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Moduli of Smoothness and Polynomial
Approximation on the Unit Sphere

FENG DAT*

There are several different well studied moduli of smoothness on
the unit sphere, including the classical one defined via the translation
operators (i.e., averages over rims of spherical caps), the one introduced
by Z. Ditzian via the group of rotations, and the recent one introduced
by Y. Xu and myself via finite order differences over Euler angles.

This paper surveys some properties of these three different moduli
of smoothness and some related results obtained recently, such as the
direct Jackson inequality and its Stechkin type inverse, the strong inverse
inequality of type A and the equivalence with different K-functionals.
I will also compare different moduli of smoothness and show that they
are in fact equivalent in LP spaces with 1 < p < oco.
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1. Basic Notations

Let S71 = {# € R? : |z| = 1} denote the unit sphere of the Euclidean
space R? equipped with the usual surface Lebesgue measure do(x). Denote by
LP(S~1) the Lebesgue LP space defined with respect to the measure do(z) on
S?-! with norm || - ||,. We will use the space C(S?!) of continuous functions
to replace the space L®°(S?71). Let C(z,0) := {y € S~ : arccos(x - y) < 6}
denote the spherical cap with center z € S?~! and radius 6 € (0, 7]. Denote by
I1¢ the space of all spherical polynomials of degree at most n on S~ (i.e., the
restrictions to S~ of all algebraic polynomials in d variables of degree at most
n). We use the notation A ~ B to mean that there exists a general constant
¢ > 0, called the constant of equivalence, such that ¢ 1A < B < cA.

*The author was partially supported by NSERC Canada under Grant RGPIN 04702.
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2. The First Pair of Moduli of Smoothness and
K—functionals

The translation Spf of f € L*(S?!) with step 6 is defined by
Sif@)= [ fdoely).  west
0(C(x,0))

where 9(C(z,0)) = {y € S¢1 : 2y = cosf} and do, g denotes the (d — 2)-
dimensional Lebesgue measure on 9(C(z, §)) normalized so that Spl = 1. For
1 <p<ooandr €N, we define the r-th order modulus of smoothness on S¢~1
by
W (f )y = sup [[(1—So)"/2f]| (1)
0<6<t

where (I — S;)"/? = s (-1 (T§2)Stj'

Many researchers had made contributions to these first moduli w7(-1)( fit)p:
Kusnirenko (1958, d = 3, r = 2, p = o0), Butzer and Jansche (1971, r = 2,
1 < p < x0), Pawelke (1972, r = 2, 1 < p < o0), Lizorkin and Nikolskii (1988,
r > 0 and p = 2), Kalyabin (1987) and Rustamov (1992, r > 0, 1 < p < 00),
K.Y. Wang (1995, » > 0, p = 1,00). For details, we refer to [12, 17] and the
references therein.

For f € C?"(S?"1), we have

i (= 50 £ (@)

t—0 $2r = cd(_AO)Tf(x)v HASS Sd_l,

where Ag denotes the Laplace-Beltrami operator on S?~'. This leads to the
following definition of K-functionals: for r > 0 and 1 < p < o0,

KD (f,0)p =t {[If = gllp + " (=20)"*gllp = (~20)"%g € L7}

A classical result on spherical polynomial approximation asserts that the
K-functional K" (f,t)p is equivalent to the modulus of smoothness wt (f t)p:

Theorem 1 ([12, 17]). Forr >0 and 1 < p < oo,
Kﬁl) (fa t)p ~ wf“l)(f7 t);l)
We end this section with some comments on the first moduli:

1. It was shown in [4] that the supremum in the definition (1) can be dropped;
namely, the following is true:

: ™

sup [[(1 =82 fllp ~ 1L = 80)"* fllp, 0 €1[0,5]

I , 1 <p<oo.
0<t<6
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2. The following central difference with respect to the step 6 of the translation
operator Sp was introduced in [4]:

20

2 ¢ j
A f(r) =3 (23 ) (-1 Se_yf(@), CEN.

=0

It was shown in [4] that for 0 <t < tq, < %,

sup [[(1=S0) fllp ~ 127 fllp,  1<p<oo.
0<O<t

3. The Second Pair of Modulus of Smoothness and
K-functional

Let SO(d) denote the group of rotations on R?. The following modulus of
smoothness was introduced by Ditzian [14]:

Definition 1 ([14]). Forr € N, t € (0,7] and 0 < p < o0,
WP (fit)p = sup [|(I = TQ)" flly,
QeO0;
where Tg f(x) :== f(Qz) for Q € SO(d), and

o= {Q € 50(d) : |1 = Q| := max |Qv—a| < t}, t € (0,m).

