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Best trigonometric approximation in homogeneous Banach spaces of
periodic functions is characterized by two moduli of smoothness, which
are equivalent to zero if the function is a trigonometric polynomial of a
given degree. The characterization is just similar to the one given by
the classical modulus of smoothness. The new moduli possess properties
similar to those of the classical one. One is based on the classical finite
differences but taken on a modification of the function and the other on
a modification of the finite differences but taken on the function itself.
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1. The Characterization of Best Trigonometric
Approximation

Let L,(T), 1 < p < oo, denote the space of functions with finite L,-norm
on the circle T = R/27Z, as we may actually consider C(T), the space of
continuous functions on T, in the place of Lo, (T). Best trigonometric approzi-
mation of a function f € B, where B is either L,(T) or C(T), is given by

EX (s = inf If —llp,

where T, denotes the set of trigonometric polynomials of degree at most n.

*The research was supported by grant No. 179/2010 of the National Science Fund to the
University of Sofia.
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The order of EI(f)p is estimated by the so-called classical moduli of
smoothness. To recall, the modulus of smoothness of order r € N is defined
by

wr(f,t)p = sup [|A}f| 5,
0<h<t

where the centred finite difference of order r € N of f is given by

T

1) = Y () 1o+ /2= 1), (1)

k=0

The following relation between EL(f)p and w,(f,t)p is a classical result in
approximation theory (see for example [3, Ch. 7])

EY(f)g < cw.(fin Y5, (2)
w(fit)p<et™ > (k+1)"'Ef(f)s,  0<t<t. (3)
0<k<1/t

Above and in what follows we denote by ¢ positive constants, which do not
depend on the functions in the relations, nor on n € N or 0 < t < tq.

Although (2) looks so nice, one is bothered by the fact that ET(f)p is zero
always when f is a trigonometric polynomial of degree n, whereas w,.(f,t)p is
zero only if f is a constant. To cope with this problem we have to modify the
modulus. First, in 1999 Babenko, Chernykh and Shevaldin [1] considered the
modulus

ol (f,t)s = sup |A.nfllB,
0<h<t

where the modified finite differences Khh are defined by

Arnf(@) = Aroip- - Arplnf(z), (4)
with
Ajnf(x) = f(x+ h) —2cos(jh) f(z) + f(z — h), i=1,2,...
This modulus has the property
o (f)p=0 < feT_1.

Babenko, Chernykh and Shevaldin [1] proved (2) with &I (f,t)p in the place
of the classical modulus of smoothness for the space B = Lo(T). Later Sheval-
din [11] added the case B = C(T) for r = 2. Quite recently, in [8], (2) and
(3) with @I (f,t)p were verified for B = L,(T), 1 < p < co. More precisely, in
[8, Theorem 1.1] it was established that

Ey(f)p <codf(f,n s, n>r-1, (5)
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SI(ftp<ctt S b+ )T EI(f)s,  0<t<,  (6)

r—1<k<1/t

=

for all B = L,(T), 1 < p < oo.

Meanwhile, the author introduced another modulus in [5]. It uses the
classical finite differences (1) but they are taken on a suitable continuous linear
transform of the function f. Namely, we set

r—1 T
Ar—1,j 2j—1
Fr— — )~ t)dit
@) = @)+ 3 s [P
j=1
where a,_1 ; are given by the Stirling numbers of the first kind
2r—25—1
a1y =Y (=17 s(r,m) s(r,2r — 25 —m).
m=1

Now, we define the modulus by

w! (f,t)p = sup [|AF T F 1 f[lB-
0<h<t

This modulus also has the property
WrT(ﬂ t)B =0 — f € TT'—l

and in [5, Theorem 1.1] it was shown that it characterizes EI (f)p just as in
(5)—(6) for B = L,(T), 1 < p < co. Let us explicitly point out that, though
generally F,._1 f is not 2mw-periodic, Air_lfr_lf is.

