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1. Introduction

V. Markov [4] proved that if p € P, the space of algebraic polynomials of
degree n, and

then on the same interval
™| < TR (1) (1.1)

for k =1,...,n, with equality only if p = vT,,, where |y| = 1. Here T,, is the
Chebyshev polynomial of degree n, T,,(x) := cosnarccosz for x € [—1,1], and
|- Il :== [l - lle(=1,17 is the usual uniform norm.

Duffin and Schaeffer [2] strengthened Markov’s inequality showing that it
remains valid under the weaker assumption

p(@)] <1, =z € {eos THL,
where z = cos Z! are exactly the points where |T,(z)| = 1. They also showed
that, if restrictions |p(z)| < 1 are imposed at any other set of (n + 1) points in

[—1,1], then Markov bound (1.1) is no longer true.
Here we consider the problem of estimating the norm ||p(*)|| under restriction

Ip(z)| < p(x), zel,

where 1 is an arbitrary non-negative majorant, and I is either the whole interval
[—1,1], or a discrete set § of n 4+ 1 points in [—1,1].
So, the problems are the following.

*This author was supported by the National Science Fund of the Bulgarian Ministry of
Education, Youth and Science under Grant DDVU-02/30.
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Problem 1 (Markov inequality with a majorant). For n,k € N, and
a majorant p > 0, find

My, = sup  [[p™]. (1.2)
Ip(e)] < (x)

Problem 2 (Duffin-Schaeffer inequality with a majorant). Given
n,k € N, and a majorant p > 0, find

Dy, = inf sup Hp(k)H. (1.3)
TSl (@) s <u(a)ys

(The idea of such setting is borrowed from Duffin-Karlovitz [3].)
In these notations, the results of Markov and Duffin-Schaeffer read:
p=1 = Mgu=Dgu=|T],

and the Chebyshev polynomial T}, (which oscillates most between +1) is extremal
for both problems. In particular, the set §, of its n + 1 equioscillation points
gives the infimum in (1.3).

So, the question of interest is: for which other majorants p the polynomial
w = w, that oscillates most between %, the so called snake-polynomial, gives
solution to both problems (1.2)—(1.3), i.e., when do we have the equalities

? ?
. k .
My = WPl = Dy
Notice that, for any majorant u, we have

gl < Migyu < Do

so the problem will be settled once we show that Dy, < ||w£tk) Il
In this paper we establish Duffin-Schaeffer (and, thus, Markov) inequalities
for a wide range of majorants p.

2. Results

2.1. Earlier Results

There are not so many results on Markov-Duffin-Schaeffer inequalities with
majorants, therefore we decided to mention all of them (to the best of our
knowledge). We display them in two tables and make short comments on
them. A detailed account on different proofs of classical Markov inequality
and its generalizations could be found in the recent survey [14].
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Let us make some comments.

1°-7°. All majorants are of the form

M(l‘) =V R2m(l‘)7 R2m S 7D2’m7

where Ry, is a non-negative polynomial of degree < 2m. For the polynomials
p € P, with a majorant of this kind, Vidensky [15] found (a kind of) explicit
majorant Vi (z) for [p*)(z)| (i.e., a bound for the pointwise Markov inequality).
Also, in this case, there is an explicit (again, to a certain extent) expression for
the corresponding snake-polynomial w,, of degree n if n > m (see §10.1).

1°-4°. Those are particular cases where Vidensky managed to proceed from
an intermediate pointwise estimate [p(®) (z)| < Vi (z) to a bound for the uniform
norm [p(¥]|

4°. As we have mentioned, for y = \/Ra,,, a natural restriction on degree
n of w, 1s

n >m,

thus restriction on n in 4° looks artificial (and we remove it in our results).

5°. For this case, Pierre and Rahman applied the original variational
approach of V. Markov. The exact value of Hw,(Lk) || is generally not known unless
it is equal to w,(zk)(:lzl) or w%k)(O), this is perhaps why, in 5°, two candidates for
the extremal function appear. We will show that, for symmetric majorants, we
have My, = w,(f)(l).

6°. This case required special consideration as it was not covered by 5°.

7°. We put this case in a separate line to compare it with the corresponding
results in Duffin-Schaeffer-type inequalities.

8°-10°. There are two different proofs of the classical Duffin-Schaeffer
inequality (with the unit majorant). The cases 9°-10° were obtained using the
original Duffin-Schaeffer method [2], but the second method [12] is applicable
for those majorants as well. However, further extensions of both methods, even
to the majorants (1 — x2)™/2, are hardly possible, and that was our motivation
for searching a new method.

9°. The case k = 1 for the majorant u(x) = v/1 — 22, when wg)(l) =M <
Dy, is very interesting as it shows that equality My = Dy should not be always
expected.

10°. Comparing 7° with 10° we see that, for the majorant u(z) = 1—22, the
Markov-type inequality My, = w4 (1) holds for all k > 1, while the Duffin-
Schaeffer-type result Dy, = wslk)(l) is established only for & > 3. However,
the previous case suggests that, for the majorants (1 — mQ)’”/ 2. the equality
My, ;. = Dy, might not be true for small k.

11°. Since Duffin-Schaeffer inequality holds for n — 2 < k < n for any

majorant u, and, on the other hand, k£ > 1, we may (and shall) assume further
that the degree n of the snake-polynomial w,, satisfies n > 4.
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2.2. New Results

Definition 2.1. Denote by €2 the class of polynomials w such that

0) w(x) :cH(a:—ti), t; € [-1,1];

la)  wllep,y = w(1), 1b)

n

2) w(z) = Z a;T;(z), a;>0.

=0

lwller-1,0) = lw(=1)I;

In particular, this class contains all odd and even polynomials with positive
Chebyshev expansion 2), i.e., polynomials of the form

w@) = agipyToirn(®), a2 >0, ve{0,1}.

Equality 1a) follows, of course, from 2), but assumptions 1)-2) are independent
in the sense that they are used at different stages of the proof, and may well be
relaxed. For example, we strongly believe that our main Theorem 2.1 is valid
under assumption 2) only.

Our main result (with respect to the Markov-Duffin-Schaeffer inequalities
with a majorant) is the following.

Theorem 2.1. Given a majorant i, let w, be the corresponding snake-
polynomial of degree n. Then we have

ka-—l) e = My, =Dy = wl(ik)(l) .

Example 2.1. The following table gives some examples of majorants to
which this theorem can be applied.

Duffin-Schaeffer inequalities with a majorant

Majorant u Derivative k Degree n Value Dy,
12° Iis, (1 + c2a?) all k n>m wF (1)
13° (1—a22)m/? E>m+1 n>m wﬁlk)(l)
14° R, (x?) E>m+1 n>m w%k)(l)
15° any p(z) = p(—z) k>n/2 all n w (1)
16° | /(1 + E2?)(1 + (a2 — 1)2?) k> 2 n>2 wF (1)
170 Ve Fhr T 1 22 rzamn | )
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12°. This case extends the Markov-type results 3°-4° of Vidensky to arbitrary
k, and also strengthens them in the spirit of Duffin-Schaeffer.

