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We prove that certain means of the cubic partial sums of the two-
dimensional Walsh-Fourier series are uniformly bounded operators from
dyadic Hardy space H; to the space Li. As a consequence we obtain
strong convergence theorems concerning cubic partial sums.
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1. Introduction

It is known [1] that the Walsh-Paley system is not a Schauder basis in L1 (G)
(for the definition of G, see Section 2). Moreover, there exists a function in
the dyadic Hardy space Hy(G), the partial sums of which are not bounded in
L1(G). Simon [4] proved strong convergence result for one-dimensional Walsh-
Fourier series. In particular, the following is true

Theorem S. Let f € H1(G). Then

1~ I8kf = flh
li =0.
i lognkz:; k 0

For the two-dimensional Walsh-Fourier series Weisz [7] generalized the result
of Simon and proved that the following result is true.

Theorem W1. Let f € Hi(G x G). Then

1 ISk £l
’ < .
> > <l

2—a<k/1<2%, (k1)< (n,m) lognlogm k
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We prove that certain means of the cubic partial sums of the two-dimensional
Walsh-Fourier series are uniformly bounded operators from dyadic Hardy space
H, to the space Li. As a consequence we obtain strong convergence theorems
concerning cubic partial sums.

2. Definitions and Notation

Let P denote the set of positive integers, N := P U {0}. Denote by Z, the
discrete cyclic group of order 2, that is Zy = {0, 1}, where the group operation
is the modulo 2 addition and every subset is open. The Haar measure on Zs is
given such that the measure of a singleton is 1/2. Let G be the complete direct
product of the countable infinite copies of the compact groups Z5. The elements
of G are of the form = = (zg,21,...,Tk,...) with 2 € {0,1} (k € N). The
group operation on G is the coordinate-wise addition, the measure (denoted
by ) and the topology are the product measure and topology. The compact
Abelian group G is called the Walsh group. A base for the neighborhoods of G
can be given in the following way:

IO(x) = Gv
I,(x) = L (xo, .-y Zn—1) ={y € G: y=(oy- -+, Tt Yn, Yntls---)
(x € G, n €N).

These sets are called dyadic intervals. Let 0 = (0 : ¢ € N) € G denotes the null
element of G and I,, := I,(0), n € N. Set e, :=(0,...,0,1,0,...) € G the n-th
coordinate of which is 1 and the rest are zeros (n € N). Let I,, := G\ I,,.

For k € N and = € G denote by

ri(z) = (—1)"* (x €@, keN)

S} .
the k-th Rademacher function. For n € N, let n = > n,;2" with n; € {0,1},
i=0
i.e., n is represented in the binary numeral system. Denote |n| := max{j € N :
n; # 0}, that is, 21"l <n < 2l7+1,
The Walsh-Paley system is defined as the sequence of Walsh-Paley functions:

e
In|—1

wn(@) = [T (@)™ = rigg(a)(~)Z5 " (e G, ne k).
k=0

The Walsh-Dirichlet kernel is defined by

D, (z) = z_:wk(x)
k=0
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Recall that (see [5])

o if zel,
Do () = 4 1
2 () {0, if zeT,, (1)
D E an2] D2] ) (2)

The rectangular partial sums of the 2-dimensional Walsh-Fourier series are
defined as follows:

M—-1N-—

San f(z,y) 7 (i, )wi(x)w; (y),
i=0 j=0

Fli,5) = //ch [, y)wi(z)w;(y) du(z,y)

is said to be the (4, j)-th Walsh-Fourier coefficient of the function f.
Denote

,_n

<.

where

Sﬁ)f(x, y) = /Gf(s, Y)Dar(x + s) du(s)

and

sﬁﬂaw:[jwMDMymmmw

The norm in the space L1 (G x G) is defined by

=[] i@l duten).

Let f € L1(G x G). Then the dyadic maximal function is given by

[ (z,y) = sup (o) < T ‘//1(1 . (y (s,t)du(s,t)], (z,y) € GXG.

neN f

The dyadic Hardy space H1(G x G) consists of all functions for which

111, =[]l < oo

A bounded measurable function « is said to be atom, if there exists a dyadic
two-dimensional cube I x I, such that

a) [r;adu=0;
b) lallee < p(I x T)7"

c¢) suppa C I x I.
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We will use the following decomposition theorem (see Weisz [6]).

