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1. Introduction

The Durrmeyer modification of the Baskakov-operators, introduced by Sa-
hai and Prasad in [10] and considered independently by Heilmann in [6] and [7]
in a more genereal setting, is defined as follows.

Definition 1. Let (1 + · )−(n−1)f( · ) ∈ L∞[0,∞), n ∈ N, then the Baska-
kov-Durrmeyer operators are given by

(Bn+1f)(σ) :=

∞∑

k=0

bn+1,k(σ)n

∫ ∞

0

bn+1,k(τ)f(τ) dτ, σ ∈ [0,∞),

where

bn+1,k(σ) :=

(
n + k

k

)
σk(1 + σ)−(n+1+k).
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The operators result from the classical Baskakov-operators, introduced in [4],
by replacing the discrete point-evaluations f

(
k

n+1

)
by the weighted integral∫ ∞

0
bn+1,k(τ)f(τ) dτ in order to approximate Lebesgue integrable functions on

[0,∞). In the same way we define the “natural” Durrmeyer modification of
the Meyer-König and Zeller operators by replacing the discrete values f

(
k
n

)
in

the classical case by a weighted integral. Then the “natural” Meyer-König and
Zeller-Durrmeyer (MKZD) operators are defined as follows.

Definition 2. Let (1 − · )n−1f( · ) ∈ L∞[0, 1), n ∈ N, then the “natural”
Meyer-König and Zeller-Durrmeyer operators are given by

(Mnf)(x) :=

∞∑

k=0

mn,k(x)n

∫ 1

0

mn,k(t)(1 − t)−2f(t) dt, x ∈ [0, 1), (1)

where

mn,k(x) :=

(
n + k

k

)
xk(1 − x)n+1.

Remark 1. By using the same transformation as in [12] the operators Bn+1

and Mn are related in the following way. Let σ : [0, 1) → [0,∞), σ(x) := x
1−x ,

f( · ) = f̃(σ( · )). Then

(Mnf)(x) = (Bn+1f̃)(σ(x)).

There exist several other Durrmeyer modifications of the Meyer-König and
Zeller operators, where the basis functions are shifted in some way. The reader
is referred to [2] or [9], where these modifications are listed. In this paper
we consider only the “natural” Durrmeyer variation, because of its simple
connection to the Baskakov-Durrmeyer operators. The representation (1) with
weight-function (1 − t)−2 is due to Heilmann [9].

The following differential operators of order 2r will play an important role
for our asymptotic expansion. Let r ∈ N and σ ∈ [0,∞), then we define

D̃2r
B := D(σr(1 + σ)rD) and D̃2r

M := Ur xr

(1 − x)2r
Ur, (2)

with

U :=
1

σ′(x)
D = (1 − x)2D, Ur = Ur−1 ◦ U, x ∈ [0, 1).

If I denotes the identity operator, then we set D̃0
B := I and D̃0

M := I.

The differential operators D̃2r
B correspond to the Baskakov-Durrmeyer opera-

tors. We get the differential operators D̃2r
M , corresponding to the MKZD

operators, by using the same transformation as in Remark 1.
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2. Eigenfunctions and Eigenvalues

In [8] it was shown, that the eigenfunctions of the Baskakov-Durrmeyer and
the MKZD operators can be represented by a Rodriguez-type formula.

Lemma 1. Let m ∈ N0, m ≤ n − 1,

g̃m(σ) := Dm(σm(1 + σ)m) and gm(x) := Um
( xm

(1 − x)2m

)
.

Then

(Bn+1g̃m)(σ) = λn,m g̃m(σ) and (Mngm)(x) = λn,m gm(x),

where

λn,m :=
(n − m − 1)! (n + m)!

(n − 1)!n!
.

Our approximation operators have the same eigenvalues and the eigenfunc-
tions are connected by the transformation of Remark 1. In the Baskakov case
the eigenfunctions are polynomials of order m, while in the MKZD case the

eigenfunctions are of the type xj

(1−x)j , j = 0, . . . ,m. As polynomials are easier

to handle, we will first prove our results for the Baskakov-Durrmeyer operators
and then use the transformation of Remark 1.

Now we study the eigenfunctions of the differential operators (2). We
will see that our differential operators have the same eigenfunctions as the
Baskakov-Durrmeyer and the MKZD operators, respectively.

Lemma 2. For m, r ∈ N0 we have

D̃2r
B g̃m(σ) = γr,m g̃m(σ) and D̃2r

Mgm(x) = γr,m gm(x),

with

γr,m :=

{
(m+r)!
(m−r)! , for r ≤ m,

0, otherwise.

