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A New Modulus of Smoothness for
Trigonometric Polynomial Approximation

BorisLAv R. DRAGANOV *

The rate of convergence of best trigonometric approximation in L, and
C-norm is characterized by a new modulus of smoothness. This modulus
equals 0 for all trigonometric polynomials up to a given degree.

1. Introduction and Main Results

The approximation by trigonometric polynomials is well investigated. The
rate of convergence in uniform and integral norm was described by the classical
modulus of smoothness due to D. Jackson, S.N. Bernstein, A. Zygmund and
S. B. Stechkin (see for example [4]). This result was extended by Shapiro [5] and
Ditzian [2] to any Banach space of 2r-periodic functions for which translation
is continuous isometry.

Let B be a homogeneous Banach space of 2m-periodic real-valued functions.
We denote by T, the set of all trigonometric polynomials of degree at most n
and put

T o : _
E, (f)B = Te%me If—lz

for the best trigonometric approximation. It was shown by the authors men-
tioned above that for f € B we have

By (f)p < Crwe(fin™)s,

we(fit)p < Cot™ Y (k+1)"T'EL(fls,  0<t<t,
0<k<1/t

where w,-(f;t)p is the classical modulus of smoothness defined as follows

Wr(f§t)B

sup [|ALfl B,
0<h<t
T

S0 () o+ 2= k),

k=0

nf (@)
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Let B denote Li[—m, 7], 1 <p < oo, or C*[~m, 7] where

Ly[-m,n] == {f:R—=R: f(x+27m) = f(z) ae., fll_rnx € Lp[-7,7]}
C*=m,m| = {f € CR): f(x +2m) = f(2)}.

It is interesting to construct a modulus-like function wl'(f;t), associated with
best trigonometric approximation such that for f € B we have

wr(fit)y=0<= feT (1)

(here and further f € T,_; in L,-spaces means that f coincides a.e. with a
trigonometric polynomial of degree at most r — 1; we use such a stipulation
in similar cases as well) and w! (f;t), characterizes the best trigonometric
approximation like the classical modulus does. Thus, this new modulus of
smoothness describes more precisely (in the sense of (1)) the rate of convergence
of best trigonometric approximation than the classical one. The definition of
this new modulus, as we should expect, is more complicated. We shall show
that the modulus of smoothness defined by

wy (fit)p = S AT F i fllp r=1.2,., (2)
where
Fralfo) = 1)+ [ Koa(f(o - tyde 3)
0
and
r—1 a(‘rfl) ‘ 1)
’Cr—l(t) = ﬁlgj_l, a’j = Z (ll ...lj)2,
=1\ ’ 1<l <<l <r—1

satisfies (1) and the following theorem holds.

Theorem 1. Let f € B where B = Ly[-m, 7], 1 < p < o0, or B =
C*[—m,7|. Then

By (f)p < Crwog (fin™h)p,  n2r—1, (4)

and

Wl (Fit)p S G0 Y (k+ 1) 2EL (), 0<t<?i. (5)

r
r—1<k<1/t

In particular, (4) gives the trigonometric analogue of Whitney theorem [6],
as it was observed by Bl. Sendov.
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Theorem 2. Let f € B where B = Ly[-m,7], 1 < p < o0, or B =
C*[—m,m|. Then

Eq 1(f)p < Cowyy (Fin™ .

Let us observe that although F,._1 f is not generally a 27w-periodic function,
A,fol]-}_l f is. Unlike the various moduli which describe the best algebraic
approximation w! (f;t), is based on finite differences only of an odd order,
and consequently, w! (f;t), is connected with the (2r — 1)-th finite difference
not the r-th one. This is due to the dimensions of the spaces T, and II,._1,
respectively. To state our next main result we define the K-functional

Kl (fit)y = inf {|If —gll, + [ Drgllp} (6)
gEBZT 1
where we have put B = {g € B : g,¢,...,g¢"Y € AC*[-7,n],¢® € B},
AC*[—m, 7] being the set of all 2m-periodic absolutely continuous functions,
D.g = D,_1---D1g’ and D;g = ¢" + j2g. We have D,g = 0 if and only if
g€ Tr—l-
We write p(f;t) ~ ¥(f;t) if and only if there exists a constant C' > 0 inde-

pendent of f and ¢ such that C~to(f;t) < (f;t) < Cp(f;t). The following
result holds.

Theorem 3. For f € B where B = Ly[-m,7], 1 < p < o0, or B =
C*[—m, m], we have
KL (fit)p ~wp (Fit)

where w! (f;t), and KX (f;t), are defined in (2) and (6), respectively.

A detailed version of this research paper is accepted for publication in Fast
Journal on Approximations.

2. A New Periodic Modulus of Smoothness

Let [a, b] be an arbitrary finite subinterval of the real line such that 0 € [a, b].
We write X = XJa, b] for any of the functional spaces Ly[a,b], 1 < p < oo, or
Cla,b], and X" = X"[a,b] for the Sobolev spaces Wla,b], 1 < p < oo, or
C"la,b]. We also write B for Ly[—m, 7], 1 < p < oo, or C*[~m,7]. Finally, B
will stand for W"[~7, 7], 1 < p < oo, or C*"[~7, 7|, where

W;T[_ﬂ—ﬂr] = {f € L;[_ﬂ—uﬂ—] : fﬂ"'af(T_l) € AC*[_WﬂTLf(T) € L;[_ﬂ-vﬁ]}a
C*"[—m,7] = {f € C*[-m,7] : f® € C*[-m,@], k=1,...,7}.

