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A generalization of the Leibniz rule

Ulrich Abel
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61169 Friedberg, Germany

Email: Ulrich.Abel@mnd.thm.de

We present a generalization of the Leibniz Rule. It is useful in the derivation of
asymptotic expansions for sequences of approximation operators. As applications
we obtain remarkable polynomial identities. The most prominent example is the
Abel identity
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published in 1826, as well as its multivariate extension
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(ar+(n−kr) c)kr = (a1+⋅ ⋅ ⋅+ar)n ,

for n = 0, 1, 2, . . . and all a = (a1, . . . , ar) ∈ ℂr, c ∈ ℂ. This deep generalization of
the binomial formula follows as a direct consequence of our intriguing result.

Interval structures in real analysis.
Contribution of Blagovest Sendov to the

theory of interval functions
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The contribution of great scientists is measured by the impact of their work on
future developments: research directions, new theories, new fields. The work of
Blagovest Sendov on Interval Analysis can definitely be measured in such terms.
Interval structures were first introduced by Sunaga. They got popularity after in-
tervals were introduced in practical applications leading to the design of the so
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called validated numerical method. The beginning of this development is associ-
ated with Ramon Moore who is also often credited as founder of Interval Analysis.
While the main preoccupation of the researches was the numerical computations -
algorithms, reliability, speed - Blagovest Sendov saw a different aspect in this new
development, namely, the spaces of interval valued functions. This new direction
gave a new understanding of Interval Analysis (probably closer to its name) as
Analysis of Real Interval Valued Functions with associated concepts of order, limit,
algebraic operations, calculus, etc. Naturally, as in all areas of Analysis, the spaces
of functions with particular topological, order or algebraic structure are essential
role players. The topic of Interval Computations and Interval Analysis was intro-
duced in Bulgaria via a series of meetings and publications initiated by Blagovest
Sendov. During this early time of development of the interval ideas in Bulgaria
he also defined two of the most important functional spaces, namely the space of
S-continuous interval functions and the space of H-continuous interval functions.
These two spaces are essential tools in the Sendov’s Theory of Hausdorff Approxi-
mations [4]. However, future developments showed their importance for other areas
of Mathematics like Real Analysis [1] and the General Theory of PDEs [3] not to
mention the Interval Analysis itself [2].
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Szegő–Calderon–Klein inequalities
for fractional derivatives of trigonometric

polynomials

Vitalii V. Arestov
Institute of Mathematics and Computer Sciences

of the Ural Federal University
and Institute of Mathematics and Mechanics

of the Ural Branch of the Russian Academy of Sciences
Ekaterinburg, Russia

Email: Vitalii.Arestov@usu.ru

We will discuss sharp estimates of integral functionals for linear operators on the
set Tn of real trigonometric polynomials fn of order n ≥ 1 by the uniform norm
∥fn∥C2� of the polynomials and similar questions for algebraic polynomials on the
unit circle of the complex plane. S. N. Bernstein, G. Szegö, P. Erdös, A. P. Calderon,
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G. Klein, L.V. Taikov, A. I. Kozko, Q. I. Rahman, and many others investigated
such inequalities (see the bibliography in [1]). In this talk, we, in particular, will
show that, for 0 ≤ q < 1, the sharp inequality ∥D�fn∥Lq ≤ n�∥ cos t∥Lq∥fn∥∞
holds on the set Tn for the Weyl fractional derivatives D�fn of order � ≥ 1. For
q = ∞ (� ≥ 1), this fact was proved by P. I. Lizorkin (1965). For 1 ≤ q < ∞ and
positive integer �, the inequality was proved by L.V. Taikov (1965); however, in
this case, the inequality follows from results of an earlier paper by A.P. Calderon
and G. Klein (1951).

The results were obtained by the author jointly with P.Yu. Glazyrina [1].

This work was supported by the Russian Foundation for Basic Research (project no. 11-01-
00462) and by the Ministry of Education and Science of the Russian Federation (project
no. 1.1544.2011).
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Best uniform approximation
to a continuous function

by piecewise-linear continuous functions
with restrictions on the angles between

adjacent segments

Nikolay D. Baraboshkin
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We study the problem of the best uniform approximation to a continuous function
on a closed interval by the class of piecewise-linear continuous functions with fixed
knots and restrictions on angles between adjacent segments. An alternance criterion
for best approximation is obtained.

This kind of approximation could be applied to the best navigation trajectory
construction (see, e.g., [1]).

The similar problem for continuous function on an open interval with absolutely
continuous derivative of the (n − 1)-th order and bounded derivative of the order
n was studied by A.V. Mironenko (see, e.g., [2]).
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We consider non-parametric methods for high-dimensional approximation that con-
sist of adaptive partitioning of the input space followed by fitting of the point cloud
locally. The fitting procedure uses simple local models like piecewise constant
or linear approximations. The idea of being content with piecewise constants is
supported by classical concentration of measure results according to which a well-
behaved function (e.g., Lipschitz-continuous) in very high dimensions deviates much
from its mean or median only on sets of small measure. A typical example for such
a recovery strategy is to determine for any given query point its k nearest neigh-
bors in the given data and to use their average as the approximate function value.
At first glance this kind of memory-based learning does not seem to require any
training process except of reading and storing the incoming data. Unfortunately,
the exact solution of the problem of finding the nearest neighbors requires either
a preprocessing time which is exponential in the dimension d or a single query
time which is linear in the number of points m. Actually, for function recovery
purposes one would also be satisfied with an approximate solution that could be
achieved much more efficiently. Therefore, in situations where a fast answer to a
query matters alternative strategies may be preferable.

In view of these considerations we develop and investigate methods, which are
primarily designed to be fast, to deal efficiently with large data sets, and to provide
fast algorithms for evaluation. The motivation behind our approach is to explore
the potential of multiresolution ideas for high spatial dimension (d > 20). For this
purpose we propose new methods based on what we call sparse occupancy trees and
piecewise linear schemes on adaptive subdivision over hyper-rectangular or simplex
partitions. In order to ensure reliable approximation even in the presence of local
singularities, we pay special attention to the question how to adapt the number of
degrees of freedom used in the approximation to the local behavior of the point cloud.
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Dirichlet and Fejér kernel functions.

The investigation of kernel functions is an important part of the Fourier analysis.
The maximal values of the n-th Dirichlet and Fejér kernels for Walsh-Paley, Vilenkin
and some other systems are n and n−1

2 , respectively. In this talk we will deal with
more general systems; in these cases the situation can be different. From these
results we work out methods to assign the properties of concrete systems.
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The five point problem on the sphere
as a weighted external field problem in

the plane

Johann S. Brauchart
University of New South Wales
Sydney NSW 2052, Australia

Email: j.brauchart@unsw.edu.au

The arrangement of even a small number of points interacting according to a re-
ciprocal s-power law (Riesz potential) so that they assume minimal Riesz energy is
challenging from both the numerical and the theoretical point of view. For 2, 3, 4, 6
and 12 points rigorously proven minimizing configurations are known. These point

1The author is supported by project TÁMOP-4.2.2.A-11/1/KONV-2012-0051
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systems are in fact all universally optimal with respect to the class of completely
monotonic energy functionals that include the Riesz s-energy with s > −2 whereas
the minimizing 5 point set is not (see Cohn and Kumar, J. Amer. Math. Soc. 20
(2007)). Only partial results are known for 5 points.

We recast the constraint optimization problem of arranging 5 points on the sphere
that have minimal Riesz s-energy as an unconstrained rotationally symmetric ex-
ternal field optimization problem for 4 points in the (complex) plane. This provides
a uniform approach to the potential-theoretical regime regarding the s parameter.
Explicit expressions of involved potential functions in terms of special functions are
obtained.

This research is based in part on joint work with R. Nerattini (Università di Firenze)
and M. K.-H. Kiessling (Rutgers) and in part on joint work with P. Dragnev (IPFW)
and Ed Saff (Vanderbilt).

Smooth convex resolution of unity
on triangulated polygonal domains

with Hermite interpolation at
the triangulation vertices using GERBS

Lubomir T. Dechevsky
Faculty of Technology, Narvik University College,

Narvik, Norway
Email: ltd@hin.no

In [1] a method was proposed for construction of Cm-smooth resolution of unity,
m = 2, 3, . . . , including the C∞-case, on a very general class of partitions of n-
dimensional domains, which provided also the possibility to Hermite-interpolate
at a scattered-point set consistent with the considered domain partition. This
construction was based on radial generalized expo-rational B-splines (GERBS), the
supports of which contained the respective elements of the domain partition. In [2],
for the special case of triangulated polygonal two-dimensional domains, the method
of [1] was enhanced in such a way that the Cm-smooth or C∞-smooth resolution
from [1] was upgraded to a resolution with the same smoothness, but minimally
supported, i.e., the supports of the B-splines in the new resolution of unity were
exactly the ★1-neighbourhoods of the triangulation vertices. This enhanced con-
struction allows Hermite interpolation in the vertices of the triangulation of up to
transfinite order. The present work enhances further the construction of [2] in two
important new aspects, as follows.