The purpose of this note is to extend the characterization of best trigonomet-
ric approximation by the moduli w! (f,t)p and & (f,t)s to any homogeneous
Banach space of periodic functions. Let us recall (see [9, Definition I.2.10]) that
a homogeneous Banach space (abbreviated HBS) B on T is a linear subspace
of Ly(T), having a norm || - || g, under which it is a Banach space such that

(a) The translation is an isometry of B onto itself, i.e., if f € Band t € T,
then fy € B and || fl|p = [|f|| 5, where fi(z) = f(z —t);

(b) The translation is continuous on B, i.e., for all f € B and ¢,ty € T there
holds limy s, [|f¢ = fiollB = 0;

(¢) B is continuously embedded in L;(T), i.e., there exists an absolute constant
a such that for all f € B there holds Hf||L1 <<a|flls-

L,(T) for 1 < p < oo and C(T) as well as the corresponding Lipschitz
(Holder) spaces are HBS on T. Let us also recall that (2)—(3) have been
extended to abstract Banach spaces and, in particular, to any HBS on T (cf.
[4], [10, Ch. 9] and [12]).
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The concept of HBS’s was introduced by Shilov [13]. However, we can
observe a similar abstract approach in the definition of almost periodic functions
by Bochner and Neumann [2, Definition 1] (see also the references cited there
and [10, p. 200]).

The modulus &X' (f,t)p is well defined in the setting of an arbitrary HBS
on T. However, the operator F,_; in the definition of w!(f,¢)p has to be
modified a little to ensure that its image is again in B. For L,(T) this was
done in [5] by adding an appropriate algebraic polynomial operator of degree
2r — 2 to Fr_1 to get that the image is again 2m-periodic. However, this
construction does not make it evident that the image is again in B in the case
of an arbitrary HBS. We can settle this general case if we succeed to modify
Fr—1 so that it becomes a convolution operator. Below we give the details.

Let BbeaHBSonT, f € Band X € Li(T). Then the convolution between
X and f

1
Ko o) = 5 [ K =) dy
™ Jr
is an element of B and

13+ flls < 1Xl[Ly ey £ (7)

(see [9, Problem 1.2.13]).
We define the function a € Ly (T) by

a(@) = slalr—lal), @€ [-ma] 0

Let us denote by X*¢ the convolution of X € Lq(T) with itself s times, s € N.
We replace the operator F,_; in the definition of w! (f,t)p with §,._1 : B — B,
defined by

r—1

Sr—1f=[f+ Zarq,j al o« f 9)

j=1

and set

w?(f7 t)B = Ssup HAirilgrfl.f”B-
0<h<t

Redefining w! (f,t)p in this way does not give rise to any ambiguity because
Fr_1f and §,_1 f differ with an algebraic polynomial of degree 2r — 2 for any
f as it follows from [5, Proposition 4.9(a)] and Proposition 1 below.

The kernel a has very simple Fourier coefficients:

5 keZ\o},
a(k) =4 (10)
%, k=0.
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As usual we set for f € B

f) = 5= [ 1w ay ke

Let Bbe a HBS on T. Then, as is known, the set of trigonometric polynomials
in B is dense (see e. g. [9, Theorem 1.2.12] or (14) below). We set

EX(f)p=_inf |f-7l|s5.

Te€T,NB

Our main result is the following characterization of EL (f)z by means of moduli
of smoothness that are invariant on the trigonometric polynomials of a given
degree.

Theorem 1. Let B be a HBS on T and f € B. Then

EN(f)p<cwf(fin s, n=r—1, (11)

and

Wl (fit)p <et™™h > (k+ 1) PEL(f)p,  0<t<
r—1<k<1/t

S| =

(12)

The same relations hold with X (f,t)p in the place of Wl (f,t)p.

In the next section we shall give a proof of this theorem. There we consider
some relevant properties of a modified Riesz operator, which was introduced in
[5], and of F,—1. In the third and final section we present the most important
properties of the moduli w!' (f,t)s and &I (f,t)5.

2. Proof of the Characterization

The proof of the characterization of the error EI (f)p is comprised of two
intertwining parts. One is related to the characterization of E'(f)p by means
of appropriately defined K-functionals and the other to their equivalence to
the moduli.

Let Bbea HBS on T and r,n € N, r < n. Let us denote by AC the set of
the absolutely continuous functions on T. We put for s € N

BS:{geB:g(@ € ACNB, £=0,...,s—1, ¢ € B}.
We shall use K-functionals of the following two types:

= — 511 g(s)
K(f.00z = int {1f = glla + 95},
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Kl (fit)p = ge;;}f;g_l{ﬂf — gl + D) 1,

where f € B, t > 0, £ € Ny and

D.g=D,1---Dig,  Djg=g"+j%.