13°-14°. The case 13° is of course a particular case of 14°. It covers previous
Dulffin-Schaeffer-type results 9°-10°, and strengthens the corresponding Markov-
type inequality 5° for symmetric majorants. Note that our Duffin-Schaeffer-
type results are valid starting from & = m + 1, while those of Markov type
start with k = m, but this could be a necessary restriction. The case 14° shows
that the restriction k& > m + 1 provides, in fact, Markov-Duffin-Schaeffer-type
results for all symmetric polynomial majorants.

15°. This is an expected extension of 11°.

16°. This majorant is of the form which is in a sense intermediate between
the cases 12° and 13°.

17°. This is an example of a non-symmetric majorant.

3. Preliminaries

We are dealing with the Markov-Duffin-Schaeffer problem with a majorant
w, where we want to find the values

My = sup ||p(k)|| , Dy = inf sup Hp(k')”.
[p(z)|<p(x) SE[=1.1] |p(a)] ;s <p(z)s

For any p > 0 there is a unique polynomial w, € P,, the so-called snake-
polynomial, that oscillates n + 1 times between +pu, i.e., such that

|w#(x)| S:u(x)a T e [_Ll]v

*

and on some set of n 4+ 1 points d, = (7]

wu(r)) = (=1)" (7).

The question of interest is: for which majorants p it is this polynomial w,, that
gives extremum to both values above (as in the case p = 1), in particular,
whether it is the set . that gives the infimum value Dy, ,.

Notice that, for any majorant u, we have

n
)i, we have

||w;(ﬁ)|| < My < Dy < Dl:,;u

where
Dj = sup ™).
[p(z)])5, Su(z))s,
so it would be enough to prove that Dy , = ||w,gk)||. However, even with the

simplest majorants, the location of the nodes 7;* is not known explicitly, so we
have to find some arguments that avoid the use of them.
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It is clear that the snake-polynomial w, has n zeros inside the interval
[—1,1], ie., wy(z) = e[, (z — ), and that these zeros interlace with the
“touch-points” (1), i.e.,

“1<g<ti <7< <tp<7h<L1.
Denote by A, the class of knot-sequences § = (7;) with the same interlacing

properties,
“1I<tmp<thi<m<---<t, <1 <1.

Then
Di,= sup  [p®] = sup I
[p(x)])5, <t(x))s, [p(z)|5, <lw(z)]s,
< sup sup Ip™] = Sk,

deA, Ip(x)]js<|w(x)|s
and respectively

lw{P| < My, < Dy < Djsyy < Sk - (3.1)

So, now, we may try to evaluate the value Sk, in terms of Hw,&k) I. Tt turns out
that the pointwise problem, of finding the values

Skw(T) == sup sup |p(k) ()], x € [-1,1],
deA, |p(z)||s<|w(z)]|s
has a remarkable solution.

n

Proposition 3.1 ([13], [5]). Letw(z) = [[(z —t), t; € [-1,1]. Then

i=1
k
sto(@) = max { w® (@)], max 6" (2)[}, (32)
where ) ;
oi(x) = w(x) xtl, i=1,...,n. (3.3)
T =1

Proof. The original proof by Shadrin [13] followed the idea of Duffin-
Karlovits [3]: it was shown that variation of any single knot 7; € (¢;,t;+1) does
not result in a local extremum of the value p(*)(z), hence the value Skw(z) is
achieved when 7; is either ¢; ot t;11. A simpler proof based on the properties
of Lagrange interpolating polynomials was given later by Nikolov [5]. g

The polynomials ¢; are quite interesting. They have the same zeros as w

except one t;, and, because of the factor 1=2%  they satisfy the inequalities
x—t;

6i(2)| 2 [w(2)l, z€Dy,  [di(2)] < |w(2)l, 2 ¢Dy,
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where Dy is the unit open disc in the complex plane. These polynomials may
be viewed as the most extreme case of the Zolotarev-like polynomials.

From the pointwise equality (3.2), since Sk = maxy si (), it follows
that Sk is just the maximum of the max-norms of the polynomials on the
right-hand side. Moreover, we can make a minor simplification using the fact
that

Spw (1) = w® (1)),

which means that the values of (bgk) at the endpoints are inessential, and

therefore it is only the local maxima of ¢Z(-k)s that matters. To this end, we
introduce the “local norm”

[f1lx == max{|f(z)| : f'(x) =0, x € (-1, 1)},

and the following statement is immediate.

Corollary 3.1. Let w(z) = [[(z —t;), t; € [-1,1]. Then
i=1

_ (0 (0)
St = max { [, max 160}, (3.4
From this corollary and the chain of inequalities in (3.1) we obtain the
statement that gives a new way (other than those in [2] and [12]) of deriving
Markov-Duffin-Schaeffer inequalities with a majorant.

Proposition 3.2. Given a majorant p > 0, letw,, € P, be the corresponding
snake-polynomial. If

k
max ¢ < P, (3.5)
then
My =Dy = [wP] (= Skw). (3.6)

An advantage of studying the inequality (3.5) is that this is purely a poly-
nomial problem on the class of polynomials w having all their zeros in [—1,1],
with rather simple and explicitly given polynomials ¢; involved.

A disadvantage is that the high derivatives of ¢;-s are still difficult to
analyze, but we may reduce the problem to studying the behaviour of al(-m)
for small m, say, m = 0,1, where 52 are the polynomials defined in the same

way as in (3.3) but with respect to @ = w,&kim).

Corollary 3.2. Given a majorant 1 > 0, let w, € P, be the snake-poly-

nomial associated with p, and let O := w,&kim). If

max 6" [l < @™ (= ™), (37)

then
Miy =Dy = |wP| (= Sma). (3.8)

)
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Proof. The proof is based on the fact that if a polynomial p satisfies

lp(7)] < |w(mi)l

where 0 = (7;) is any set of n + 1 points which interlace with the zeros of w,
then its derivative of any order k — m satisfies similar inequalities:

=™ ()] < ™= ()]

where § = (n;) is some set of (n+1) — (k—m) points which interlace with the
zeros of w* =™ Therefore, with & := w*~") we have

Skw(z) = sup sup Ip™ ()]
d€hy Ip(2)]js<|w(@)ls
< sup sup ¢ ()] = sma(2).
Seas la@) 5<lo@)] 3
hence
lwP|| < My < Dy < Dy < Sk < Sms -
From assumption (3.7), due to (3.4), we obtain S,, 5 = [|@™)| = ||wftk)||, and

that implies (3.8).

Nikolov [7] proved that
H=w® =TH = (3.7)is valid with m =0  (hence (3.8) for u = 1),

and that gives one more proof of the classical Duffin-Schaeffer inequality.

In this paper, using some ideas from [7], we show that (3.7) is true with
m =1 for the polynomials & from the class 2 which we defined in (2.1) in the
following way.

0) O(x) =i (z — 1)

la)  |@llcpy =D)L 1b) [@llc-1,0 = [&(-1)|
2) W= Z;’L:O ajTj, a; > 0.

Namely, we prove the following statement.

Theorem 3.1. Let o € Q. Then

max |1, < 1))

From this result, Theorem 2.1 easily follows.

