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1. Introduction. Higher Order Convexity

Let (E,(-,-)) be an Euclidean space with the norm denoted by | - ||. Let
I = [a,b], a < b, be a real interval. Let C(I, E) be the space of continuous
functions, endowed with the sup-norm denoted by ||-||;. If ¢ : I - Rand w € F,
we denote by @w the function (pw)(z) = ¢(x)w. Consider the monomial
functions e;(z) :=27, z €1, j=0,1,...

If L:C(I,E) — C(I,E) is a linear operator, we denote

L= sup [IL(A)1-
Ifllz<1
For any f € C(I,FE) and any distinct points y1,...,y, of I, we denote by

[f;y1,-.. ,yp), the divided difference of f at these points.

Definition 1 ([2]). A function f:I — E is called convex of order k, k >
—1, if for any strictly ordered (increasing or decreasing) points x1,... ,Tpr3 of
I we have

<[f;x17"'7Ik’+2]7[f;$27"'7xk+3]>207 (1)
or in an equivalent mode,

1521, mrpe] +f5 w2, zas]| 2 520, mepa]l], (2)

for all t > 0. Denote by K*(I, E) the space of convex functions of order k.
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Remark ([2]). In the case E = R, f € K*(I,R) if and only if f or —f is
convex in the usual sense of order k.

This type of convexity is studied in [2]. In this paper we used only the
cases k = —1 and k = 0, when the convexity generalizes the positivity and the
monotonicity.

Definition 2. A linear operator L : C(I,E) — C*YI,E), k > —1,
is called convex of order k, if for any f € CFTY(I,E) such that f*+D ¢
K~YI,E), we have (L(f))**Y) € K=Y(I,E). In the case k = —1 the operator
L is called positive.

2. A Korovkin Type Theorem

Lemma 1. Let {L,}, be a sequence of positive linear operators, L, :
C(I,E) — C(I, E) with the property that

lim ||L,(e;w) —ejw|; =0, forallw e E, and j =0, 1. (3)
n—oo
Then, there is a positive integer ng such that | L,|| < 8, for any n > ng.

1 1 . b-a : ] .
510 196 1+‘a‘}. Since the space FE is

finite dimensional it follows that the limit in (3) is uniform with respect to w,
|lw]| =1, and j. In other words, there is a natural number ng such that

Proof. Let us denote p = min{

| Ln(ejw) —ejw|r < p, forallw e E, |lw|| =1, j=0,1, n > nyg.

Let us fix a natural number n > ng. Let f € C(I, E), || f|lr < 1. Suppose that
|ILn(f)|lr = 8. Let z € I be such that ||L,(f,2)|| = ||Ln(f)]lz. We distinguish
between two cases.

Case 1. For all @ € I we have ||L,(f,x) — Ly(f,2)|| < 55 Ln(f)ll1- It

follows that || Ly (f,z) — Lo(f,y)|| < 15 La(f)]l1, for all 2,y € I and also
Lo (f, 2)|| > %HLH(]‘)HI7 for all z € I. Define

Ln(f? a’) 4 /j,
w = o = Len(fra)ll, 9=

ILa(fsa) 5llEn(F>a)l 20— a)
We show that g € K~!(I,E). Let x,y € I and t > 0. Note that p > 6. We
have successively:

lg(@) +tg@)ll = llg(@)]l = t (lg(@)l — llg(z) — g(w)])

> (14 5= ol = 215 = 1)l = s g o]

zt(%u73) > 0.

((2b — 3a)€0 + 61)U} — f
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Since L, is positive it follows that L, (g) € K~1(I, E). But, on the other hand,

||Ln(g7a) + Ln(gvb)H - HLn(g,a)H
)
< |5uw = Lalf) = La(h0)|| = lliw = La(f.a)]

+ M[<3 + 2(Z|ﬁ|a))|Ln(€OW) —eow||1 + ﬁ”Ln(elw) _ €1w||1}
< NEn(fia) = LalfB)l = g1+

1 9
< 1lEn(Dlr = g5 1Ln(f; )l <O,

a contradiction.

Case 2. There exists « € I such that || L, (f, ) — Ln(f, 2)|| = 551 La(f)llz-
Define

1

o= éHLn(f,m)—i-Zan(f,z)H, w = @(Ln(f,$)+4Ln(f,Z)), g = peow — f.

We have
24

4
b > SILaF2)] = SILa(f ) 2 SIE) ] 2 5

For any x1,x2 € I and t > 0 we have:

lg(x1) +tg(@2)ll = llg(z)ll = t (lg(z)ll = lg(21) — g(=2)ll)

>t (pllwl =21 f @)l = 1 f(z2)]l)
> t(p—3) > 0.

