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On Greedy Algorithms for Dictionary
with Bounded Cumulative Coherence*

EUGENE LI1VSHITZ

We discuss upper and lower estimates for the rate of convergence of
Pure and Orthogonal Greedy Algorithms for dictionary with bounded
cumulative coherence.

1. Introduction

Let H be a real, separable Hilbert space equipped with an inner product
(-,-y and the norm || - || = (-, ~>1/2. We say that a set D, D C H is a dictionary
if

ge€D =|yg|ll=1, and spanD = H.
Recently the following problem has been intensively studied in Approximation

Theory and Numeral Analysis: for element f € H and m € N to construct an
m-term combination

fﬂzck(f)gk(f), ce(f) €R, gr(f) €D

k=1

that provides a good approximation to f. Greedy Algorithms turn out to be
effective for obtaining such m-term approximations (see tutorial [7] for details).
Two most popular greedy algorithms are defined below.

Pure Greedy Algorithm (PGA). Set fF¢4 .= fe H, GEEA(f,D):=0.
For each m > 0 we inductively find gffj’{‘ € D such that

(G4 g = sup [(
geD

Fn9)]

*This research is partially supported by Russian Foundation for Basic Research project
10-01-00442 and 11-01-00476.
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and define

G (. D) = GRiA (D) + ([ 9 g

Faft =1 = GREN D) = f04 = (fn gn§ihamdd.
Orthogonal Greedy Algorithm (OGA). Set fP¢4 = f ¢ H,
G9GA(f, D) :=0. For each m > 0 we inductively find ggf_’f € D such that
(f0GA 40GA FoGA

7gm+1>| = sup ‘< m
geD

;9|

and define

GRS (f. D) == Projgoca __ goca(f),

foftt = -GG D).
Thus for f € H and each m > 1 we construct m-term approximations
GROA(f, D) and GEA(f, D).
In this article we study the rate of convergence of Greedy Algorithms for

class Ao(D) that is a set of finite linear combination of elements from D and
classes AP(D), 1 < p < 2, defined below. For M > 0 we define

P(D,M) :={ ZC,\gA : Z leal? < MP, ¢y €R, g* € D, A < oo},
AEA AEA

(where closure is taken in the norm of H). Set

AP(D):= | ] A7(D, M),

M>0

|flp == |flar(py ;= nf{M >0: f € AP(D, M)}, f e AP(D).

From results of DeVore, Temlyakov and Livshitz [1], [6], [5] it follows that
Orthogonal Greedy Algorithm does provide the optimal rate of convergence
C|flym~'? in AY(D), but Pure Greedy Algorithm does not. For narrower
classes such as Ag(D) the rate of convergence of OGA could not be better than
Cm~'/? and would not be optimal. In the same time if dictionary D satisfies
some additional properties the rate of convergence of Greedy Algorithms (for
some classes) could be essentially better. This area is called Sparse Approxima-
tion and has been intensively studied recently ([3], [4], [8], [2]). In this article
results will be formulated using the notion of cumulative coherence of the
dictionary introduced by Tropp [§]

pa(D):=sup > (g 9)l- (1)

D~
IEP FeD, g

The above-mentioned articles contain the following basic results of Sparse
Approximation Theory.
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Theorem A. Let D be a dictionary with uy(D) < 1/2 and f € Ao(D).
Then

Gr?LGA(fvp):ﬂ m > my,
If = GEEAL D = | fmll < Cexp(—c(f)m),  m>0.

For dictionaries with small p; (D) PGA provides optimal rate of convergence
in A(D), 1 <p<2.

Theorem 1. Let D be a dictionary with p1(D) < 1/3 and f € A1(D).
Then

If = GRS D) = 1l < 1 flum™ Y2, m> 0.

Theorem 2. Suppose D is a dictionary with pi (D) < 1/3, and f € AP(D),
1 < p < 2. Then there exist C; = C1(p) > 0 and Cy = Ca(11(D)) > 0 such
that for any m > 1

If = GECAF,D)|| = || fm|| < C1Co f|m~/PHY/2,

In the same time for big (but finite) values of p; (D) Pure Greedy Algorithms
can not always provide exponential rate of convergence, in fact, the rate of
convergence could be worse than Cm~/2. We announce the following result.

Theorem 3. There exists a dictionary D with p1(D) < oo, fo € Ag(D),
6 >0 and C > 0 such that for any m > 1 we have

I fo — GECA(fo, D)|| = || finll = Cm~1/2F5.

