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1. Introduction and Statement of Results

1.1. Functions of Exponential Type and the Indicator Function

Let f be an entire function and let M (r) := max|,—, |f(z)|. Unless f is a
constant of modulus less than or equal to 1, its order is defined [3, Chapter 2]
to be sl

M
p := lim sup 2808 A7) (r) .
r—00 logr

A constant ¢ such that |¢| < 1 has order 0, by convention. If f is of finite
positive order p, then T := limsup,._, ., v~ log M (r) is called its type.

A function f, analytic in any unbounded subset S of the complex plane,
like the sector S := {z =re'? : a < § < B}, is said to be of exponential type T
in S if for each € > 0 there exists a constant K, depending on £ but not on z,
such that |f(z)| < K e("t®)I2l for all z € S.

In view of the preceding definitions, an entire function of order less than 1
is of exponential type 7 for any 7 > 0; functions of order 1 type T' < 7 are
also of exponential type 7. It is easily seen that a trigonometric polynomial of
degree at most n is the restriction of an entire function of exponential type n
to R. Trigonometric polynomials are bounded on the real axis and they are
2m-periodic. It is known (see [3, Theorem 6.10.1]) that if f(z) is an entire
function of exponential type 7 which is periodic on the real axis with period A
then it must be of the form f(z) =31 a, e*™"*/2 with n < [(A/27) 7).

Let f be of exponential type in the sector {z = rel? : r > 0, a < 6 < 3}.
The indicator function of f is defined to be

1 i0
hy(0) := limsup oel/ire )i |f(re”)]

r—00 r

(a<0<p).
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Unless hy(f) = —oo, it is continuous. For this and other properties of the
indicator function see [3, Chapter 5|. For an entire function f of exponential
type, the indicator function hy(6) is defined for all §. It is clear that if f is
an entire function of exponential type 7, then hy(f) < 7 for 0 < 6 < 27, It
may be noted that if P(z) :== >."'_ a, 2" is a polynomial of degree at most
n, then f(z) := P(e'?) is an entire function of exponential type n such that
hy(m/2) < 0. Furthermore, max,er | f(7)| = max|; = |P(2)].

1.2. A Fundamental Property of Functions of Exponential Type

The following result [3, Theorem 6.2.4], a consequence of the Phragmén-
Lindelof principle, plays an important role in the study of functions of expo-
nential type. As an alternative reference for this result we mention [11, Theo-
rem 12.6.1], which should be read in conjunction with [11, Theorem 1.6.14].

Theorem A. Let f be analytic and of exponential type in the open upper
half-plane H such that hy(m/2) < c. Furthermore, let f be continuous in the
closed upper half-plane and suppose that |f(x)| < M on the real axis. Then

|f(z+1iy)| < Me% (—oo <z <00, y>0) (1)
unless f(z) = M e e™'°* for some real 7.

If f is analytic and of exponential type in the lower half-plane such that
hy(—m/2) < cand |f(xz)] < M on the real axis, then Theorem A, applied to the
function f(Z), shows that | f(z +iy)| < M el¥l for y < 0. Hence, by Liouville’s
theorem, an entire function f of exponential type 0 can be bounded on the real
line (in fact, on any line) only if it is a constant.

1.3. The Operator f — f’ and Bernstein’s Inequality

If f is an entire function of exponential type 7 then so is f’. By a result
of Bernstein ([2, p. 102], see septieme corollaire), if f is an entire function of
exponential type 7 such that |f(z)| < 1 for all real = then |f'(z)| < 7 for all
real z. It may be added that |f'(z)| = 7 for some xg € R only if f(2) is of the
form ae'™* 4+ be~7% where a € C, b € C and |a| + |b| = 1. In other words, the
following result holds.

Theorem B. Let f be an entire function of exponential type T and suppose
that | f(z)] < 1 on the real axis. Then, either f is a constant or else f is of
order 1 type at most T and

@) <7 (-o0 <z <o0). (2)

Besides, |f'(xo)| = T for some xo € R only if f(z) = ae'™ + be '™, where
acC,beC and |a|+ |b] = 1.

Amongst the extremals there are functions, like cos 7(2+«a), o € R, which
are real at every point of the real axis and then there are those, like €'7%, which
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are non-real except at the points 0, +x /7, £27/7, .... In other words, the
sharp upper bound for |f'(x¢)|, zo € R, given by (2), is the same, whether f(z)
is real for all € R or it is non-real almost everywhere on R.

1.4. The Operator f +— f' +e"7f, vy €ER

It was shown by Duffin and Schaeffer [4, Theorem II] that if f is an entire
function of exponential type 7 such that f(z) is real and |f(z)| <1 on the real
axis, then, at any point z € C with Sz = y, we have

If'(2)]* + 72| f(2)]* < 72 cosh 2T y. (3)

Unless f(z) is of the form cos7 (z + «), the equality sign can occur only at
points on the real axis where f(z) = £1.