Proof of Theorem 2.1. By the assumption of Theorem 2.1, & = w®*~1
belongs to the class 2. By Theorem 3.1, this inclusion implies the inequalities
(3.7) which in turn, by Corollary 3.2, imply (3.8), i.e. the statement of the
theorem. g
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The rest of the paper consists of two parts. In the first part (§4-§8), we
prove Theorem 3.1. The proof is a bit lengthy, so we describe its structure
in §4. In the second part (§9-§10), we take some particular p’s and k’s (given
in Example 2.1), and verify that, for the snake-polynomial w,,, the polynomial
& = w®=1 belongs to the class Q. Thus, for those particular majorants, by
Theorem 2.1, we have

Mk W= Dk,,u = w(k)(l)

; B

4. Structure of the Proof of Theorem 3.1

The proof consists of three parts.

Step 1. In §5, we introduce two functions ¢ (z,t) and ts(z,t) with the
properties

¢i(x) =0 = ¢i(x)=1u(z,t).
That means that both ¢, (, ¢;) interpolate ¢, at the points of their local extrema,
therefore
Heroan < in |1, (z,t)]. 4.1
max[|gjl«p1 < max max min 1, (2,1:)] (4.1)
Step 2. In §6-§8, we show that, if
[wllcpo, < w(1), (4.2)

then, with some specific functions f; of the form (4.3) below, we have

) WG] < max (@] L@ A, 0051, —1s5 2 <o,
2) ‘¢2(x7ti)| < max{|f1(x)|, |f2(.%')|}, h<z<l;
3 (o) < max (AL L@LIAG@]) 0<o<n,  j<iot<l

Combined with (4.1), these inequalities imply that

!
max {|¢gl«jo,1) < max, Il fillcro s

and, by symmetry, on the interval [—1, 0], we have

. _
max |65 llj=1,0) < 121?%(4 Ifiller=1,00 5

where fj(x) = fi(—x).
Step 3. The functions |f;| are of the form

[£5(@)] = 1fi(w, )] = la; (@)w" () + bj(x)w' ()] + ¢; &[], (4.3)
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i.e., they are semi-linear in w. In §8, we show that, for w = T}, they admit the
estimate

1£5(T)llco < T (thus ([Tl < T (=D =T/(1) ).

This implies that the same estimate is valid for polynomials w with positive
Chebyshev expansion, i.e., if

w = ZaiTi, a; >0, (4.4)

then
£ (@)llcio,y < w'(1).

Indeed, since f(w,z) is semi-linear in w, and a; > 0, we have
£ =11F£O - aT)ll < 1> af (1)
<D all AT <Y aTi(1) = W'(1).

Hence, for polynomials w which satisfy (4.2) and (4.4), i.e., for w from the class

Q, we have
max [|¢f [ < w'(1),
2

and that concludes the proof of Theorem 3.1.

Remark 4.1. In Step 2, we used the condition ||w||¢jo,1) = w(1) only in the
case 3, when dealing with the function f4, but we believe that well-behaving
majorants for ||¢;||. of the form (4.3) exist for any w.

5. Majorants for ||¢}]|.

Set

bila) =~ (o).

We would like to estimate the “local norm” ||@}| ., i.e., the largest absolute
value of the local extrema of ¢ inside [0, 1].
For any (twice differentiable) function f, the function

9(x) = f'(x) + c(x) f" ()



238 On Markov-Duffin-Schaeffer Inequalities with a Majorant

interpolates f’ at the points of its local extrema, hence

1 0,11 < Nlgllo,y -

Respectively, we are going to construct two majorants for the local extrema of
@% in the form

Yu(@,ti) = ¢i(@) + e (x, )¢y (x),  v=1,2.

To this end, set

B, 1) = (),
so that
o (@) = ¢ (@, 1:)
Since % = lm__t: —t, we have
, t_l—sct (@) — 1—¢2 (5.1
¢(:c,)—ﬁw(x mw(m), 1)
9 Clewto, o 1= 1—t2
¢ (z,t) = el () —2 [CEnE w'(z) +2 [CEDE w(z) (5.2)

Lemma 5.1. Let ¢/(x) =0. Then
¢i(x) = r(z,t)
where
Uy (z,t) = ¢ (z,t) + %(x —t)¢" (z,t)
= %(1 —at)w”(z) — tuw'(z). (5.3)
( I)Droof. The proof of (5.3) is straightforward from the definition and (5.1)-
5.2) as

11— 0 1=t ol
W' (z) CEnE (x). O

¢ (2, t) = —tw'(z) + —

Lemma 5.2. Let ¢/ (x) =0. Then

oi(x) = Ya(x,t;),
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Proof. From the definition and expressions (5.1)-(5.2), for the factor at
w'(z) we obtain

1

r—t

(1—t2)(1—x2)): 1 (x—t)? x—t
1—at

((1 —at) —

and for the factor at w(x)

x—t 1—at 1—uxt’

1— ¢t ( 1—3:2)_ (1 —12) O
(z —1t)2 1—at/  (z—t)(1 —at)’
Proposition 5.1. For any polynomial w with all its zeros in [—1,1], we
have

/ * < i yti), yti) g
max {|¢g]l+fo,1] < Jax | max  min {1 (2, ti), o, 1)}

where 1, (x,t) are given in (5.3)—(5.4).

6. Majorants for v, (x,t) and ¥y (x,t)

r — ti 1
6.1. Thecase 0<x <1, —1< < —
1—xt; — 2
Lemma 6.1. Let

0<z<l, 2zt 1
- - 1 —.’L‘ti 2

Then

1z, )] < max {|fi(z)|, [f2(z)], [f3(2)]},
where

fi2(x) = 1(1 — 2t W (z) £ ' (z),

2
— 72 _
f3(z) := 12 71;7 W'(x) — 2;7 Il W'(x).

Proof. The function
]‘ 1 !/
(e, 1) = (1 - at) " (@) — 10 (@),

is linear in ¢, thus, for any given x and any ¢ € [a, b], we have the estimate

U1 (2, t)| < max {|¢1(z, a)l, [¢1(z,b)[}- (6.1)
" T —1t; 1. .
The condition —1 < < — is equivalent to
1— Iti 2
20— 1
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thus, we can use (6.1) with a = 2=1 and b=1. Then 1 —za =1— % =
2(;:;:2), so that
wied)_ = e - 2w = )
= w - =:
] PP 2—z s
while )
Uie,t)| = 51— 0w (@) —/ () = g(a)
Since |1 — x| < |1 — 22| on the interval [0, 1], we clearly have
1
l9(z)| < ‘2(1 — 2?)w"(2)| + |’ (2)| = max {|f1(2)], | fo(2)[} - 0
6.2. Thecaset; <z <1.
Lemma 6.2. Let —1<t;<t;1 <x<1. Then
(a2, t)] < max {|fi(2)], | fa(2)[}
with f12(x) as in Lemma 6.1.
Proof. By definition (5.4), we have
1 T —t (1 —12)
t) = =(1— 2\ 1 iy . i )
a(ots) = 51— ) a) + T ) - )
Because w'(x) = > w;(z), and because T(ll:;tz) = f:ft + t, we obtain
1 Tl — x(1—t2)
— (- (@) + S Y (@) — tiwi(a)
2 1—at; ! o

Now, since [{£=5-| < 1 and |t;| < 1, the absolute value of the sum of the last

two terms does not exceed Y ;- |w;(z)|. But for t; <z <1 all the summands
w;(x) are positive, hence

Therefore,

(e, 1)) < 501~ 22) " @)] + /()] = max ([ fu(@)], (@)} O
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:B—ti
<1
]_—iL'ti -

1
6.3. The case 0 < = < ¢4, > <

Consider again the function 1 defined in (5.4):

x—t (1 —t2)

(1) = 5(1 = %) (@) + {0 @) = s wla).