(1) Here we find all possible upgrades of the construction in [1]. Denoting by
N the number of vertices in the triangulation, we show that there are up to
N ! + 2 possible (minimally supported in the above-said sense) upgrades of
the construction in [1]. N ! of these upgrades depend on the ordering of the
triangulation vertices, and the other two upgrades are order-independent.
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The first one of the order-independent upgrades is the construction from
[2]; the second one of these is obtained by arithmetic-means averaging over
all order-dependent upgrades. While for general triangulations the second
order-independent variant is clearly computationally inefficient (unlike the
variant from [2] which is computationally cheap for any triangulation), in
the presence of local symmetries in the triangulation the number of different
order-dependent variants drastically decreases, and computing the second
order-independent variant may become of interest. For example, in the
case of uniform triangulation of the whole plane (in which case N = +∞),
the second order-independent variant is obtained by averaging over only 6
essentially different order-dependent cases, and is of considerable interest,
e.g., in relevance to dyadic refinement schemes.

(2) In the present study we also show that if, in the Cm-smooth case with
finite m = 1, 2, 3, . . . , the radial-based construction in [1] be replaced by
its tensor-product variant considered in [3], and the underlying univariate
GERBS in the constructions in [3, 2] is chosen to be a Cm-smooth GERBS
of the type of Beta-function B-splines (BFBS), then the Cm-smooth convex
resolution of unity constructed in [2] and in item 1 of the present list is
piecewise rational everywhere on the triangulated domain.

In all considered cases, all variants of the construction obtained in [2] and in items
1 and 2 of the above list are rational forms. Due to this, introducing weights and a
further NURBS-type rational upgrade is possible and meaningful in all considered
cases. This new NURBS-type version has three essential advantages compared to
classical NURBS on triangulations: (a) it can be infinitely smooth, (b) it can achieve
up to transfinite order of Hermite interpolation at the triangulation vertices and,
most important, (c) it is minimally supported on the respective ★1-neighbourhoods
of these vertices. In view of this, it has the potential of becoming a new, highly
versatile, computational and modelling tool of Computer-Aided Geometric Design,
as well as in Finite Element and Iso-geometric Analysis.

The construction can be efficiently extended to dimensions higher than 2, and in
the concluding part of the presentation one of the currently known two possible
ways to do this will be briefly discussed.
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On Hardy spaces of distributions
in the framework of Dirichlet spaces

Shai Dekel
School of Mathematical Sciences

Tel Aviv University, Tel Aviv, Israel
Email: Shai.Dekel@ge.com

We discuss Hardy spaces defined on Dirichlet spaces that have a Markovian heat
kernel with small time Gaussian bounds and Hölder continuity. In particular, this
covers the cases of Lie groups or homogeneous spaces with polynomial volume
growth, complete Riemannian manifolds with Ricci curvature bounded from below
and satisfying the volume doubling condition, and in various other nonclassical
setups. Naturally, it covers the more classical cases on the sphere, interval, ball,
and simplex with weights.

The talk is based on a joint work with Gerard Keryachairan, George Kyriazis and
Pencho Petrushev.

Nikol’skii inequality for algebraic polynomials
on a multidimensional Euclidean sphere

and on a closed interval

Marina V. Deikalova
Institute of Mathematics and Computer Sciences

of the Ural Federal University
and Institute of Mathematics and Mechanics

of the Ural Branch of the Russian Academy of Sciences
Ekaterinburg, Russia

Email: Marina.Deikalova@usu.ru

We study the sharp Nikol’skii inequality between the uniform norm and Lq norm
of algebraic polynomials of a given (total) degree n ≥ 1 on the unit sphere Sm−1

of the Euclidean space ℝm for 1 ≤ q < ∞. We prove that the polynomial %n in
one variable with unit leading coefficient, that deviates least from zero in the space
L q (−1, 1) of functions f such that ∣f ∣q is summable on (−1, 1) with the Jacobi

weight  (t) = (1 − t)�(1 + t)� , � = (m− 1)/2, � = (m− 3)/2, as a zonal polyno-
mial in one variable t = �m, x = (�1, �2, . . . , �m) ∈ Sm−1, is (in a certain sense,
unique) extremal in the Nikol’skii inequality on the sphere Sm−1. The correspond-
ing one-dimensional inequalities for algebraic polynomials on a closed interval are
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discussed. For q = 1, the results were proved in [1], except for the uniqueness of
the polynomial.

The results were obtained by the author jointly with V.V. Arestov [2].

This work was supported by the Russian Foundation for Basic Research (project no. 11-01-
00462) and by the Ministry of Education and Science of the Russian Federation (project
no. 1.1544.2011).
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Szász-Mirakjan operator
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We establish a sharp characterization of the error of the Szász-Mirakjan operator in
weighted uniform norm in terms of a K-functional. We also define an unweighted
fixed-step modulus of smoothness, which is equivalent to this K-functional. The
weights we consider are of the form w(x) = x0(x+1)∞−0 , where 0 satisfies the
natural restrictions −1 ≤ 0 ≤ 0, and ∞ is an arbitrary real number.

The research is supported by grant DDVU 02/30 of the Fund for Scientific Research
of the Bulgarian Ministry of Education and Science.

Keywords and phrases : Szász-Mirakjan operator, modulus of smoothness,K-functional,
rate of convergence, weighted uniform approximation.
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Optimal s-energy configurations under
external field

Peter Dragnev
Department of Mathematical Sciences
Indiana University–Purdue University
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Email: dragnevp@ipfw.edu

A configuration of points on the sphere that minimizes discrete Riesz s-energy in
the presence of an external field Q is called Q-optimal s-configuration. We show
that for d−2 ≤ s < d and under some general assumptions on Q such configurations
are well-separated.

Joint work with J. S. Brauchart - UNSW and E.B. Saff - Vanderbilt.

Smooth orthogonal projections on sphere

Marcin Bownik1 and Karol Dziedziul2
1Department of Mathematics, University of Oregon

Eugene, OR 97403–1222, USA
E-mail: mbownik@uoregon.edu

2Faculty of Applied Mathematics, Gdańsk University of Technology
ul. G. Narutowicza 11/12, 80-952 Gdańsk, Poland

E-mail: kdz@mifgate.pg.gda.pl

Keywords and phrases : smooth orthogonal projection, sphere, Parseval frame.

Mathematics Subject Classifiction 2010 : 42C40.

We construct a decomposition of the identity operator on the sphere Sd as a sum
of smooth orthogonal projections subordinate to an open cover of Sd.
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Convergence of dyadic wavelet expansions
in Lp(ℝ+)

Yuri Farkov
Russian State Geological Prospecting University

23 Mikhlucho–Maclaya Str., 117997 Moscow, Russia
Email: farkov@list.ru

As usual, let ℝ+ = [0,∞) be the positive half-line, {wk ∣ k ∈ ℤ+} be the Walsh

system on ℝ+, f̂ be the Walsh-Fourier transform of f ∈ L2(ℝ+), ∥ ⋅ ∥p be the
norm in Lp(ℝ+), and let ⊕ denote the dyadic addition on ℝ+ (see [1]). Suppose
that ' is the scaling function for a multiresolution analysis {Vj} in L2(ℝ+) such
that '̂(0) = 1 and ' satisfies the refinement equation

'(x) =

2n−1∑

k=0

ck'(2x⊕ k), x ∈ ℝ+.

Then, for each j ∈ ℤ, the functions

'jk(x) = 2j/2 '(2jx⊕ k), k ∈ ℤ+,

form an orthonormal basis of Vj , the union
∪
Vj is dense in L

2(ℝ+) and Vj ⊂ Vj+1

for all j ∈ ℤ (cf. [2],[3]). Let us denote by Pjf the projection of a function f on
the subspace Vj . The L

p dyadic modulus of continuity of f is defined by

!p(f ; �) := sup
0<ℎ<�

∥f(⋅ ⊕ ℎ)− f(⋅)∥p.

We prove that if 1 ≤ p < ∞, then there exists a constant Cp such that for all
f ∈ Lp(ℝ+),

∥f − Pjf∥p ≤ Cp !p(f ; 2
−j) (1)

(in particular, ∥f − Pjf∥p → 0 when j → ∞).

For any � > 0, let

Lip(p)(�) := {f ∈ Lp(ℝ+) ∣ !p(f ; �) = O(��) as � → 0}.

From (1) we see that if f ∈ Lip(p)(�), then ∥f −Pjf∥p = O(2−j�) when j → ∞.
As a converse result, we prove the following

Theorem (cf. [4, p.351]). Let f ∈ Lp(ℝ+), 1 ≤ p < ∞ and 0 < � < 1. Suppose
that the scaling function ' satisfies the Lipschitz condition

∣'(x⊕ ℎ)− '(x)∣ ≤ Cℎ, x, ℎ ∈ ℝ+,

and, for all j ∈ ℤ+, we have ∥f − Pjf∥p ≤ C2−j�. Then f ∈ Lip(p)(�).
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Subsequences of partial sums of one and
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Let x be an element of the unit interval I := [0, 1). The ℕ ∋ nth Walsh function is

!n(x) := (−1)
∑∞

k=0
nkxk (n =

∑∞
k=0 ki2

i, x =
∑∞

k=0
xi

2i+1 ).

The Walsh-Fourier coefficients, the n-th partial sum of the Fourier series, the n-th
(C, 1) mean of f ∈ L1(I):

f̂(n) :=

∫

I

f(x)!n(x)dx, Snf :=

n−1∑

k=0

f̂(k)!k, �nf :=
1

n

n−1∑

k=0

Skf.

It is of prior interest that how to reconstruct a function from the partial sums of
its Walsh-Fourier series. Fine proved [1] that for each integrable function in L1

the almost everywhere convergence of Fejér means �nf → f . An old question of
Zalcwasser [4] that what happens if we have only a subsequence of the partial sums.
That is, how ”rare” can a(n) be such that

1

N

N∑

n=1

Sa(n)f → f.