Inequality (3) says in particular that if a function f satisfies the conditions
of Theorem B and is real on the real axis, then

[f'(2) +irf(2)l <7 (z€R). (4)

How large can | f'(z)+i7 f(2)| be at any given point z of the complex plane?
We would like to know the answer to this question, first when f is simply an
entire function of exponential type 7 such that |f(z)] < 1 on the real axis and
then when f(z) is, in addition, real for real z.

If f is any entire function of exponential type 7 such that | f(z)| < 1 on the
real axis then, by Theorem B, |f’(z)| < 7 for all real . Hence,

Az) = f'(z) +i7 f(2) (5)

is an entire function of exponential type 7 and [A(z)| < 27 on the real axis.
The same can be said about the function A(z) := A(z). Applying Theorem A
with ¢ = 7 and M = 27, to A, we obtain

|f'(x—iy) —ir flx —iy)| < 27eY (—oo <z <o0,y>0).
Hence

|f (x+iy) +itf(z+iy)| < 27e7 7Y (o <z <00, y<0). (6)

In order to obtain an estimate for |A(z)| at a point z of the open upper
half-plane H, we note that f/(z) +irf(z) cannot be of the form 27 e e =72,
since otherwise f(z) would be of the form (27e¢!”z +d)e™'"* for some constant
d and |f(z)| would not be bounded on the real axis. Hence, by applying (1)
with ¢ = 7 and M = 27, to A, we obtain

If (z +iy) +itf(x+iy)| = Az +iy)| < 27e™Y (o0 <z <00, y > 0). (7)

Whereas inequality (6) gives the sharp upper bound for |f/(z) +irf(z)| at
any point z of the lower half-plane for a function f satisfying the conditions
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of Theorem B, inequality (7) leaves much to be desired. The following result
(Theorem 1) says considerably more for y > 1/47. We shall show by means of
an example that the improved bound for |f/(z) + irf(2)], given in (8), though
not attained, cannot be replaced by anything smaller than (1—-3e~2) (2y)~!e™Y,
at least for y > 1/7.

Theorem 1. Let f be an entire function of exponential type T and suppose
that | f(x)| <1 on the real axis. Then, the sharp estimate for |f'(z) + it f(z)|
at any point of the lower half-plane is given by (6), whereas at points of the
open upper half-plane H, , we have

27e™Y if 0<y<1/(4r),
(2y)~te™, if 1/(41)<y< .

[f'(z) +irf(2)] < { (8)

These estimates for |f/(z) +i7 f(2)| can be improved if f is, in addition, real
on the real axis. In fact, the following result holds.

Theorem 2. Let f satisfy the conditions of Theorem 1 and suppose that
f(x) is real for all real x. Then

If (z) +itf(z)| <Te ™Y (y:=S2<0), 9)
whereas for z € Hy, we have

TeT, if 0<y<1/(27),

(2) 6™, if 1/(2r) <y < o0 (10)

[f'(z) +irf(2)] < {

The example f(z) := sinTz shows that |f'(z) + itf(z)| can be equal to
T7e ™Y at any point of the lower half-plane and so (9) is sharp. The bound
given in (10) is not attained but we shall give an example which shows that
it cannot be replaced by anything smaller than ( (1 —3¢72)/2)(2y)"'e™, at
least for y > 1/(27).

1.5. The Paley-Wiener Space

An entire function f is said to belong to the Paley-Wiener space P, if it
is of exponential type 7 and is square integrable on the real axis. It is known
that if f € P,, then f(x) — 0 as © — £oo and that f’ belongs to P, also. For
these results see [3, Chapters 6 and 11].

By a fundamental theorem of Plancherel, if ¢ € L?(—o00,00) then there
exists a function f € L?(—00,00) such that

o0 A . 2
lim ‘f(x)—/ e‘”t@(t)dt‘ dz =0.

A—oo J o —A

| iswrar=an [l

— 00 — 00

Furthermore,
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and

li h L[ i de|'d
Jim ‘w(t)_ﬂ/_,qe flx)dx| dt=0.
The function f is called Fourier transform of .

It was proved by Paley and Wiener (see [7, p. 13]; also see [3, p. 103]) that
any function f belonging to P, is the Fourier transform of a function ¢ whose
support lies in [—7, 7]. Their result may be stated as follows.

o0

Theorem C. The entire function f is of exponential type T and belongs
to L? on the real axis if and only if

1) = [ etptar, (1)
where ¢ € L2(—7,7) and
/ﬁumﬁnzwﬁﬂwww. (12)

We shall refer to (11) as the “Paley- Wiener representation” and to (12) as
the “Parseval’s formula”.
The following result is the L? analogue of Theorem 1.

Theorem 3. Let f be an entire function belonging to the Paley-Wiener
space Pr. Then

21 (@ +iy) +irf(a +iy)|? d {47%—2% if —o00<y< o, (13)

@R de @), ik <y<oo.
The estimates given in (13) cannot be improved. It is notable that the

inequality [*_|f(z+iy) +irf(z +iy)[>de < 472 e [T |f(2)[* dz, which
is trivial for any y < 0, remains true for 0 <y < 1/(27).

