1|. The results
can be extended to Pn(x) bounded symmetrically on [−1, 1] in the sense of [4], [5].
For a related issue in the complex domain see [6].
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Bernstein operators for functions in the
unit ball of euclidean space

Hermann Render
University College Dublin, School of Mathematical Sciences

Dublin, Ireland
Email: hermann.render@ucd.ie

In this talk we present a new class of Bernstein operators for functions in several
variables based on the Laplace-Fourier expansion of a function. The Bernstein
operator Bn should have the following characteristics: (i) For a given function f
defined on the unit ball, Bn (f) is a polynomial, (ii) Bn (f) = f for harmonic
polynomials f of degree ≤ n, (iii) For the computation of Bn (f) one needs to
know the function values of f on concentric spheres with center 0 and of suitable
radii. The main idea is to define a multivariate Bernstein operator by introducing
suitable univariate Bernstein operators acting on the Laplace-Fourier coefficients of
the function f. By a variable transformation these Bernstein operators correspond
to Bernstein operators for exponential polynomials recently studied by J.M. Aldaz,
O. Kounchev and the author.
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Conjectures and results on the
multivariate Bernstein inequality on

convex bodies

Szilárd Révész
Alfréd Rényi Mathematical Institute, P. O. Box 127

H-1364 Budapest, Hungary
Email: revesz@renyi.hu

We survey the findings on the Bernstein inequality over the past twenty years or
so.

If K is a centrally symmetric convex body in Rd or even in any Banach space
X , then in 1991 Y. Sarantopoulos (and later by a different method also M. Baran)
proved that for any interior point x ∈ K and any polynomial p we have

‖∇p(x)‖ ≤ degp
√
‖p‖2 − p2(x)√

1 − ‖x‖2
K

.

Thus both the inscribed ellipse method of Sarantopoulos and the pluripotential the-
ory approach of Baran give a sharp Bernstein type inequality for convex centrally
symmetric bodies. For not necessarily symmetric convex bodies, our best estimates
(in a joint paper with A. Kroó) use the so-called generalized Minkowski functional,

and are within a
√

2 constant factor of the truth, but a seemingly natural conjec-
ture, formulated jointly with Y. Sarantopoulos in 2002, fails, as was shown by an
insightful construction of N. Naidenov in 2006.

In the case of the standard simplex in Rd, the exact yield of the inscribed el-
lipse method was computed jointly with L. Milev, in 2005. Subsequently realizing
that Baran’s method gives exactly the same, I conjectured that these methods are
equivalent for all convex bodies.

In a paper still in print we proved this conjecture jointly with D. Burns, N.
Levenberg and S. Ma’u. Now it remains to see if the two equivalent estimates do
really provide sharp bounds? We will explain the underlying idea of a program,
started in the last years by Naidenov and Milev, to decide this ultimate question.
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On the double Fourier series of functions
of bounded partial Λ-variation

Ushangi Goginava and Artur Sahakian
Institute of Mathematics, Tbilisi State University

Yerevan State University, Armenia
Emails: z goginava@hotmail.com, sart@ysu.am

Let f be a real function of two variables of period 2π with respect to each
variable. Given interval I = (a, b) and points x, y from T := [0, 2π] we denote

f(I, y) := f(b, y) − f(a, y), f(x, I) = f(x, b) − f(x, a).

Let Ω be the set of all collections E = {Ij} of non-overlapping intervals from T
ordered in arbitrary way.

For the increasing sequence of positive numbers Λ = {λn}∞n=1 we set

ΛV1(f) = sup
y

sup
E∈Ω

∑

j

|f(Ij , y)|
λj

, ΛV2(f) = sup
x

sup
E∈Ω

∑

j

|f(x, Ij)|
λj

.

We say that the function f has Bounded Partial Λ-variation, if

PΛV (f) := ΛV1(f) + ΛV2(f) <∞.

The necessary and sufficient conditions on the sequence Λ = {λn} are obtained
for the convergence of Fourier series of functions of bounded partial Λ-variation.
Similar problems for the convergence of Cesàro means of negative order are consid-
ered.

Extreme domains associated with a
complex polynomial

Blagovest Sendov
Bulgarian Academy of Sciences

5 Plachkoviza Str., 1126 Sofia, Bulgaria
Email: sendov2003@yahoo.com

With every complex polynomial, some closed domains on the complex plane C

are associated. The motivation is to formulate a sharp analog of the Rolle’s theorem
for complex polynomials.