Lemma 6.3. Let

1 Tz —t
D<a<h, 2T lal ullepn =),
Then

[Ya(, t:)| < max{|fi(z)], [f2(2)], [fa()]}, (6.2)

with f12(x) as in Lemma 6.1, and

1 PANNZ 1 / 1 /

fule) = |5 (1~ ) (@) + 2/ (@) + 7 /] (63)

Proof. For a fixed x € [0, 1], set

_x—t
Ly

Since (1 — xt)? = (x — t)? + (1 — 2%)(1 — t?), we have

1-t?)(1—2?
z(1—t%) _% r 1-9* z
(x—t)(1 —xt) Z=t  1-22 4 1-az?

and therefore, for a fixed z,

1-+2 x

v 1—2a?

Ul 1) == () 1= (1~ %) (@) 7/ () - wi@). (6.4)

For ~ € [%, 1], the maximum of () is attained either at the endpoints, or at
the points where ¢’(y) = 0. In the latter case,

1++2 =
21— g2

W(7) = w'(x) + w(z) =0,

hence, % w(z) = —% w'(x), and putting this expression into (6.4) we

obtain
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So, at the points where ¢’(y) = 0, we have

W) < [0 - 20" @) + /(@) = max (LA @), 1@}

As to the values of 1(7) in (6.4) at the endpoints of [3,1], they are

O],y = 51 =296 (2) + /(@) = fi(a),
Y,y = 51 =) @) + 5/ (@) — 5 s wl@) = g(e),  (65)

and it remains to show that |g(z)| < |fs(x)|. The functions g and f4 in (6.3)
differ only in the last term which is —2 —Z5 w(z) for g(z) and 1 ||| for f4(z).
By the forthcoming Lemma 7.4,

—_

w(x) /

=uw(1 ’ < |1, <z <ty

lellopn =) = [22| <), o<z<n

and because 17 < 1 on [0,1], we have
3 =z 3 = |w(x) 1, ,
S =2 < 2wl O
5@ 21+:c‘1—x < gl
7. Estimates for ’% , 0<z<t.

Lemma 7.1. For any v € [0,1], and for any ¢ > 0, we have
in{ey,1 -7} < —
min {cy,1 — T
s T > ct1

Proof. When ~ runs through [0,1], the value ¢y is increasing from zero,
while the value 1 — = is decreasing to zero. So, there is a «y, for which both
values coincide, and for this 7. (equal to 1/(c+ 1)) we have

C
i o)t <oy = ——— O
min {cy, 1 =7} < ey e

Lemma 7.2. Let [|w|cjo,1) = w(1), and let 0 < x < t,, <1. Then

w(x) ‘ 1 ,
< .
‘1—x “m+1 ol
Proof. Since w(t,,) = 0, we have |w(z)| = \ftg; W'| < (tm — 2)||w'||, hence

D) | Iy

‘1 T 11—z
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On the other hand, since |w(z)| < w(1) and 0 < = < t,, < 1, we have

’w(:c)’<1—tm w(1) iiw —mizn:w()
l—zl ™ 1—2 1—1t, _1—xm 1 t-_l—xm 1—t;

K3

i=1 i=1
1—tm 1,
= —w'(1).
1—=x mw()
So,
11 t —x 1
< 3 m / < ’
P < i {1 <
the latter inequality by Lemma 7.1, Wlth’)/— _t;” and ¢ = % 0

If = is located between t5 and t;, then Lemma 7.2 gives the inequality
|w(x)| < %||w'|| which is not strong enough for our purposes. The next lemma
improves it.

Lemma 7.3. Let [|w||cjo,1) = w(1), and let

0<z<1, to <ax <t; <l.
Then V3
w(x) , 2—-v2 1
< = — . .
| <hw' @), v=T5E <3 (7.1)

Proof. Let s1 be the rightmost zero of w’'(x), i.e.

to < 51 < tq, w’(sl) =0,
where t; are zeros of w in the reverse order. Clearly, the ratio “(_"? attains its
maximal absolute value for some z in [s1,t1], and we will distinguish two cases
for location of s1:

1) 0<s1<ze<ty <1, 2) s1<0<z<t; <.

Case 1 (0<s;<z<t;<1)

1) By assumption, |w(z)| < w(1) on the interval [sq,t1] so that, assuming
that w(1) =1 we let w(s1) = —a with some a € (0, 1].

Let p be the quadratic polynomial that interpolates w at the points (s1, s1,1),
ie.

p(s1) =w(s1) =—a,  p'(s1) =w'(s1) =0, p(l)=w(l)=1
Then, for x € [s1,1], the Lagrange interpolation formula provides

w(ac) 7])(33) 21' (Z - sl)z(x - 1)"‘}”/(5)7 f € [517 1]
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and since w"’(§) > 0 for & > sy, it follows that

w(x) <p(z), =€ s,1], (1) <w'(1).

0.5 0.5

—0.5+

11

Figure 1: The graphs of w and p Figure 2: The graphs of w and ¢

2) Let ¢ € Py be a quadratic polynomial defined by the conditions

q)=w(@) =1,  ¢1)=u'(1), q(s7):=infq(x) = —a, (7.2)

This ¢ is a dilation of p, namely
g(z) =p(Az —(A-1)),  A=u'(1)/p'(1) >1,

and, because the squeezing coefficient \ is greater than one, we conclude that
s1 < 8] (where w(s1) = p(s1) = q(s7) = —a).

When z runs through [sq1, s7], the value w(x) is increasing from w(s;) = —a,
while the value ¢(z) is decreasing to ¢(sj) = —a. So, there is a point z* €
(s1,s7) for which both values coincide:

q(z*) = w(z"), s <zt <sy <L

We see that ¢ interpolates w at (z7,1,1), hence, by the Lagrange interpolation
formula, for z € [z*,1],

wlw) — ala) = (o —a")a —12Q), €€,
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and we have ¢(x) < w(x), for 2* < x < 1, in particular,
q(z) < w(x), st<z<l1.
3) It follows that, for any x € [s1,¢1], there is a point y, € [s},t]] such that
w(z) = q(ys) <0, T <y, <ty,

whence

‘w(x) ‘ _ ‘Q(ym) - ’ q(Ya)
1—=a 1—2 1—y, !
So, if
q(y) ‘ /
max |———| < 1), 7.3
x| =d (D) (7.3)
then, because ¢'(1) = w'(1),
w() ‘ /
< 1).
ﬂﬁen[ls??%l] 11—z _'YW( )

4) Finally, let us find the least constant v in (7.3) for the quadratic polynomial
q given by conditions (7.2), i.e.,

g1)=1,  q(t}) =0, (s =0,  q(s]) =—a.