We also consider the L? analogue of Theorem 2.

Theorem 4. Let f be an entire function belonging to the Paley-Wiener
space P, such that f(x) is real for all real x. Furthermore, let

Uy, &) :== () +(1-8* (") (~oo<y<oo, 0<E<T). (14)
Then, for any real y, we have

ffooo‘f’($+iy)+i7'f(x+iy)|2dx .
I @R ds <2 apax Ul,8). - (19)

In §3 we give an example (see Example 5) which shows that inequality (15)
is sharp.

The following result is to be compared with the first half of Theorem 2,
namely (9); the thing to note is the restriction on y.



270 Functions of Exponential Type

Corollary 1. Let f be an entire function belonging to the Paley- Wiener
space P; such that f(x) is real for all real x. Then

ffooo ‘f’(l’ + 1y) + 1Tf(93 + 1y)|2 dx <9 2 _—27y <y < h172) . (15/)

= f@)Pdz =ore

The estimate given in (15") cannot be improved and the inequality does not
remain true for any y > (In2)/(27).

2T

It is quite tricky to determine the value of maxo<e<1 U(y, &), the quantity
that appears on the right-hand side of (15). Our proof of Corollary 1 consists
mainly in showing that maxo<e<1 U(y,§) = 1 for y < (In2)/(27), which
we found quite hard to accomplish. However, it is fairly easy to determine
maxo<e<1 U(1/7,§), which we do and use it to find the maximum of U(y,£)
over [0, 1] for any y € ((In2)/(27),1/7).

Corollary 2. Let f be an entire function belonging to the Paley- Wiener
space Pr such that f(x) is real for all real x. Then

o (@ +iy) +irf (e +iy)Pdz In 2 1
I @) de < (Grsvsg)

15"
2T T (15%)
The estimate given in (15”) cannot be improved.

1.6. Functions g Such That g(z) = e7ei??g(z), 0 >0, Yy €R

Let g be an entire function belonging to the Paley-Wiener space P, such
that g(z) = €7 €l7% g(%) for some v € R. Then

1 (5) =+ () <0

and so f(z) := e 1/2e719%/2 g(3) is an entire function of exponential type o /2.
Besides, for any real x, we have

f(CE) _ e—iw/2 e—ioa:/2g(x)

— o~ 1/2 g—low/2 =iy g —ioa g(x) = e=11/2e=102/2 g(z) = f(x),

which means that f(z) is real on the real axis. Applying Corollaries 1 and 2
(with ¢/2 in place of 7), to f, we obtain the following result.

Proposition 1. Let g be an entire function belonging to the Paley- Wiener
space Py such that g(z) = e €l%% g(Z) for some v € R. Then

oo 19 (z +iy)? da < (02/2)e 2% if y<(In2)/o,
ffooo lg(z)|2 dz (0?/4)e Y, if (In2)/o<y<2/o.

The estimates given in (16) are the best possible.

(16)
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If p is a polynomial of degree n having all its zeros on the unit circle then
p(z) = e 2" p(1/%) for some v € R. However, the class of all polynomials
satisfying p(z) =e'?2" p(1/%z), which are called “self-inversive” [6], is much wider
than the class of all polynomials of degree n having all their zeros on the unit
circle. If p is a self-inversive polynomial of degree at most n then g(z) := p(e'*)
is an entire function of exponential type such that g(z) = ' " g(%) for some
~v € R. Proposition 1 is related to a result in [5] about entire functions of
exponential type satisfying f(z) = e7el* f(z) for some v € R. It extends
inequality (5) of that paper, in the case where the parameter p appearing
therein is 2.

1.7. Functions Belonging to LP, p > 0 on the Real Line

Although the Paley-Wiener space has some special significance it is natural
and meaningful to wonder how large ffooo |f'(z +iy) + if (x + iy)|P dx can be
for any given y € (—o0,00) if f € LP(R) for some positive p other than 2.

By a result of Plancherel and Pélya (see [8] or [3, Theorem 6.7.1)), if f is an
entire function of exponential type 7 belonging to LP(R) for some p > 0, then

/ T i@ i) dz < / T li@Pde @eR). D)

—0o0 — 00

It is also known [10, Theorem 1] that, for any two constants A € C, B € C,
not both zero and I(A/B) > 0 in case B # 0, we have

L s [ oras e

—00

in particular,

oo

/Oo [f'(z) +irf(z)P do < (27)”/ [f@)Pdz (p>0). (18)

— 00 — 00

Let f be an entire function of exponential type 7 belonging to LP(R) for
some p > 0. Then, also f’ + irf is an entire function of exponential type 7
which, by (18), belongs to LP(R) for the same p. Applying (17) to f'+irf and
then making use of (18), we see that

/ TNt iy) i S+ )P de <erT / T @) +if (@) da
o L (19)

<o [ e yer).
Inequality (19) says in particular that for any y < 0, we have

oo

/OO (2 +iy) + it f (@ + )P de < (%)%*W/ F@)Pde. (1)

— 00 — 00
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Thus, if y,, p > 0 denotes the largest number such that, for any entire
function of exponential type 7 belonging to LP(R), inequality (19') holds for
all y < yp, then y, > 0. However, by (13), the precise value of y» is 1/(27).
This raises the following question.

