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1. Introduction

The type of modification for the Bernstein operators introduced by Durr-
meyer [6] and independently developed by Lupasg [11] was carried over to many
other classical operators.

Here we consider the so-called Baskakov-Durrmeyer operators which were
introduced by Sahai and Prasad in [12] and independently by one of the authors
in a more general setting in [7].

Definition 1. Let f € L,[0,00), 1 < p <00, n € N, n > 2. Then the n-th
Baskakov-Durrmeyer operator is defined by

(Buf)0) =3 bur(o)n = 1) [ bt (1) d,

k=0

where we denote
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In [7] (see also [9]) the approximation behaviour of the operators B,, was
studied by using the Ditzian-Totik modulus of smoothness and an equivalent
K-functional, respectively, (see [5]), given by

K2(f,8%)p = inf {|[f = gll, + £*©*Dgll, : g € ACioc, ¢*D?g € Ly[0,00)}

where the step-weight function ¢ is defined by ¢(z) = y/z(1 + z), x € [0, 00),
and D denotes the ordinary differentiation operator.

It was proved in [7, Satz 5.14] that the error of approximation can be
estimated by

1Bof = flly < CLEG(fn™ )y + 07 Ifllp Y, f € Ly[0,00), 1< p < 0.

By replacing ©2D? in the above given K-functional by D? = D@?D, i. e.,
considering

K3 (.89 =it {|f = gllp + 21Dl : 9, D%g € L,[0,00)},
Berdysheva proved in [2, Theorem 7] the direct result
1Bnf = fllp < 2K2(f,2(n = 1))7") . f € Ly[0,00), L<p<oo. (1)

The advantages of Berdysheva’s estimate are the nice constant 2 and that
there is no additional term on the right-hand side. It could be regarded as
a disadvantage that, as far as we know, there is no information about an
equivalent modulus of smoothness until now.

The main result of our paper is a strong converse result with a good constant
which corresponds to the direct estimate by Berdysheva.

In the following we collect some notations and well-known properties of the
Baskakov-Durrmeyer operators which will be used frequently throughout this
paper.

It was shown in [9, Theorem 3.2] that the operators B, yield a positive,
linear approximation method in the spaces L,[0,00), 1 < p < o0.

They are contractive, i. e.

1Bufllp < Ifllse f € Lyl0,00), 1< p < oc. (2)

The operators posses nice commutativity properties. It was proved in [8] that

B,.(B,f) = Bi(Bnf), fe€Ly0,00), 1<p<oo, n,leN, n,l>2 (3)
They also commute with the differential operators lN)Q, ie.

B.(D*f) = D*(B.f), [ €Ly[0,00), 1<p<oo, D’f € L,[0,00), (4)

which was proved in [10, Lemma 3.1].
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The following identities can be easily verified:

/OO boi (t)dt = L, (5)
0 n—1

ank(x) =1, (6)
¢*(x )Dbnk(w) (k = na)bnk (z), (7)

#* () D?bnk(x) = {(k — nx)* — np®(2) Yoy (). (8)

For f € L,[0,00), 1 < p < oo, such that D2f € L,[0,00), we use the
representations (see [2, Theorem 6])

Bof—f= Z B;f, (9)
j= n

and

-1
Baf =By = 3 ﬁDQka, j>n. (10)

2. Strong Voronovskaja Type Result
In order to derive a strong converse result of type A in the terminology

of [4], we have to prove an appropriate strong Voronovskaja type estimate. To
do so, we first need some Bernstein type inequalities.

For f € L,[0,00), 1 < p < oo, Berdysheva proved in [2, Theorem 2] that

ID*(Baf)llp < 2nlIf1l,. (11)

The next inequality deals with iterates Bl of the operators. For [ = 2 the
analogous result for the Bernstein-Durrmeyer operators was proved by Chen,
Ditzian and Ivanov (see [3, Theorem 3.2]).