Mathematics Subject Classification: 30C10

Key words: zeros and critical points of polynomials, apolarity, apolar locus, polar
derivative, polar locus, complex Rolle’s theorem.
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Relative linear n-widths of sets of
differentiable functions

Sergei P. Sidorov
Department of Mechanics and Mathematics
Saratov State University, Saratov, Russia

Email: sidorovsp@info.sgu.ru

Let X be a linear normed space, V be a cone in X and A be a subset of X , such
that A∩V 6= ∅. Relative linear n-width of set A in X with constraint V defined by

δn(A ∩ V, V )X = inf
Ln(V )⊂V

sup
f∈A∩V

‖f − Lnf‖X ,

the left-most infimum being taken over all continuous linear operators Ln with finite
rank at most n, such that Ln(V ) ⊂ V .

Denote by Ck[0, 1], k ≥ 0, the space of all real-valued and k-times continuously
differentiable functions on [0,1]. Let Di be the i-th differential operator. Let
σ = (σi)i≥0 be a sequence with σi ∈ {−1, 0, 1}, and let k be an integer with
σ0 · σk 6= 0. Let

C0,k(σ) = {f ∈ Ck[0, 1] : σi ·Dif ≥ 0, i = 0, . . . , k}.
We will present estimations of relative linear n-widths of some sets of differen-

tiable functions in C[0, 1] with shape-preserving constrains C0,k(σ).

The work was supported by RFBR (grant 10-01-00270) and President of Russian
Federation (NS-4383.2010.1).

Modified product cubature formulae with
finite-differences error representation

Milko Takev
Department of Mathematics, University of Sofia
5 James Bourchier Blvd., 1164 Sofia, Bulgaria

E-mail: takev@fmi.uni-sofia.bg

The product cubature formulae are the usual tool for approximation of a double
integrals over rectangular domain. In this paper we consider a modification of
the product cubature formulae, based on interpolation of bivariate functions with
quasi-polynomials. We consider bounded and measurable functions and obtain the
error representation of cubature formulae with finite differences.
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Interpolation by spherical polynomials on
the sphere

Spas Tashev
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E-mail: tashev@fmi.uni-sofia.bg

Let

HN (θ, λ) =

N∑

n=0

n∑

m=0

{cnmPnm(cos θ) cosmλ+ snmPnm(cos θ) sinmλ},

be a spherical polynomial of degree N , where Pnm are the Legendre’s associated
functions. The interpolation problem

HN (θp, λq) = f qp , p, q = 0, 1, ..., N.

has an unique solution for the angles

θp =
(2p+ 1)π

2N + 2
, λq =

2πq

N + 1
, p, q = 0, 1, ..., N.

Multidimensional Jackson inequality in
mean-square norm

Stanislav N. Vasil’ev4

Institute of Mathematics and Mechanics
Ural Division of the Russian Academy of Sciences

ul. S. Kovalevskoi 16, Yekaterinburg, 620219 Russia
Email: Stanislav.Vasilyev@imm.uran.ru

Consider the space L2 = L2(T
N ), TN = RN/(2πZN ), of complex-valued func-

tions of N variables with the usual mean-square norm
For a set of complex numbers M = {µj}j∈Z

a µj such that 0 <
∑
j∈Z

|µj | <∞,∑
j∈Z

µj = 0 and a vector t, we assign a difference operator ∆M
t

: L2 → L2 of the

form ∆M
t
f(t) =

∑
k∈Z

µkf(x+ kt). For a compact set T ⊂ RN containing an open
neighborhood of zero and a function f ∈ L2, we define the modulus of continuity
ωM (f, δ) = sup

t∈δT ‖∆M
t
f‖, δ ≥ 0.

4This work was supported by the Russian Foundation for Basic Research (project no. 08-01-
00325), by the Integration Project for Fundamental Research of the Ural Division and Siberian
Branch of the Russian Academy of Sciences.
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Let Λ be some subset of ZN containing the origin. Denote by EΛ(f) the value of
the best approximation of the element f ∈ L2 by functions from L2 with spectrum

in the set Λ; i.e., EΛ(f) = inf{cs}s∈Λ⊂C

∥∥∥f(x) −∑
s∈Λ cse

isx
∥∥∥.

In the present paper, we establish the Jackson inequality in the space L2 for
periodic functions of many variables with the least sharp constant.

Theorem. There exists a number γ > 0 depending only on the sets M and T
such that the inequality

EΛ(f) ≤ 1√∑
j∈Z

|µj |2
ωM

(
f,

γ

r(Λ)

)

holds for all f ∈ L2.