In the talk we give a brief résumé of the recent results (see e.g. [3]) not only for one
dimensional functions, but also for two variable ones. We also talk about the conver-
gence properties of one and two-dimensional (C,�), the logarithmic, Marczinkiewicz

2The author is supported by project TÁMOP-4.2.2.A-11/1/KONV-2012-0051
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means and their generalizations (see e.g. [2]) with respect to this Zalcwasser’s issue
above, with respect to Walsh-Fourier series.
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Bernstein–Szegő inequality
for trigonometric polynomials in the

spaces Lp, 0 ≤ p < 1

Polina Yu. Glazyrina
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of the Ural Branch of the Russian Academy of Sciences
Ekaterinburg, Russia

Email: Polina.Glazyrina@usu.ru

Let Tn be the set of triginometric polynomials

fn(t) = a0 +

n∑

k=1

(ak cos kt+ bk sin kt), ak, bk ∈ ℝ,

and D�
� fn be the Weyl fractional derivative of order � ∈ ℝ with shift � of a poly-

nomial fn,

D�
�fn(t) =

n∑

k=1

k�
(
ak cos(kt+ ��/2 + �) + bk sin(kt+ ��/2 + �)

)
.

Denote by C�� (n, p) the best (i.e., the least possible) constant in the inequality
∥∥D�

�fn
∥∥
p
≤ C�� (n, p)∥fn∥p, fn ∈ Tn, (1)

where

∥fn∥q =
(

1

2�

∫ 2�

0

∣fn(t)∣qdt
)1/q

, 0 < q <∞,

∥fn∥∞ = ∥fn∥C2� = lim
q→+∞

∥fn∥q = max{∣fn(t)∣ : t ∈ ℝ},

∥fn∥0 = lim
q→0+

∥fn∥q = exp

(
1

2�

∫ 2�

0

ln ∣fn(t)∣dt
)
.
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It is known that C�� (n, p) = n� (i.e., C�� (n, p) is independent of � and p) in the
following cases:

1) 1 ≤ p ≤ ∞, � ∈ ℝ, � ≥ 1, and � ∈ ℝ;

2) 0 ≤ p < 1, � ∈ ℕ, and � = 0;

3) 0 ≤ p < 1, � ∈ ℕ, � ≥ ln 2n/ ln(n/(n− 1)), and � = ±�/2.
In these cases, inequality (1) turns into an equality only for the polynomialsA cos(nt+
a), A, a ∈ ℝ.

Inequality (1) was obtained by Bernstein [3] for p = ∞, � ∈ ℕ, and � = 0; by Szegő
[6] for p = ∞, � ∈ ℕ, and � ∈ ℝ, by Zygmund [7, 8] for 1 ≤ p < ∞, � ∈ ℕ, and
� ∈ ℝ; by Lizorkin [5] for 1 ≤ p ≤ ∞, � ∈ ℝ, and � = 0; by Kozko [4] for � ∈ ℝ;
by Arestov [1, 2] for 0 ≤ p < 1.

In the case 0 ≤ p < 1, we prove that C�� (n, p) = n� for � ∈ ℝ and all real

� ≥ ln 2n/ ln(n/(n− 1)). This result was obtained by the author jointly with V.V.
Arestov.

This work was supported by the Russian Foundation for Basic Research (project no. 12-01-
31495) and by the Ministry of Education and Science of the Russian Federation (project
no. 1.1544.2011).
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Strong summability of quadratic partial
sums of double Fourier series

Ushangi Goginava
Department of Mathematics, Faculty of Exact and Natural Sciences

Iv. Javakhishvili Tbilisi State University
Chavchavadze Str. 1, Tbilisi 0128, Georgia

Email: zazagoginava@gmail.com

In my talk I will discuss some strong convergence and divergence properties of the
logarithmic means of quadratic partial sums of double Fourier series of function in
the measure, almost everywhere and in the Lebesgue norm.

On “two-sided Hölder” Green functions

Alexander Goncharov
Bilkent University, Ankara, Turkey
Email: goncha@fen.bilkent.edu.tr

A. Volberg posed a problem about the existence of a compact set on the line with
the corresponding “two-sided Hölder” Green function. This means that, given a
point near the compact set, the Green function at this point has lower and upper
estimates of Hölder type with the same exponent for all points. A solution to this
problem is suggested by means of Cantor-type sets that are intersections of the
level domains for a simple sequence of polynomials.

It is possible also to present Green functions that are “two-sided” with respect to
other moduli of continuity.

Infinite products of positive linear
operators

Heiner Gonska
University of Duisburg–Essen, Forsthausweg 2

4 7048 Duisburg, Germany
Email: heiner.gonska@uni-due.de

Infinite products of positive linear operators reproducing linear functions are con-
sidered from a quantitative point of view. Refining and generalizing convergence
theorems of Gwozdz-Lukawska, Jachymski, Gavrea, Ivan, among others, it is shown
that infinite products of such operators, all taken from a finite set of mappings re-
producing linear functions, converge to the first Bernstein operator (i.e., linear
interpolation at 0 and 1). A discussion of products of Meyer- Konig and Zeller
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operators is included. The talk is based upon joint work with Ioan Rasa (UT
Cluj-Napoca).

Keywords : infinite operator products, positive linear operators, degree of approx-
imation, second order modulus of smoothness, Bernstein operators, Meyer-Konig
and Zeller operators.

Mathematics Subject Classification (2010): 41A17, 41A25, 41A36.

n-term approximation
and Besov regularity for elliptic PDEs

on polyhedral domains

Markus Hansen
ETH Zurich, Rämistrasse 101

8092 Zurich, Switzerland
Email: markus.hansen@sam.math.ethz.ch

We investigate the Besov regularity for solutions of elliptic PDEs on polyhedral
domains. This is based on regularity results in weighted Sobolev spaces (Babuska-
Kondratiev spaces) Kma (D). Following the argument of Dahlke and DeVore, we first
prove an embedding of these spaces into the scale Br�,� (D) of Besov spaces with 1

� =
r
d+

1
2 . The latter scale is known to be closely related to n-term approximation w.r.t.

wavelet systems, and recently this has been extended to adaptive Finite Element
approximation. This ultimately yields the rate n−r/d for u ∈ Kma (D) ∩Hs(D) for
r < r∗ ≤ m.

In order to obtain the full rate n−m/d we subsequently leave the scale Br�,� (D) and
instead consider the spaces Bmp,∞(D). We show that under appropriate conditions
we now have an embedding Kma (D)∩Hs(D) →֒ Bmp,∞(D) for some 0 < p ≤ p0 ≤ 2,
1
p0

= m
d + 1

2 , which in turn yields the desired approximation rate.
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Generalized normal multi-scale
transforms for curves

Stanislav Harizanov
TU Kaisrslautern

67633 Kaiserslautern, Germany
E-mail: sharizanov@gmail.com

Normal multi-scale transforms (MTs) [1] allow for efficient computational process-
ing of densily sampled (or analytically given) geometric objects of co-dimension one.
In the planar setting, given a curve C in ℝ2, an initial sequence of vertices v0 ⊂ C
(creating a polygonal line interpolating C), and a linear subdivision operator S, a
normal MT produces denser vertex sets vj ⊂ C and polygonal lines associated with
them according to

vj = Svj−1 + djnj , j ∈ ℕ.

Here nj is a set of unit “normals” that can be computed solely from vj−1, and
dj is the scalar “detail” sequence of the signed distances between the prediction
points Svj−1 and the corresponding imputation points vj . Normal MTs based
on interpolating and approximating operators S have been analyzed in [2] and [3],
respectively.

For smooth C, the general theory provides two different restrictions on the detail
decay rate of the associated normal MT: the regularity of vj , and the polynomial
exactness order of the prediction operator. Both properties depend on S, and for
fixed size of the mask there is a tradeoff between them. However, the first restriction
deals with parameter information and is affected by tangential displacements of the
data, while the second one deals with geometry information and is affected by
normal displacements of the data. In this talk we introduce combined prediction
rules (S, T ), with different subdivision operators S and T used for tangential and
normal directions, respectively. In particular, for C ∈ C4 we construct a new 4-
point scheme that leads to local well-posedness, C2,1 normal re-parameterization
of C, and detail decay order 4 of its associated normal MT. We also consider a
“geometrical” extension of this 4-point scheme, based on circle interpolation, that
again leads to detail decay order 4 of the associated normal MT.
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Some results for Szász-Mirakjan type
operators

Margareta Heilmann
University of Wuppertal, Gauss Strasse 20

D-4129 Wuppertal, Germany
Email: heilmann@math.uni-wuppertal.de

We consider different modifications of the classical Szász-Mirakjan operators

Sn(f, x) =

∞∑

k=0

sn,k(x)f

(
k

n

)
, sn,k(x) =

(nx)k

k!
e−nx, x ∈ [0,∞),

such as the genuine Szász-Mirakjan-Durrmeyer operators

S̃n(f, x) = e−nxf(0) + n

∞∑

k=1

sn,k(x)

∫ ∞

0

sn,k−1(t)f(t)dt,

and the Durrmeyer type modification

Sn(f, x) = n

∞∑

k=0

sn,k(x)

∫ ∞

0

sn,k−1(t)f(t)dt.

We discuss different aspects of their approximation behavior also in regard to linear
combinations and quasiinterpolants.

