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Analyticity of Moduli of Continuity

O.A. DovcosHEY AND L.L. POTOMKINA *

For any real-analytic function f on a closed interval of the real axis,
Perelman [3] showed that the modulus of continuity of f is an analytic
function on a neighborhood of the origin. We study conditions of ana-
lyticity for a modulus of continuity of piecewise analytic functions.

1. Introduction and notation

The modulus of continuity is one of the main structural characteristics of a
function, and questions associated with the study of the modulus of continuity
are considered in a great number of works (for example, see monographs [1],
[4-8], and the bibliography there). In particular, it was proved in Perelman’s
article [3] that for any real-analytic function f(x), defined on a closed interval
of the real axis, the modulus of continuity w(f;d) is an analytic function at
zero. The subject of this report is the analysis of conditions of analyticity for
the modulus of continuity of piecewise analytic functions.

As is well-known, the function f : [a,b] — R is real-analytic (r.-a.) on
[a,b] if it is analytic at each point = € [a,b], i.e., if it can be expanded in
convergent power series in a certain neighborhood of . A continuous function
f i [a,b] — R is piecewise analytic (p.-a.) on [a,b], if there is a partition
a=1z9 < 21 < .. < Tpt1 = b such that the restrictions f|[;ci,x,-+1] are r.-a.
functions.

Let f(z) be p.-a. function with a right derivative f/.(z) and a left one f/(z).
Let us denote

| f(a)], for z=a
O(x) := { max {|f} ()| |f/(z)|}, for x € (a,b)
FHQIF for x =b,
and
m:= sup O(x), (1)
z€la,b]
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My :=A{z €a,b): |fi(x)| =m},  Mi:={z € (ab]:[f{(z)] =m},
M := M, U M,.
Since f(z) is p.-a. function on [a,b], the relation M # @ holds. For each

to € (a,b] and every sufficiently small ¢ > 0 the function f/(z) is expanded on
[to — &, t0] by Taylor’s formula

fi(z) = fi(to) + ku(z — o)™ + o(z — o)™,

where d; = dy, is the multiplicity of the zero of the function (f](x) — f/(to)) at

to, and
1

1+d
k’l = klto = (TN ( + l)(to).
If for each = € [ty — €,t9] we have f/(z) = f]/(to), then we set dy, := o0,
kit := 0. Analogously, for ty € [a,b), let d, = dy¢,, kr = krty. Then
(@) = f1(to) + ke(x — to) ™ + o(z — to) ™.

Let the function d(x) be defined on the set M by

diz, for x € M;\ M,
d(z) = { max {diy;d,.}, for z € M;NM,
dygs for x € M, \ M.

Let : be the symbol for the binary relation, defined on N U {co} by the

rule: (a : b) if and only if either @ and b are natural numbers and b divides a or
a = oo and b is an arbitrary element of NU {co}.
Let us introduce the following notation

Dy =M NM.N {.13 S (a,b) : f,ﬁ(l‘) = fl/(-T); ‘l(dlz drac)v -|(de dlw)}7

i.e., for z € Dy no one from the “numbers” d,.., d;, is a “divider” of the other
one and f/(z) = f/(xz) = £m.
Assume that

d := sup d(x), (2)
reM

and
Mg = Myn{z € (a,b] : dip = d}, Mg, = M, N {z € [a,b) : d,, = d},

My := Mg U Mg,.

Let the function k(z) be defined on the set My by the following rule: If
d = 0o, then
Vo € My k(x) =0, (3)
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but for d < oo

|kiz|, for x € Mg \ Mg,

ey e 4 bl ) for € Mot Mar and () = £1(0)
max {|kiz|; |kra}, for v € Mgy N Mg, and f/(x) = —f.(x)
[kral, for x € Mg, \ My.

2. Main Results

Theorem 1. Let f(z) be a p.-a. function on [a,b]. If either

sup d(z) < sup d(z)

zE€EDN z€M\Dn
or
sup d(x) = sup d(z but inf  k(z)> inf k(x),
s (z) xer)DN (z) et (2) b (z)

then w(f;9) is analytic at zero. If either

sup d(z) > sup d(z)

z€DN zEM\Dn
or
sup d(x) = sup d(z but inf  k(z) < inf k(z),
ZGI?N ( ) zeM\pDN ( ) z€DNNMq ( ) zeMg\Dn ( )

then w(f;0) is not analytic at zero.