Question 1. What is the exact value of y, for any given p > 0%

If f is an entire function of exponential type belonging to LP(R) and taking
only real values on the real axis then (see [10, Corollary 4])

Joo | (@) +irf ()P do L2 VA3 +1)
Joo | f(@)P d L(zp+3)

< (27) (20)

From (20) and (17) it follows that if f is an entire function of exponential
type 7 which belongs to LP(R) for some p > 0 and is real on the real axis, then
for y < 0, we have

/oo (@ + iy) + i f (2 + iy)|? da

— 00
, 2—p\/7§r(§;i+ 1) J— /°°
F(§p+ 5) —o0

< (27) [f(@)Pdz (p>0). (20)

Comparing this inequality with (15") we see that for p = 2 the restriction on y
can be relaxed; in fact, it can be replaced by “y < (In2)/(27)”. For any given
p > 0, let 7, denote the largest number such that for any entire function of
exponential type 7 belonging to L?(R) and taking only real values on the real
axis, inequality (20’) holds for all y < 7,. We know that 1, = (In2)/(27) but
for other values of p we only know that n, > 0.

Question 2. What is the exact value of n, for any given p > 0%

2. Auxiliary Results

Inequalities (8) and (10) are mainly based on Lemma 1, which we deduce
from a generalized version of Schwarz’s lemma, due to Pick (see [1, p. 3]),
known as the invariant form of Schwarz’s lemma.

Let 4 denote the open unit disk |z| < 1. Schwarz’s lemma in its simplest
form says that if w is holomorphic in U, |w(z)| <1 for all z € U and w(0) =0,
then |w(z)| < |z| for |z| < 1; in particular, |w'(0)] < 1. Here is its extension
due to Pick. For sake of completeness, we also include an outline of its proof.

The Schwarz-Pick Theorem. Let i) be holomorphic in the open unit disk
$and |Y(Q)] <1 for all ¢ € M. Then

(1= 1) () + ()P <1 (Gey. (21)
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At a point (o € U where ¢ vanishes, equality holds in (21) only if

(-G
Co¢— 1

Proof. We distinguish two cases.

Y(¢) = e@ acR. (22)

(i) First let |¢)(Co)| = 1. Then, by the maximum modulus principle, 9 is a
constant, so that ¢’({yp) = 0 and (21) holds.

(ii) Next let ¥((p) = b, |b| < 1. Then the function

- 7’ZJ(EC:c_i(’l) _
()

satisfies the conditions of Schwarz’s lemma enunciated above, namely, “it is
holomorphic in &, |w(¢)| < 1 for all ¢ € 4 and w(0) = 0”. Hence |w'(0)] < 1.

Since
iy (L= 1G0*)¥" (o)
O =" e

as is easily seen, inequality (21) holds.

(a) Now, let us find all functions ®, if there are any, which vanish at the
origin and for which [¢/(0)] = 1. We may write ¢(¢) = >, a, (", where the
expansion is valid for all ¢ € 4. Since [(¢)| < 1 for all ¢ € 4, we have

1 ™

o | WereDPdo=3 la.Pr" <1 (0<r<1).
T —Tr

n=1

Hence, for |a;| (which is the same as [¢'(0)]) to be equal to 1, the other
coefficients ag, asg, ... must all vanish, which means that ¢(¢{) must be of the
form el ¢ for some real a.

(b) Next, we shall use the observation made in (a) to determine the extremals
when ¥({p) = 0 but o # 0. For equality in (21), we must have

(1= 1¢ol*) W' (Co) = 1. (23)

We recognize (1 — [(o]?) (o) to be ¢’(0), where

7C+Co )
Co¢+1

The function ¢ satisfies the conditions of the Schwarz-Pick theorem and ¢(0) =0.
Hence, for (23) to hold, i.e. for |¢’(0)| to be equal to 1, we must, in view of
(a), have p(¢) = el ( for some real o. This means that if ¥(¢y) = 0, where
0 < |¢o| < 1, then equality holds in (21) if and only if ¥(¢) is as in (22). O

2(¢) = v (
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Lemma 1. Let F' be holomorphic and |F(z)| < 1 in the open upper half-

plane Hy. Then
|F () +|F()?<1  (y:=Sz>0). (24)