Cubature rules for harmonic functions
based on Radon projections

Irina Georgieva1 and Clemens Hofreither2

1Institute of Mathematics and Informatics
Bulgarian Academy of Sciences

Acad. G. Bonchev, Bl. 8, 1113, Sofia, Bulgaria
E-mail: irina@math.bas.bg

2Institute of Computational Mathematics
Johannes Kepler University, Altenberger Str. 69

4040 Linz, Austria
E-mail: clemens.hofreither@numa.uni-linz.ac.at

We construct a class of cubature formulae for harmonic functions on the unit disk
based on line integrals over 2n + 1 distinct chords. These chords are assumed to
have constant distance t to the center of the disk, and their angles to be equispaced
over the interval [0, 2�]. If t is chosen properly, these formulae integrate exactly all
harmonic polynomials of degree up to 4n+1, which is the highest achievable degree
of precision for this class of cubature formulae. For more generally distributed
chords, we introduce a class of interpolatory cubature formulae which we show
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to coincide with the previous formulae for the equispaced case. We give an error
estimate for a particular cubature rule from this class.

Recent advances in spherical needlet
approximations

Kamen G. Ivanov
Institute of Mathematics and Informatics

Bulgarian Academy of Sciences
Acad. G. Bonchev, Bl. 8, 1113 Sofia, Bulgaria

E-mail: kamen@math.bas.bg

Effective methods for solving two related problems on the unit 2-d sphere are pre-
sented. The first problem is for evaluation of high degree spherical polynomials
(band-limited functions) at many scattered points on the sphere, and the second
is for reconstruction of spherical polynomials on the sphere from their values at
irregular sampling points.

Our methods rely on the sub-exponential localization of the spherical father needlets
and their compatibility with spherical harmonics. They are fast, local, memory
efficient, numerically stable and with guaranteed (prescribed) accuracy of up to
10−11 for polynomials of degree 5000.

Software realization of the algorithms and numerical experiments are also presented.
Targeted applications of these algorithms are to Geopotential Modeling and, in
particular, to fast and memory efficient evaluation of the Geoid Undulation.

Analysis on convex subset
of a Riemannian manifold

and classical polynomial approximation

Gerard Kerkyacharian
Laboratory of Probability and Stochastic Models

Université Paris VII, Place Jussieu
75252 Paris Cedex 05, France
Email: kerk24@gmail.com

It is a classical topic to look for orthonormal basis of polynomials on a compact set
X of Rd, with respect to some Radon measure �. For example: the one dimensional
interval (Jacobi), the unit sphere (Spherical harmonics), the ball and the simplex
(work of Petrushev, Xu, ...) In this framework, one can be interested in the best
approximation of functions by polynomials of fixed degree, in Lp(�), and to built a
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suitable frame for characterization of function spaces related to this approximation.
These constructions have been carried using special functions estimates.

We will be interested in spaces where the polynomials give the spectral spaces of
some positive selfadjoint operator. Under suitable conditions, a “natural” met-
ric � could be defined on X such that (X, �, �) is a homogeneous space, and if
the associated semi-group has a good “Gaussian” behavior, then we could apply
the procedure developed in recent work by P. Petrushev, T. Coulhon and George
Kyriazis, to built such frames, and such function spaces.

Actually we will show that analysis on “convex” open set in a Riemannian manifold
can help to understand these classical topics.

Hardy-Petrovitch-Hutchinson’s problem
and partial theta function

Vladimir Petrov Kostov
Université de Nice, Laboratoire de Mathématiques

Parc Valrose, 06108 Nice Cedex 2, France
Email: kostov@math.unice.fr

A real polynomial p(x) = 1 + a1x + ⋅ ⋅ ⋅+ anx
n is hyperbolic if it has all roots real.

Consider polynomials p with positive coefficients. Such a polynomial is section-
hyperbolic if all its sections (i.e. truncations) 1 + a1x + ⋅ ⋅ ⋅ + aix

i, i = 1, . . . , n,
are hyperbolic. Denote by Δn the set of all such degree n section-hyperbolic
polynomials and set Δ := ∪∞

n=1Δn. Set mi := infp∈Δ a
2
i /ai−1ai+1. The series

Θ(q, x) :=
∑∞

j=0 q
j(j+1)/2xj defines a partial theta function. For each q ∈ [0, 1)

fixed this is an entire function in x having infinitely real negative zeros.

Theorem 1 (1) The sequence {mi} is strictly decreasing and tending to 1/q̃ =
3.2336 . . ., where Θ(q, .) belongs to the Laguerre-Pólya class ℒ − Pℐ exactly if q ∈
(0, q̃).

(2) The number q̃ = 0.3092493386 . . . is the solution belonging to (0, 1) of the equa-
tion 1/x− 2/(1− x) =

∑∞
j=1 x

j/(1− xj+1).

(3) There exists a sequence q̃ = q̃1 < q̃2 < ⋅ ⋅ ⋅ < 1 tending to 1 such that Θ(q̃j , .) has
a single real double zero yj which is the rightmost of its real zeros (all the rest of
them being simple). For q ∈ (q̃j , q̃j+1) the function Θ(q, .) has exactly j conjugate
pairs of zeros counted with multiplicity. For q ∕= q̃i, i = 1, 2, . . ., all real zeros of
Θ(q, .) are simple.

(4) One has q̃j = 1− (�/2j) + o(1/j) and limj→∞ yj = −e� = −23.1407 . . ..
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Padé approximants of functions of
Markov’s type

Ralitza K. Kovacheva
Institute of Mathematics and Informatics

Bulgarian Academy of Sciences
Acad. G. Bonchev, Bl. 8, 1113, Sofia, Bulgaria

E-mail: rcovach@math.bas.bg

Given be a positive Borel measure � with an infinite support S ⊂ ℜ, set

�̃(z) :=

∫
d�(x)

z − x
, z ∈ ℂ ∖ S.

Let �n = [n/n]�, n = 1, 2, ⋅ ⋅ ⋅ be the diagonal Padé approximants of f at infinity.
As known, the denominators of [n/n]�, say Qn, n = 0, 1, 2, ⋅ ⋅ ⋅ are orthogonal with
respect to the measure �.

By the classical theorem of A. A. Markov,

[n/n]� ⇉ �̃

uniformly on compact subsets of ℂ ∖ [�, �], [�, �] - the convex hull of S.

The theorem of Markov is the background of the present talk.

Suppose that the support S of � consists of a finite number of (disjoint) intervals
Ej , j = 1, ⋅ ⋅ ⋅ , g + 1, g ≥ 0, Ej := [e2j−1, e2j] and set ℎ(x) =

∏
(x − ek). Suppose

further that � is absolutely continuous with respect to Lebesque measure on S and

�(x)

dx
=

1

�

�(x)√
−ℎ(x+ i0)

> 0 on S,

�− a trigonometric weight function,
√
ℎ(z)/zg+1 → 1 as z → ∞.

In the present talk, results about the strong asymptotic of the free poles of the
diagonal Padé approximants of the function

f(z) = �̃(z) + r(z)

will be provided, where r is a rational function with no zeros on the convex hull of
S, r(∞) = 0 and r ⊂ ℜ(z).
The results are due to A.A. Gonchar, Rakhmanov, Suetin and the author.
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MRA-based wavelets with symmetry3

Alexandr V. Krivoshein
Saint Petersburg University

ul. Svjazi 2, 198411 Saint Petersburg, Russia
Email: krivosheinav@gmil.com

Mixed Extension Principle is a well known general scheme for the construction of
dual wavelet frames. However, generally speaking, this scheme leads to MRA-based

dual wavelet systems { (�)
ik }, { ̃(�)

ik } which are not necessary frames in L2(R
d) and

may even consist of tempered distributions. Some properties of these systems such
as frame-type expansion (with convergence in different senses) and their approxi-
mation order were investigated in [1]. Such wavelet systems were called frame-like.

A symmetry is one the most desirable properties for wavelet systems in applications.
For an arbitrary symmetry groupH , an appropriate matrix dilation and any integer
n we give explicit formulas for refinable masks that are H-symmetric and have sum
rule of order n. Under some additional conditions on the symmetry group H , an
explicit construction of wavelet masks that have the H-symmetry property and
generate a frame-like wavelet system providing approximation order n is presented
for each H-symmetric refinable mask.
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On the construction of bases and frames
for general distribution spaces

George Kyriazis
University of Cyprus, P. O. Box 20537

1068 Nicosia, Cyprus
Email: kyriazis@ucy.ac.cy

Methods are developed for construction of bases and frames for general distribution
spaces. These methods allow the freedom to prescribe the nature and properties of
the basis or frame elements. Two particular applications will be considered with the
first being the construction of a basis consisting of rational functions of uniformly
bounded degrees for Besov and Triebel-Lizorkin spaces of holomorphic functions in
the unit disc. As a second application we discuss the construction of compactly

3This work is supported by RFBR, grant N 12-01-00216-a, and St.Petersburg State University,
grant N 9.38.62.2012.
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supported frames for Besov and Triebel-Lizorkin spaces in the general framework
of Dirichlet spaces.

The talk is based on a joint work with S. Dekel, G. Kerkyacharian and P. Petrushev.

Localization of dyadic functions4

Alexandr V. Krivoshein and Elena A. Lebedeva
Saint Petersburg, Russia

Emails: san san@inbox.ru, ealebedeva@gmail.com

We introduce a notion of localization for dyadic functions f ∈ L2([0, ∞)). It is
characterized by a functional UC similar to the uncertainty constant used for real-
line functions f ∈ L2(ℝ).

