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On Martensen Splines

FRANZ-JURGEN DELVOS

Martensen [5] introduced a method of minimal Hermite spline interpo-
lation which is a special case of the more general result presented in [1]
and [6]. We will construct the fundamental Hermite splines for a uniform
mesh and derive an integral remainder. Using Boolean methods (see [3],
[6], [4]) we will construct tensor product and blending Martensen splines
which are an alternative to the spline spaces discussed in [7].

1. Fundamental Hermite Splines

The linear space of polynomial splines of degree p with breakpoints kh,
h >0, k € Z, is denoted by S[,LH. Martensen spline interpolation is a Hermite
type interpolation method (see also Nuernberger, Dahmen and all., Bojanov)
which extends piecewise linear interpolation in the most natural way. We first
consider the explicit construction for cardinal splines S, ; = Sp41.
Let
Go(z) = 25

be the Heaviside function. The backward difference operator is defined as
Vi) =fz) - flz-1).
Then .
Gi(x) = / VGo(s)ds =z} — (z —1)}

is a spline from Sy satisfying the interpolation conditions
G1(0) =0, Gi(1) = 1.
The construction is continued by recursion.

Theorem 1. The function

Golo) = [ VGl
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is a spline from Spi1. It satisfies the interpolation conditions

DiG,(0) = 0, j=0,...p—1,
DJGP(p) = Oa .7 = 13 P ]-a
Gp(p) = 1L

Proof. The assertion is true for p = 1. By induction we have

0, z<1
Gpl(x):{l r>p—1

This implies
Gp(z) =0, x <1

We have for x > p

-1

Gp(z) = /:1 Gp_1(s)ds — /:1 Gp_i(s—1)ds = /:1 Gp-i1(s)ds = 1.

This completes the proof.

To construct the fundamental Hermite spline functions we define first

Goal@) = Golw) = [ VG,i()ds

— 00

and then, by triangular recursion,

Gy p() = [ Giorpoa(s — 1)ds — [ Giorpor(s — 1)ds - Go ()
for 0<i<p, p>1
Theorem 2. The functions
Gop(2), Grp(@), ., Gp1,p(T)

are the fundamental Hermite splines from Spi1 which satisfy the interpolation
conditions

DGy p(0) =0, DGy p(p) = 51, k,j=0,..,p—1.

Proof. We apply induction on p and assume ¢ > 0, p > 1. We have for
k>0

14
Dka)(x) = DkilGi_Lp_l(S — 1) — / Gi_lm_l(s — 1) ds - DkG07p(.I)
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which implies
DFG; ,(0) =0, DEG, »(p) = D" Gy pr(p — 1) = .
We have for £ = 0:

0 p
Gi7p(0) = / Gifl)pfl(s — 1) ds — / Giprfl(S — 1) ds - GOJ,(O) = 0,

P p
Gi,p(p) = / Gi_l,p_l(s - 1) ds — / Gi—l,p—l(S — 1) ds - G()’p(p) =0.
This completes the proof.

Consider the spline F; € Sy defined by
Fila) = {é_l)(icvu,p(p 7, w20
ip(p+ ), x <0.
It is uniquely defined by the interpolation conditions
D*F;(0) = 6;, DFFj(—p)=0, D'F(p)=0, 4,k=0,..,p—1.
Then we define My (f) € Sk, | by

co p-—1

My (f)(z) = Z ZDif(hrp) [hiFi(h_l(x — hrp))].

r=—o00 i=0

The global scaled Martensen operator M}, is uniquely defined by the interpo-
lation conditions

DMy, (f)(hrp) = D' f(hrp), i=0,...,p—1, reZ.

2. Remainder Formulas

We consider first the cardinal remainder operator

M(f)(@) = f(z) — M(f)(2).
Recall the Taylor formula
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Note that M), reproduces splines from S,4; and in particular polynomials of
degree at most p. This implies

M(f =T(f))(x) = f(z) = M(f)(x).

Thus, we have

- ZDif(O)f,—: - /0 @=s) ;f” D f(s) ds
=0 ’ ’
pP— 1 —1

M(f—T(f))(x):/Op l =) Gip(w)| DY f(s) ds

=0

Hence, the Peano kernel of the remainder functional f(z) — M(f)(x) is given
by

K(z,s) = @ ;!S)+ —; (p(p—)i—)~_' Gip(z), 0<z<p.

Let us consider now the remainder of the global scaled Martensen interpo-
lation:

f(@) = Mu(f) (@) = pn(f)(h x) = M (un(f))(h )
_ /pK(h_lx,s)Dp“uh(f)(s)ds _ /pK(h_lx,s)hp+1(Dp+1f)(hs) ds
0 0

ph
=hP K(h™ 'z, h='2)(DPT f)(2) dz
0

Thus, we arrive at the following.

Theorem 3. Assume f € CPTH(R) with |[DPT!f|| < occ. Then

=l < o G = s [
z<p

3. Bivariate Martensen Splines

Next we consider tensor product Martensen splines and follow the represen-
tations in Haemmerlin-Hoffmann, Nuernberger, and Delvos-Schempp. We in-
troduce the parametrically extended operators for functions of bounded mixed
derivatives f € CP~1P~H(R?) :

My, ZZD’O (Iphe, Y)Win, (x — Iphy),

i<p

My, (f)(z,y) = Z > DO f (@, U'phy) Wi, (y — U'phy)

U i'<p
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with
Win, (z) = BLF; (hy'z).

The interpolation properties of the parametrically extended Martensen opera-
tor are given by:

DM, (f)(Iphe,y) = DO flphe,y), i <p, l€Z,
DM, (f)(@,Uphy) = DO f(a,Uphy), i <p, I €L,
Then we define the product operator

My, My, (f)(z,y) := Mp, My, (f)(z,y)
=333 DU fiphe, Uphy) Wi, (x — Ipha) Wi, (y — U'phy).
l

I i<pi'<p
It has the interpolation properties
D@ My, My, (f)(Iphg, U'phy) = D@ (iph,, U'ph,),  i,i' < p,1,l' € Z.

The remainder operators are also parametric extensions:

hap
My, (f)(z,y) = h? (hy 'z, hy ') DT £ (s ) ds,
0
hyp
My, (f)(x,y) = Wb K(hy 'y, by t)DOPTY f (1) dt.
0
Since
My, My, = My, + My, — My, Mp,
and

A4ﬁxA4ﬁy(f)(x7y)

hzp hyp
=hP hfy’/ K (hy 'y, by ") K (hy '@, by s) DPHLPTD £(s 1) ds dt,
0 0

we obtain

Theorem 4. Assume f € CPH-P+1)(R2) and

HD(p+1,0)fHoo < o0, HD(O’pH)fHoo < oo, |‘D(p+1,p+1)fHoo < oo,
Then we have

F— My M, (f)||_ < R2FIC,|[D@HLO f|| 4 pptY|| DOPTD ¢
Y 0 p 0o Y o
+ h§+1 h§+1 C£||D(p+1,p+1)f||oo'
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Blended bivariate Martensen interpolation is defined by the Boolean sum
Mhm D Mhy = Mhz + Mhy — thMhy-

The interpolation properties of the blending Martensen operator are given by:

DUOMy, & My, (f)(Iphe,y) = DO flphe,y), i <pleZ,
DOOM,, @ My, (), Uphy) = DO f(x,Uphy), ¥ <pl € L.
Since
My, © My, = My, My,
we obtain

Theorem 5. Assume f € CPF-PTD(R?) and || DPTLPHD fl| < oo, Then
we have

1 = My, & Ma, (£)||, < BEFH R CR D0
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