At a point z = zg € Hy where F vanishes, equality holds in (24) only if

F(z):eiﬁ%;o), BER. (25)
Proof. The function
1+
¥(C) = F(li—g 1)

is holomorphic and [¢(¢)| < 1 in the open unit disk. Applying (21) to ¥ and

noting that
2i 1
Q) = o (1),

(1-¢) 1-¢
we obtain
2 1+ 14+¢ .\ |2
(1_|C|2)|1fq2‘F(kgl)“‘F(yﬁ) st (d<).
Setting '
z::ii—gi, so that sz;;,

we see that

(-5
Z+1

2 2
)zi‘z IF'(2)|+|F(2)P <1 (S2>0),
z+i

that is,

Szt iP e — P FEIHFEP <1 (92> 0).
Now note that
lz+i2— |z =i = (z+D)EZ—i) — (2 —1)(Z+1) =2i(Z—2) =493z.
Hence (24) holds.
Note that F(z) =0 for z = 2¢ if and only if
zo—1

1+Ci
zp +1

1-¢
and then (1 — [{]?)[¥'(¢o)| = 1 if and only if

1+< ia C_CO
F(iogi) =v@ =e Ti_1

¢(<):F< ):() for ( =¢y =
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Hence, if F(z9) = 0 and yo := Szg, then 2yo |F'(2)| = 1 if and only if

z—i zo—i

Flz) = eio —2Hi_zoFi _ gaZ0 =1 (z=i)(z0+1) = (z+1)(20 — 1)
Zoti, z—i g 2o+i (z—1)(Zo+1) — (2 +1)(Z0 — 1)

Zo—1 z+1

ia20—1.2—20 :eiBZ—ZO

, where f:=arg (eio‘ E) .

zo+i z—72p zZ—Zo Zo+1i

The next lemma plays a crucial role in the proof of Theorem 4.
Lemma 2. Let u(x) := 224172+ (1—2)%4%. Thenu(z) <1 for0 <z <1.

Proof. Note that u(x) = u(l — x), and hence, it is enough to prove that
u(z) <1lfor 0 <z <1/4and for 1/2 <z < 3/4.

In order to prove the desired inequality for 0 < 2 < 1/4 we observe that
u(0) = 1 and u(1/4) < 1. We then show that, for 0 < & < 1/4, the graph of
u(z) lies below the line segment joining the points (0,1) and (1/4,u(1/4)) in
R2. In fact, we prove that u”(z) > 0 for 0 < z < 1/4, which means that the
function u(z) is convex on the interval [0,1/4]. For the sake of brevity, we set

w=1n4 =1.38629 - --
Straightforward calculation gives
u’(x) = (8 — 16w 4+ 4w? 2?) 477 + [2 — 4w + w? + (4w — 2w?) x + w? 2?] 4° .
Since

1 1 1 1
n(t\ _q_ 12 _ 2 1 2yt 2
V2u (4) 8 4w+4w +212-4dw+w +2(2w w)+16w}

11
=12 - 10w + 3 w? ~ 12 — 13.86294361 + 2.642491577 > 0,

it suffices to show that «”’(z) < 0 for 0 < z < 1/4. On calculating u"’(z) we
see that

4% " (1) = —24w + 24w’z — 4w *
+ [6w — 6w? + w® + (6w? — 2w?)z + w 2?4 .
Now, note that 6w —6w?+w? < 0 and that 4%? increases with z. Consequently,
(6w — 6w? + w3)4** < 6w — 6w? + w? (x >0)

and so

4{ru///(x)

< —18—6w+w? + (24w x —4w?x?) + (6w —2w?)x +w?r?])4* =: v(x).
w
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Since 24w x — 4w? 2% is an increasing function of = for x < 3/w, the same can

be said about v(z). Hence, in order to prove that u"/(z) < 0 for 0 <z < 1/4,
it is sufficient to check that v(1/4) < 0. This is indeed so. In fact

I ) 1, .rl 1 2]
v(4)— 18 — 6w + w* + 6w Y +2[2(3w w)+16w

1
=18+ 3w — 3 w? ~ —18 + 4.158883083 — 0.240226507 < 0.

This completes the proof of the fact that u(z) <1 for 0 <z < 1/4.

Now, we turn to the proof of the inequality “u(z) < 1” for 1/2 < x < 3/4.
Since u(1/2) = 1, it is sufficient to prove that u(z) is a decreasing function of
x for 1/2 < z < 3/4. We shall show that

1
o(t) = 2u(5 v t) = (1+26)247 + (1 —2t)24¢
is a decreasing function of ¢ for 0 <t < 1/4. Tt is easily checked that
41 (t) =4 —w+ (8 —4w)t —4wt® — [4 —w — (8 — dw)t — 4w t?] 4% .

Since 4 —w — (8 — 4w) t — 4wt? is positive for 0 < ¢ < 1/4 and

0o
421‘, 2 tw _ §
k=1

we find that if 0 < ¢ <1/4, then

(2tw)* > 1+ 2wt +2w*t>  (t>0),

??“;—n

41 (1) < 2(8 — dw)t + [4 — w — (8 — 4w)t — 4w t?][1 — (1 + 2wt + 2w?t?)]
=2(8 —4w)t + 2wt(l +wt)[—4 +w + (8 — 4w)t + 4w t?]
=2tq(t),

where
q(t) = w? — 8w + 8 + w(w? — 8w + 8)t + 4w? (3 — w)t* + 4wt .