It is easy to see that v is maximized if —a = —1, and that its value does not
depend on the position of s7, so we may take s, = 0, and consider inequality
(7.3) just for the polynomial

— 2 1
qy)=2y> -1, yelo, 7]

For such a ¢, we have

S

{M

! 2
7 } =0 = ¢(@)(1-2)+qx) =0 = 222 —42+1=0 = x5 =
-z

whence

SN CORLICOT I R Y
¢ ()11 -z q'(1) 4 2 3
Case 2 (s1 <0< ax<t; <1).

Recall that t; are zeros of the polynomial w € P, in the reverse order, and
s1 is the rightmost zero of its first derivative w’, so that in the case under
consideration we have

1<t <<t <51 <0<t <1. (7.4)

1) Let us find out what the rightmost position of ¢; € [0,1] could be if we
require that s; < 0. It is known that, for a polynomial w(z) = [, (z — t;),
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the zeros s; of w’ are monotonically increasing functions of ¢;. Therefore, with
t; € [0,1] fixed, the leftmost position s of s; is attained for the polynomial wi,
with the leftmost positions of all other zeros from t5 to t,, which are —1, i.e.,

wi(x) = (x —t1)(x + 1)L,
Then
(@) = (2 4+ 1"z + 1+ (n— 1) — 1))
and its first zero sj from the right satisfies

nsy +1
n—1"

1=

So, for any polynomial w € P,, which satisfies (7.4), we have

1 1
x <0 = H© < < —
s1 <81 = 1_n_1_2,

n>3.

2) Now, consider the ratio

wx) 1
v =sup sup
w zefoy) 1 —zw(1)’

where zeros of w satisfy

1<ty <o <t

IA

0<t

IN
N =

Since w'(1) > (1 —t2)--- (1 —t,), we have

t1 —xx—ts T —1ty
v< sup sup .
t;€(7.5) z€[0,t1] -2 11—t 1—1,

The first factor satisfies tll%; < %, with equality when £ = 0 and ¢; = % The
remaining factors satisfy % < %, with equality when x = t; = % and t; = —1.
So, in Case 2,
1/3\n=1 1/3\2 9 1
< — < —(-= = —< -, > 3. O
s (4) —2<4) 3273 "=

On combining Lemma 7.2 (for « < t3) and Lemma 7.3 (for to < z < t1) we
obtain the following statement which we used in proving Lemma 6.3.

Lemma 7.4. Let ||w|cjo,1) = w(1), and let 0 <x <t; <1. Then

1
|28 < Sy,

1—2x
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8. Proof of Theorem 3.1

1) We summarize the results of §5-86 in the following statement.

Theorem 8.1. Let w satisfy the following condition:

la) max |w(z)| =w(l).

z€[0,1]
Then
m?XH@”*[o,l] < 121?§4||fj(wé')||0[0,1]7
where
1 2 " /
filw;x) = 5(1 — )" (z) + ' (2),
1
folw;x) = 5(1 — 2w (z) — ' (z),
1—a? 2z —1 (1)
. — ey /
falwyz) = 2_xw(x) 2_ww(m),
1 2 1 1 / 1 /
falw;x) = 5(1 — )W (z) + Jv ()| + 1 [lw']] -

By symmetry, on the other half of the interval [—1, 1] we obtain the following
statement.

Theorem 8.2. Let w satisfy the following condition:

1b) max |w(z)| = |w(=1)|.

z€[—1,0]
Then N
mex [|¢x-10 < max [1f(w; ) let-vo,

where

rs 1 2 " /

filw;z) = i(lfx w’(z) — w'(x),

Fwiz) = S1-a)"(@)+' @),

~ 1— 2?2 2z +1 ®.2)

. - " - /

falw;z) = 1 w'(x) ta w'(x),

T . L } 2 " _ 1 / 1 /

falw;x) = 2(1 %)W" () 5% ()| + 1 [lw']| -

2) In order to complete the proof of Theorem 3.1 (see Step 3 in §4), we need
to prove the following statement.
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Theorem 8.3. If w =T, then
155 (Tns Moy < Tp (1) =n?, j=1,2,34.
(That implies the same estimate for ||]?](Tn, Ner=1,00)-

We will provide the proof in several lemmas, first for f3 and f1, and then for
fo and f4. (For the sake of brevity, we write below f;(x) instead of f;(T,;x)).

Lemma 8.1. We have

72 _
fa@)l= |5 T - S )| < T, e ) (83)
Proof. Since
(22 — DT (z) 4 2T (z) = n*T),(z), (8.4)

the left-hand side becomes

1—a? 2r —1 (1—2)T"(z) — 2T (z) 1—=x
" _ T _ n n T
) - 2 ) =) )
(- 9)T) — n*T ()
N 2—z ’

and our inequality is equivalent to
(1 = 2)T,(2) = n*T(2)] < 2 - 2)||I T, = (2 - 2)n.

The latter is obvious because |T),(x)| < n? and |T,,(x)| < 1. O

Lemma 8.2. We have
@) =[50~ @) - T@| < Ty, wela (©5)

Proof. By (8.4), our inequality is equivalent to

L@@+ 2 @)+ (1-2) T | = | @)+ (1-2) T <

and we are done once we prove that (1 — £) T}, (z)| < %-, that is

T < 57 = gla).

The function g is convex and monotonically increasing on [0, 1], moreover
g(1) = ¢’(1) = n?, hence
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1) If x € [x0,1], where zg := cos T is the rightmost zero of T}, then T, is
convex and T7,(x) varies monotonically from 0 to n2, hence

2 — X0

0<T)(x)<n <n?z < g(x).

1—{,60

2) If z € [0, zo], then using Bernstein’s inequality and the inequality sint > 2¢
for ¢t € [0, 5], we obtain

2

n n n n n
T (z)| < < = <—=—xZ > 2.
| n(m)|_\/1—x2_\/17xg sin® ~ 2/n 2 S 9@, "=
3) Finally, for n = 0, 1, both sides of (8.5) are identical. O
Lemma 8.3. Let vy € [0,2]. Then
2 /

|97 (@)] = (1 = 2?) T} (2) + T ()| < T,(1), ze€l01]. (86)

3—7
The proof of Lemma 8.3 is based on the next two lemmas.
Lemma 8.4. Let

gy(x) == (1 =) T}/ (2) + T (2), v €10,2].

Then, at the points x € [0,1] where g',(z) =0 and x +v > 0, we have

|gy(x)\ <n? \/ G’Y(Z/GJ)?

where
o) = 7 gflyﬁ: vz T W 20. (&7)
Proof. From the differential equation
(1 — 2T/ (x) = 2T (x) — n*T,(2), (8.8)
it follows that
g+ (x) = (x + )T (z) — n*T,(x), (8.9)

and, respectively,
g95(@) = (z +) T}/ (x) — (n® = 1)T, ().