Proof. For r > m we have D̃2r g̃m(σ) = 0. So we have to prove the
proposition only for r ≤ m. We derive using the Leibniz-formula

σr(1 + σ)rDr+m (σm(1 + σ)m)

= σr(1 + σ)r
m∑

ν=r

(
r + m

ν

)
m!

(m − ν)!
σm−ν m!

(ν − r)!
(1 + σ)ν−r

=
m−r∑

ν=0

(
r + m

ν + r

)
m!m!

(m − r − ν)! ν!
σm−ν(1 + σ)ν+r

=
(m + r)!

(m − r)!

m−r∑

ν=0

(
m − r

ν

)
m!

(m − ν)!
σm−ν m!

(ν + r)!
(1 + σ)ν+r

=
(m + r)!

(m − r)!

dm−r

dσm−r
σm(1 + σ)m.



M. Wagner 381

By differentiating both sides r times we get our Lemma. �

The following Lemma gives a relation between the eigenvalues of the Baska-
kov-Durrmeyer and the MKZD operators, respectively, and the differential
operators (2). We can write the eigenvalues of the approximation operators
as a weighted sum of the eigenvalues of our differential operators, where the
coefficients are of order n−k. We will use this relation in the next section to
derive an asymptotic expansion for the approximation operators Bn+1f and
Mnf .

Lemma 3. For m ≤ n − 1 there holds

λn,m =

m∑

k=0

(n − 1 − k)!

k! (n − 1)!
γk,m = 1 +

m∑

k=1

(n − 1 − k)!

k! (n − 1)!
γk,m.

Proof. Using the Pochhammer symbol (x)k := x(x + 1) · · · (x + k − 1) we
have:

m∑

k=0

(n − 1 − k)!

k! (n − 1)!
γk,m =

m∑

k=0

(n − 1 − k)!

k! (n − 1)!

(m + k)!

(m − k)!

=

m∑

k=0

(n − 1 − k)!

k! (n − 1)!

(m + k)!

m!

m!

(m − k)!

=

m∑

k=0

(m + 1)k (−m)k

(−(n − 1))k k!

(⋆)
=

(−(n − 1) − (m + 1))m

(−(n − 1))m

=
(−(n + m))m

(−(n − 1))m

=
(−1)m(n + m)! (n − 1 − m)!

(−1)m(n + m − m)! (n − 1)!

=
(n + m)!

n!

(n − m − 1)!

(n − 1)!
= λn,m.

In (⋆) we applied the Chu-Vandermonde convolution formula, see e.g. [3,
Corollary 2.2.3]. �

As the eigenfunctions of the Baskakov-Durrmeyer operators are polynomials,
we can expand this result to arbitrary polynomials and therefore we get an
asymptotic expansion for polynomials in this case. Denote by Pq the set of all
polynomials of degree at most q.

Corollary 1. For p ∈ Pq, q ≤ n − 1, there holds

Bn+1p = p +

q∑

k=1

(n − 1 − k)!

k! (n − 1)!
D̃2kp. (3)
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Proof. By Lemma 1, Lemma 3 and Lemma 2 we have

Bn+1g̃m = g̃m +

q∑

k=1

(n − 1 − k)!

k! (n − 1)!
D̃2k

B g̃m.

Since p ∈ Pq can be represented as a sum of g̃m, 0 ≤ m ≤ q, (3) holds. �

This result will be expanded for arbitrary, sufficiently smooth functions in
the next section.

3. Asymptotic Expansion of Baskakov-Durrmeyer and

MKZD Operators

In this section we will present our main result, asymptotic expansions of
the Baskakov-Durrmeyer and MKZD operators. Our basic tool is a theorem of
Sikkema proved in [11] for arbitrary positive linear operators. First we need to
define an appropriate class of functions.

For an interval I we denote by H(q)(ξ), ξ ∈ I, the set of all functions
f : I → R possessing the following properties:

• f is q times differentiable at ξ;

• f is bounded on every finite interval I ′ ⊂ I;

• f(x) = O(xq) as x → ∞.

Theorem 1. For q ∈ N, let {Ln}, n ∈ N, be a sequence of linear positive
operators Ln : H(2q)(x) → C[a, b], such that

(
Ln(t − x)r

)
(x) = O

(
n⌊−(r+1)/2⌋

)
(n → ∞), r = 0, 1, . . . , 2q + 2.

Then we have

(Lnf)(x) =

2q∑

ν=0

f (ν)(x)

ν!
(Ln(t − x)ν)(x) + o(n−q) (n → ∞).

(Here ⌊u⌋ denotes the integral part of u.)