Since w? —8w+8 < 0, the cubic polynomial ¢(t) has sign pattern {—1,—1,1,1}
of its coefficients, and by Descartes’ rule of signs, ¢(t) has a unique positive
root, say . Since

1 1 1
)= _= —u® =204 — —w?(w— 4
q(4> 8 — 6w 4w +16w ( 3w)+16w (w—4) <0,
it follows that 6 > 1/4, and consequently ¢(t) < 0 for ¢ € (0,1/4]. Hence, ¢'(¢)

is negative for 0 < t < 1/4, and so ¢(¢) is a decreasing function of ¢ on the
interval (0,1/4]. O
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3. Proofs of Theorems 1-4 and of Corollaries 1-2

Proof of Theorem 1. As already explained, inequality (6) may be obtained
by applying Theorem A, with ¢ = 7 and M = 27, to the function A(Z), where
A(z2) == f'(2) +irf(2). The example f(z) := e!%!™*, a € R, shows that the
upper bound for |f/(z) + it f(z)[, given in (6), is attained at every point of the
lower half-plane.

For (8), it is enough to prove that | f'(z) +irf(z)| < min{27e7, (2y) "1 e™¥}
at any point of the open upper half-plane. From (7) we already know that
|f'(z) +irf(2)] < 27e™ for y > 0. So, we only need to show that

17 (20) + irf (20)] < QL e (yo = Szp > 0). (26)
Yo

For this, we note that F(z) := /™ f(z) is an entire function of exponential type
such that |F(z)| < 1 for all real z and hp(m/2) < 0. Hence, by Theorem A,
|F'(z)] <1 in the upper half-plane and Lemma 2 applies. It is clear from (24)
that 2yo |F'(20)] < 1 if F(z9) # 0 and also if F(z9) = 0 unless F(z) is of
the form €8 (z — 2)/(z — Zo) for some 3 € R, as stipulated in (25). However,
F(z) cannot be of this form, since it is an entire function and so cannot have
any poles. Hence (26) holds. O

As regards the bound given in (8), the following example shows that, except
for a constant factor, its dependence on y is the right one, for large values of y.

Example 1. For any n > 1/7, let
fl(z) — e—i(‘rz—z/n) Sln(j/n) ) (27)

Then f; is an entire function of exponential type 7 such that
@) = O] = ©
max = = -
:ceaR e ! n
and

i 1 1 :
) +itfi(z) = (L sin = + — cos ~ — = sin =) e~i(r===/m)
nz noonz noz n

In particular, we have
/. . . 1 .. . . ™ i 3 ™
filin) +ir f1(in) = J(Q sini—icosi)e™ == (1—-—]e (28)

and so

At +irfitml = (1= 5) e max i@l (0> 1),
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Hence, in the class of functions f satisfying the conditions of Theorem 1,
the upper bound (2y)~te™ for |f'(z) +if(2)| given in (8) cannot be replaced
by anything smaller than (1 — 36_2) (2y)~te™, at least for y > 1/7.

Proof of Theorem 2. Let f satisfies the conditions of Theorem 2 and, as
in (5), let A(z) := f/(2) +irf(z). Then A is an entire function of exponential
type 7 and by (4), |A(z)| < 7 for all real z. Hence, Theorem A with ¢ = 7,
M = 7 applies to A (z) := A (%) and gives (9).

Inequality (10) says that if f satisfies the conditions of Theorem 2, then
at any point z of the open upper half-plane, we have |[A(z)| < min {7' ey,
(2y)~te™}. So, in view of (26), we only need to show that [A(z)] < Te™
for y > 0. As observed above, A is an entire function of exponential type 7
such that |A(z)| < 7 for all real z. Furthermore, A(z) cannot be of the form
7e7 e717% gince otherwise f(z) would be of the form (7e!7 2z +d) e™'"* for some
constant d and |f(x)| would not be bounded on the real axis. Now, apply
Theorem A to A in order to obtain the desired estimate. O

Example 2. With f; as in (27), let fo(z) := f1(Z). Then

1
fz) =5 {A() + f2(2)}
is an entire function of exponential type 7 which is real on the real axis and
maxger | f(2)| = [f(0)] = 1/7. Since
: 1y i 1 1
fé(z) +i7’f2<2:) _ 61(72—2/77){(27- — ,)i sini + — COSE - = sin E},
n’z noonz noz
we have

1\ 1 1 1
PP — 2_7)7.. ( . 7)}
fo(in) +i7 fa(in) = ee {( T 7)o sini+ i cosi+ = sini

1 e2—1)

.
— . _ —7—‘77 2 _ 1 (1 - . .
! 7 ¢ (e ) 2ty e2+1

Taking this and (28) into account, we see that

f'(in) +irf(in) _ filin) +irfin) + fo(0n) +irf>(in)

1 2i
1 /1 3 T 1 e2-1
_ ([ _ = ™ - 2_1(1_7.7)
2772(2 2e2)e MDA Gl Gl ey
< 1 (1 3 ) ™ ‘ < 1
—|z—==)e or —
22 \2 " 22 =9

and so

o 4 i fm = (L= )L e 1
7/ n) i f i) > (5 = 503) 5 7" maslf@)] - for > 5
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Hence, in the class of functions f satisfying the conditions of Theorem 2, the
upper bound (2y)~!e™ for |f/(z) +if(z)| given in (9) cannot be replaced by
anything smaller than ((1 —3e72)/2)(2y)~!e™, at least for y > 1/(27).