If g/ (z) = 0, then

n?—-1_,

T)@) = " Ti(a)
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Multiplying both sides with (1 — 2?) and using (8.8), we obtain

(n? —1)(1 —2?)

T (z) —n* T, (x) =
2T (@) = n? T(2) e

T, (z) = ya Ty (2)
or, after rearrangement,
n? Ty, (x) = (x — ya) T\ (). (8.10)
Putting this expression into (8.9), we find that, at the points of local extrema,
9+ (@) = (v + ya) T, (2). (8.11)
Next, we square (8.10), and substitute the left-hand side by
niT,(x)? =n* —n? (1 — 23T/ (x)?,

and that gives
nt = [n? (1 - 2%) + (z — y2)?) T (2)*.

This formula expresses the value T/, (x) in terms of x, and we put this expression
instead of T} (z) into the right-hand side of (8.11) to obtain

2 _ 4 (v +4a)°
n?(1—a?) + (x - y2)*

Finally, from definition (8.7) of y it follows that n?(1—2?) = (z+7)y.+(1—22),
so for the denominator D, (x) in the expression above we have the estimate

Dy(z) = (x+Y) e+ (1—2) +(—4e)® = 1+ (v—2)yo+¥ys > 1+ (y— L)y +¥3 -

That proves (8.7). O

Lemma 8.5. Let

(v +9)°

Gl = T Ty r e

(8.12)

Then, for any y € [0,00] and for any v € [0, 2],

Proof. For a fixed v € [0,2], we need to determine the maximum of the
value G (y) over y > 0. We have

G,(0)=7".  Gylo0)=1,
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while differentiation with respect to y gives

G(y=0= (r+y) A+ -Dy+y ) —(r+y)((v—1)+2y] =0
& vty 2-1T+7)y—v(y-1)]=0.

From the two roots

2+ —12

:2— s
1+7 7

y1=-", Y2 =

only the second one should be considered, and we have
4 4
Gy(y2) = = .
e ) R ) A

So, for v € [0, 2], we have

4

Gy(y) < max{ ,1 ﬁ}

Now, clearly 3 5 =1 and we also have 3 52 72, because

—(3—7)72:4—372+73=(1+v)(4—4v+72)=(1+7)(2—7)220,

hence 4

G < — O
4(y) < 3~
Proof of Lemma 8.3. For = + v > 0 inequality (8.6) follows from the
preceding two lemmas. The case x = v = 0 is verified directly. O
Corollary 8.1. We have
1

A@)] = |51 = 2T (@) + Th@)| < T, (8.13)

1 1 1
@) = |50 = 2T (@) + 3Th(@)| + 7 Talloy < Th(D).

Proof. For the first inequality we apply the estimate (8.6) with v = 2,

@) = 5o ()], < Th(1),

For the second one, the same estimate with v = 1 gives

1 2\rt! 1 / 1 !
31— ITLE) + 5 T = o @], < =T,

and, because % < 3, we obtain |f4(z)| < (% + 1) 10 (1) < T (1). O
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9. Derivatives of (z? — 1)™T,(x) and (2 — 1)™T/(x)

In this section we find the orders k of the derivatives of f(x):= (22-1)™T,,(x)
and g(z) := (2% — 1)™T/,(x) that have positive Chebyshev expansions. These
results will be used in the next section for establishing the same property for
the derivatives of certain snake-polynomials.

Lemma 9.1. Let
f(x) = (2% = )™ T, ().
Then
f(k) ZOLz i(x), a; >0 Vn & k>2m.

Proof. We will use the fact that both T),(x) and zT,(x) have positive
Chebyshev expansions.

la) For m = 1, we use also the differential equation for T}, to obtain

(2% = 1) T(2)]" = (2® = 1) T/ (2) + 42 T, () + 2 T ()
=(n?+2)T,(z) + 32T (2)

:ZajTj(x)7 (ljZO.
1b) And for m > 2,

[(22=1)" To(z))" = (2% = )™ T/ (x) + 4z m(z? — )™ T/ (2)
+ [zm( - 1)m—1 +4z* m(m —1)(2* — 1) 2] T, ()
= (2 = 1) {(2® = 1) T} (2) + d4ma T}, () + [2m + 4m(m — 1)] T,, }
+ (x2 —1)"m" 24m( — 1) Ty (2)

= (.7,‘2 — l)m_l Z ajTj + (J:2 - 1)m_2 Z bjTj s aj, bj > 0,
so that

[(xQ_l)m Tn(x)} (2m):{ [(x _ )mT }” }(2 m—1))

= {(1‘2 —1)m—1 Z ajTj+(l‘2 _1)m—2 Z bjTj}(Z(mfl)) ’

and we apply the induction hypothesis to the last two terms.

2) Now, let us prove that condition k > 2m is also necessary for f*) to have
a positive Chebyshev expansion, if n is big enough. We shall use the fact that if
f*) possesses positive Chebyshev expansion, then necessarily f*)(0) < ) (1).

We have
k

f(k)(x) = Z <I;> [(xQ — 1)m] (s) -T7(Lk*5)(z),

s=0
and since (for n = s mod 2)

T(0)=0@w*),  TP(1) = 0(n*),

n
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we have
f(k)(O) = (332 _ 1)m’I:0 Tr(zk)(o) 4+ ... = O(nk) 7
while
k milm —m —2m
o) = <m>[(x2_1) | TE (1) 4 = ORI,
Hence
FOO) <SP, n>ny & k<%-2m & 2m<k. O

Lemma 9.2. Let
g(x) := (2% = 1)™T},(x).

Then

g(k)(a:)zz:aiTi(a:), a; >0 VYn pas k>2m—1.

la) Similarly to the previous case, for m = 1 we obtain
[(2* = 1) T,(2)] = (¢ = 1) T;) (x) + 22T, (2) = n* T (x) + 2 Ty (x)
= ZajTj(m), a; > 0.
1b) And for m > 2,
(@ = )" T @) = @ = )" YT + (@ - ) S )

with a;, b; > 0, so that

[(372 — 1)7” Trll(gj)] (2m—1) _ {(,TZ . 1)m—1 ZajTJ%x)}(Q(m*l)*l)

+ {(x2 — )2 0T (@)

)

}<2<m71>71>

and we apply the induction assumption to the last two terms.

2) Necessity. We have, for n = k mod 2
g(k)(O) _ O(nk-&-l)’ g(k)(l) _ O(n2(k+1)—2m),
hence

9B 0)] < 1g®)], n>ny & k+1<2k+1)—2m < 2m—1<k O
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10. Duffin-Schaeffer Inequalities for Various Majorants

10.1. Requisites

The material in this subsection is borrowed from Vidensky [15].
1) Let Ra,, be a polynomial of degree < 2m, which is non-negative on
[—1,1], i.e.
Ropm € Pop, Rgm(l') > 0, x € [—17 1]

Then, for any n > m, it can be represented in the form
Rom(z) = Pi(x) + (1 - 2)Qp_y (2),
where P,, and @),,_1 satisfy the following conditions:

a) P, eP,and Qn_1 € Pr_1;

b) all zeros of P, and Q,_1 lie in [—1, 1] and interlace;
c) the leading coefficients of P, and @, _1 are positive;
d) P, is the snake-polynomial for y = /Ra,,.