Theorem W2. A function f € Li(G x G) is in the dyadic Hardy space
Hi(G x G) if and only if there exists a sequence {ay : k € N} of atoms and a
sequence {\ : k € N} of real numbers such that

[= Z Ak (3)
k=0

and -
> Akl < 0.
k=0

Moreover, the following equivalence of norms holds
oo
11, ~ inf Y Akl
k=0
where the infimum is taken over all decomposition of f of the form (3).

Denote by Ey,-(f)1 the best approximation of a function f € L1(G x G) by

Walsh polynomials of degree < [ in the variable z and of degree < r in the

variable y, and let El(l)( f)1 be the partial best approximation of the function

f € L1(G x G) by Walsh polynomials of degree < [ in the variable x, whose
coefficients are integrable functions of the other variable y. Analogously, we

define ET(»Z)(f)l.
Let 28 <1 < 281 and Eor o (f)1 == ||f — Tor oe]1. Since

1922 20 (H)llx < 11l

we can write
Byr ot (P < |1 = Sar o (Dl = ||f = 552 (552 (M),
<7 =85 (Dl + 1852 (852 = D, @
<l = s (Dl + 1552 () = 7,
Let T3} (2, y) be a polynomial of the best approximation E{}(f);. Then
185005 = 71l < 1F = T2l + 1832 = T2
<2||f - T)||, = 2B (H)r-
Analogously, we can prove that
I1552(9) = 1ll, < 2B52 (M. (6)
Combining (4), (5) and (6), we conclude that

Eyr oe ()1 < 2B (1)1 + 2B (). (7)
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3. Formulation of Main Results

Theorem 1. Let f € Hi(G x G). Then

— _Snnflh
> 2 < || flla, -
‘= nlog”(n+1)

Corollary 1. Let f € Hi(G x G). Then

HSij f”l
0 .
logn—i—lzjlog]—i—l - s el

Corollary 2. Let f € Hi(G x G). Then

Z|Snany < 00 a.e. in GxG.
nlog (n+1)

Theorem 2. Let {«ay : k € P} be a non-negative and non-increasing sequence.
Then for any f € L1(G x G) the following estimation holds true:

S |

> H > an(Skrf - f)H1 < Ci ar(EMN () + EP ().
k=1

n=0 k=2n

Corollary 3. Let f € L1(G x G) and
Zak(El(cl)(f)l + E,(f)(f)l) < 0. (8)

Then

oo 2“*1—1

Z’ o (Skkf(z,y) — f(x,y))‘ < 00 a.e. in GxG.

n=0 k=2n

Theorem 2 in the one-dimensional case for trigonometric Fourier series was
announced in [3].
It is not known whether condition (8) yields a.e. convergence of the series

Zaklsk,kf(xay) - f(x, )l

4. Proofs

Proof of Theorem 1. From Theorem W2 we can write

[ St duten < 2 [ nmateldunta
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Because of this and Theorem W1 we only have to prove that

oo
S At o o)
‘= nlog”(n+1)

for every atom a.

Let a be any atom with support In (2')x Jy (") and u(Iy) = p(Jn) =27V,
We may assume that 2z’ = 2"/ = 0.

Let (z,y) € In X Iy, then Doi(x+35)11, (s) = 0 and Dai (y+1t)17, (t) = 0 for
j > N. Recall that wq; (x 4+ t) = way;(x) for t € Iy and j < N. Consequently,
from (2) we obtain

Snna(Z,y) // a(s,t)Dy(x + 8)Dy(y + t) du(s,t)
GxG

‘]Kﬁ (s, )Dn(e+ $)Duly + 1) du(s.
N-—-1

//I . a(s,t)wp(x +s+y+1) Z n;wai (x + 8)Dai(x + 8)

=0

N-1

X Z njwai (y + ) Dai (y + 1) dp(s, t)
j=0

N—-1 N—-1
zwn(x)anwg(x) x)wn(y Zn wa; (y) Doy (y)
i=0 j=0
x / / (5, )wn(s + £) dpa(s, 1)
N—-1
= wp(z + 1Y) any )Dai ( )anw2j(y)D2j(y)
j=0
/(/ (t+7.1) dp(t) ) wa () dp(7)
N—-1
(T +Y) anwzz )Dagi () njwa; (y)Dai (y)
7=0
x / () () ()
n(z+y) anm )Dyi(2) D njwns (y)Das (1) B (),
7=0

where

yﬂ=£<m+nw@@.
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Hence,
P — / [ ISumae.0)ldute.v)
nzlnlog n+1 TnxTn
(n) [B(n)
< Dyi(z) du( < N? _
anog n+1) / Z ? 2% ) anog (n+1)

Let n < 2V. Since w,(7) =1 for 7 € Iy and n < 2V, we have

#n) = [ @) du(r) = [ ([ att+ ) dutt))un(r) dur)

In
_ //INsz a(s,t) du(s, t) = 0.

