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Product Cubature Formulae
with Finite-Differences Error Bound*
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Product cubature formulae are the usual tool for approximation of
double integrals over rectangular domain. The aim of this note is to
show how the error of a product cubature formula with equally spaced
nodes can be estimated in terms of finite differences of the integrand.
The result is based on a theorem from [4].
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1. Introduction
Let m,n > 1 be fixed integers. By B? we denote the rectangular region
B? .= {(x,y)ERQ:OSxSn—i—l, O§y§m+1}.

For a measurable subset M of R or of R?, L(M) stands for the space of
bounded and Lebesgue integrable functions on M, equipped with the uniform
norm || - ||.

The set of real-valued bivariate polynomials P(z,y) of degree at most n
with respect to x and of degree at most m with respect to y we denote by

H, p, ie.,
n

Hy o= {Z Y Cyijx'y’, Cij € R}.

i=0 j=0

For any function f bounded on B2, the best uniform approximation to f
in B? by polynomials from H,, ,, is denoted by E, ,,,(f; B?),

Epm(f;B?) :=inf{|| f —P|: P € Hym}.

*The research was partly supported by the Sofia University Research Foundation through
Contract no. 179/2010.
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In [4] we proved two-sided estimates for E,, ,,(f; B?). There we have used the
modulus

wnm (f5 B?) = sup{|ALT f(,9)| : (2, 9), (¢ + n&,y +mn) € B},
where

nm ~ n mitj [T m - .
Ay = Y () (M) st iy i)
1=0 j=0

The moduli wy, o(f; B?) and wo ., (f; B?) are defined in a similar way by taking
supremum of |Ag’s f(z,y)| and |A2’Zl f(x,y)|, respectively, where

n

Ay f(ay) = Z(—l)"“(?)f(wﬂf,y),

=0
AOm _ - 1)m+i m .
§=0
Further, we defined
Wn,m ([ B2) = max{wn,m(f; Bz)ywn,O(ﬁ Bz) wo,m ([ Bz)}
With this notation, the result obtained in [4] reads as

Theorem 1. For every bounded on B? function f, the inequalities

2—nmm Wn m(f; BQ) < En—l,m—l(f; BZ) < 560_)n,m(f; BZ) (1)
hold. Moreover, the lower bound in (1) is exact

Notice that in view of properties of finite differences we have
f € Hn—l,m—l — ‘Dn,m(f; BQ) =0,
hence (1) reproduces the fact that E,_1 m—1(f; B?)=0when f € Hy_ 1.1
The upper bound in (1) was established by showing that

Hf(fc,y)—ii notiet (@ =D, (=11 5)| € 56@0m(£:BY). (2

Here,
Enl(z):HZ_ i 1=0,...,n
i
and .
y—1
Em,j(y) -
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are the Lagrange basis polynomials for interpolation at z; =4, ¢ =0,1,...,n
and at y; = j, j = 0,1,...,m, respectively. The key ingredient of the proof
of (2) is an integral representation of a univariate function f(z), found by
Sendov [1] (see also [2], and exploited to prove the uniform (with respect to n)
boundedness of the Whitney constants W,, (for the story of Whitney constants
see [1] and the references therein). For the reader convenience, we quote below
this integral representation. If x € [u, u + 1) for some p € {0,...,n}, we may
write z = p+ 0, 0 < o < 1. For such a z, Sendov defined the operator

(-1
()
Then the aforementioned integral representation of f(z) is

f(@) = f(u+o)
-y l i /f )du+ én(f; 1+ 0)

1
on(z) =p(p+o)= /O Al f(z — pt)dt.

i=0
/ Z (fim+u)l, i (n+ o —u)du, pw=0,...,n.
=0

2. An Error Bound of a Product Cubature Formula

Product cubature formulae are the usual tool for approximation of a double
integral on a rectangular region (see, e.g., [8]). For practice, it is important
to know estimates for the error of the cubature formulae in terms of certain
(easily accessible) characteristics of the integrand.

Here we would like to point out that (2) furnishes a cubature formula with
a useful error bound. Indeed, by integrating (2) over B? we obtain

| [[ 1w dedy - QU < 5660+ Dm o+ Dann(F B, (3
J;

where
= ZZ ) (4)

is a product cubature formula with coefficients {C; ;},2, ;7 given by

n+1 m—+1

Cij = C; dj, C; = / €n_1,i(x — ].)de, dj = / gm—l,j(y — 1)dy .

0 0
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In view of the definition of the modulus @, ., (f; B?), we have

rr o )

H Az oy™ ox™
provided the derivatives Way{;, gmn and 8 ex1st and are continuous on B2.

Hence, for such integrands f the mequahty (3) becomes

Onom (5 BQ) < max {

m—+n
e

oxnoy™ 8mf H }

‘/ f(x,y)dxdy—Q[f]‘ ScmaX{H S
B2

with ¢ = 56(n + 1)(m + 1). Thus, the error of the product cubature formula
Q[f] is estimated by the uniform norms on B? of only three partial derivatives
of the integrand.

Similar estimates for the error of generalized product cubature formulae
(using both function evaluations and line integrals) in the Sobolev classes of
functions have been obtained recently in [5], [6], by means of the Peano kernel
theory. Notice that our error estimate (3) of the product cubature formula
(4) applies to the wider class of functions bounded and integrable on B2.
Unfortunately, this approach seems not applicable to other product cubature
formulae.
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