Lemma 1. Let f € L,[0,00), 1 <p<oo,l €N, [>2. Then
ID(By, Nlp < 2l fllp- (12)

Proof. First we consider the case [ = 2 and note that it is sufficient to
prove (12) for p = oo (see [3]). As by (4) the operators B,, and the differential



144 Strong Converse Results

operator D? commute, we get with the help of (5)

|D*(B2f)(«)| = | BuD*(Bnf)(x)|

- \ibw)(n

« /OOO by ()| gﬁ%nk(u)(n — 1) /Ow bue(1) (1)t }
SIS SUSETED 9l f AT SR RE)
§=0 k=0 "0

Integration by parts, using (7) and the Cauchy-Schwarz inequality leads to the
estimate

‘/OO b”j(u)ﬁzbnk(u) du‘
B ‘/ ) (Db (u ))(Dbnk(u))du‘

= ‘/0 (- n;tg((j)_ nu) by ()b (1) du‘
= {/OOO (](;2&1;)2 b (w)brg (u) du}l/g{ /Ooo W oy ()b (1) du}1/2,

Together with the Cauchy-Schwarz inequality for infinite sums we now get

5[] <($ /ww%(u)bnk "
Z/ > TW brj (1) b (1) du}

=TTs. (14)

1/2

On using (6), (7) and integration by parts we calculate
oo 1/2
T = {/ (j — nu)Dby,; (u) du}
0

= {G=mbs e [ swan = (G25)7

In order to estimate T we first observe that the second moments of the classical
Baskakov operators are given by

St - -0

=0
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Putting this into 7% and using again (5) we end up in

no\1/2
T:( ) .
2 n—1

Replacement in (14) implies the estimate

3 ]/ b (1) Db, (1) du‘ < .
5—0 0 n—1
Putting this into (13) and using (6) leads to

|D2(B2f)(2)] < nll fll.

Thus we have proved our proposition for [ = 2. From this the case [ > 3 follows
easily from the commutativity property(4) and from (2), i. e., we write

DB, = 12D (BN, < DB, < nll/l,-

As an immediate consequence of Lemma 1 we get the following
Corollary 1. Let f € L,[0,00), 1 <p<oo,l €N, >2. Then
I(D*)*(B, Nl < 0l D*(Buf)llp < 20| f1l,-
Proof. By using (4) the proposition follows from (12) and (11), respectively,
i e.
ID*) (B Pllp = 1D*BLD*(Buf)llp < nllD*(Buf)llp < 20%|flp-
O

We are now in the position to prove an appropriate strong Voronovskaja
type result.

Theorem 1. Let h € Ly[0,00), 1 < p < o0, be such that (D?)?h €
L,[0,00). Then

I(n) = HBnh —h— D%(h + Bnh)Hp < ()| (D],

2(n—1)
where for n > 3

1 Sn2—2n+17 1( & 1 Zn3 1
Y(n) = 3 (n—1)2(2n — 3)2 + 5{ k:QZn—l k2(k —1)2 B ];1 k2(k — 1)2}

1 8n2 — 24n + 17 _i 8n3 — 25n% 4+23n — 4
-8 (n—122n-3)2 16 (2n—3)(n—2)(2n—1)n(n?—-1)
= wl(n),
and 1 5
=722,
p(2) =37 -
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Proof. Weuse (9), 15 =377 , (10), again (9) and (10), interchanging

j=n J(] 1)’
the order of summation to obtain

1 2

1 (<X D*(Bjh —h D?(B,h — Bjh
= Z ( )_ Z ( )}

= Ju-1 A=l

7—1
X, (D2)2(Byh) 55 1 j‘1<52P<Bkh>}

i 1
zz{gj(j—l)k_j k(k—1) _j:n+1j(j_1)k:n Kk —1)
L (DB g1 (DB
_2{k_n k(k—1) ;j(j—l) ,; k(k—1) j;lj(j_l)}

From this we derive by using (2), ¢ = -7, ﬁ, —i+-5= dien ﬁ

() m;m§:k M_l 2| = 18], pn)