Hence g € K~Y(I, E). Then L,(g9) € K~(I, E). But

[1Ln (g, x) + 4Ln(g, 2)[| — [ Ln(g, ©)]|
< 6| Ln(eow) — eow|[r = [[pw — L (f, 2|

< 6p — $ILalF. )~ Lulf )| < (Pl (60— 35) <0

and we arrived again at a contradiction. Therefore || L, (f)|l; < 8. The lemma
is proved. O

Theorem 1. Let {L,}, be a sequence of positive linear operators L, :
C(I,E) — C(I, E) with the property

lim ||L,(ejw) —ejw|r =0, forallw e E and j =0,1,2.
n—oo
Then, for any f € C(I,E) we have

i [|Lo ()~ fll7 = 0. (4)
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Proof. First, we consider the particular case where f € C%(I, E). Let ng be
the integer assured by Lemma 1. Let us fix a point x € I and set v := f'(x).
By Taylor’s formula,

Y

) = F(@) + (y— 2y + / (- (w)du, yel.

x

Now we choose a number p such that

16
> max {7 s (11 + (6= a)llo] + 1) }.
(b—a)
For any w € E with ||w|| = 1 consider the functions

hay := eof(z) + (€1 — zeg)v + p(er — zeg)*w and Gw = hy — f.

We claim that g, € K~ !(I, E). Indeed, let y;,y2 € I. Consider first the
case when y1 # x, y2 # x. For i = 1,2, put

Clearly ||T;]| < &[|f”||z. One obtains

(9(y1),9(y2)) = (1 — ) (y2 — 2)*[1* — p ((w, T1) + (w, T2)) + (11, T3)]
1 1
= (= @)%y — )% |12 = Sul "l = 15713] = 0.
For y; = x or ya = x the inequality above is immediate. Consequently, L,,(g.)

is positive.
Let € > 0. From the hypothesis there exists n, € N, n, > ng, such that

L (hw) — holl < Z for all w € B, |Jw|| =1, n> na.

Suppose that there is n > n, such that ||L,(f,z) — f(z)|| > 5. Consider, for a
choice that < £(a + b). Choose

Ln(f,z) = f(=) _ ILa(f,2) = F@)I]

= d A=
U L) — f@p P u(b—)?
Note that h,(x) = f(x) and
s e+ Il ol

wo—2)2 = ulb—a)
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It follows:

| L (9w, b) + L (g, ) || — ([ Ln (G, B) |
< ALy (Guws 0) + Lin(guw, ) || = AllLn(guw, 0)|
< 2|1 Ln(gws b) = Guw )| + | Ln (haw, ) — B (2) |
+ [[Aguw(b) = Lu(f, @) + f(2)[| = Allgw (D)l
S 2M((b =)ol + L @)+ L))
42 (L) — by )]+ L £ 8]+ 1)) + S = Mb - )

€ € 9
< — — - — —
< (Z+ 1+ G —a)lol) + 5 = Mb—2)%

e 1 9
- — A - <0.
< 1 2)\(b 2)*u <0

The contradiction that we obtained prove that || L, (f,x)— f(z)|| < §. From the
continuity of the function L, (f) — f it follows that there is a neighbourhood
V., of x such that

| Ln(f,y) = fW)ll <e, forally e INV,, n>n,.

Since I is compact, there are the points z1,..., %, € I such that I C V,, U
..UV, . Set ne := max{ng,,... ,ng, }. Then we have ||L,(f) — f||1 <e, for
n > ne.

_ Consider now the general case, when f € C(I, E). Let 0 < ¢ < 1. Choose
f € C*(I,E), such that || f — f|lr < 13- There is n. € N, n. > ng, such that

L. (f) = fll < 5, for n > n.. Then, for such integers n we have

IZa(f) = fllr S WLalf = Dllz + 1Zalf) = Flls + 1F = Fllz
<N = Flli +ILa(H) = flls <e. O

3. Simultaneous Approximation

In this section we give a generalization of the theorem of Sendov and Popov
on simultaneous approximation. The idea of the proof is the same as in [1].

Lemma 2. Ifa,b,v € E are such that ||a|]| = ||b]] = ||v|]| =1 and {a,b) <0

1
then max{(a,v), (b,v)} > -7
Proof. Let m := dim E. Suppose that m > 2 and a # —b, since otherwise,

lemma is obvious. Let {u1,...,u,;} be an orthonormal base such that u; =
m m

Hzig\l’ Uy = HZ:Z”. We have the representation v = Y \ju;, where > A7 = 1.
i=1 i=1
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We get

max{(a,v),(b,v)}
:max{)\1(1+<a,b>) A2(1—(a,b)) )\1(<a,b>+1)+/\2(<a,b>—l)}
lla + b la=bl " lla+bl la = b
M1+ (a,b)) | [Ao|(1—=(a,b))
la + o] la — o]

In this expression, let consider a, b be fixed and v variable. The minimum value
is obtained for Ay = —1 and A\; = 0, for 2 < i < m and it is equal to

1+ (a,b) 1 1
oY - /T (ab)>e——. O
TE R < NG

Lemma 3. If the sequence of functions { fn}n, fn € CY(I, E) is uniformly
convergent on I to the function f € CY(I,E), and if f,, € K°(I,E), n € N,
then for any subinterval [c,d] C (a,b), the sequence {f} }n is uniformly conver-
gent on [c,d] to f.

