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Decompositions of Hilbert Spaces:
Local Construction of Global Frames

MassiMO FORNASIER *

We introduce a decomposition of a Hilbert space H into a quasi-orthogonal
family of closed subspaces. We shall investigate conditions in order to de-
rive bounded families of corresponding quasi-projectors or resolutions of
the identity operator. Given a local family of atoms, or generalized basis,
for each subspace, we show that the union of the local atoms can gen-
erate a global frame for the Hilbert space. Corresponding duals can be
calculated in a flexible way by means of the systems of quasi-projectors.

Decomposition methods were introduced by Frazier and Jawerth [8] in or-
der to construct wavelet-type bases for Besov spaces. A general presentation of
this kind of methods was proposed by Grébner and Feichtinger [4, 6, 9] showing
how many different classical and widely used Banach spaces (LP-spaces, Besov
and Triebel spaces, Modulation spaces, Wiener Amalgams) can be constructed
by decompositions in local subspaces, controlled by global norms. Moreover,
the research of bases for these spaces based on decomposition techniques has
given extremely fruitful applicative results. The paper presents an abstract ver-
sion of the Grobner-Feichtinger construction for a Hilbert space H as common
skeleton of many interesting atomic decompositions (wavelets, Gabor frames,
Local Fourier basis) and useful tool for defining new types of bases [5, 7]. The
resulting bases are (structured) frames [2, 3] for H.

Let H be a separable Hilbert space.

Definition 1. A sequence {fn}nen C H is a frame for the Hilbert space H
if there exist two positive constants A, B > 0 such that

AFIP <D KA P <BIfI?, VfeH (1)
neN

The upper bound in condition (1) is also known as the Bessel condition for the
sequence {fn}nen and whenever it holds the sequence { f,}nen is said to be a
Bessel sequence.

*Doctorate in Computational Mathematics. The author wants to thank H. G. Feichtinger
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preparation of this work.
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Condition (1) ensures also that the frame operator S : H — H given by

SF=" AL, ) fn;

neN

is invertible. This implies that

F=S8ST1 = (f5 ) f

neN

The sequence {S~'f,}n,en is again a frame and it is called the canonical
dual frame of {f,}nen with a frame operator S~1. Since a frame is typi-
cally overcomplete in the sense that the coefficient maps {c,}nen such that
[ =2 nhencn(f)fn are in general not unique, there exist many possible duals
{futnen C H for which f = Y mentSs fu) fn. The redundancy of a frame can
play an important role in practical problems where robustness and error toler-
ance are fundamental as, for example, denoising, irregular sampling problems
or pattern matching. How to calculate in efficient way (approximations of) cor-
responding canonical duals for general frames is still an open problem [1]. The
following decomposition method provides also a novel construction of possible
duals and a useful tool in order to check whether a system is a frame.

Definition 2. A local construction or decomposition of the Hilbert space
H is a sequence {W;};ez of closed subspaces of H such that

L) H=3% e, Wi =A{Yjercrcifi: #F < o0, f; € W;};

L2) There exists N € N such that for all j € Z there exists j* C Z, #j* < N
with the property that

W, LW, VieZ\j*, #{i€eZ:jei*} <N.

L3) For all possible finite sequences {W,,,...,W, } one has
Z Wi, = Z Wi,
j=1 j=1

Assume also the existence of a sequence of invertible bounded operators
{Dj}jez, D; : H — H, such that D;(Wy) = W;. In such a case, in order
to define a decomposition, it is sufficient to give the couple (Wy,{D;} cz).
In particular, if D; = D7, where D : H — H is a unitary operator, then
we will say that the decomposition is coherent. One typical example is given
by orthonormal wavelet spaces [3]. Let us introduce now a generalization of
frames.

Definition 3. Let Wy C H be a closed subspace. A sequence {wg}kez CcCH
1s a local family of atoms for Wy in H if
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W1) There exists a sequence {cx}rez C (Wo)' and B > 0 such that

F=Y el Dol NP <BIFI?,  VfeWo (2

kEeZ kEZ

W2) There exists B > 0 such that

S ULYDP < BISIP,  Vf €W, (3)

kEZ

Remark. Since ¢, € (Wy)', for all k € Z, there exists 1/32 € Wy such that
ce(f) = (f,9)). We call {¢2}ez a dual of the local family {¢?}ez. Under
the assumptions (2) and (3), there exist A, A > 0, such that for all f € Wq

A2 <D KU < BIIFIP,

kEZ

AIFIP < DO UAODE < BIFIP

keZ
In particular, {1[),2};662 is a frame for Wy.

Definition 4. Given a decomposition (Wo,{D;};ez) of H we will call a
system of bounded quasi-projectors or a bounded resolution of the identity any
set P = {P;};ez of operators such that P; : H — W, and

Pl) ZjEZ PJ = IH;
P2) Y lIPifI? < Co | fI1%

The system is said to be self-adjoint and compatible with the canonical pro-
jections if
P3) P =P; Vj;
Pj) Pjomw, = P; Vj, where my, is the canonical projection on W.
Proposition 1. Given a decomposition (Wo,{D;}jen) of H such that
mw,; (W;) € Wi \W; and [rw,, mw,] = mw, 7w, — 7w, 7w, = 0 Vi, j, one can
always construct a system P = {P;};ecz with properties (P1-P4). In fact, if 7,
is the sequence of bounded operators given by

n

In— 7 = [ [T = 7w,),

Jj=0

then
n—1
Pn=Tn—Tn1=7w, |[(Ta—7w,), n >0, Po=1o,
i=0

defines a system of bounded quasi-projectors.
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Lemma 1. Let (Wo,{D,};cz) be a decomposition of H and assume that
a system of bounded quasi-projectors P = {P;};cz with the property of being
self-adjoint and compatible with the canonical projections is given. Then, for
all f € H,