Thus
1 1 2 1 1 3
== 7177):\1,1277:7277
2;/{@—1)( k 12)-3=5" "3

where U(1,z) denotes the trigamma function (see e. g. [1, p. 260]). In order
1 1

to calculate 1(n) for n > 3, we make use of % = Gonr TR m
to obtain
2n—3 [e%s)
1 1 1 1
n) _{ > - X }[(1%1)2 kK R2(k—-1)2 (nfl)k(k—l)}
k=n k=2n—1
[e%s) 2n—3

1 1
im0 T m-D@en-3) (2n— +{Z Z}

k=2n—1 k=n
2n—3

1 8n?—24n+ 17
—_. 15
4 (n—1)202n-3 Z k2 k—1)2 Zk2 k—1)2 (15)

For the last two sums in (15) we obtain the estimates

(o]

1
Z k2(k—1)? Z (k—2)(k — D)k(k + 1)

k=2n—1 —1

- > (sl )
- % (2n — 1)(ni 1)(2n — 3)
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and

2n—3 2n—3

Z 1 . 1
£ 320k 12 ©

(k—=2)(k-1)(k+1)(k+2)

(]

k=n
2n—3

S B ) e )
1 28n3 — T9n? + 61n — 12

T2 an+)2n—D(n-1)2n—-3)(n-2)
Replacement in (15) implies

18— 2AUn+17 1 8n® — 2502 + 23n — 4 — ()
4 m—122n-32 8 @2n-3)(n-2)2n—nm2z—1)

2¢p(n) <

O

3. Main Result

We now apply the strong Voronovskaja-type result to prove a strong converse
theorem of type A.

Theorem 2. Let f € Ly[0,00), 1 <p < oo. Then
KZ(f,2(n—1))7"), < (475 +&(n) | Buf = fllp.
where €(n) is monotone decreasing with lim,,_,., (n) = 0.
Proof. We choose g = $(Bpf + B2 f). Thus
1f = gllp <35(Bnf = flp- (16)

We now apply the strong Voronovskaja-type result in Theorem 1 to the function
h = B2 f and use the inverse triangle inequality to derive

1~ 1~
n_1 I1D?g]l, = WHDQ(Bif +B; )l
< ||Buf = B fllp + o (m)[[(D*)* B3 £l
< 1Buf = fllp + ¥ (m)I[(D*)* B £l - (17)

In order to estimate the second term on the right-hand side we use the first
inequality in Corollary 1 and proceed further by applying the triangle inequality,
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(11), (12) and (2) to derive

|(D*ABE I <nl DB,
<n{|| D%, +[|D*(Bulf - Buf),

BB - BafD, + 51D BLF - BafD, )
<n{||D%]|, + 350111 = Bufllp }-

Inserting this estimate into (17) we get

el 00 g < (14 35020 )] | B ~ 11,
1 ~ 1 1+3.5n%)(n)
= sl < 3 T e 1B Al (8)
Now (16) and (18) lead to
B2 (7.2tn = 1)), < I = ol + 5 =5 1%l
1 1+3.5n%)Y(n)
<ot T o 1B Il
=:C(n)||Bnf — fllp-

Next we prove that C(n) = 4.75+¢(n), where €(n) is monotone decreasing and
tends to 0 for n tending to infinity. First we note that

1 1+ 3.5n%91(n)
2 1—n(n—1)Pi(n)’
With some long and tedious but elementary calculations one can prove that

1 + 3.5n21(n) is monotone decreasing and 1 — n(n — 1)1(n) is monotone
increasing in n for n > 3.

C(n) < C1(n) := 3.5 +

Thus e(n) := 3 - %ﬁ%% —1.25 is monotone decreasing. Inserting the

representation for 1 (n) into £(n) shows easily that lim,, . £(n) = 0. O
Since C1(3) = T8 < B(2) = 1325, we get as a consequence from the

direct result (1) and Theorem 2 the equivalence of the error of approximation
and the appropriate K-functional:

Corollary 2. Let f € L,[0,00), 1 <p < 0o. Then we have for eachn € N,
n>2,

(1= T )RE(1. 2n - 1)), < 1Baf — < 2R (1. 20— 1)),
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