Let x =
∑

n∈ℤ
xj2

−j−1 be a dyadic expansion of x ∈ [0, ∞), where xj ∈ {0, 1}.
For x = p2n, p ∈ ℕ, n ∈ ℤ we chose xj → 0 as j → ∞. The dyadic sum of x and
y is defined by x ⊕ y :=

∑
n∈ℤ

∣xj − yj ∣2−j−1. Then [0, ∞) is metrizable with the
distance between x, y defined to be x⊕ y.

Definition. Let f̃ be the Walsh-Fourier transform. The functional

UC(f) :=
ΔfΔf̃

pf,f̃

is called the dyadic uncertainty constant, where

x0 :=
1

∥f∥2
∫ ∞

0

x∣f(x)∣2 dx, Δ2
f =

1

∥f∥2
∫ ∞

0

(x⊕ x0)
2∣f(x)∣2 dx,

!0 :=
1

∥f̃∥2

∫ ∞

0

!∣f̃(!)∣2 d!, Δ2
f̃
=

1

∥f̃∥2

∫ ∞

0

(! ⊕ !0)
2∣f̃(!)∣2 d!,

pf,f̃ :=
1

∥f̃∥∥f∥

∣∣∣∣
∫ ∞

0

(x ⊕ x0)(x ⊕ !0)f(x)f̃(x) dx

∣∣∣∣ .□

The dyadic uncertainty principle takes the form UC(f) ≥ 1 for f ∈ L2([0, ∞)).
Some examples of UC’s for dyadic scaling functions and wavelets will be given.

4This work is supported by RFBR, grant N 12-01-00216, and by grant of President RF, grant
N MK-1847.2012.1
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Functions of bounded Λ-variation
and integral smoothness

Martin Lind
Department of Mathematics and Computer Science, Karlstad University

Karlstad, Sweden
Email: martin.lind@kae.se

We obtain the necessary and sufficient condition for embeddings of integral Lipschitz
classes Lip(�; p) into spaces ΛBV of functions of bounded Λ-variation. This answers
a question of Wang [2].
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Semidefiite extreme points in a
polynomial space

Lozko Milev and Nikola Naidenov
Department of Mathematics and Informatics
Sofia University, 5 James Bourchier Blvd.

1164 Sofia, Bulgaria
Emails: milev@fmi.uni-sofia.bg, nikola@fmi.uni-sofia.bg

Let Δ be the triangle in ℝ2 bounded by the lines x = 0, y = 0, x + y = 1
(the standard simplex in ℝ2). Denote by �2 the set of all real bivariate algebraic
polynomials of total degree at most two. Let BΔ be the unit ball of the space �2
endowed with the supremum norm on Δ.

We describe the semidefinite extreme points of BΔ. This completes the description
of the set EΔ of all extreme points of BΔ started by L. Milev and N. Naidenov in
two papers, concerning strictly definite and indefinite elements of EΔ.
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Sharp Bernstein inequality in integral
norms

Béla Nagy
MTA-SZTE Analysis and Stochastics Research Group

Szeged, Hungary
Email: nbela@math.u-szeged.hu

The classical Bernstein inequality estimates the derivative of a polynomial at a
fixed point with the supremum norm and a factor depending on the point only.
Recently, it was generalized to large class of compact sets on the real line. That
generalization uses potential theorety. It also gives a hint how a sharp L� Bernstein
inequality should look like.

In this talk we present this inequality, briefly sketch its proof and we also discuss
its sharpness from various points of view.

This is a joint work with Ferenc Toókos.

Restricted summability of the
two-dimensional Walsh-

and Walsh-Kaczmarz-Fejér means

Károly Nagy
Institute of Mathematics and Computer Sciences

College of Nýıregyháza, P.O. Box 166
Nýıregyháza H-4400 Hungary

Email: nkaroly@nyf.hu

We discuss the almost everywhere convergence of the two-dimensional Fejér means
of Walsh- and Walsh-Kaczmarz-Fourier series, where the set of the indices is inside a
cone-like set [2, 3]. Moreover, we investigate the properties of the maximal operator
of two-dimensional Walsh-Fejér means [7] and Walsh-Kaczmarz-Fejér means [3],
with cone-like restriction. We treat that the maximal operator �∗

L is bounded from
Hp to Lp for 1/2 < p and is of weak type (1, 1). As special cases we have the theorem
of Weisz [6], Gát [1] and Simon [5] on the a.e. convergence of cone-restricted two-
dimensional Fejér means of integrable functions. The endpoint case p = 1/2 is
investigated, too [3, 4].
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On the path-connectedness of the set
of extreme points in a polynomial space

Lozko Milev and Nikola Naidenov
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Let Δ be the triangle in ℝ2 bounded by the lines x = 0, y = 0, x + y = 1
(the standard simplex in ℝ2). Denote by �2 the set of all real bivariate algebraic
polynomials of total degree at most two. Let BΔ be the unit ball of the space �2
endowed with the supremum norm on Δ.

Recently L. Milev and N. Naidenov completed the description of the set EΔ of all
extreme points of BΔ. We present here a result concerning the path-connectedness
of EΔ.

Some new results on approximation
with redundant dictionaries

Morten Nielsen
Department of Mathematical Sciences, Aalborg University

Fredrik Bajers Vej 7G
DK-9920 Aalborg East, Denmark

Email: mnielsen@aau.dk

Data approximation using sparse linear expansions from overcomplete dictionaries
has become a central theme in signal and image processing with applications ranging
from data acquisition (compressed sensing) to denoising and compression.

For a given dictionary, we can also study best m-term approximation rates for
any specific function. Interestingly, the notions of sparse expansions and certain
asymptotic approximation rates are closely linked in the case of nice non-redundant
dictionaries (e.g., an orthonormal basis in a Hilbert space.)
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In this talk, I will explore the link between sparse expansions from an overcom-
plete dictionary and asymptotic approximation rates. Redundancy complicates the
analysis, and we show that the close link between the two notions fails in general.
However, using a probabilistic approach, we show that the close link is retained for
’many’ redundant dictionaries.

An extension of Turán’s inequality
for ultraspherical polynomials

Geno Nikolov1 and Veronika Pillwein2

1Department of Mathematics and Informatics, Sofia University
5 James Bourchier Blvd., 1164 Sofia, Bulgaria

Email: geno@fmi.uni-sofia.bg
2Research Institute for Symbolic Computations

Johanes Kepler University, Linz, Austria
Email: veronika.pillwein@risc.jku.at

The m-th ultraspherical polynomial P
(�)
m , m ∈ ℕ, is orthogonal in [−1, 1] with

respect to the weight function w�(x) = (1−x2)�−1/2, � > −1/2, and is normalized

by P
(�)
m (1) =

(
m+2�−1

m

)
. Set

(1) pm(x) = p(�)m (x) := P (�)
m (x)/P (�)

m (1), m = 0, 1, . . . ,

where, for the sake of brevity, the superscript (�) will be oppressed hereafter. We
prove the following extension of Turán’s inequality:

Theorem. Let pn be defined by (1), and � ∈ (−1/2, 1/2]. Then, for every n ∈ ℕ,

(2) ∣x∣p2n(x) − pn−1(x)pn+1(x) ≥ 0 for every x ∈ [−1, 1] .

The equality in (2) holds only for x = ±1 and, if n is even, for x = 0. Moreover,
(2) fails for every � > 1/2 and n ∈ ℕ.

This variation of Turán’s inequality was introduced by Gerhold and Kauers [1] and
proven in the limit case � = 1/2, i.e., for the Legendre polynomials. We present both
analytical and computer proof of this result. An extension to Jacobi polynomials
is discussed.

The research of the first-named author is supported by grant DDVU 02/30 of the
Fund for Scientific Research of the Bulgarian Ministry of Education and Science.
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Properties of some functionals associated
with ℎ-convex and quasilinear functions

Ludmila Nikolova1 and Sanja Varošanec2
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We consider quasilinearity of the functional (ℎ∘v)⋅
(
Φ ∘ g

v

)
where Φ is a monotone ℎ-

convex (ℎ-concave) function, v and g are functionals with certain super(sub)additivity
properties. These general results are applied on some special functionals such as
Jensen’s, Jensen’s-Mercer and Chebyshev’s functionals.

Stable space splittings and their
applications

Peter Oswald
Jacobs University Bremen

Bremen, Germany
Email: p.oswald@jacobs-university.de

Decomposition of linear spaces into simple building blocks is at the heart of classical
Fourier Analysis and Approximation Theory, and has numerous theoretical and
applied aspects. In the Hilbert space case, there is a simple yet powerful theory of
splitting a large space into many small spaces, possibly in a redundant manner but
controlled by a stability condition that generalizes the notion of a frame. In this
talk, I review some old and new aspects of stable space splittings, mostly related to
solving variational problems. The starting point is a much cited paper from CTF
Varna 1991, the newer developments concern the theory of quarkonial frames and
randomized solvers for linear systems.

I will conclude with formulating an unsolved problem on trigonometric approxima-
tion of functions with values in matrix Lie-groups such as SU(N) or SO(N).
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Weighted approximation by a class
of Baskakov-type operators

Parvan Parvanov5

Department of Mathematics and Informatics
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1164 Sofia, Bulgaria
Email: pparvan@fmi.uni-sofia.bg

The class of Baskakov-type operators discussed here are given for natural n by

B̃n(f, x) =

n∑

k=0

bn,k(f)Pn,k(x),

Pn,k(x) =

(
n+ k − 1

k

)
xk(1 + x)−n−k, k ∈ ℕ0 = ℕ ∪ {0}, denote the Baskakov

basic functions and the functionals bn,k(f) satisfy the following conditions

bn,0(f) = f(0);

bn,k(f) are linear and positive;

B̃n(Ei, x) = Ei(x) for i=0 and i=1;

B̃n(E2, x) = E2(x) + �(n)x.