Remark 1. If Dy =0 or M \ Dy = (), then we have supd(z) = —co.
€D

It is clear that sup d(z) < oo, and the relation d = co is equivalent with
rEDN
f'(x) = m or f'(x) = —m on an interval (a;,b1) C (a,b). Let I be a set of
points in (a,b) where f(z) is not analytic. Clearly Dy C I and f(z) is r.-a.
function if and only if I = ().

Proposition 1. Let f(z) be a p.-a. function on [a,b]. If

Vee MNI:(fi(z)=fl(z) = ((dm “diz) V (dig fdm)) ,

then w(f;0) is analytic at zero.
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Remark 2. Perelman’s theorem about analyticity of the modulus of con-
tinuity of a r.-a. function is a special case of Proposition 1.

Proposition 2. Let f(z) be a p.-a. function on [a,b]. Suppose that M
consists of a single point x¢ € (a,b), and that fl(xo) = f{(x0). Then w(f;d) is

analytic at zero if and only if either dyy, : dipy 07 digy Ay -
Corollary 1. Let f(x) be a r.-a. function on [a,b] and
H@)=f)],  folo) = fe(@),  fs(z):=f-(2),
where fi(x) = 3(|f(@)|+f(2)), f-(@) = 3(|f(2)| - f(x)). Then the functions

w(fi;9), 1 =1,2,3, are analytic at zero.
Proof. If x € I, i=1,2,3, then

fale) fin (@) (fir(2) + fi(z)) = 0.
This implies Dy = @ for each .

Corollary 2. Let fi(x) be a r.-a. on [a,b] and let fo(x) be a r.-a. on [b,c]
such that f1(b) = fa(b). Let f(x) := fi(x) on [a,b] and f(x) = fa(x) on [b,¢].
If the angle between the arcs y = f1(x) and y = fo(x) is not equal to zero, then
w(f;0) is analytic at zero.

Proof. The assertion follows from the condition f](b) # f(b).

Corollary 3. Let f be a spline of order m < 3 or a spline with defect d = 1
on [a,b]. Then w(f;0) is an analytic function at zero.

The proof follows from the definitions of order and defect of a spline function
(see, for example [2, p.7]).
Let

= inf
k Jnf k(x), (5)

where k(z) is the function defined by (3) and (4).

The following theorem gives some information about the modulus of conti-
nuity of an arbitrary p.-a. function.

Theorem 2. Let f(x) be a p.-a. function on [a,b]. Then there are a
natural number s = s(f) > 1 and a positive number ¢ = e(f) > 0 for which
w(f;6) can be expanded on [0,¢€] in a power series of the variable (51/5). The
formula

k S
w(f;8) = méd — madJrl +O(5d+1+1/ ),

holds, where the constants m,d and k are defined by formulae (1), (2) and (5).
If the function w(f;9) is not analytic at zero, then

d>3, s<d-1, d+1+4+-2>

®w |~
\C)iNe}
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Corollary 4. Let f(z) be a p.-a. function on [a,b]. Then there is € =
e(f) > 0 such that on (0, €] the function 6~ 'w(f;d) is nonincreasing and w(f;J)
18 concave.

Example 1. Let

f’(x):: 1—22, for —1<z<0
1—23, for 0< 2 <1.

It may be proved, that on a neighborhood of zero we have

Y9(9)  Y3(0)

w(f;0) =0 — 3 T

where

In2 — 4
An?2 4+ 3n+2

n-

Y(0) =Y ka2, k1=1, ky= —gr o Rnpa =

n=1
Hence, on a neighborhood of zero

52, 3
50 2592 95
w(f;6)=0 1 +35 2(5 + ..

Consequently, the constants in Theorem 2 and Corollary 3 are exact.

The following theorem is about analyticity of the modulus of continuity
wi(f;6) of order k, for natural k > 2.

Theorem 3. Let f(x) be a r.-a. function on [a,b], and let k be a natural
number. Then w(f;0) is an analytic function at the origin.

The following lemma is used for the proof of Theorem 1.

Lemma 1. Let f(x) be continuous on [a,b], and 0 < § < b—a. Assume
that x1, xo is a pair of points, for which

w(fi0) =I[f(z1) — f(x2)],  O0<z1—22 <6, [21,22] C (a,b).

If f is differentiable at the points x1 and xo, then f'(x1) = f'(x2), and if we
have f'(x1) = f'(x2) # 0, then 1 —x2 = 0.

We can prove an analogous lemma for the modulus wy(f; ) with k > 2.
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