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BERSTEIN-TYPE INEQUALITIES WITH RESPECT TO THE VILENKIN-
-SYSTEMS

S. Fridli

1. Introduction. Let m=(mk,keN) (w:=0,1,...) be a sequence of

natural numbers, the terms of which are not less than 2. Denote ka

the discrete cyclic group of order meos and define the Vilenkin-
-group Gm as the direct product of ka’s. Introduce the product

topology in Gm . The normalized Haar measure on Gm is denoted by

M - A function f:Gm—’ € /C is the set of the complex numbers/

belongs to Lp(Gm) (1< p<eo) if and only if |£|P is integrable with
e, Py )1/P

respect to am , and "f"p‘_(ém (£] d,u.) % C(Gm) denotes the space

of those complex valued functions defined on Gm , which are conti-
nuous with respect to the topology of G v and ufllc:=sup | £ (x)'
XéeG

(fecicy)) -

The elements of G, can be represented in the form x= (xo,xl, ces
e rXpre ) (og X, <my, kéN). Let I (x) :={ye Gmlyk=xk, k < n}
(ne N\ {0}).

It is clear that every neN can be written in the form
°0 n-1
n= kza'o n M, , where M :=1 and M := kTII my (nsl\l\{o}\. Denote

m

em{TnlneNf the character system of G ordered in the Walsh-
-Paley sense, i.e.
2Mix

S5 n
¥t k-E; rkk » where 1, (x):=exp (kGN, XeG 1,,".'3').

n-1

These systems are termed Vilenkin-systems. D := kz=; Y x (ne N) are

the so called Dirichlet kernels. If fe&L(G ), then f£(k):=] £y dpr
G

(ke N) is the k-th Vilenkin-Fourier coefficient of £ , and™

n=1 .
f:= - -
S, kgo f(k)\rk is the n-th partial sum of Vilenkin-Fourier
®
series of f. Let £ :=Syp ISMnfl (feL(Gm)) . We say that f belongs

to the Hardy-space H(Gm) if and only if f%e L(Gm), and let ||fl|H:=
==“f”"1 o
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We shall use the common notation Y (G ) for the spaces Ll(G ),
e (Gn,) , H(G m) and the natation X(G ) for the spaces P (G) (1<p<.a)
C(Gm) v H(Gm) The following concept of the derivative due to C. W.
Onneweer [3]:

The function fe€ X(G) has a strong derivative dfeX(Gm) if

Lim ldaf-a fll ‘=0 , where
n—l m.-1 m,

dfx:= jg'o M;l ki’ -lg ——(l—-]f(x+l.ej) (xeG, . neN\{o},
j L

ej:=(0,...,0,f',o,...) €Gy lej=ej4'-ej¢...4'-ej , + is the group-opera-

tion on Gm).
We define the set of Vilenkin polynomials of order n as follows

P :={feL(G)|£01=0 , k>n] (new\{o1}).

We deal with the analogous of the classical Berstein inequalities,
namely we prove the next theorems in this paper.

Theorem 1. Let G be an arbitrary Vilenkin-group 1<P<.o, Then
Idpnllp,<<2n|lpnlp (p, P, » neN\{ol.
Theorem 2. i/ Let Gm be an arbitrary Vilenkin group. Then for
all p e€P (neN\{oOf)
lldpnIlY <C log n nlpnllY 3
ii/ If 1lim sup m <e , then
flap Uy, <cn lip || (pnePn, neN\4{o}). -

iii/ If 1lim sup m= o0 , then ii/ fails to hold.
iv/ There exist a Vilenkin-group for which
n log n [P lly

lim sup( sup

)>o.
PEP.

C denotes an absolute positive, but not always the same constant
throughout this paper. © denotes the zero element of G .

n
Proof of Theorem l. It is easy to see that dpnsnpn- glskpn
(Pné P, ¢ ne N\{01). Since the Vilenkin system is basis in

LP(G ) (1<p<e)[4], therefore the operators S, (keN\{ 0}) are
uniformly bounded from Lp(G T o (G,) - From this follows that
udpll <Cnﬂpl (l<p<-o)
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i/ Since Y(Gm) is homogeneous Banach space

Proof of Theorem 2.
(p,e P, » neN\LO}.

[2), therefore l\dppnuy=l\an * pn“Y < lannllpn“Y
It is known [6], that I\Dk|(1=0 (log k) (ke N\{0}), consequently ﬂanl|1=

n
={np - 3 Dk"l=o (n 1og n). x stands for convolution.
k=

ii/ The cases Y(G) =L(G), C(G) are proved in [17 . Applying
that ii/ is true for L(Gm) we verify ii/ for H(Gm) . Let neN and

£n<M . Then

M (ny K (n) +1

Wap ll,=lap « p_ll,; llap I, Ue lly<c fip IL el
n'H Mk(n)+l n"H ¥ Mk(.n)+l . n'H MkLn)+l Mk(n)+l!l nl'H
“Dn’gl =1 (keN) (6] and MkLn) +1=0(n) complete the proof of ii/.

iil/ For the case LI(G ) it is enough to see the Vilenkin polyno-

mials Dy (neN). It is showed in [5], that
n
“dDMnll)I (6‘)\1 - (dDMn\ du>CM_log m_ _; (neN) , namely iii/
n-1 n )
is true for L(G ). It is clear that “r Dy ll = llpy ;=1 (neN) , and

not hard to check that (d(r Dy )) x)= (dD )(x) (xe€ In_l(O)\I (0)). Obvi-

ously r D, € P, . Since ﬂfll >ﬂfll1 (feH(G )) , therefore iii/ is
n n
valid for H(G ) . Let

=1

"
kZ=‘1 k (rj(lej)) E

if xe€ xntlej) (0¢jen, 0¢ £<mj)

m,-1

‘ki_'l ey e) ¥|

o] otherwise.
. By elementary computation we have

Obviously p, eP, and [p, I, =1
n  n n

nel m,-1 m,-1
(dpMn(H =!Z=' Mjmgl g;o pM (Lej)% kz-_jve—j)'kl=

-lm -1
2 1

- L;J_-v[kz k(xj (Ley)) [>cMn i Zj'l "‘n- ;

>cM_ log m _, (neNN{o0}).

iii/ is proved.
iv/ Define the sequence m inductively as follows mo:=2 '

M
m =2 " (nenN\{O}). Thus log Mn=0(log mo_y) (neN\(0}) . Let
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D if v(G) =L(G,)
1= r D if Y(G) =H(G,)
e if ¥(6)=c(G,) (nenw),
Applying the estimations verified above we obtain that

udq2M u ( )
M ST M »:C neN) .
n 1og n"IZM “Y

Theorem 2 jg proved.
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