Here Ei (for i = 0, 1, 2) are the functions Ei(x) =
xi

1+x and lim
n→∞

�(n) = 0.

The functional bn,k(f) for 1 ≤ k ≤ ∞ in the operators B̃n takes place of f
(
k
n

)
in

the classical Baskakov operators.

Direct theorem in terms of the weighted K-functional for the uniform weighted
approximation errors of these operators are obtained for functions from C(w)[0,∞]

with weight of the form
(

x
1+x

)�0
(

1
1+x

)�∞

for �0, �∞ ∈ [−1, 0].

Mathematics Subject Classification: 41A36, 41A17, 41A25, 41A27.

Keywords : Baskakov-type operator, direct theorem, K-functional.

5Partially supported by grant DDVU 02-30/2010 of the National Science Fund of Bulgaria and
by grant No.133/2012 of the National Science Fund of the Sofia University
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Finding the minimum of a function

Guergana Petrova
Department of Mathematics, Texas A&M University

College Station, TX 77843 USA
Email: gpetrova@math.tamu.edu

We discuss strategies for finding an approximation to the minimum value of a
continuous function f defined on [0, 1]d. We assume that we are able to query f
by asking for its value at any point. The algorithms we study give an adaptive
procedure to determine the points to query f . We estimate the rate of convergence
of these algorithms under various model assumptions on the function f .

Sub-exponentially localized frames
for spaces of distributions

in the general setting of Dirichlet spaces

Pencho Petrushev
University of South Carolina, 1523 Greene Street

29208 Columbia SC, USA
Email: pencho@math.sc.edu

The general setting of a Dirichlet space with a doubling measure and local scale-
invariant Poincare inequality will be introduced and the construction of frames
with band limited elements of sub-exponential space localization will be presented.
These frames will be used for characterization of Besov and Triebel-Lizorkin spaces
with complete range of indices in the framework of Dirichlet spaces. Nonlinear n-
term approximation from the frames will be considered. This theory, in particular,
allows developing sub-exponentially localized frames in the context of Lie groups,
Riemannian manifolds, and other nonclassical settings.

The talk is based on a joint work with Gerard Kerkyacharian.
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Optimal polynomial admissible meshes for
the closure of bounded C 1,1 domains of ℝd

Federico Piazzon 6
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Admissible Meshes (AM) [1] are sequences {An}n∈ℕ of finite subsets of a given
compactK ⊂ ℝd (or ℂd) such that the following inequality holds for any polynomial
p ∈ Pn(ℝd) of degree at most n

(1) ∥p∥C (K) ≤ C max
An

∣p∣

and moreover Card(An) grows polynomially w.r.t. n.

AM was introduced in [1] as suitable sets where perform the sampling for the
discrete least square polynomial approximation. In [2] A. Kroó defines Optimal

AMs as AMs which cardinality grows at optimal rate O(nd). He also provides an
existence result for star-like smooth compact sets in ℝd.

In this talk we present our recent result [5][Th. 3.7]. If Ω ⊂ ℝd is a bounded C 1,1

domain, then Ω has an Optimal Admissible Mesh. The proof is fully constructive
and relays on the regularity property of the distance function w.r.t. ∁Ω instead of
the star shape of the set.

The main features of AMs are also discussed, both as theoretical motivations and
applications. Namely, starting from an AM, one can extract by standard Linear Al-
gebra quasi-optimal interpolation arrays, say Approximate Fekete and Leja points
[3]. Moreover the sequence of discrete probability measures {�n}ℕ canonically as-
sociated to an AM can be used to compute the Pluripotential Equilibrium Measure
of the given compact and the Siciak Extremal Function. Finally given an holo-
morphic function f the sequence of L2

�n
-least squares polynomials pn is maximally

convergent to f on K (see [4]).
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On some estimates of singular number
of integral operator of Hilbert-Schmidt

Olena Radziievska
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Kiev, Ukraine
Email: radzl58@mail.ru

Let be A an integral operator of Hilbert-Schmidt with kernel a(t, s) acting in the
space L2[0; 1] and let sk(A) its singular values. We establish that for all r = 2, 3, . . .
the estimate

∞∑

k=r

s2k(A) ≤ 2!2

(
1

r − 1
, a

)

2

holds. Here !(�, a)2 is the modulus of continuity of the kernel a(t, s) given by the
formulas

!(�, a)2 := sup
0≤ ℎ≤�

⎛
⎝

1∫

0

1−ℎ∫

0

∣a(t+ ℎ, s)− a(t, s)∣2 dt ds

⎞
⎠

1
2

, 0 < � ≤ 1

Also we have established similar estimates in terms of the modulus of continuity
more then one order in the case, when domain of image of the operator A belongs
to the space of continuity functions.

For all m = 2, 3, . . . the estimate

(1)
∞∑

k=r

s2k(A) ≤ 25!2
m

(
2

r
, a

)
, r = m+ 1,m+ 2, . . .

holds. Here !m(�, a) is the modulus of continuity of the kernel a(t, s) given by the
formulas

!m(�, a) := sup
f∈L2,∥f∥2=1

sup
0≤ ℎ≤�

sup
0≤ t≤1−ℎm

∣
m∑

q=0

(−1)qCqm(Af)(t+ ℎq)∣.

The formula (1) yields the following proposition. Let the domain of values of the
operator A belong to a space of continuous functions, and m = 2, 3, . . .

sr(A) ≤
(
10m

r

) 1
2

!m

(
4

r
, a

)
, r = m+ 1,m+ 2, . . .
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The Carathédoroy-Fejér extremal
problem on LCA groups

Sándor Krenedits and Szilárd Gy. Révész
Alfréd Rényi Mathematical Institute

P. O. Box 127, H-1364 Budapest, Hungary
Email: revesz@renyi.hu

Given a locally compact Abelian group G, a point z ∈ G, a zero-symmetric open
set Ω ∋ z, we investigate the following extremal problem.

CG(Ω, z) := sup {∣f(z)∣ : f(0) = 1, supp f ⋐ Ω, f positive definite} .
This extremal problem was investigated in ℝ and ℝ

d and for Ω a 0-symmetric
convex body in a paper of Boas and Kac in 1944. Arestov and Berdysheva extended
the investigation to Td, where T := ℝ/ℤ. Kolountzakis and Révész gave a more
general setting, considering arbitrary open sets, in all the classical groups above.
Also they observed, that such extremal problems occurred in certain special cases
and in a different, but equivalent formulation already a century ago in the work of
Carathéodory and Fejér.

Moreover, following observations of Boas and Kac, Kolountzakis and Révész showed
how the general problem can be reduced to equivalent discrete problems of “Cara-
théodory-Fejér type” on ℤ or ℤm := ℤ/mℤ.

We extend the results of Kolountzakis and Révész to locally compact Abelian
groups.

On new families of radial basis functions7

Alexander I. Rozhenko
Institute of Computational Mathematics and Mathematical Geophysics

Russian Academy of Sciences, pr. Akad. Lavrentieva, 6
Novosibirsk, 630090, Russia

Email: rozhenko@oapmg.sscc.ru

In this talk, we present two new families of conditionally positive definite radial
basis functions. Denote as ℛd

m the set of all conditionally positive definite radial
basis functions of order m on ℝd and specify ℛ∞

m =
∩∞
d=1 ℛd

m. Functions from
ℛ∞
m are strongly connected with completely monotonic functions (f ∈ C∞(0,∞) is

called the completely monotonic function if (−1)kf (k) ≥ 0 for every k ∈ ℤ+).

We denote as ℳm the set of functions f ∈ C∞(0,∞) with completely monotonic
mth derivative (−1)mf (m). It is well known that if a function f ∈ ℳm is bounded
at zero and f (m) is not a constant, the function f(r2) belongs to ℛ∞

m . Conversely,

7The work is supported by RFBR project 11-07-00447 and the integration grant 32 of Siberian
and Ural branches of RAS.
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� ∈ ℛ∞
m ⇒ �(

√⋅ ) ∈ ℳm. It is also clear that if f ∈ ℳm is unbounded at zero and
f (m) is not a constant, f(r2 + c2), c ∕= 0, belongs to ℛ∞

m .

We call a function f ∈ ℳm to be a generic function for � ∈ ℛ∞
m if �(r) =

f(a2(r2 + c2)) + pm−1(r
2) for given a ∈ ℝ ∖ {0}, c ∈ ℝ, and pm−1 be a polynomial

of a degree less than m. The following family of functions is generic for many
well-known radial basis functions:

f�(t) =

{
Γ(−�)t� , � ∈ ℝ ∖ ℤ+,

(−1)�+1t� ln t, � ∈ ℤ+.

For example, f� , � ∈ ℝ∖ℤ+, is the generic function for multiquadric (−1)⌊�⌋+1(r2+
c2)� , � > 0, and unverse multiquadric (r2 + c2)� , � < 0, and f1 is the generic
function for radial basis function r2 ln r of the thin-plate spline. It is clear that
f� ∈ ℳ(⌊�⌋+1)+ , where (k)+ = max{k, 0}.