Proof. Suppose the contrary. Then there are a number A > 0, a sequence
(xk)k, Tk € [c,d] and a subsequence of natural numbers (ny ), such that

If (k) = (fur) (@) > A, kel

There is §; > 0 such that || f'(z) — f'(y)|| < . forall z,y € I, |z —y| < 6;. Put
§ :=min{d1,c—a,b—d} and p := £ Ad. Let k be fixed such that || f — fu, ||ja.0) <
p. Put g := f,, and

T Tr+0
T := / (9'(t) — ¢'(zx)) dt, Ty := / (¢'(t) — ¢'(zp)) dt.
kaé T
Since ¢’ € K°(I, E) it follows that (¢'(t1) — ¢'(zx), g(t2) — g(zx) ) < 0, for all

t1 € [a,xy), ta € (xk,b]. If we approximate the integrals T} and T by Riemann
sums we get from above that

(Ty,Tz) <0.

First consider that T; # 0, ¢ = 1, 2. Define

Ty Ty U
o= = vi= —,
(171 ]] | T2 ]

where u := 6(g'(zx) — f'(21)). By Lemma 2 we have max{({a,v),(8,v)} >
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f%. Suppose, for a choice that (5,v) > 7\%' We have successively

Tp+0 Tp+0

lotae +8) = S+ )] = e + [

Tk

J(6)di — fri) — /

Tk

@ dtH

> / " g - 7@ dt| - p

k

N[0 e | Aik+6(f/(xk)—f'(t))dt“—P

k

xr+0
| [ @ - rwd]| - 30 = 17l -3

k

= VITl? + [ul? +2 < To, u>—3p> \/HTzll2 + [lull2 = V2| T2 [lull - 3p
1 1

> — — A6 —3p > p.

> \/§| 7 p>p

Therefore we obtained a contradiction. In the case To = 0, then like as above

we obtain [|g(zx + d) — f(zr + )| > ||ul]] — 3p > p. Contradiction. Lemma is

proved. O

Jull = 30 >

Theorem 2. Let {L,}, be a sequence of linear operators L, : C(I, E) —
C™tY(I,E), r > 1, with the properties:

1) L,, are convex of order k for —1 < k <.

2) nhHH;O | L(ejw) — ejwlljap =0, for allw € E and 0 < j <7 +2.

Then, for any subinterval [c,d] C (a,b), we have

Tim ([(La()" = fOlieq =0, forall f€CT(IE).  (5)

Proof. Fix a subinterval [c,d] C [a,b]. For 0 < k < r, consider the points

ckpi=a+ %(c —a)and di, :=b— %(b —d). We prove by induction with respect
to 0 < k < r the following relations

. k
lim [|(Ln (1)) = (¢;0)® |l jep.a) = 0, (6)

n— oo

for all w € E, 0 < j < r+ 2. For k = 0 relations (6) are assured by the
condition 2) of the theorem. Suppose now that relations (6) are true for k <
r and prove it for £k + 1. Fix w and j. One can obtain immediately that
(ejw)*+2) € K=1(I, E). Since L,, is an operator which is convex of order k+1,
then (Ln(e;w))*™ € K=1(I, E). Tt follows that (Ln(e;w)) " € KO(I, E).

Indeed, let us denote g := (Ln(ejw))(k—H) and take the points z7 < z9 < 3
of I. For any s € [x1,x2] and t € [z2, 23] we have (¢'(s),¢'(t)) > 0. Then,

T2 xs3
by approximation of the integrals [ ¢’(s)ds and [ ¢'(¢) dt by Riemann sums,

Z1 X2
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we get f g'(s)ds f g'(t)dt) >0, that is (g(x2) — g(w1),g(x3) — g(x2)) > 0.

Ty o
Then using Lemma 3, we get relation (6) for k + 1.
Now, consider the operators

T _ #\r—1
U(g,x)::/ (agr_t)l)'g(t) dt, ge C(I,E), z € I; R, := (L,oU)"), neN.

If feC"(I,E) and n € N we have

iZ () e @) + 1) @
=0 j=0

From relations (7) and (6), (for kK = r and 0 < j < r — 1), it follows that in
order to prove the theorem it suffices to show that

Tim || R, () ~

For this we apply Theorem 1. Since (U(g))(r) =g for any g € C(I,E) and L,
is convex of order r — 1, it follows that the operator R,, is positive. It remains
to show that

lim [|R,(ejw) — ejwl|jc,q =0, forallwe Fand 7 =0,1,2. (8)

n—oo

For such w € F and j we have, after a short calculus, that

e = [ (G i (Do o)) 0

Now from (9) we can remark that relations (6) imply relations (8). O
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