Hence, we can suppose that n > 2V,
By Holder and Parseval’s inequality we obtain

N2 ) o 1 1/2 , . o\ 1/2
Z nlog < N <n§2:1\7 n2log*(n + 1)> (ngN ¢ )

< g ([ 1200 dutn)) "
ZZN%(/I ‘/I a(t+7,t)du(t)‘2du(7)>1/2

1
<c < oo. (10)

< oN/2 llalco N oNjz =

Let 2,y € Iy x In. Then we have

Sp.no(z,y) = wp(z ;) n;jwai (x)Doj () //GXGa(s,t)wn(s)Dn(y +t)du(s,t)

N-1
= wp(x) njwa; () Doj (x)/C:S,(f)a(s,y)wn(s) dp(s)

<.
I
=)

=

= wn(@) Y njwsi(2) Dai (z)SPa(n,y) .

Consequently,

- 1
S oz [, 1Sl
N-1

o0 1 R
= a2 1 Dy (2)|SPa(n,y)| du(z,y).
_anogQ(n+1) //INXIN jz::() ? ( )‘ ( y)| M( y)
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Let n < 2V, Then by the definition of atom we have
SPa(n,y) = /G (/Ga(& t)Dn(y +t) du(t))wn(S) dp(s)

=0, [ (s, =0

Hence, we can suppose that n > 2. Then we have

—— // 10 nt(, )| dpr, )
nlog TnxIn

n=1
Z nlog n—l—l)/ ‘gf)a(n,y)’du(y)

=2N

Since R
1SPa(n, )|, < clall2

from Holder inequality we can write

[ 18@atmanw) < [ | [ s@ats.vpuae)iuts)| duto)

In

-/ N / X / (s, )Daly ) ) o) ()| )
a(s,)Daly + £) dp(t)| i) ) diuts)
IRATA )

<ovr [ ([ |] (s )Dly + ) )| d))” dus)

1/ clallee 1 1
— a(s,t)|? du(t du(s) < vt <c < oo.
gm [ ([ latnan) ants) < 5

IN

In
Consequently,
Sp.na(z,y)| du(z,
S ooy L, ISl dnGey
(11)
<cN <c¢ < oo.
nzz:anog (n+1)

Analogously, we can prove that

o0

Spona(z,y)|du(z,y) < c < oo. 12
S oo o 1St )l (e ) (12)

n=1
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Let (z,y) € Iy x In. Then by the definition of atom we can write

1 9 1/2
[ iSwmaeldutey) < 5 ([ ISumale) dute.y)
INXIN INXIN

1 1/2
< 2
<ov([f ) dute.n)

l[aloo
=~ 227]\, S c < Q.

Combining (10)—(13) we obtain (9). Theorem 1 is proved.
Proof of Theorem 2. We have

on+l_q gntl_q
| S anSinr =0 <] X anSkrf = Tonzn)
1 1
k=2m k=2omn
ontl_q
3 et Toa),
k=2m
on+l_q
< Spo i (f — Ton on ’
< H k;n Sk (f — Tan 2n) .

—+ 2”04271 E2n72n (f)l .

By Abel’s transformation we can write

ontl_g ontl_g k
> aSkrg= Y (o —ari1) Y Sig
k=2n k=27 j=1
2n+1_1 2n_1

+ Qignt1_1 Z SjJ'g*Oth Z Sjng'
j=1 j=1

Since

| < cklglh,
1

k
H > Siig
j=1

we obtain from (15) that

gn+1_q

H 3 akSk,kgH1§62na2n||g||1.
k=2n

Consequently,

gn+1_q

H > arSkk(f — Tanan)

k=2n

‘1 < c2%agn Eon on (f)1-

(13)

(14)

(15)

(16)
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Combining (7), (14) and (16) we have

0o 2n+1

ZH ak(Skf — f) H1 SCiQ"agnng,)Qn(f)l
n=1 k=2 —

< ey 2% (BY ()1 + ES (M) <Y an(BY ()1 + B ().
n=1 k=1

Theorem 2 is proved. O
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