The first new family of generic functions generalizes the constructions of tension
spline and regularized spline from L. Mitáš and H. Mitášová, General variational
approach to the interpolation problem, in Comput. Math. Appl., 16/12 (1988),
983–992. Denote ℎ�(t) = t�/2K�(

√
t),

ℎ̃�(t) =

{
Γ(−�)t�/2�+1, � ∈ ℝ ∖ ℤ+,

(−1)�+1tn[ln(t/4)−  (1)−  (n+ 1)]/(n! 2n+1), � ∈ ℤ+.

Here K� is the modified Bessel function of the second kind of order � ∈ ℝ,  (n) =

− +
∑n−1

k=1 k
−1,  is the Euler constant, and Γ(x) is the Gamma-function. We

prove that ℎ� ∈ ℳ0 for every � ∈ ℝ. We introduce a new two-parametric family
of functions ℎ�,n, � ∈ ℝ, n ∈ ℤ+:

ℎ�,0(t) = ℎ̃�(t)− ℎ�(t); ℎ�,n(t) =
ℎ̃�+n(t)

n! 2n
− ℎ�,n−1(t), n = 1, 2, . . .

and prove that ℎ�,n ∈ ℳ(⌊�⌋+n+1)+ and ℎ�,n is bounded at zero for � + n+ 1 > 0.

The second new family of generic functions generalizes the construction of com-
pletely regularized spline from H. Mitášová and L. Mitáš, Interpolation by regular-
ized splines with tension: I. Theory and implementation, in Mathematical Geology,
25/6 (1993), 641–655. Denote

g�(t) = t�Γ(−�, t), g̃�(t) =

{
Γ(−�)t� , � ∈ ℝ ∖ ℤ+,

(−1)�+1t� [ln t−  (� + 1)]/�!, � ∈ ℤ+.

Here Γ(a, t) =
∫∞

t e−xxa−1 dx is the incomplete Gamma-function. It is well-known
that g� ∈ ℳ0 for every � ∈ ℝ. We introduce a new two-parametric family of
functions g�,n, � ∈ ℝ, n ∈ ℤ+:

g�,0(t) = g̃�(t)− g�(t); g�,n(t) = g�+1,n−1(t)− g�,n−1(t), n = 1, 2, . . .

and prove that g�,n ∈ ℳ(⌊�⌋+n+1)+ and g�,n is bounded at zero for all � ∈ ℝ,
n ∈ ℤ+.
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Chebyshev-Grüss-type inequalities -a new
approach
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The classical form of Grüss’ inequality gives an estimate of the difference between
the integral of the product and the product of the integrals of two functions in
C[a, b].

The aim of this talk is to introduce Chebyshev-Grüss-type inequalities via discrete
oscillations. We apply these inequalities to well-known positive linear operators and
compare the new results with some old ones. Some examples are also presented, in
order to underline the advantages of the new approach.

Minimal energy and maximal polarization

Edward B. Saff
Center for Constructive Approximation

Vanderbilt University, Department of Mathematics
Nashville TN 37240, USA

Homepage: http://www.math.vanderbilt.edu/˜esaff/

While this could be a lecture about the U.S. Congress, it instead deals with problems
that are asymptotically related to best-packing and best-covering. In particular, we
discuss how to efficiently generate N points on a d-dimensional manifold that have
the desirable qualities of well-separation and optimal order covering radius, while
asymptotically having a prescribed distribution. Even for certain small numbers of
points like N=5, optimal arrangements with regard to energy and polarization can
be a challenging problem.
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A fast algorithm for computing
a truncated orthonormal basis

for RBF native spaces

Stefano De Marchi and Gabriele Santin
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In the setting of radial basis functions approximation it is well known that several
problems arise when dealing with large amount of (scattered) data or when the
shape parameter is not properly chosen. We propose a new way to partially over-
come these difficulties by treating the kernel matrix with an approach based on the
GMRES algorithm. Altough this method is yet widely studied for similar problems
(see [1]), we consider some new results from Krylov-based algorithms (see [3]) which
allows to approximate in a fast way the relevant segment of the spectrum of the
kernel matrix. On the native space side this allows to compute a short sequence of
orthonormal functions which is a proper truncation of an orthonormal basis (see
[2]). In this way we can solve effectively the approximation problem by means of a
least-squares approximants.

References

[1] R.K. Beatson, J. B. Cherrie, and C.T. Mouat, Fast fitting of radial basis functions: Methods
based on preconditioned GMRES iteration, Adv. Comput. Math. 11 (1999), 253–270.

[2] S. De Marchi and G. Santin,A new stable basis for radial basis function interpolation, J.
Comput. Appl. Math. 253 (2013), 1–13.

[3] P. Novati and M.R. Russo, A GCV based Arnoldi-Tikhonov regularization method, manuscript
(2013)

A new representation theorem
for Bernstein functions with applications

to convexity and characteristic functions
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Bernstein functions have been the subject of investigation for decades. A function
f : [0,∞) → [0,∞) is called Bernstein if it is infinitely times differentiable and
(−1)k−1f (k)(x) ≥ 0 for all k = 1, 2, . . . These functions find numerous application
in areas such as Lévy processes, potential theory, and monotone operators, among
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others. In this talk we show that for every � ∈ (0, 2/3) there is a unique measure
�� on (0,∞) and constants a, b ≥ 0 such that

f(x) = a+ bx1/� +

∫

(0,∞)

(1− e−tx
1/�

)��(dt).

Moreover, the measure �� has harmonically concave tail, that is, the function t 7→
t��(t,∞) is concave on (0,∞).

Applications range from convexity results to results about characteristic functions
of random variables.

This is a joint work with Shen Shan.

Approximation numbers of Sobolev
embeddings

Winfried Sickel
Institute of Mathematics

Friedrich-Schiller-University Jena
Ernst-Abbe-Platz 2, D-07737 Jena, Germany

Email: winfried.sickel@uni-jena.de

First we investigate optimal linear approximations (approximation numbers) in the
context of isotropic periodic Sobolev spaces Hs(Td) of fractional smoothness s > 0
for various equivalent norms including the natural one. The error is always mea-
sured in L2(T

d). Particular emphasize is given to the dependence of all constants
on the dimension d. We capture the exact decay rate in n and the exact decay
order of the constants with respect to d, which is in fact polynomial.
Secondly, we consider the approximation numbers with respect to the pairsHs

mix(T
d)

and L2(T
d). HereHs

mix(T
d) denotes the Sobolev space of dominating mixed smooth-

ness of order s. Again we are interested in the dependence of these numbers on n
and d.
This is joined work with Thomas Kühn (Leipzig) and Tino Ullrich (Bonn).
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Convergence questions of sequences
of two-dimensional (C,�) means of 2-adic

Fourier series of integrable functions

Ilona Simon
University of Pécs
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The talk investigates convergence questions on a special locally compact totally
disconnected non-Archimedian normed field: on the 2-adic field. The basics are
carried out in terms of UDMD product systems. The concepts, notations and
propositions of Schipp and Wade[3] and Scipp-Wade-Simon [2], Hewitt-Ross [1]
and Zygmund [4] are considered.
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A sharp Markov–Nikolski type inequality
in the spaces L∞ and L1 with Chebyshev

weight

Ivan E. Simonov
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Ural Federal University, Ekaterinburg, Russia

Email: isimonov@k66.ru

The inequality between the uniform norm of the derivative of an algebraic polyno-
mial of degree n ≥ 2 and the L1-norm with Chebyshev weight (1 − x2)−1/2 of the
polynomial itself on the closed interval [−1, 1] is studied. For all derivatives, the
exact constant and the extremal polynomial are written out.

This work was supported by the Russian Foundation for Basic Research (project no. 12-01-

31495) and by the Ministry of Education and Science of the Russian Federation (project

no. 1.1544.2011).
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Approximation by band-limited scaling
and wavelet expansions
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The well-known sampling theorem (which is often called Kotel’nikov or Shannon
theorem) states that

(1) f(x) =
∑

n∈ℤ

f(2−jn)
sin�(2jx− n)

�(2jx− n)

for any function f ∈ L2(ℝ) whose Fourier transform is supported on [−2j−1, 2j−1].
This formula is very useful for engineers. It was just Kotel’nikov and Shannon who
started to apply the formula for signal processing, respectively in 1933 and 1949.
Up to now, an overwhelming diversity of digital signal processing applications and
devices are based on it and more than successfully use it. Without sampling theorem
it would be impossible to make use of internet, make photos and videos.

From the point of view of wavelet theory, (1) is not a theorem, it is just an il-
lustration for the Shannon MRA. Indeed, the function �(x) = sin�x

�x is a scaling
function for this MRA, and a function f belongs to the sample space Vj if and only
if its Fourier transform is supported on [−2j−1, 2j−1]. So, such a function f can be
expanded as f =

∑
n∈ℤ

⟨f, �jn⟩�jn, where �jn(x) = 2j/2�(2jx+n), which coincides
with (1). Also, since {Vj}j∈ℤ is an MRA, any f ∈ L2(ℝ) can be represented as

(2) f = lim
j→+∞

∑

n∈ℤ

⟨f, �jn⟩�jn.

Moreover, (2) has an arbitrary large approximation order. This happens because
the function �(x) = sin �x

�x is band-limited, a similar property cannot be valid for
other natural classes of �, in particular, for compactly supported �.