Cr|IfII” < Z 155 11> < Ca || £117-
j€z

A more abstract class of resolutions of the identity can be derived as follows:

Proposition 2. Given a decomposition (Wq,{D;};ez) of the Hilbert space
H, the operator Sx(f) = D ez ™w,, (f) is positive, self-adjoint and invertible.
Hence, the operators given by P; = 7rW_7,S;1, J € Z, are a system of quasi-
projectors with P; = S;IWWJ. Vi, and for oll f € H,

CulfIP < D IPFIP < CollFI1P. (4)

JEL
Moreover, if [tw,,7w,| = 0 Vi, j, then the system has also properties (P3-P4).
Proof. Cotlar’s lemma and L2) ensure that S is a well defined continuous
operator and that the convergence of the series is in the strong operator topol-
ogy. Let us consider V,, = Z?:o W; and let P, be the set of the permutations
on {0,...,n}. For all k£ € {0,...,n} one can define the equivalence relation on

P,, given by
o~ o o, .o ) =10, ...,0L}

Let [P,)r =P/ ~, and define the sets
1
Qro = (Wo, + .+ Wo, )" (\Wor, (][ ) Wons

for all k € {0, ...,n} and o € [P,]i, where “L” is taken in V,,. The spaces Qy »
are closed and such that V,, = Gak,ae[lpn}k Qk,o. Hence, for all f € V,, one has

177 =" > lme.. fI*

k,UG[Pn]k

Moreover, Q.o (YW, # 0 if and only if Qx » C W,. Let us define the set

Qj :={(k,0):0 € Pylk, ko C W;}.

One has
lmw, f1P =D lmge, fI?

(k,0)eQ;

Yo lme PSS Y0 lmae 1P =D lmw, fIP
j=0

k,0€[Pnlk =0 (k,0)€Q;

and
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By property L2) and by definition, one has that #{j : Qx» C W,} < N and

then .
Z Z Hm@k,afHQ <N Z ||7T(@k‘o-f||2'

7=0 (k,0)€Q); k,0€[Pp]k
Hence, for all n € N and all f €' V,,,

1112 <Z||7TW DIF < NI (5)

Clearly, V,, C Vi1 and H = [J,,.y V. (L1). For all n € N and all f € H one
has by (5)

v, £I1* < D llw, (v, I < N, £ (6)
j=0

Since W; C V), for all j € {0,...,n} then my, (my, f) = 7w, (f). By taking the
limit for n — oo, (6) extends to

AP < D lmw, (D17 < NI,

jEN

for all f € H. Hence the operator S is positive, self-adjoint and invertible and

f=88F =Y mw, (57 )

JEL

(P1). Moreover, formula (4) holds (P2). Observe now that S; ' commutes with
mw, if and only if S; commutes with my,. In particular, if [wwj ,w,] = 0, then
Sz commutes with my, for all j and hence P} = P; (P3), and P;(mw,) = P;
(P4).

Theorem 1. Consider a decomposition (Wo,{D,},ecz) of H such that there
exist two positive sequences (o) ez, (Bj)jez with a; < B, for j — oo, and
such that

o [IF1* < ID;FI* < B I fI*, - ¥F € Wo, Vs € Z.

Assume also that a system of bounded quasi-projectors P = {P;} ez with prop-
erty (4) is given. Let {¢{}rez C H be a local family of atoms for Wo in H.

Then, for all f € H,
F=Y (., Pr(D; ) ) Dy (7)

JEZ kETL

Moreover, if cﬂ,z’j(f) {f, P*( ) wk> then the sequence c¥ (f) = (clgyj(f))ﬁkez
has the property that for all &< a; < B

I (e, , zxzy < IS

1/z
&
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_1 _1
If {a; * Dy} kez is a Bessel sequence for H (B), then {€; * DY)} j kez is a
frame for H and the convergence of the sums in (7) is unconditional. More-
over, if {2} rez is a frame for Wy and a; < B; < 3, then condition (B) is
automatically verified.

Proof. First of all, observe that if {1)2}rez C H is a local family of atoms
for Wy in H, then {D;9y{}rez C H is a local family of atoms for W; in H. By
property P1), for all f € H, f =3".., P;f. Since P;f € W; one has

Pif =Y (P f,(D;") ) DR

keZ

F=Y ", Pr(D; ) ) Dy

which implies

JEZ kET
Moreover,
SO Ik, (OPG =D KPif, (DY) dR) g
JEZ KEL JEZ KEZ
<BY |IPifI*¢ 05 < CBG|f|.
JEZL

2 .
Dy} kez is

a Bessel sequence for H, one has immediately that {fj QDj’l/Jk}j’kez is also a
frame for H: in fact,

The lower bound estimate can be derived analogously. If {a 12p

T ( S (e 5;%<f,Djw2>) <CBGIIP Y .6 D).

k,jEZL k,jEZL

Assume, now, that {wg}kez is a frame for Wy. As a consequence

DD WD = 30D Kw, (1), D)

JEL kEL JELZ kKEZ

< BB |lmw,(HI* <BBN||f|.

JEZL

Hence, {D;¢Q}; kez is a Bessel sequence for H.

The abstract decomposition of Hilbert spaces technique makes easier to
check whether a system is a frame: under conditions which ensure the existence
of a local family of atoms, it is sufficient to verify that the (global) system is
a Bessel sequence. The construction improves flexibility in the possible choice
of duals, depending only on the choice of suitable systems of quasi-projectors
and local duals. Applications are given in order to derive flexible intermediate
Gabor-wavelet frames in a-Modulation spaces [5, 9] and in [7] where local
Circular Harmonic frames are used for efficient 2D pattern matching of digital
images.
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