Therefore we have to prove that the assumptions of Theorem 1 are fulfilled
for our operators and we have to find an appropriate representation of our
operators applied to the moments (σ − a)s in terms of the differential opera-
tors (2).

Lemma 4. Let a, σ ∈ [0,∞) and 2r < s. Then

(
D̃2r

B (σ − a)s
)
(a) = 0. (4)
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Proof. We have

D̃2r
B (σ − a)s =

dr

dσr
σr(1 + σ)r dr

dσr
(σ − a)s = (σ − a)s−2rp(σ),

where p is a polynomial (which also depends on s) of degree 2r. Since s−2r > 0
(4) holds. �

Lemma 5. Let σ ∈ [0,∞) be fixed and s ∈ N0. Then

(
Bn+1(τ − σ)s

)
(σ) = O

(
n−⌊(s+1)/2⌋

)
(n → ∞). (5)

Proof. Since Bn+1 reproduces constant functions, (5) holds for s = 0. Now
let s > 0. By Corollary 1 and Lemma 4 we have

(
Bn+1(τ − σ)s

)
(σ) =

s∑

k=⌊(s+1)/2⌋

(n − 1 − k)!

k! (n − 1)!

(
D̃2k

B (t − σ)s
)
(σ).

Since (n−1−k)!
(n−1)! = O(n−k) as n → ∞, the statement follows. �

Now we are able to prove the main result, which gives a complete asymptotic
expansion for the Baskakov-Durrmeyer operators.

Theorem 2. Let σ ∈ [0,∞) be fixed, q ∈ N and f ∈ H(2q)(σ). Then

(Bn+1f)(σ) = f(σ) +

q∑

k=1

(n − 1 − k)!

k! (n − 1)!

(
D̃2k

B f
)
(σ) + o(n−q) (n → ∞). (6)

Proof. Let

T2q,σ(τ) :=

2q∑

ν=0

f (ν)(σ)

ν!
(τ − σ)ν

be the Taylor polynomial of degree 2q of the function f at point σ. By Lemma 4
and Theorem 1 we have

(Bn+1f)(σ) = (Bn+1T2q,σ)(σ) + o(n−q), (n → ∞).

By Corollary 1 we have

(Bn+1T2q,σ)(σ) = T2q,σ(σ) +

2q∑

k=1

(n − 1 − k)!

k! (n − 1)!
D̃2k

B T2q,σ(σ).
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For 0 ≤ k ≤ q we get

(
D̃2k

B T2q,σ

)
(σ) =

2q∑

l=0

f (l)(σ)

l!

(
D̃2k

B (τ − σ)l
)
(σ)

=

2q∑

l=0

f (l)(σ)

l!

(
Dkτk(1 + τ)kDk(τ − σ)l

)
(σ)

=

2q∑

l=k

f (l)(σ)

(l − k)!

k∑

ν=0

(
k

ν

)[(
τk(1 + τ)k

)(k−ν)(
(τ − σ)l−k

)(ν)]
(σ)

=
2k∑

l=k

f (l)(σ)

(
k

l − k

)[(
τk(1 + τ)k

)(2k−l)]
(σ)

=

k∑

l=0

(
k

l

)(
σk(1 + σ)k

)(k−l)
f (l+k)(σ)

= Dkσk(1 + σ)kDkf(σ)

= (D̃2kf)(σ).

Since

(n − 1 − k)!

k! (n − 1)!
D̃2k

B T2q,σ(σ) = o(n−q) (n → ∞) for q + 1 ≤ k ≤ 2q,

we obtain (6). �

For the MKZD operators we prove a similar result.

Theorem 3. Let x ∈ [0, 1], q ∈ N and f ∈ H2q(x). Then

(Mnf)(x) = f(x) +

q∑

k=1

(n − 1 − k)!

k! (n − 1)!

(
D̃2k

M f
)
(x) + o(n−q).

In the case q = 1 we have a Voronovskaja-type result:

lim
n→∞

n[(Mnf)(x) − f(x)] = D̃2
Mf(x) = (1 − x)2f ′(x) + x(1 − x)2f ′′(x).

This result coincides with that of Abel, Gupta and Ivan in [2], where they
developed an asymptotic expansion for the MKZD operators of the following
form.

Let x ∈ [0, 1], q ∈ N and f ∈ H2q(x), then

(Mnf)(x) = f(x) +

q∑

k=1

ck(f, x)
n!