Proof of Theorem 3. By the Paley-Wiener representation (11), there exists
a function ¢ € L?(—7,7) such that f(z) = [7_e'* ¢(t) dt. Then

T

fl(z) +itf(2) :/ i(t+7) el#t p(t)dt (29)

-7

and by Parseval’s formula (12), we obtain

/Oo If'(x +iy) +irf(z +iy)|* dz = 27 /T (t+71)2e 2 |p(t))? dt

—o0 -7

B / (£ 4 7)2 020 () 2 dt

—T
2T
=27 erT/ s2e72Y5 |p(s — 7)|* ds.
0

We claim that if —oo < y < 1/(27), then se~¥* is a non-decreasing function
of s on (0,27]. This is obvious if y < 0. So, let 0 <y <1/(27). Then 27 < 1/y
and it suffices to note that
1

d
L5078y — 0 US (1 — ys) > <),
dS(se )=¢e¢ Y (1—-ys) >0 (s_y)

Hence, if —co <y < 1/(27) then s?e™2Y% < 472e %7 for 0 < s < 27 and so

e} 2T
/ If'(x +iy) + it f(z +iy)|? do < 47%e2Y7 27r/ lo(s — 7)° ds
0

— 00

=472 2T 27r/ l(t)|? dt

=4r2e W7 / |f(z)]? dz,
which proves (13) for y € (—o0,1/(27)).
For any given y > 1/(27), say y = n, the function se™¥® attains its
maximum for s = 1/n € (0,27), that is s?e=2¥* < (e?n?)~! for 0 < s < 27 and
so, in this case, we have

oS} 1 2T
/ |f'(m+iy)+i¢f(x+iy)|2d:r§27re2yTW/0 lp(s — 7)|* ds

— 00

1 T
— e 27r/ ()2 dt

1, [™
g [ ),

which proves (13) for y > 1/(27). O
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The following example shows that 472 e~27¥, which is given in (13) as an
upper bound for
Jo M @ +iy) +irf (@ + iy) P da
Joo (@) da

in the case where y < 1/(27), is sharp. For y > 1/(27), we need another
example, namely Example 4, which is presented after Example 3.

Example 3. For any ¢ € (0,27), let

R P e LI CT)]
f(z): /T_Ee dt=e 2

Then [7_|f(#)|*dz = 2r [] _dt = 27e. Since f/(2) +irf(z) = [ _i(t+
7) e*t dt, we have

T

/00 If/ (x +iy) +i¢f(x+iy)|2dx:27r/ (t+7)2e W dt=(£+7)% e 2 2me

— 00 T—€E

for some & € [T — ¢, 7], by the mean value theorem on integration. Thus

21 (@ +iy) +irf(z + iy)[> dz
S0 1 f (@)]? da

=(E+71)2e ™ 541%™ as £ — 0.

Example 4. Let y=71n>1/(27) so that 0<1/n<27 and —7<(1/n)—7<T.
Now, let

a/m-r+e
f(z) = / e dt, where e < min{l/n,2r —1/n}.
(1/m-—r—e

Then
(1/m)—7+e

F(z) +irf(z) = / () et dt

1/m—7—¢

By Parseval’s formula,

o0 (1/n)—7+e
/ |f(x)|2dx:27r/ dt = 4me
—00 (1/n)—7—¢

and
> (1/m)—7+e
/ |f/(x+i77)+i7f(:z:+in)\2dx:27r/ (t+7)2e"2mt 4t
o (1/m—7—e
(L/m)+e
=7 62777/ 82 e—2175 ds
(1/n)—e

= 2™ 20728 e
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for some ¢ € [(1/n) —¢,(1/n) + €]. Hence,

[e’s) 7 + . + . + : 2 d
[ 1 (= 00177) irf(z+in)dz _ €2 =M€ 271 _, e e,
I @) de e

Proof of Theorem 4. We again start with the Paley-Wiener representation
(11) of f(z) and note that

—T —T

Since f(z) is real for real x, we have f(z) = f(Z), that is

/T ¢ (p(t) — p(B)) dt = 0.

-7

Consequently, ¢(t) is equal to ¢(—t), almost everywhere in (—7, 7). In particular,
we have

/ Tt e p(n) 2 dt = / T 2 ()P dt

B /T (T+1)2e 29 4 (1 —t)2 eV

2
- p(t)? d.