Error bounds for scattered data
interpolation in R

3 by smooth cubic curve
networks

Krassimira Vlachkova
Faculty of Mathematics and Informatics, Sofia University

5 James Bourchier Blvd., 1164 Sofia, Bulgaria
Email: krassivl@fmi.uni-sofia.bg

We consider the problem of interpolating scattered data in R3. We assume that
the data are sampled from a smooth bivariate function F . For a fixed triangulation
T associated with the projections of the data onto the plane Oxy we consider a
smooth interpolating cubic curve network S defined on the edges of T . We show
that ‖F − S‖L2(T ) ≤ C(T ) ‖F (4)‖L2(T ). The dependence of the term C(T ) on the
triangulation T is analysed and evaluated.
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Asymptotic expansions for a Durrmeyer
variant of Baskakov and Meyer-König and

Zeller operators and quasi-interpolants

Martin Wagner
University of Wuppertal, Gaussstr. 20

42119 Wuppertal, Germany
Email: wagner@math.uni-wuppertal.de

We consider a Durrmeyer variant of Baskakov and Meyer-König and Zeller oper-
ators. The main results include the local rate of convergence which is based on the
eigenstructure of the operators. We present a complete asymptotic expansion for
the Baskakov-Durrmeyer operators and their quasi-interpolants in terms of certain
differential operators. Furthermore, we state analogues results for the Meyer-König
and Zeller operators and introduce their quasi-interpolants.

What condition can correctly generalize
monotonicity in L1-convergence of sine

series?

Songping Zhou
Institute of Mathematics, Zhejiang Sci-Tech University

Hangzhou, Zhejiang 310018, China
Email: songping.zhou@163.com

In classical Fourier analysis, the integrability of trigonometric series is considered
as an interesting but difficult topic. In particular, the integrability of sine series
have not been touched in dozens years since Boas, Heywood published their classical
results, meanwhile the generalizations of (deceasing) monotonicity have been devel-
oped from various quasimonotonicity and bounded variation conditions, finally, to
the mean value bounded variation condition, an essential ultimate condition in most
sense, and applied to various convergence problems extensively including uniform
convergence, mean convergence, Lp integrability and best approximation etc.. The
difficulty of the research can be seen from this point. We may need another point
of view now. Given a sine series

∑∞
n=1 an sin nx, its sum function can be written

as g(x) at the point x where it converges. However, it is usually a very hard job to
verify if the sum function or the sine series itself belongs to L2π or not. On the other
hand, in studying L1-convergence problems, people usually need a requirement that
g ∈ L2π, which also becomes a hard condition to check or a prior condition to set
in most cases. For instance, the well-known classical results for L1-convergence
says that (see, Zygmund [14]), let the real even (odd) function f ∈ L2π, and its
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Fourier cosine (sine) coefficients {an}∞n=1 ∈ MS, then limn→∞ ‖f − Sn(f)‖L1 = 0
if and only if limn→∞ an log n = 0. On the other hand, the classical result of
uniform convergence of sine series (Chaudy- Jolliffe theorem, see [14]) says that,
let {an}∞n=1 ∈ MS, then the sine series

∑∞
n=1 an sin nx uniformly converges if and

only if limn→∞ nan = 0. The difference of two types of classical theorems is very
clear: one need a prior condition f ∈ L2π, the other does not require that f ∈ C2π.
Mathematicians surely prefer the latter to the former in mathematical sense. The
reason that the prior condition in L1 case cannot be avoided mainly arises from the
much more computation complexity in the integrable space than the continuous
space, and technical benefit to turn the computation from infinity into finiteness
by setting the integrability. Furthermore, people also note that the first important
problem in the integrable space should be L1-convergence, which may be achieved
by the series itself (by coefficients) without mentioning the sum function. Based
upon these reasons, why do we not try to find a more direct and clean version of
L1- convergence? The present paper is arranged as follows. First we construct
a non-negative sequence which shows that although it is quasi-monotone and the
inequality

∑∞
n=1 n

−1an < ∞, the corresponding sine series does not converge in
L1-norm (Theorem 1). Then, we raise a new correct condition which can guar-
antee the above mentioned condition to be necessary and sufficient for which the
corresponding sine series does converge in L1-norm (Theorem 2), and also discuss
the relationships with other related sets (Theorem 3 and 4). Finally, we prove the
newly raised condition cannot be weakened further in this L1-convergence case in
some sense (Theorem 5). As a whole, we give a complete solution to this topic.
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We introduce a natural decomposition of the discontinuous Galerkin Finite El-
ement spaces. For the lowest order case this decomposition is a direct sum of
of the Crouzeix-Raviart non-conforming finite element space and a subspace that
contains functions discontinuous at interior faces. We will also indicate how to
construct such decompositions for higher order elements. Based on these decompo-
sitions we develop iterative and preconditioning techniques for the solution of the
linear systems resulting from several discontinuous Galerkin (DG) Interior Penalty
(IP) discretizations of elliptic problems. We analyze the convergence properties
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of these algorithms for both symmetric and non-symmetric IP schemes. We also
present numerical examples confirming the theoretical results. Further extension to
problems with jumps in the coefficients and linear elasticity will also be discussed.

The talk is based on joint works with Blanca Ayuso de Dios from Centre de
Recerca Matematica (CRM), Spain.