Let us remind the following definition.

Definition. A dictionary D € H is called minimal if for every g € D we
have

g ¢span (D \ {g}) .

We would like to stress that in all known nontrivial lower estimates for the
rate of convergence of PGA (including Theorem 3) dictionary D is not minimal.
We conjecture that minimality of the dictionary may significantly affect on the
rate of convergence of PGA in A(D).

Open problem. Is Pure Greedy Algorithm order-optimal for minimal
dictionaries in A'(D), that is, for any minimal dictionary D and f € A*(D),
does the inequality

Ifo = GREA(F, D) < Cm~H/2

hold for allm >17
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2. Properties of Dictionaries with Bounded Cumulative
Coherence

It is easy to see that any dictionary with bounded cumulative coherence in
separable Hilbert space is countable. We therefore may suppose that elements
of a dictionary D are enumerated: D = {g*}ren.

Lemma 1. Let D be a dictionary with p1(D) < 1/2, N € N, and ¢, € R,
g’ €D, 1< v < N. Then the following inequalities hold true:

M=
:.%

N N
2
(1-2m(D)) Zci < H chg”H <(1+2m (D
v=1 v=1

v=1
Proof. Without loss of generality we may assume that
ler| > fez| > - -+ > fen].
We have
N N N
S| = (e S ar =3 (a2 3 earan)
v=1 v=1 n=v+1

Using (1) and monotony of |c,| we estimate

N N
(9", 9") +2c > eylg”.g") —c ’<20V > enlg”g >’
n=v+1 n=v+1
N
< 2 (9", 9" < 25 (D).
n=v+1
Hence
N N N
IS er -3 <@y e
v=1 = v=1
which is exactly the claim of Lemma 1. O

Lemma 2. Suppose A C N is a finite set of indices and € > 0. If for f the
representation

f=f+Y g,  aeR gt eD 2)
AEA

holds, and, in addition,
[fell <e. (3)

Then for Ay € A we have

A
[(£,9%) = exo| < (D) maxex| + ¢,
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while for Ao & A there holds

Xo D
[(f,9™) | < pa ){ggg\cx|+—e
Proof. Using representation (2) we write for A\g € A

(£,92) = exy = (fe+ D> exg™ g™) — ex, (9™, 9™)
AEA

= > {agh ™)+ (feg™)

AEA, A#£Xo

and for A\g € A

(1,9 =(fe+ D axg’ g = > (g, ") + (fe,5™).

AEA AEA, A£Xo

To complete the proof we make use of (3) and Cauchy - Bunyakovsky - Schwarz
inequality:

A Ao Aoy| < A o Ao
Y ead ) g™ Smaxieal Y 1N g™+ I

AEA, A£No AEA, Ao
~ o
<maxlea| ) G 0™ +e
3ED, Gg%

< D
ILL ( )I}I\laX|C)\| +6.
D

Lemma 3. Let D be a dictionary with 1 (D) < 1/3, f € AP(D) andm > 1.
Assume that forn = m—1, finite A C N and € > 0 the following representation

fo=F=GEOMNED) = fe+ > eaxng®,  an€R, gD, |fll<e (4)
AEA

holds. If
1
€< 6(1 —3u1(D)) max lexm—1ls (5)

then (4) holds for n = m with the same A, f., and

Z leam|? < Z lex,m—1[P —27P(1 = 3u1(D))P max lexm—1[?s
AeA AEA <

< ~1]-
max |exm| < max fexm—1 (6)
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Proof. From the definition of PGA it follows that for m > 1
f - GZGA(f7 D) = fm = fmfl - GfGA(fmfl)

Therefore it suffices to prove the lemma for arbitrary f € A,(D) and m = 1.
For the sake of brevity we write ¢ instead of ¢y 0, A € A. From (5) we have

(1 = 2p1 (D)) max|ex| - 2¢ >

—~

1 =31 (D)) maxfex| — 3e

> ~(1 = 3u(D 0.
> —( pa ( ))IgggICAD

N | =

By Lemma 2 we get

A
— (D —e=(1—m(D -

while for X\ ¢ A, using also (7) we obtain
A _ _
(f:97) < (D) maxier] + € < (1 — p1 (D)) max|ex| — e.
Therefore there exists Ag € A such that