-7

Applying Parseval’s formula to (29) and using this identity, we obtain

/OO |f'(x +iy) +irf(z +iy)|* do

T t2 —2yt —t 2 2yt
:27r/ (T+1)e ;(T S o) at
27 2 —2y(s—T) 27 — 5)2 e2y(s—7)
= 271/ _— i (27- 5) e lo(s —7)|*ds
0
2T s
— 272727V 27r/ U(y, —) (s —7)[*ds, (30)
0 2T
where U(y, -) is the function defined in (14).
Consequently, for any real y, we have
/ |f(z + iy) +irf(z + iy)|* dz
2T
<27%e T U(,i)-Q/ —7)2d
<277 o2 Ulygr)-2m | [p(s — 1) ds

— 2 \—2yT . T 2
2726 max U(3,) 27 [ [o(0) de

—T

and so (15) holds. O
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The following example shows that inequality (15) gives the sharp upper
bound for
SO (@4 1y) +irf(a +iy) P da
S (@) da

for any real y if f belongs to the Paley-Wiener space P, and is real on the real
axis.

Example 5. For any given y, say y = 7, there exists &, € [0,1] (not
necessarily unique) such that

m(n) == OglgglU(n ) =Un8&)=Umn1-¢).

First let 0 < &, < 1/2, so that s, := 27E, € [0,7). Now, for any positive

€< T — 8y, let
Sp—T+e T—8y )
fe(z) = / et dt —|—/ et dt.
S T

n—T —sp—¢

Then [~ |f-(z)|? dz = 47e and, from (30), we have

/OO |fL(x +in) +irfo(z +in) > do

o _os 5n+8 27 —sy s
=27°e " 27r )ds.
9 27‘

TS—E

Since U(n, s/(21)) — m(n) as s — s, or as s — 27 — s,, we see that

2 Lz +in) +irfe(z +in)|? do
ST fe(2)? da

— 27272 m(n) as £ — 0.

In the case where &, = 1/2 so that s, = 7, we may consider the function

c :
f(z):= / et dt =2 szgz , € (0,7)

—€
to draw the same conclusion.

Proof of Corollary 1. Tt is clear from (14) that U(y,0) = U(y,1) = 1 for
all real y and that U(y,¢) is an increasing function of y for any £ € (0,1). In

particular,
Uy, §) <U (1112,5) (—oo<y<ln—2).

Since

U(2,€) = 24079 1+ (1 - g4,
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it follows from Lemma 2 that maxg<¢<1 U(y,§) = 1 for all y < (In2)/(27).
Hence, (15) can be replaced by (15") for such values of y. O

The next example shows that inequality (15") does not hold for any y larger
than (In2)/(27).

Example 6. Let y > (In2)/(27) and for any € € (0,7), let
f(z) = / et qt = 2 252
z

Then [*_|f(z)[? dz = 47c and

£

/ T @+ iy) +irf(e + )P de = 2n JE

—o00 —€

so that -
oo @ +iy) +irf(z+iy)Pde

e = —7° as € —0,
S 1 f(@)]2 da

which proves our assertion, since 72 > 272 e~2™¥ for any y > (In2)/(27).

Proof of Corollary 2. First, let us prove (16) for y = 1/7. In view of (15),
this amounts to showing that maxo<¢<1 U(1/7,€) = €?/2. Clearly,

U(2.€) =2 079 4 (1 - e,

A simple calculation shows that

{0 - g —a0 - 20){eet9 + (- et}

Since £e*(178) £ (1—¢£)e* > 0 for 0 < € < 1, the function &2 e*(1=8) 4 (1—-¢)% e*¢
increases from 1 to €?/2 as ¢ increases from 0 to 1/2 and then decreases to 1
as £ increases to 1. Thus, we have

max U(;ﬁ) = U(l 1) = %ez. (31)

0<e<1l  \T )

Let P-r :={f € P-: f(z) € Rif x € R}. For any function f € P, g, let

L) = [ UG i P (oo <y <o),

— 00

Then, for any f € P,r such that ffooo|f(x)\2dx = 1, inequality (15) in
conjunction with (31), implies that

If(f) <72 (32)



284 Functions of Exponential Type

As a special case of (15”), we also have
In2
(5-) <, (33)

under the same restrictions on f. Inequalities (32) and (33) say that inequality
(16) holds for y = 1/7 and for y = (In2)/(27). So, in order to prove (16) for
the intermediate values of y it is sufficient to show that I is a convex function
of y. However, this is trivial. Indeed, by the Paley-Wiener representation, there
exists a function ¢ belonging to L?(—7,7) such that f(z) = fIT el*t (1) dt,
where ¢ cannot be zero almost everywhere on [—7,7] since [~ _|f(z)[*dz = 1.
Furthermore,
Iy =2 [ (e e oo dr,

so that

17 d2If T 2 2 —2yt 2

If(y) = e =2 4t (t+71)%e lo(t)|“dt > 0.

—T

Remark. Since (15) is sharp and

1 1
> Z) — Ze2my
Jnax, Uly,€) > U(y, 2) e’

it follows that

1, In 2 1
= — o 7< <7 .
olgéagl Uly, <) 2° ( T b= T)
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