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Interlacing Properties
of Certain Tchebycheff Systems*

Lozko MILEV AND NIKOLA NAIDENOV

We present the main results of [8], where a general condition, denoted
by (P), for the validity of the Markov interlacing property for extended
Tchebycheff systems on the real line was formulated. It was also proved
in [8] that (P) is satisfied for some known systems, including exponential
and Miintz polynomials.

Here we give various examples, showing that condition (P) is essential
for the correctness of the results.
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1. Main Results

Denote by 7, the set of all real algebraic polynomials of degree at most n.
A classical result for polynomials, which have only real zeros, is the following

Lemma (V. A. Markov). Suppose that the polynomials p and q from 7,

have zeros x1 < -+ < Xy, and Yy < -+ < Yn, respectively, which satisfy the
interlacing conditions

Then the zeros t1 < -+ < tn_1 of p'(x) and the zeros 7 < -+ < 71 of ¢'(x)
interlace too, that is
1 <71 < St ST

Moreover, the above inequalities are strict, unless x; =y;, i =1,...,n.

Markov’s lemma is often used in the study of extremal problems for algebraic
polynomials and also in questions related to the distribution of the zeros of
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derivatives, see [7, 14, 9, 4, 13, 5, 15, 10, 3, 2, 11]. Another problem concerning
interlacing properties of Tchebycheff systems was studied in [12].

A natural goal is to extend Markov’s interlacing property to more general
classes of functions. Results of this type are obtained by Videnskii [16] and
Bojanov [1]. However, some important Tchebycheff systems on the real line do
not fulfil the requirements from [16] and [1].

In the recent paper [8] we formulated a condition (denoted by (P)), such
that if an ET-system (see the definition below) satisfies (P), then it possesses
Markov’s interlacing property. We gave various examples of ET-systems of
exponential polynomials, which have the property (P) and obtained the corre-
sponding results for interlacing. We also showed that for some systems Markov’s
interlacing property holds even for derivatives of arbitrary order. Next we
summarize the main results of [8].

A set of functions {ug,...,u,} is called an Extended Tchebycheff system
(ET-system)on R, if u; € C™(R) fori =0, ..., n, and every non-zero polynomial
in this system u = > " a;u;, where (ag,...,a,) € R""! has at most n real
zeros, counting multiplicities. Then the linear space

U, :=span{ug,...,Un}
is said to be an Fztended Tchebycheff space (ET-space). We set
X ={(x1,...,2n) ER" 1 11 < -+ < mp}.

Given a point T € X, we define

(1) (1)
F@ 1) = uo(z1) un (1)
uo(2n) Up (Tn)
Clearly, f(z;t) is a polynomial from U,,, which has zeros z1,...,z,. Note that

if g € U, is any other polynomial having the same zeros, then there exists a
constant C such that g(t) = Cf(Z;t). In general, we shall say that f € U, is
an oscillating polynomial if it has n distinct real zeros.

Applying Rolle’s Theorem to a polynomial f(z;t) € U,, we see that f'(z;t)
has at least one zero in each of the intervals (z;,z;41), 4 =1,...,n— 1. We
shall suppose that U,, has the following

Property (P): There exist numbers dy and ¢, in {0, 1} such that for every
oscillating polynomial f(Z;t) € U, with zeros Z = (x1,...,2,) € X, f(Z;1)
has exactly:

e g zeros in (—oo, x1);

e one zero in each interval (z;,z;41), 1 =1,...,n—1;

e 0, zeros in (z,,00).

Next we introduce an index set J(U,) C {0,...,n}, which corresponds to

the zeros of f/(Z;t). The definition of J(U,,) is as follows: the set {1,...,n—1}
is contained in J(U,,) and if §; = 1 for some i € {0,n} then i € J(Up,).
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Our first result concerns general ET-systems with the property (P).

Theorem 1. Suppose that {ug,...,u,} is an ET-system on the real line
and U, = span{ug,...,u,} satisfies property (P). Let T = (x1,...,%,) and
7= (Y1,---,Yn) be two vectors from X, whose components interlace, that is,

1<y <22 <Y < <2y < Y (1)

Then the zeros {t;}ic sv,) of f'(%;t) and the zeros {7 }ic s(v,.) of f'(y;t) interlace
in the same order:

tmnggtm+1§7m+1§"'§tM§TJV[a (2)

where m = min{i : ¢ € J(U,)}, M = max{i : i € J(U,)}. Moreover, if
T # 7, then all the inequalities in (2) are strict.

Given real numbers & = (g, a1, ..., Q,) With ag < a1 < -+ < a,, we set
~\ o — apT 01T QpT
Vn(c)z).fsp:cm{eo,e1 L o..,€ }

and
{0,...,TL—1}, if ag > 0,

J(@):=<{1,...,n}, if a, <0,
{1,...,n =1}, if ap <0< ay.
It is well-known that the functions {e®** e*1* ... e} form an ET-system
on (—oo,00). The zeros of the derivative of any oscillating polynomial from

V(@) can be indexed by the set J(&). In the following theorem we establish
Markov’s interlacing property for the ET-space V,,(&).