The proof of the main result is based on several auxiliary propositions. First
we consider the inverse of the bounded operator F, : X — X.
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Proposition 1. We have

Folg,x) =glx) — [ Lo(t)g(z—t)dt,
0
where
T ]2r
L.(t) =2 — sin jt (7)
= wr ()

and wy(z) =[], (z* — k?). Hence ;7' : X — X is bounded.

Formula (7) was pointed to the author by K. G. Ivanov. Let II; denote the
set of all algebraic polynomials of degree at most s.

Proposition 2. For F,, defined in (3), we have
(a) (Frg)?+V) = D, 19, g € X+,
(b) Fpor € gy, 7 €T,
(c) F;'P eT,, Pelly,.

After these preliminaries we can formulate the main result of the section.
First we introduce the bounded linear operator F,._1 : B — B, r > 2,

Froa(fyx) = Froa(fyx) + Poy_a(f, ),

where F,_; is defined in (3) and Ps,—o(f,z) = —Zi:lz ag(z + m)k/k! is
the unique algebraic polynomial of degree 2r — 2 such that we may have
(Fro1f)O(=7) = (Fr1 f)®)(m), s = 0,1,...,2r — 3, for any f € B> 3 and
hence ]?T_l : B — B®, seN.

Let I be the identity. For the sake of consistency, we set Fo = I (Ko = 0)
and Py = 0, and then .7?0 =1.

We introduce the following modulus of smoothness for a function f € B
and t > O: B

Wl (fit)y = war—1 (Fro1 fit)p, r=1,2,...,

where wo,_1(F;t), is the classical periodic modulus of smoothness of order
2r — 1. Let us note that Aff*l}},lf € B for any f € B and

G0y = swp [ATTIF Sl =12

In the definition of w! (f;t),, the quantity Air_l]?r_lf(x) depends only on
the values of f in a neighbourhood of  whose diameter diminishes with h. The
point 0 in the integration limits of the integral operator used in the definition
of F,._1 has been chosen only for convenience — any other value can be fixed
and the definition of wl (f;t), is invariant of this choice.

Now (1) follows immediately from Proposition 2 (b)-(c) and the definition
of w! (f;1)-

The following equivalence result holds.
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Theorem 4. For f € B where B = Ly[-m,7], 1 < p < o0, or B =
C*[—m, 7] and any | € N, we have

inf {Hf - g”p + t27.+l_1||(d/d$)lﬁrgup} ~ W2r+l71(j}7’71f§ t)p'

geB2r+i-1

The proof of this theorem is based on the properties of the operator ]?r_l
(see the propositions above) and those of another bounded linear operator
E-_1: B — B defined by &, (F,z) = F, ', (F, ) + Qo (F, ) where Qa,(F, x)

is an algebraic polynomial of the form Q. (F,x) = Zirﬂ Br(z + m)* k!, de-
pending on F', such that &._1F € B® for any F' € B® for s =0,1,...,2r — 1.
Now Theorem 3 follows from Theorem 4 for [ = 0 and the definition of
W (f51)p-
It is easy to verify, using the definition of wl (f;t), and some properties of
the operator fr,l, that w! (f; t)p possesses the properties:

Lowl(f+g:t)p Swl(fit)y +wy (g;1), for f,g € B.
2. wl(cf;t)p = |clwl(f;t)p, cis a constant.

3. wi (fit)y Swi (fit)p, t <t

4. wI'(f;t)y, > 0ast— 0.

5wl (fit)y < (A + (r = 1)*)wi_y (fit)p, = 2.

6. wi(fit)p < 2|fllp and Wi (f;t), < t|f'llps f € B (Wl (f;t), coincides
with the ordinary modulus of continuity).

7o wh (fi M), < A+ 1)l (f3t),.
8. wl(fit)p < twl |(Dr_1fit)y, fe B r>2.

9. Marchaud inequality

u2'r‘

c , T .
w?<f;t>pgcrt%-l(/ “Mmjdwfnp), 0<t<e
t

where c is any fixed positive constant.

10. wl'(f;t)p = o(t* 1) = f e T,y and f € T,_1 = w!(f;t), =0,
1<p<oc

1L Wl (fit)y =O(* 1) = fe Wy —m,7],1 <p < co.

12. W' (f;t) = O 1) <= fPr=3) ¢ AC*[~m, 7], f?=2) € BV|[-m,7].
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3. Best Trigonometric Approximation

Now we can sketch the proof of our main result concerning the rate of best
trigonometric approximation in Ly[—m, 7], 1 <p < oo, and C*[~m,7].

Sketch of the proof of Theorem 1. To prove (4) we follow some methods
demonstrated in [1] and [3] and use the combination of some modified Riesz
operators

r—1 r—1
Ly =1-][T=Rjn) =) (-1) > Rjom - Rjn
Jj=0 =0 0<jo<--<ji<r—1
where [ is the identity and
n-1 k2 — 52 o
ij”(f’x):Z(l_n2_j2)Ak(x)’ n>j j=12...,

k=0
A (z) = Ar(f, z) being the k-th term in the Fourier expansion of f.
The inequality (5) can be proven similarly to its classical analogue.
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