(n + k)!
+ o(n−q),
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where the coefficients ck, k = 1, 2, . . . , are given by

ck(f, x) =

2k∑

s=0

f (s)(x)

s!
(1 − x)sas,k(x),

with

as,k(x) = (k−1)!
k∑

j=0

(−1)k−j

(
k

k − j

)
xj

s∑

r=0

(−1)r

(
s

r

)(
r + j − 1

j

)(
r + j − 1

k − 1

)
r.

Our expansion seems to be much more simple and elegant.

4. Quasi-Interpolants

As the approximation order of the Baskakov-Durrmeyer and the MKZD
operators is O

(
1
n

)
, we want to construct an operator of higher approximation

order. A manner to do this is by quasi-interpolation. In [1] Abel introduced
quasi-interpolants for the Baskakov-Durrmeyer operators as follows.

Definition 3. For r ∈ N0, n ∈ N, (1 + · )−(n−1)f( · ) ∈ L∞[0,∞), the
quasi-interpolants of Baskakov-Durrmeyer operators are defined by

B
(r)
n+1f :=

r∑

k=0

n!

(n + k)!

(−1)k

k!
D̃2k

B (Bn+1f). (7)

In [5] Berdysheva investigated these quasi-interpolants. She showed that
they are uniformly bounded and gave some direct results.

An important property of the quasi-interpolants (7) is that we can represent
them as linear combinations of the Baskakov-Durrmeyer operators.

Theorem 4. Let n ∈ N, then

B
(r)
n+1f =

r∑

l=0

(−1)r−l (n + l − 1)!

l! (r − l)! (n + l − r − 1)!
Bn+1+lf. (8)

Linear combinations of the Baskakov-Durrmeyer operators were studied by
Heilmann in [6] and [7]. She proved that the linear combinations (8) preserve
polynomials of degree r.

With the transformation in Remark 1 we are able to define quasi-interpolants
of the MKZD operators.

Definition 4. For r ∈ N0, n ∈ N, (1 − · )(n−1)f( · ) ∈ L∞[0, 1) the quasi-
interpolants of the MKZD operators are defined by

M (r)
n f :=

r∑

k=0

n!

(n + k)!

(−1)k

k!
D̃2k

M (Mnf). (9)
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The quasi-interpolants M
(r)
n do not preserve polynomials of degree r, but

they preserve functions of the type xj

(1−x)j , j = 0, . . . , r. Therefore we hope to

get a higher approximation order.

With the representation as linear combinations of the Baskakov-Durrmeyer
operators (8) we get the following identity for the eigenvalues of the quasi-
interpolants (7).

Lemma 6. Let m, r ∈ N0 and m ≤ n − 1, then

(
B

(r)
n+1g̃m

)
(σ) = λ(r)

n,m g̃m(σ) and
(
M (r)

n gm

)
(x) = λ(r)

n,m gm(x),

where

λ(r)
n,m :=

r∑

l=0

(−1)r−l (n + l − 1)!

l! (r − l)! (n + l − r − 1)!
λn+l,m.

The analogue of Lemma 3 is the following identity for the eigenvalues λ
(r)
n,m

of B
(r)
n+1 and M

(r)
n .

Lemma 7. For m, r ∈ N0, m ≤ n − 1 there holds

λ(r)
n,m =





1, for m ≤ r,

1 +
m∑

k=r+1

(−1)rγk,m
(n−1−k)!
(n−1)! k!

(
k−1

r

)
, for m > r.

Proof. By Lemma 6 we have

λ(r)
n,m =

r∑

l=0

(−1)r−l (n + l − 1)!

l! (r − l)! (n + l − r − 1)!
λn+l,m.

Now from Lemma 3 it follows that

λ(r)
n,m =

r∑

l=0

(−1)r−l (n + l − 1)!

l! (r − l)! (n + l − r − 1)!

m∑

k=0

(n + l − 1 − k)!

k! (n + l − 1)!
γk,m

=
m∑

k=0

γk,m

k!

r∑

l=0

(−1)r−l (n + l − 1 − k)!

(n + l − r − 1)!

1

l! (r − l)!

=

m∑

k=0

γk,m

k!
(−1)r 1

r!

r∑

l=0

(−r)l

l!

(n + l − 1 − k)!

(n + l − r − 1)!
︸ ︷︷ ︸

=:S

.
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For the quantity S we obtain:

S =
(n − 1 − k)!

(n − r − 1)!

r∑

l=0

(−r)l

l!

(n − k)l

(n − r)l

(⋆)
=

(n − 1 − k)!

(n − r − 1)!

(k − r)r

(n − r)r

=
(n − 1 − k)!

(n − r − 1)!

(k − r)r(n − r − 1)!

(n − 1)!

=
(n − 1 − k)!

