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1. We will make use of the following equations involving
the Stirling numbers of the second kind & (see e.g.[g].[:LO]):

("*1)" = g 6n-r:l.,m-b]. (l’;) s
kﬁ&(nil) Gk,m'(m"’ﬂ Gn-c-:l..ﬂl-c-l (for @rqafs soa [7]).

2. Let V denote a linear operator in a finite dimensional
Space., The eigenvalues ak (k:O',_m') , each one of order Fiet of
the operator V make the spectrum G(V).

B G ; 6 is an analytic function upon an open set containing

the spectrum ©(V) then the following Lagrange-Sylvester’s

formula holds n r,=1 ()
IO NP WD i A ) S OO

k=0 j=0 i!

where Hk'J(V)x-(V- akI)ij(V) and H, (-) is the Hermite inter=

Polating polynomial satisfying the conditions
Hk(ai)u rsi'k for i,k=0,m,

H N =0 for k=G7h and 3=0;r -1 [4].

3. As usual, p, | (X):= ('l:) xK(1-x)"k  ith x€<0,) and
Bm(f):-Bmf, B, f(x) := E':_‘b f(-:%-) pm'k(x).
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P.C.Sikkema [11] proved that for any natural m the powers
Bmp of the Bernstein operator B (see e.g.[S]) tend uniformly

to B, as p—> oo,

1
In 1930 L.V.Kantorovié defined (see e.g.[S]) the operator
Kan which maps any Lebesgue~integrable function f€ L(O 1) into

the polynomial K_f due to the formula

Kpf(x):= (m+i) i; fm.kpm'k(x)
+1

where f ,:= jm*l f(s)ds.
mel

Lately many authors have dealt with the Kantorovié opera-
tors K (e.g.[l],[z],[s],[al.[12]) that are close to the B
for K F=(B_  ,f)” where F denotes an indefinite integral of f,
i.e, F°=7, Now, from the Sikkema®s theorem or from Korovkin®s
simplification theorem one can easily obtain

Theorenm 1, Kmp-—)Ko as p—> &0 ,

In the next part of this paper we“ll give another proof
of this result, in Part 5 we ll extend the presented method

to some Bernstein-Stancu operators (for the excellent survey

of them see [3]).
4, Fix a natural m and write K instead of-Km.

At any point x€{0,1) we have Kf(x\-(m+1)A1TY where

A,' is the transposition of a column Aln(Al(O),Ai(l),...,Al(m»,

1
A, :=N"1C,
N:= [(a)] is the low triangular matrix of the Newtonian

coefficients (E) , J.k=0,m,

C}L:-fmeﬁ is the /L-th component of a vector C,/L-O,m.
v(k):= (E)xk is the k-th component of a vector Y, k=0,m,
Because A, (k)= . (-1)k1ﬂ'(k) c 80
Alk)= 3 ] A
p=0
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|<2f(x)==|<{|<f(x)} -K{(mu)ﬂi:;) Cp P k(%) =

-(m+1);E:b 2“ pm'k(x)- m+1 AzTY, where
1

D, 3= E%I‘i Kf(s)ds = ;g% Al(j\(:)(m+1)"3'1 Eég (311)}41 ’

Az(k):-'a% (-1) kM (}'f)c:“ = J;O vik,3)A, (1),
v(k,3):= B(k,3)v(0,3),
B(k,j\:-(k+1)!€53+1'k+1 by Part 1,

V(O-J) = aJ/(J+1)! ’

kazav(j,j)- (n+2)"3 mi/(m=4)! 4s the j-th eigenvalue of the
upper triangle matrix V:-[V(k.Jﬂ, k,j=0O,m .
This way we obtain the formula

Kpf(x\-(m+1)ApTY

where A_:=vP~1a Hence lim Kpf(x)-(m+1)UTY, where
P pres

1 -
U::ZAlnFC,
F:=zN"1 and
Z:= lim VP,

Pﬂ.‘
so our task is resolved into the determining the matrix Z.
The spectrum (V) has exactly m+l1 different positive ele-~

ments 30,31,...,3 and the greatest one of them is ao=1>

m
)}J for J-ﬁ , 80 applying Part 2 with ¢(3):-ap we get

=9\
= 1=t

for the Hermite interpolation is reduced to the Lagrange inter-
polation.

V is an upper triangular matrix, so Z(k,j)=0 for j=0,m
and k=I,m . Obviously, z(0,0)=1. Assuming Z(0,i) =m!/{(m-1)! (1+1)}
for i=0,3j-1, by induction and using formulas from Part 1 we

conclude that z(0,3)= (?:i)/(m+1) for j=0,m . Now it is easy
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to see that U= ( O.flf(s)ds/ m+1.0,...,0) what makes the proof

complete.,

S. The presented method can be applied to the Bernstein
operator Bm (its two greatest eigenvalues are equal to,l) as
well as to some other Bernstein~type operators,e.g. two Bern=-

stein-Stancu operators La and Rm defined as follows
. k
L f(x):= :;_é f(753) P, 1 (%) -
m

Raf(3) = 32 F(3T)P, (%)

provided f has its values at every point given above. Both La
and R_ can be obtained by applying the trapezoid rule well-
known in the numerical integration. Proceeding as in Part 4 we

get the following
Theorem 2. L_Pf(x)—> f(0) and R _Pf f(a at
n 05T a FXERTE)

every point x€<0,1).
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