Note that

D,g=0 <= geT,;. (13)
In [5, Sections 2 and 3] we introduced the following combination of modified

Riesz operators L,_1,, : B — BNT,_1, defined by

r—1

Leoinf =f=[1(f = Rinf),

j=0
where

n—1 .

K22\

Rinf(z)= > (1—ﬁ)f(k)e’k”7 zeT,
k=1—n

and established that (see [5, Theorem 3.1])
||f_Lr717anB NKZ;I(f’n_l)Bv fEB, n €N. (14)

Here the relation ¥ (f,n) ~ 12(f,n) means that there exists a positive constant
c such that

M a(fin) < vi(fin) < cta(f,n)

for all f and n under consideration.
Let us note that, in view of (13) and (14) we have
Lr—l,nf = f — f €Tl 1.
Further, let us observe that

Ks(f7t)B Nws(fat)B; fGBa t>0. (15)

This can be established just as for L,(T) (see e.g. [3, p. 177]), as we observe
that the classical modulus of smoothness preserves its properties in any HBS
on T and the combination of modified Steklov functions belongs to the HBS
B provided that f € B because it is representable as a convolution between f
and a kernel in Lq(T) (see [3, Chapter 6, (2.12)]).

Next, we shall extend [5, Theorem 4.12 and Remark 4.13] to any HBS on T.
That is we shall prove the following assertion.

Theorem 2. Let B be a HBS on T and ¢ € Ny. Then

KL(f.)B ~ worge—1(Fr-1f.1) B, feB, t>0.
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The proof of this theorem is based on the method formulated in [6, Proposi-
tion 2.1] (or see [7, Theorem 3.1 and Remark 3.1]). It allows to substitute a K-
functional with a “complex” differential operator with an equivalent one with a
“simple” differential operator by modifying the function. For an easier reference
we state below this result particularly for the case under consideration. Before
that let us mention that due to the convolution structure of §,_1, used here,
the proofs of its properties as well as those of w! (f,t)p become much shorter
and simpler than the proofs given in [5].

Theorem 3. Let B be a Banach space of functions on'T, r € N and £ € Ny.
Let A: B — B and B : B — B be linear operators, satisfying the conditions:

a) [|Aflls <clfllp for every f € B;

(
(b) Ag € B¥+=1 and ||(Ag) > V]| , < ¢||Dyg®| ; for every g € B¥+1;
(

(d
(e) f— BAf €T,_y for every f € B;

BGe B2 t+-1 gnd ||5T(3G)(£ <c ||G(2T+£’1) ||B for every G € B> +t-1;

)
)

c) |BF|ls <c||F| B for every F € B;
) Il
)

)

(f) F — ABF = const for every F € A(B).
Then for all f € B and t > 0 there holds
Kl (f,t)p ~ Koryo—1(Af,t)5.

Below we shall verify that §,_1, defined in (9), possesses the properties
of the operator A of the theorem above. We begin with the construction of

the corresponding operator B, which we call a quasi-inverse of A. We set for
FeB,jeNandzeT

B;F(x) = F(x)+b; « F(x),
where b; is a function on T such that
bj(x) = j(lz| — 7)sinljz|,  z € [-m, 7]

Further, we put
¢ 1=, 1--B.

We shall show that the operators §,_1 and &,._; satisfy the hypotheses of
Theorem 3.

Proposition 1. Let B be a HBS on' T, 7 € N and ¢ € Ny. For g € B> +¢-1
we have Fr_1g € B! and

(Fr-19)® 7Y = Dyg®.
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Proof. Tt is clear that g € B> +t¢~1 yields §,_1g € B! as well. We set
for fe B
Aif=f+jaxf, j=12...,

where a is given in (8). The operator §,_1 has been constructed as a composition
of the operators ; for j =1,2,...,r —1:

Sr—1=Ap1 - Ap. (16)
Indeed, denoting by ¢ the Dirac delta function, we have

A - U=+ —1%)*--x(0+a)xf

r—1

=+ > ) e

J=1 1<l <<ty <r—1
On the other hand, there holds
(;9)" = Djg —j°9(0), g€ B (17)

To verify this relation, we just calculate the Fourier coefficients of 2A;9. We
have by (10) for k # 0

Wjg(k) = (1+7%8(K)) g(k) = (1= 25 ) (k).