(£, 9™ = sup [(f,9)| > (1 — (D)) max|ex| —e. (8)
geD €

Using Lemma 2, we have
[{£,9™)] < lexo| + (D) max [ex| + .
AEA
Combining last two inequalities, we obtain
(1 = (D)) maxes| — e <ex,| + p1(D) maxies| + ¢,

hence
1 — 2411(D)) max |cx| — 2e.
|CA0| > ( 1( )) )\g |C>\| €

Without loss of generality we may assume that cy, > 0, that is

Cxo > (1 —2p1(D)) I/{lea/}\dc)\\ — 2e. 9)
Applying Lemma 2, (9) and (7), we obtain

(f, ™) > exny — 1 (D) I/{lea/}\(|6)\‘ —e>(1-3u (D)) I)I\lea}{(|6)\| — 3¢ o)

> (1= 3u(D
> ( p ( ))r;leaglcﬂ,

N |

A
<f7g 0> < Cxo + Ml(D) I}\lg/i(|c>\| =+ €.
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Hence by (9) and (7)
o = (£,97°) > exp — (% + p1 (D) maxex| + e)

> — (4 (D) maxea| + )

(11)
2 —Cxo + (1 = 3u1 (D)) max x| — 3e
1
2 —Cx t+ 5(1 = 3p1(D)) max leal -
Combining (10) and (11), we estimate
1
[exo = (£,97) + 5 (1 = 3 (D)) max|ea] < ex,,
and hence
1 1/p
A
lexo = (£, < &, = (51— 3 (D)) maxleal) (12)
If we set
CA1 = Cx = CA0, A€ A\ {Xo},
C>\0,1 - C)\O,O - <f7 g>\0>’
then the claim of Lemma 3 will follow from (12). O

3. Proof of Theorem 1
Lemma 3 implies that for any m > 0

|fm‘1 < |f|1

Using Lemma 3.5 from [1] and Lemma 3 we have for m > 0

fml® o MLl
[fmh — IfI

|<fmvgm+1>| = sup |<fm7g>| >
geD

By definition of PGA

T > - fm||2>2_ 2(_||fm2)
st |2 = 1 2= s stV < ol (|f|1 — 1l (1= L)

Applying Lemma 3.4 from [1] with a,, = ||fm_1]|*> and A = |f|? and taking
into account the inequality

a1 = [ foll* < |15,
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we obtain that for {a,, }5°_; such that
a
am+1§am(l—#), ar < A,
1

the following inequality
am < Am™!

holds. Thus for m > 1 we have
fmll = an2y < [fl1(m +1)7H2 < | flam ™72,

This completes the proof of the theorem. O

4. Proof of Theorem 2
Let k> 1 and f € A,. For an arbitrary e satisfying
1
0<e< o (1=3uDNk|fl,, (13)

there exists representation (2) such that inequality (3) holds and

Dol =1f15- (14)

AEA
We claim that there exists n, 0 < n < k such that
Iilg/{(|c>\,n| < cr(p)ea(m (D)E™2| £, (15)
D leanl” <) leaol” = 1115 (16)
AeA AEA
For every m = 1,...,k, for n = m — 1 the representation (4) holds (beginning

with ¢y 0 := ¢y) and either
max |exm-1| < k7P| f],
AEA ’

in which case we can set n =m — 1, or

L < kYRS,
rilgglﬂ,m 1] < |flp

Then taking into account (13) we have (5). Therefore, by Lemma 3 the
representation (4) holds for n = m and using (14) and (6) we have

0< Y fexml” < D lexmoal? = 27P(1 = 32 (D) max exma [ = -
AEA AEA

= leaol” = 277(1 = 3 (D))” max ey m—1[”
AEA n=1 €

< [f15 = m27P(1 - 31(D))” max|eaml”
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whence

"
selonn] <20 = 30@) 7 m sl and 3ol <11
S

This provides (15) and (16) for n = k.
Using (15) and (16), we estimate

2—p
D leanl? =D leanl? lean* P < (T?X{‘c*7”|) > lenal?

AEA AEA AEA
< (es()ea(un (D)7 |F1277)I£15 = ea(p)ealm (D)k=2/PH| £2.

Applying Lemma 1 and (4), we obtain

1/2
1l < UEall < 1Y exng 41l < (L4 2m PN Y B) e

AeA AEA
<C (p)cz(,ul(D))kfl/pﬂ/ﬂf\p +e.

Since € > 0 can be arbitrarily small, the last inequality completes the proof of
Theorem 2. U
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