Moreover,

Prin(z) =Re [Pp(z) +iV1 — 22Qu-1(2)] [Tn(z) + iV 1 — 22U, ()]
= P (2)To(2) + (2 = 1)Qm-1(2)Up1 (),

2) For n > m, the polynomials P, satisfy three-term recurrence relation
Poi1(z) =22 Py(z) — Pr—1(x)

and they are orthogonal with respect to the weight function ﬁﬁ, ie.,
/1a:kPn(x)1dx:O, k=0,....n—1, n>m.
3) For the special case
Rop(x) = ﬁ(l + (a? —1)z?),
the formula for P,,,,, takes the form

Prn(z) = Re{ [T (a0 +iv/1 = 2?) [Tu(a) i/ 1220, () } . (10.1)

where Uy, = T;,,,/(m + 1) is the m-th Chebyshev polynomial of the second
kind.
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3) Also, for the majorants y = v/Ray,, Vidensky [15] established the following
bound in the pointwise Markov inequality:

miu(z) = sup [p®(2)] < Vi(z),
Ip(2)|<p(z)

where

V(@) = |(Prin (@) + VT — 22Quuyn1) ™

In particular,

Y o oA e ) A e Rl

1—22

where P = P,,, Q = Qm_1.

10.2. The Majorant p(x) = /Ry, (z2)

Lemma 10.1. Let u(x) = /Ry (2?), where Ry (x) is a polynomial of
degree m, non-negative in [0,1]. Then, for any k > m, and for any n > 0,

we have
m—+n

W @)=Y aTi(z), a0, (10.3)
=0

Proof. We have

mtn(#) = Prsa(2) = P (@)Tn(2) + (2 = D)Qmo (2)- Th(z)

where both polynomials P, and @,,—1 are either odd or even, all their (sym-
metric) zeros are in [—1, 1], and they have positive leading coefficients. Consider
separately two cases.

1) The case m = 2myg. Then

mo mo
Pr(e) = Poma() = ¢ [J (2 = ) = e [[ (2> — 1 + )
=1 =1
mo
= Zb?(l’2 1)m071,
=0
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Hence,

) = Foenls [ZbQ T [ZfF e o),

and conclusion (10.3) follows by Lemmas 9.1-9.2, if k > 2mg =: m.

2) The case m = 2mg — 1. Similarly, we obtain

mo—1
Pm({l?) - P2m071($) = Z b?(l’2 1)7n0 1 17
i=0
and
(2% = 1)Qm_1(z) = (22 — 1)Qam, 2 ng Jymo—i.
Hence,
mo—1
OJM(J/‘): m+77, = |: ZbQ mo 1— Z:| xT I:Z d2 mo ,L:|T/( )
and conclusion (10.3) follows by Lemmas 9.1-9.2, if k > 2mg — 1 =: m. O

Applying Theorem 2.1 we obtain the following Duffin-Schaeffer-type result.

Theorem 10.1 (Example 2.1, 13°-14°). Let p(z) = /Rm(x?), where
R, is a polynomial of degree m, non-negative in [0,1]. Then we have

My =Diu=wl(1),  k=m+1, n>m.

10.3. Arbitrary Even Majorant pu(x) = pu(—x)

Lemma 10.2. Let
n(@) = p(~a).

Then, for any n, and for any k > "T_l, we have

wi® (x Zal p a; > 0. (10.4)

Proof. We have
wp(x) = Py (x),

where P, is either odd or even, all its (symmetric) zeros are in [—1, 1] and it
has a positive leading coefficient. Consider again two cases.
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1) The case n = 2ng. Then, as in the proof of Lemma 10.1, we conclude
that

70
Pp(z) = Pany(x) = Y b (2® = 1)™ ", (10.5)
=0
Hence
no .
P (z) = Y BILY) (@),
1=0
where -
Ly () := dx—m(cc2 -nm

is the Legendre polynomial of degree m (with a different normalization, the
classical one has an additional factor ﬁ) Since L, is known to have a
positive Chebyshev expansion, i.e.,

Ly, (z) = z:aiTi(x)7 a; >0,

the same is true for its derivatives (because Ti(é) have positive expansions).
Hence (10.4) holds true for k > ng = n/2, i.e., for all k > 21,

2) The case n = 2ng — 1. We may write

no—l

, d
Py(z) = Popg-r(z) =z ) bi(a® = 1) = 2 @20 (2)
i=0

where
no—1 b2
2 no—i 2 i
= 1 0 =
Q2n, (I) ; & (;E ) G 2(77,0 — Z) ’
so that

PV (z) = QU ().

2n0

The polynomial @2, has the same form as the polynomial Py, in (10.5), hence
its no-th derivative has a positive Chebyshev expansion. So, we have (10.4) for

k>ng—1="51 O

Now, application of Theorem 2.1 gives the following
Theorem 10.2 (Example 2.1, 15°). Let u(x) be any even majorant,
p() = p(—2),  wel-1,1]
Then we have

=Dy =wP(1), k=g, neN.
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m
10.4. The Majorant p(z) = /| [] (1 + c?z?)

=1

Lemma 10.3. Let

Then, for any n > 0, we have

n+m

wn+m(x) = Z bjTj(x), bj Z 0. (106)
7=0

Proof. With = cost, we have

(az+iv1—22) (T, (z)+iV1—22U,—1(x)) = (acost+isint)(cosnt+isinnt)

_<a+1

1 _
= a—; (cos(n + 1)t +isin(n + 1)t) + a4

! (cos(n — 1)t +isin(n — 1)t)
a+1 . a—1
= ——(Thi1(z)+ivV1 — 22U, () + 5

5 (Tn_l(l')—FZmUn—Q(x)) )

therefore, in finding expression for the snake polynomial (see (10.1))

(cost +isint) + -

1 . .
(cost — isin t)) (cosnt + i sin nt)

m

Phim(z) = Re{ H (ajz+iv1—a2)[Ty(z) +iv1— xQUn,l]} ,

j=1
we may proceed by induction. In particular, we have: for m =1,

(11+1 al—l

Poyi(z) = 5 Toya(x) + 5 Th-1(z);
for m = 2,
Pra(e) = LD @) 7y (@t 022D (02D (@ DY g ()
n (“172—1)@ Ty (), (10.7)

and, generally,

1 m
Prin(r) = 5o > (@ + ei) Tugiey

€4 j:1
where summation is extended over all vectors e; = (e;.1, ..., €im), €;; = £1 and
lei] == >_e;5. So, if all a; > 1, then the Chebyshev coefficients of P,,, are
non-negative. O

Thus, the following statement is true.
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Theorem 10.3 (Example 2.1, 12°). Let

m

i) = [[ 1+ ).

Then, for all k > 1, and for all n > m,

My, = Dy, = w(1), E>1, n>m.