Theorem 2. Assume that the oscillating polynomials f and g from V,, (@)
have zeros T € X and § € X, respectively, which satisfy the inequalities (1).
Then the zeros {t;}icy@a) of f' and the zeros {Ti}icy@) of g’ interlace in the
same order:

ti <7 <ty <Tiy1,  for di+1€J(@). (3)

Moreover, if & # y, then all the inequalities in (3) are strict.
In addition, if ag < -+ < an < 0, then for every natural k, the zeros

{tl(.k)}?zl of f*) and the zeros {Ti(k) n_, of g% interlace too:
1< <6 <mt << <,
A similar statement holds true provided 0 < ag < «++ < Q.

The next result concerns the space of Miintz polynomials:

M, (%) = span{x”o, Lo },
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where ¥ = (70,...,7) With 70 < 71 < -+ < 7,. As it is well-known,

{z7, .. ;2" } is an ET-system on (0,00). Note that if f(x) € M, (7) then a

change of the variable z = e! produces a polynomial F'(t) € V,,(7). Consequently,
if f has n distinct zeros in (0,00), then F is an oscillating polynomial. The

above reasoning and the monotonicity of the exponential function show that

the zeros of the derivative of any oscillating Miintz polynomial can be indexed

by the set J(%). For this system we prove the following

Theorem 3. Let f € M, () has zeros & € X with x1 > 0 and g € M, (%)
has zeros § € X with y1 > 0. Assume that T and g interlace as in (1). Then
the zeros {ti}ic(5) of f' and the zeros {T;}ic(5) of g’ interlace too:

t; <71 < tip1 < Tiga, for i,i+1e J(®).

Moreover, if T # 4, then all the inequalities above are strict.
In addition, if o < --- < yp < 0, then for every k € N, f*) (resp., gi*))
has n simple zeros tgk) << tP (Tl(k) <-e < Ty(lk)) in (0,00) and

t;k) < Tl(k) <... < tslk) < 7‘7(Lk).

It is known that the system of polynomials with Laguerre weight
V, = {e_f”Pn(x) : P, c wn}

can be considered as a limit case of V,,(@), as agp, a1, ..., ay tend to —1. Then,
it is quite natural to expect that the Markov interlacing property holds for V,,,
too. Note that if f € V,, is an oscillating polynomial with zeros z1 < --- < x,,
then f' € V,, and it is also oscillating, with zeros ¢; € (z;,z;11), 1 = 1,...,n,
where x,,+1 := oo. For V,, we have

Theorem 4. Let f and g be two oscillating polynomials from V,, with zeros
Z and g, respectively. Assume that T and g interlace as in (1). Then for

every natural number k, the zeros {tgk)}?:l and {Ti(k)}?:l of f*) and ¢®,
respectively, interlace in the same order:

1 <P <<t < 7,

— 'n — n
Moreover, if T # y, then all the inequalities above are strict.

A linear change of the variable shows that Markov’s interlacing property
remains valid even for the space {e’\”’Pn(x) : P, € 7rn}, A #0.

The next theorem extends the Markov interlacing property to a more general
than V(&) space of functions. Let u € C*°(R) be a positive function such that
the ratio p'/u is non-increasing on the real line. We introduce the set

W (a; p) == {p(x)v(z) : v e Vy(a)}.
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Clearly, {p(z)e®®, u(x)e*®, ..., p(x)e*®} is an ET-system on R. Furthermore,
we define an index set J(a;p) C {0,1,...,n} as follows:

o {1,....,n—1} C J(a;u);

e 0 € J(a;p) if and only if ag > —A, where A := lim p'(x)/p(z);

Tr——00

e n e J(a;p) if and only if o, < —B, where B := lim p'(z)/p(x).

r——+00
We prove that W, (&; p) has property (P) and J(W,(&; ) = J(&; ). For
this space we have the following result.

Theorem 5. Let f and g be two oscillating polynomials from Wi (&; 1)
with zeros T and §, respectively. Assume that the interlacing condition (1)
holds true. Then the zeros {t;}ic(asn) of f' and the zeros {T;}ic s of 9’
satisfy the inequalities:

ti <7 <tig1 < Tiga, for ii+1€ J(a;p). (4)
Moreover, if T # g, then all the inequalities in (4) are strict.

The next corollary describes the interlacing properties of the zeros of linear
combinations of Gaussian kernels.

Corollary 1. Let f and g be two oscillating polynomials of the form
i bie~ (@0 (Bo < -+ < B,) which have zeros T and y, respectively.
Assume that T and g interlace in the order (1). Then the zeros {t;}1 , of
f and the zeros {m;}_, of ¢’ interlace in the same order. Moreover, if T # g,
then the interlacing is strict.

2. Examples
We give some examples, which show that the assumptions in the theorems
presented in Section 1, are essential.