We study operators Qjf =
∑

n∈ℤ
⟨f, �̃jn⟩�jn for a class of band-limited functions �

and a wide class of tempered distributions �̃. Convergence of Qjf to f as j → +∞
in L2-norm is proved under a very mild assumption on �, �̃, and the rate of con-
vergence is equal to the order of Strang-Fix condition for �. To study convergence

in Lp, p > 1, we assume that there exists � ∈ (0, 1/2) such that �̂
ˆ̃
� = 1 a. e. on

[−�, �], �̂ = 0 a.e. on [l − �, l + �] for all l ∈ ℤ ∖ {0}. For appropriate band-limited

or compactly supported functions �̃, the estimate ∥f −Qjf∥p ≤ C!r(f, 2
−j)Lp ,

where !r denotes the r-th modulus of continuity, is obtained for arbitrary r ∈ ℕ.

For tempered distributions �̃, we prove that Qjf tends to f , f ∈ S, in Lp-norm,
p ≥ 2, with an arbitrary large approximation order. In particular, for some class of

differential operators L, we consider �̃ such that Qjf =
∑

n∈ℤ
Lf(2−j⋅)(n)�jn. The
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corresponding wavelet frame-type expansions are found, for example, the following

f(x) =
∑

k∈ ℤ

f(−k)�(x+ k)

+
∞∑

j=0

∑

k∈ ℤ

f(−2−j−1(2k + 1)) (1)(2jx+ k) + f(−2−j−1(2k)) (2)(2jx+ k),

where  (1)(x) =
√
2�(2x+ 1),  (2)(x) =

√
2(�(2x)− �(x)).

Replacing ⟨f, �̃jk⟩ by ⟨f̂ ,ˆ̃�jk⟩ for some �̃, we extend these results for an essentially
lager class of functions f .

On the class of operators U%
n linking

the Bernstein and the genuine

Bernstein-Durrmeyer operators

Elena–Dorina Stanila
University of Duisburg–Essen, Forsthausweg 2

47048 Duisburg, Germany
Email: stanila elena dorina86@yahoo.com

We consider the class of operators U%n introduced and investigated by Păltănea
and Gonska and study further properties, such as variation diminuition and global
smoothness preservation. We also consider the difference of such operators and the
commutators. The results we provide here come as a natural extension of the known
results for both the Bernstein and the genuine Bernstein-Durrmeyer operators.

Bernstein polynomials for arbitrary points
of interpolation

Gancho Tachev
Higher School of Architecture, Civil Engineering and Geodesy

1 Hr. Smirnenski Blvd., 046 Sofia, Bulgaria
Email: gtt fte@uacg.bg

Following a 1939 article of Favard we consider the composition of classical Bernstein
operators and piecewise linear interpolation at mutually distinct knots in [0, 1], not
necessarily equidistant. We prove direct theorems in terms of the classical and the
Ditzian-Totik modulus of second order. This is a joint work of H. Gonska and G.
Tachev.

Mathematics Subject Classification: 41A10, 41A15, 41A17, 41A25, 41A36.
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Convergence in Lp-norm of Fourier series
on the complete product

of quaternion groups with bounded orders

Rodolfo Toledo
Institute of Mathematics and Computer Science

College of Nýıregyháza, P.O. Box 166
Nyiregyháza, H-4400 Hungary

E-mail: toledo@nyf.hu

In Fourier analysis several properties and results differ considerably if they are
defined on non-abelian groups. For instance, Walsh and Vilenkin-systems have
only functions with module 1, but a representative product system on the complete
product of finite non-abelian groups is not necessarily uniformly bounded and it
takes the value 0. These systems were introduced in [1].

A well known result for Vilenkin systems is the fact that for all 1 < p < ∞ the
n-th partial sums of Fourier series of all functions in the space Lp converge to the
function in Lp-norm. This statement is known as Paley’s theorem and it is not
true either for non-abelian groups in general. Indeed, in [2] the author proved that
there are representative product systems such that Paley’s theorem is only valid for
p = 2. Until this moment we did not know products of non-abelian groups where
Paley’s theorem is true.

Now we have obtained the first positive examples on the complete product of quater-
nion groups. In my talk I deal with properties and arrangements concerning gen-
eralized quaternion groups in order to obtain Paley’s theorem for all 1 < p <∞.
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Interpolation and fitting by harmonic
polynomials based on Radon projections

Irina Georgieva1, Clemens Hofreither2, and Rumen Uluchev3

1Institute of Mathematics and Informatics
Bulgarian Academy of Sciences

Acad. G. Bonchev, Bl. 8, 1113, Sofia, Bulgaria
E-mail: irina@math.bas.bg

2Institute of Computational Mathematics
Johannes Kepler University, Altenberger Str. 69

4040 Linz, Austria
E-mail: clemens.hofreither@numa.uni-linz.ac.at

3Todor Kableshkov University of Transport
158 Geo Milev Str., 1574 Sofia, Bulgaria

E-mail: rumenu@vtu.bg

Given the line integrals of a harmonic function on a finite set of chords of the unit
circle, we consider the problem of fitting these Radon projections type of data by a
harmonic polynomial in the unit disk. In particular, we focus on the overdetermined
case where the amount of given data is greater than the dimension of the polynomial
space. We prove sufficient conditions for existence and uniqueness of a harmonic
polynomial fitting the data by using least squares method. Combining with recent
results on interpolation with harmonic polynomials, we obtain an algorithm of
practical application. We extend our results to fitting of more general mixed data
consisting of both Radon projections and function values. Numerical results are
presented and discussed.

Keywords and Phrases: multivariate interpolation, Radon transform, harmonic
polynomials, least-squares fitting.
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Least-squares fitting with Birkhoff
interpolation at the vertices of

triangulations using smooth GERBS

Lubomir T. Dechevsky and Peter Zanaty
Faculty of Technology, Narvik University College,

Narvik, Norway
E-mails: ltd@hin.no, pza@hin.no

In the present study we address one of the posible applications of a recently intro-
duced in [1, 2] construction of smooth convex resolutions of unity on triangulated
polygonal domains. Important features of the B-spline-type basis functions gener-
ated via this construction are that there is a 1-1 correspondence between them and
the vertices in the triangulation, each one of these basis functions is supported at
the ★1-neighbourhood of its respective vertex where it peaks with value 1, these
basis functions are sufficiently smooth on the whole triangulated domain (C∞-
smooth or Cm-smooth, m = 0, 1, 2, . . . , depending on the context); moreover, all of
their existing partial derivatives vanish at all knots, hence, multiplying these basis
functions with local Taylor polynomials of total degree k ≤ m ’centered’ at their
respective vertex has the effect of Hermite interpolation of total order k at this
vertex (which, in the C∞-smooth case, can be transfinite, i.e., the Taylor polyno-
mial can be replaced by a Taylor series). Using these properties, we show that it
is possible to incorporate the problem about Birkhoff interpolation at the vertices
of the triangulation within the more general problem setting of finding the optimal
solution of a linear-quadratic optimization problem for least-squares fitting with
linear constraints of equality type. One advantage of this setting is that the matrix
of the resulting linear system of equations (part of the unknowns of which are par-
tial derivatives at the vertices which are not included in the Birkhoff interpolation
conditions, and the remaining unknowns are Lagrange multipliers) has the struc-
ture of a bordered Hessian, for which there is a necessary and sufficient condition
for its non-singularity. This criterion, which is a generalization of Sylvester’s nec-
essary and sufficient criterion for existence and uniqueness of the optimal solution
of an unconstrained least-squares problem, is particularly efficient to verify when
the number of unknown partial derivatives is small compared to the number of
partial derivatives determined by the Birkhoff interpolation constraints, i.e., when
these constraints are tight. We shall illustrate how this approach works on some
examples, one of which will be Hermite interpolation. Although this approach was
specifically designed to handle fitting and interpolation on scattered-point sets in
the multivariate case, it is of interest in the univariate case, too.
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On approximation by algebraic version
of the trigonometric Jackson integrals

GS,N in weighted integral metric

Teodora Zapryanova
Economic University of Varna, 77 Knyaz Boris I Blvd.

Varna 9002, Bulgaria
E-mail: teodorazap@abv.bg

We characterize the errors of the algebraic version of trigonometric Jackson integrals
Gs,n in weighted integral metric. We prove direct and strong converse theorem in
terms of the weighted K-functional.

Mathematics Subject Classification (2010): 41A36, 41A25, 41A17.

Key words and phrases : Linear operator, Direct theorem, Strong converse theorem,
K-functional.

Entire functions in the Laguerre–Pólya
class

Dimitar K. Dimitrov
Departamento de Matemática Aplicada

Varna IBILCE, Universidade Estadual Paulista - UNESP, Brazil
E-mail: dimitrov@ibilce.unesp.br

We shall discuss some topics on the Laguerre-Pólya class of entire functions, denoted
by ℒP. It consists of entire functions which are limits, in the sense of local uniform
convergence, of polynomials with only real zeros. An old conjecture of Pólya states
that the real line attracts the zeros of the entire functions of order less than two
under differentiation. Though the conjecture was settled by Craven, Csordas and
Smith, further results indicate that once such a function is differentiated, the zeros
not only approach the real line but also become equally spaced.

Interesting and important functions from ℒP are those represented as Fourier trans-
forms of certain positive and symmetric measures. The problem to characterize the
latter subclass was posed by George Pólya in 1926 who was motivated by his efforts
to settle the Riemann hypothesis. Essentially the same question arose in Statistical
Mechanics and it is related to the celebrated Lee–Yang circle theorem, for which
Lee and Yang were awarded the 1957 Nobel Prize in physics. We report a result
which provides a characterization of the so-called Lee–Yang measures and a solu-
tion of Pólya’s problem too, in terms of the polynomials, orthogonal with respect
to the measure.