Consequently, we have for k # 0

o —

(RA;9)" (k) = k> A;g(k) = (—k> + j2)g(k) = g" (k) + 524(k) = D;g(k),

and hence the Fourier coefficients of the left and right sides of (17) are equal
for £ # 0. Also, it is clear that their Fourier coefficients at k = 0 are both
equal to 0. Therefore, in view of the uniqueness of the Fourier transform, we
get (17).

Now, combining (16) and (17), we get the assertion of the proposition. O

Proposition 2. Let B be a HBS on T and r € N. Then we have
(1) .f - QST—IST—lf S fO’f’ all f € B;'
(ii) F —Fr-1€,_1F = const for all F € F._1(B).

Proof. We proceed similarly to the proof of the previous proposition. We
shall show that
er—l%’r—lf = f + Tro1 % f (18)

with

r—1
Tr—1(z) = =1 — 22005]’:10. (19)
j=1
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To this end, we shall first establish that
BA; f=f+n=*f, feB, jeN, (20)

where
n;(xz) = —1 —2cos jz.

We calculate the Fourier coefficients of the kernel b; to be

9
. kgji_jQ? k € Z\{+j},
b, (k) = . (21)
—— = +j.
R k==+j

The definition of the operators ; and B, gives
BAf =+ (FPa+b;+axb;)« f.
Thus, in view of (10) and (21) we get for its Fourier transform
(B52;1) (k) = (1+7%a(k) + b; (k) + 5%a(k)b; () f (k)
f(k), k€ Z\{0, %5},
0, k=0,=%xj.
The right-hand side is exactly the Fourier transform of f + n; * f; hence (20)
follows.

Now, using (20) and the fact that 2/, A, B, and B;» commute for all
naturals 5/, j”, we arrive at

oS f =B 1B Uy A S
=B, 1 Uq---B 1A S
=04 nme—1) % * (6 +m)* [
Applying the Fourier transform to both sides of the last relation, we get

(€18 f) = (Ut ipor) - (L+a)f = 1+ 7o) f

which verifies (18) and completes the proof of assertion (i).
Proceeding to (ii), we have for F = §,_1f, f € B, by means of (18) that

Sr—ler—lF:gr—ler—lgr—lf
= grfl(f + T % f) =F+ %’rfl('rrfl * f)
But 7,_1 * f € B~ NT,_; and by Proposition 1 we get that
(gr—l(Tr—l * f))(QT_l) = ET‘(TT—]_ * f) =0.

Consequently, §,—1(7.—1 * f) is an algebraic polynomial of degree not greater
than 2r — 2. On the other hand, §,_1(7-—1 * f) is in B and thus 2z-periodic.
Therefore it is a constant. Assertion (ii) is established. 0
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Corollary 1. Let B be a HBS on' T, 7 € N and ¢ € Ny. For G € B?>r+¢-1
we have &,_1G € B¥t-1 and

Do(€,_1G)O = GRrH=) Lo gerteD),
where 1,1 18 given in (19).

Proof. The formula follows directly from Proposition 1 and relation (18),
where we also take into account that §,_1 and &,_1, being convolution operators,
commute. Indeed, we just have

Dy (€1G) D = (F_1(€,_1G)) @+
= (¢ 1(§,1@G)) &Y
= (G + Tp—1 * G)(2T+Z71)
_ G@r+e-1) g ¥ G2r+e=1)

Now we are ready to establish Theorem 2.

Proof of Theorem 2. In view of (15) it is enough to show that
KrT,e(f,t)B ~ Koryr—1(Zr-1f,1)B, feB, t>0.

To this end, we apply Theorem 3 with A = §,._1; and B = &,_;. Conditions
(a) and (c) follow from (7), (b) from Proposition 1, (d) from Corollary 1, and
(e) and (f) are established in Proposition 2. O

We have all the ingredients we need to give a proof of the characterization
of best trigonometric approximation in any HBS of periodic functions.