Example 1. Let us consider the Tchebycheff system {u(z), u(z)z, p(x)2?}
and the corresponding space

Q2 := {u(@)p(x) : p € m2} = span {u(), u(x)z, p(z)z},
where .
. sin x
cosh(z/2)"
We take the following polynomials from Qs:

f()
9(x)

() ==

() (z + 1)(z - 8),
p(@)(z +0.5)(x = 9),
w(x)z(x — 10).
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Clearly, the zeros of every of these polynomials interlace with the zeros of the
others. We claim that:

e the only real zero of [’ is t; = 1.9262...;

e the zeros of ¢’ are 7; = 2.2120..., 7o = 4.2752..., and 73 = 4.9786...;

e the zeros of h/ are 6; = 2.6490..., §5 = 3.5731..., and 03 = 5.7762...

The above statements can be verified in the following way. One proves
analytically that each of f, ¢’ and h’ have no zeros outside the interval [—10, 10],
and then uses a computer to find numerically all their zeros in [—10,10] (see
Figure 1).

-10 1 -10 10 -10 10
20 200 20 20 20 20

0 / 0 0 / 0 0 \/ 0

-10 0 10 -10 0 10 -10 0 10

Figure 1. Graphs of f (left), g’ (center) and h' (right).

The space Q2 does not satisfy property (P), since ¢’ has three zeros in the
interval between the zeros of g.

The conclusions of Theorem 1 fail to hold because of two reasons. First, f
and ¢’ have different number of zeros, hence these zeros cannot interlace. On
the other hand, ¢’ and A’ have the same number of zeros, but they satisfy the
inequalities

7'1<91<02<T2<T3<93.

Example 2. Let us consider the ET-space V,,(&) , where —1 = ap < a1 <

- < a, = 1. Clearly, @ does not satisfy the requirements of Theorem 2,

concerning higher order derivatives. We shall prove that for every oscillating

polynomial from V,, (@), its k-th derivative is different from zero for every z € R,

provided k is sufficiently large and has the same parity as n. This shows that
in the general case Theorem 2 is not true for k-th derivative.

Let f(z) := Y. ,a;e®® be an oscillating polynomial from V,,(&). This
implies a; # 0 for every ¢ = 0,...,n. In addition, sign ag = (—1)"sign ay,
which follows from the asymptotic behavior of f for x — 4oc0. Since oy = —1
and a,, = 1, we have

n—1
F8 (@) = ag(—1)Fe ™ + Z a;afe®® 4 a,e”.
i=1

Furthermore, we shall suppose that k¥ =n (mod 2). This implies

sign a,, = (—1)* sign ao. (5)
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Case 1. © > 0. We represent the k-th derivative of f in the form

F9() = €"[Ak(x) + Bu(2)],

where
n—1
Ap(z) := an + ag(—1)ke™ 2", By () := Z azakel@—Dr,
i=1
Since a; < 1fori=1,...,n— 1, we obtain the estimate

n—1 n—1
|Br(@)] <) Jai il Pe @m0 <> ag | fas|*
=1 =1

for every x > 0. Consequently, By(z) tends to zero uniformly on [0,00). It
follows from (5) that |Ay(x)| > |a,| for every > 0. Therefore sign f*)(z) =
sign A (z) = sign a,, for every x > 0, provided k is sufficiently large.

Case 2. x < 0. Now we have
f® (@) = e "[A(z) + Bi(2)),

where
n—1
Ap(z) == ag(=1)F + a,e®, By (z) := Z a;afeloithe,
i=1

It can be proved, as in Case 1, that By(x) tends to zero uniformly on (—oo, 0]
and |Ag ()| > |ao| for every x < 0. This implies sign f*) (x) = (—=1)*sign ag =
sign a,, for every x < 0, provided k is sufficiently large.

The conclusion is that if k£ is a sufficiently large natural number satisfying
k=n (mod 2), then f*)(z) # 0 for every z € R.

Example 3. The claim of Theorem 3 concerning higher order derivatives is
not true if we replace the assumption v9 < -+ <79, <0by 0 < vy < -+ < Y.
(Compare with V,,(a).) Indeed, take f(z) := 2¥/2 — 232 € M;(3,3), then
f(x) = —3 x73/2(1 4 3x) # 0 for every positive 2. Consequently, f” can be
different from zero for every = € (0,00), and Theorem 3 cannot be extended to

the second derivative.

Example 4. Here we show that the assumptions for the weight function
from the definition of W,,(a; i) are essential for the conclusion of Theorem 5.

Let us consider u(z) = e . It is easy to check that p/(z)/u(z) increases
on R. We set @ = (1,2,3), and claim that the space Wa(a; ) does not satisfy
property (P). To prove this, we take the polynomial f € Vo(&) which has zeros
x1 =1, zo0 = 3, and let F(z) := p(z)f(x) € Wa(a;p). The zeros of F’ are
t; = —0.2910..., to = 0.6148..., and t3 = 2.8814... . The interval (—oo,z1)
contains two zeros of F’, which proves the claim.
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Moreover, the interlacing property for the derivatives does not hold true for

Wa(@; ). Indeed, let g € Va(@) has zeros y1 = 2, yo = 4. If G(z) = u(x)g(z),
then the zeros of F' and G interlace. The zeros of G’ are 71 = —0.4466...,
7o = 1.7981..., 73 = 3.9045.... Clearly 71 < t1 < to < 7o < t3 < 73, so the
interlacing property is not fulfilled.
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