(n − 1)!
(k − r)r,

In (⋆) we apply again the Chu-Vandermonde convolution formula, see e.g.
[3, Corollary 2.2.3], and therefore

λ(r)
n,m =

m∑

k=0

γk,m

k!

(n − 1 − k)!

(n − 1)!

(k − r)r

r!
.

Since (−1)r(−r)r = r! and (k − r)r = 0 for 1 ≤ k ≤ r we get

λ(r)
n = 1 +

m∑

k=r+1

(−1)rγk,m
(n − 1 − k)!

(n − 1)! k!

(
k − 1

r

)
.

�

Hence we obtain an asymptotic expansion for B
(r)
n+1 for polynomials.

Corollary 2. For p ∈ Pq and q ≤ n − 1 there holds

B
(r)
n+1p =





p, for q ≤ r,

p +
q∑

k=r+1

(n−1−k)!
k! (n−1)! D̃2k

B p, for q > r.

We omit the proof. Compare with Corollary 1.

Next we want to expand this result for arbitrary, sufficiently smooth functions.

Theorem 5. Let σ ∈ [0,∞), q, r ∈ N and f ∈ H(2q+2r)(σ), then

B
(r)
n+1f = f +

q∑

k=r+1

(n − 1 − k)!

k! (n − 1)!
D̃2k

B f + o(n−q) (n → ∞). (10)

Proof. Let

T2(q+r),σ(τ) :=

2(q+r)∑

ν=0

f (ν)(σ)

ν!
(τ − σ)ν
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be the Taylor polynomial of order 2(q + r) of the function f at point σ. By
Theorem 4 we can write the quasi-interpolants as linear combinations of the
Baskakov-Durrmeyer operators:

(
B

(r)
n+1f

)
(σ) =

r∑

l=0

(−1)r−l (n + l − 1)!

l! (r − l)! (n + l − r − 1)!
(Bn+1+lf)(σ).

Since

(Bn+1+lf)(σ) = (Bn+1+lT2(q+r),σ)(σ) + o(n−(q+r)) (n → ∞),

by Theorem 1 and (n+l−1)!
l! (r−l)! (n+l−r−1)! = O(nr), we have

(
B

(r)
n+1f

)
(σ) =

(
B

(r)
n+1T2(q+r),σ

)
(σ) + o(n−q) (n → ∞).

By Corollary 2 we get

(B
(r)
n+1T2(q+r),σ)(σ) = T2(q+r),σ(σ) +

2(q+r)∑

k=r+1

(n − 1 − k)!

k! (n − 1)!

(
D̃2k

B T2(q+r),σ

)
(σ).

Taking into account that

D̃2k
B T2(q+r),σ(σ) =

(
D̃2k

B f
)
(σ) for 0 ≤ k ≤ q + r,

comparing with the proof of Theorem 2 and using

(n − 1 − k)!

k! (n − 1)!
D̃2k

B T2q,σ(σ) = o(n−q) (n → ∞) for q ≤ k ≤ 2(q + r),

we obtain (10). �

Applying the transformation of Remark 1 yields an asymptotic expansion

of M
(r)
n in terms of the differential operator D̃2l

M .

Theorem 6. Let x ∈ [0, 1], q, r ∈ N and f ∈ H2q+2r(x), then

(
M (r)

n f
)
(x) = f(x) +

q∑

k=r+1

(n − 1 − k)!

k! (n − 1)!

(
D̃2k

M f
)
(x) + o(n−q) (n → ∞).

References

[1] U. Abel, An identity for a general class of approximation operators, J. Approx.
Theory 142 (2006), no. 1, 20–35.

[2] U. Abel, V. Gupta, and M. Ivan, The complete asymptotic expansion for
a general Durrmeyer variant of the Meyer-König and Zeller operators, Math.
Comput. Modelling 40 (2004), 867–875.



M. Wagner 389

[3] G. Andrews, R. Askey, and R. Roy, “Special Functions”, Encyclopedia
of Mathematics and its Applications, Cambridge University Press, Cambridge,
1999.

[4] V.A. Baskakov, An instance of a sequence of linear positive operators in the
space of continuous functions, Dokl. Akad. Nauk SSSR 113 (1957), 249–251 [in
Russian].

[5] E. Berdysheva, Studying Baskakov-Durrmeyer operators and their quasi-
interpolants via special functions, J. Approx. Theory 149 (2007), no. 2, 131–150.

[6] M. Heilmann, “Approximation auf [0,∞) durch das Verfahren der Operatoren
vom Baskakov-Durrmeyer Typ”, Dissertation, Universität Dortmund, 1987.
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