Proof of Theorem 1. Relation (14) and Theorem 2 for ¢ = 0,1 enable us
to follow verbatim the proof of [5, Theorem 1.1 in Section 5] in any HBS on T
and establish (11).

The weak converse inequality (12) is again verified as in [5], taking into
account that the classical Bernstein inequality for trigonometric polynomials
is valid in any HBS on T. Indeed, its proof in L,(T), based on the Riesz
interpolation formula for trigonometric polynomials 6,, of degree at most n

2n—1
1 (1) 2041
/ — § =
(@) = dn =~ sin® & bn( +20), v om

(see e.g. [14, Section 4.7.1 (3)]) is directly extendable to any normed space, in
which translation is an isometry (cf. also [4, p. 569, Corollary]).

Thus the inequalities in the theorem are verified for w! (f,t)p. In view of the
equivalence between this modulus and the K-functional K (f,t)s, to complete
the proof of the theorem for the other trigonometric modulus &7 (f,t)p, it is
sufficient to establish that it is also equivalent to K (f,t)p. But this can
be done just as in the proof of [8, Theorem 4.2] because all is expressed via
convolutions. g
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3. Properties of wX(f,t)p and &F(f,t)B

Both moduli retain the properties of the classical modulus w(f,t)p. Let
B be a HBS on T. There hold:

I w f+g7 )B<UJ (f7 )B+w;(gat)3;
cf,t) = |c|wl(f,t)B, cis a constant;

(
(cf
(fst)p Swi (fit)p, t <t
(f,A)p < (A +1)> 1wl (f,1)B;
(

wi (f,

&

T
T
T
T
T
Wy
T
Wy
T
Wy

fit) B —0 as t —0;

.@.C“PF'"!\’

g <2||fllg and Wi (f,t)s <t|f'llz, f € B (w{(f,t)p coincides
w1th the ordinary modulus of continuity);

7. wl(ft)g < (A+ (r =12l (f,t)p, 7> 2;
8. wl(f,t)p <t?wl {(D,_1f.t)p, f€B r>2

9. Marchaud inequality
to
(s et ([T YR g yp), 0<is
t

The other modulus @I (f,t)z possesses identical properties except for Proper-
ty 7, which adopts the stronger form

7o (f ) <400 (f,t)p, T > 2.

All the properties of @! (f,t)p are established just as in the case B = L, (T)
considered in [8].

Properties 1-6 of w! (£, t) g follow directly from the corresponding properties
of the classical modulus ws(f,t)p. Property 9 follows from Theorem 1 by means
of a standard argument (e.g. [3, p. 210]).

To establish Property 7 we first note that

Sro1f =WaFrof =Fraf +(r—1)%axFaf. (22)
Moreover, a * f € B? for any f € B and
(ax f)'(x) = f(z) - £(0). (23)

(Relation (23) gives another proof of (17).) To verify (23), we observe that
(ax f)"(z) = (" x ) (x)

:217rdi(—/oﬂ(ﬁ+y)f(x—y)dy+/0ﬂ(7f—y)f(x—y)dy)
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xz+mT
— f(z) - 1/ F(y) dy
= f(z) — £(0).

Now, using the properties of the classical modulus of smoothness, (22) and (23)
with f replaced with §,._of, we arrive at the inequality in Property 7:

wy (f, ) = wor—1(Fr—1f.1)B
<wor1(Fr—2fi )+ (r—1)wor_1(a*Fraf )
< Adwar3(Fr—2f ) + (r — 1)*Pwar—3((a*Fraf)" )
= dwor_3(Fr—2f, ) + (r — 1)*Pwor_s(Fr—2f,t)B
=@+ (=) (f, )

It remains to verify Property 8. Since

Sr—1f =Ar18r-2f,
relation (17) implies that

1)) = Dr1(Fraf) = (r = 1), —2/(0)
- S’T72(Dr71f> - (T - 1)2 gr72f(0>'
Consequently, by the corresponding property of the classical modulus, we derive

wy (f)p = war—1(Fr-1f,t) B < Pwors((Fro1 f)" t)B
- t2w2r—3(3r—2(Dr—1f)7 )B - t2 (fa )
The proof of the properties of the moduli is completed. O
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