10.5. The Majorant p(z) = /(1 + c2x2)(1 + (a3 — 1)x2?)
Theorem 10.4 (Example 2.1, 16°). Let
pP(x) = (1+ (af = )a®)(1 + (a3 — 1)2®), a1 > 1.
Then we have
My, =Dy, =w® 1), k>2, n>2
Proof. 1t suffices to prove that the first derivative of the snake-polynomial
wy = Ppi2in (10.7) has a positive Chebyshev expansion. Denote the coefficients
of the Chebyshev expansion of P, .5 in (10.7) by A,B and C, respectively:
Poio(x) = AT, 40(x) + BT, (x) + CTp—a(x)

and note that

_atletl a1l ai—lap+l _

A= D) 5 A+B = 5 02 5 5 A+B+C = ajas,
hence

@m>la>0 = A>0, A+B>0, A+B+C>0.  (108)
Since

T, .(2) =m (Trp—1(x) + Trn—s(x) + ),

we obtain

Pl o(x) = AThi1(x) + B'Toor(x) + C' (Ths(a) + Tps(a) +---) ,
where

A= (n+2)A, B' = (n+2)A+nB, C'=(Mn+2)A+nB+ (n—2)C,

and all these constants are positive because of (10.8). O
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10.6. The Majorant u(x) = vaz? +bx +1

Here we will treat the the case of a non-symmetric majorant of the form
p2(z) = ax® + bx + 1 = (ax + B)* ++*(1 — 2?).
where we will assume that
W(-1) < pl) & b0,

Equating the coefficients we obtain

B+ =1, o —~4%=a, 208 =1 (10.9)
whence
S M) 5o g UM ) o), = imF e ).
The corresponding snake-polynomial has the form
w1 (@) = (0@ + B)T(@) + L (22 = T (x) (10.10)
- O‘Tﬂ Toi1(2) + ATa(2) + S5 T (). (10.11)

In order to get
My = Diyp = Wv(zk)(l)

for a particular k, we need to verify two conditions (of w*~1) belonging to the
class 2):

1) w* Voo = lw*D (1) (10.12)
2) wh Y= ZaiTi7 a; > 0.

(The right end-point condition (1a) follows from (2).)
1) Case k = 1.

In this case, w has a positive Chebyshev expansion if
a>y & a>0.
It is also clear, that the “left end-point condition” (10.12) will be satisfied if
p(=1) 2 p(0) < a=b
Thus we have the following statement.
Theorem 10.5. Let
u(z) = Vaz? +br+1, where a>b>0.

Then, for alln > 1,
Mlv# = Dl,,u = w;(l)
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2) Case k = 2.

In this case, since 2T}, (z), T} (x) and [(2?—1)T},(z)]’ have positive Chebyshev
expansions, it follows that

W(x) = [(am + ﬁ)Tn(x)}’ + [%(ﬁ - l)T,’l(x)}/ = ZaiTi, a; >0,

ie., wL has a positive Chebyshev expansions for any p = vaz? + bx + 1 with
b>0.
However, the ”left end-point” property is not always fulfilled. For example,
for pu(x) = z + 1, and odd n, we have
wz)=(x+DT,(z) = |W'(-1)]=1<n=]w'(0).
Below we give a sufficient condition which provides the ”left end-point”

property (10.12) for the first derivative of

w(@) = (az + )T (@) + L (2 = )T ().

By Vidensky result (10.2), with P(z) = axz + § and Q(x) = vy, we have
ar + B) +ya)* + (1 - 2?)(a + nv)?

W@ < Vi) =

with equality attained at n 4 1 points.

Let us show that Vi (z) (which is unbounded at = 1 for «, 8, v > 0) has
exactly one point of extremum (which is necessarily a minimum) inside [—1, 0].
We have
Vi(z) =0 & 2[(na+y)z+nf))(na+y)(l—2)+[(na+y)z+nf)*2z =0

which is equivalent to two conditions

ns
1 = = — =
) (na+y)z+nf=0 & =z mp—— (=: 1)
+
2)  (na+)(1-2)+[(nat+Nz+nflr=0 < z:_”‘j‘w” (=: z3).
and, since 1 = 1/xo € [—1,0], there is exactly one extremum inside the

interval.
Therefore, the “left end-point” condition (10.12) will be fulfilled for all n if

w'(=1)] = V1(0).

‘We have
Vi(0) = VB + (@ - m)%) = vVE + 2am + a2 <n+a,
W (1) = S 1)% = Bn2 + ?(n 12 =(a—B)n + 2y +a,

2
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where in the first line we used relations 32 + 42 = 1 and v < 1 from (10.9).
So, it is sufficient to require
1—2y

(a=pBm?+2yn+a>n+a & a—pF> .
n

Since a — 3 > 0 by definition, the latter is true if

v>5 e () —p(-1) < V3 (since 28 = 2\/1—19?),

N |

with a possibility p(—1) = 0. Another option is, when p(—1) > 0,
1-2y 1-2y

a—pF  p(=1)"
Applying Theorem 2.1, we obtain the following statement:

1
2) ’y<§ and n >

Theorem 10.6 (Example 2.1, 17°, k = 2). Let

p(x) =vax? +br+1, b>0.

If u(1) — w(=1) < /3, then for all n > 1, otherwise for all n > #(il) if
u(—1) > 0, we have

Mo w = DQ,M = wx(l) .

s

The case k > 3.

Let us show that, for m > 2, the left end-point condition
o™ o0 = W™ (=), m>2,
is fulfilled for any «, 3,7 > 0. We have
(@) = [(aa + B)Ta(@)]) ™ + L[(@® = )T ()] "
= af(e+ D1,@)]" + [(8- )Tu(@)] ™ + L [(@* - )T ()] ™.

Since o,y > 0 and f — a < 0, all the terms in the last line have the same
sign (—1)"~™ ! at x = —1. Also, [(z? —1)T}, ()] ™) and ™ () have positive
Chebyshev expansions for m > 2, hence satisfy the left-end property, therefore
it suffices to prove the left-end property only for the first term.

The latter is equivalent to the right-end property for the polynomial
[(x — 1)T,,(2)]™), i.e. we need to prove that

gm(z) = |(x — 1)T7(Lm)($) + mTT(mel)(x” < mT7(zm71)(1)’ z €[0,1].
For m = 2 and z € [0, 1] we have, by (8.13) and (8.5),

g2() < |(@* = DI/ ()] + 2|T;, (2)] = 2max{| f1(Tn; 2)|, | f2(Ts )|} < 2T;,(1).
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Since TT(Lm_l) = > a;T!, hence T,(f”) = > a; T, with the same a; > 0, the
result for m = 2 implies, for m > 2,

(@ = DI @) + 2T V(@) = | S ai((@ = DTV (2) + 2T ()|
<> ail(@ — VTV (@) + 27/(@)|
<2) aT{(1) =27 V(1).

Consequently, for m > 2 we have

gm () < |(z = DT (@) + 27D ()| + (m = 2)| TV ()]
<mT{m=1(1).
Now Theorem 2.1 implies

Theorem 10.7 (Example 2.1, 17°, k > 3). Let

p(z) =vax? +br+1, b>0.

Then we have

Mk7M:Dk7M:w7(Lk)(1)7 k>3, n>1.
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