€S
Forr =1and p = 1, w?)(f, t)p was introduced by Calderon, Weiss and
Zygmund [2, 1966] in their paper on singular integrals (see also [3]), where
they also considered them as the most natural moduli on the sphere. Note
that w,(?)(f7 t)p can be defined for 0 < p < 1 as well, while wg-l)(f, t)p cannot.

It turns out that the moduli of smoothness wﬁl)(f, t)p and w§2)(f, t)p are
equivalent for 1 < p < 0o, as was shown in [§].

Theorem 2 ([8]). Forr e Nand0<t< 3,
w7("1)(fa t)p ~ wf?)(f, )ps 1 <p<oo.

A counter-example was given in [16] to show that the above equivalence
fails at the endpoints p = 1, co.

For the proof of Theorem 2, one need to consider the cases of even dimension
d and odd dimension d separately. Let us end this section with a few interesting
results obtained in the proof of Theorem 2.

First, we define the operator Ay by

Agf(x) = /S o @ MG Q. west,
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where d(@ is the Haar measure on the group SO(d) normalized by the condition
fso(d) 1dQ =1, and My is a d X d matrix defined as follows:

cosf
—sinf
My =
and
cos
—sinf
Mg =

We then have

Theorem 3 ([8]).

Apf(z) = Sof (),

sin 6
cosf
, if d is even,
cosf sinf
—sinf cos6
sin 6
cos
, if d is odd.
cosf)  siné
—sinf cosf
1

(i) If d is even, then

eSSl geR.

(i) If d > 3 is odd, then for f € L*(S1) and 6 € (0, ),

proj, (Agf) = —

P(/\’)‘_l)(cos 0) 01
W n=0,1,...,

where proj,, denotes the orthogonal projection onto the space of spherical

harmonics of degree n, and \ =

a—2

3 -

Next, we define M to be the set of all d x d skew-symmetric matrices M of

the form

0 (5]
—Q1 0

— QO 0

0

with £ € Nand 0 < o < a1 < -+

< a3 < 1. It is known that given a

rotation p € SO(d) satisfies the condition min,ega—1 px - > cosé if and only

if it can be represented as p = /@M@~

" for some Q € SO(d) and M € M.
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Now we define the K-functional K7(«2)( f,t)p by

o\ -1
(2) _ . _ r i uQMQ .
KO, = nt {17 =g+t s ||(57) (e )|
QESO(d)

Then we have

Theorem 4 ([8]). Suppose that f € LP(ST1), 1 < p<oo, or f€C(S41)
for p=oc. Then

w7(.2) (f, t)Lp(Sdfl) ~ K,§2) (f, t)Lp(Sdfl).

4. The Third Pair of Moduli of Smoothness and
K-functionals

For 1 < i # j < d, denote by Q; ;: the rotation by an oriented angle ¢ in
the (z;, z;)-plane. For example,

cost —sint 0 --- O
sint cost O 0

Qi1,2,4T = 0 0 Lo Oy = (rcos(f+t),rsin(@+t),xs,...,xq),
0 0 0o -~ 1

where (x1,22) = (rcosf, rsinf).
Definition 2 ([10]). Forr €N, ¢t >0, and 1 < p < oo,

G)(f 1) .
P (f 1)y o= sup | max (1A 071,

where
a r
B500@) = (1 = Tay, ) @)= Y04 }) /@ugaon). 15i<i<d
k=0
Note that Q; ;- x > cost for all z € S?~1. Hence, it is clear that

w7(“3) (fv t)p S w7(~2)(fa t)p'

On the other hand, it was shown in [8] that for 0 < ¢ < £ and r = 1,2,

WO (f, 1)y ~ 0P (fit)y,  1<p< oo
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The main advantage of this third modulus of smoothness is that it reduces
to forward differences in Euler angles, which live on two dimensional circles on
the sphere and are easier to compute.

Forr €N, f € C"(S?!) and x € S, we have

AL ()
im —22t 7 pr
fim 4 = Di;f(@),

where D; ; = x;0; — ;0; denotes the angular derivative in the (x;, z;)-plane.
For (i,7) = (1,2), (z1,22) = (scos ¢, ssinp) and r € N, we have

Dy (@) = (= 45) Flscoso.ssing.aa,....aa) @)

)

Theorem 5 ([10]). Forr e N, 0<t<m, and 1 <p < oo,
“43)(f}t)p “’1{53)(f7t)p7
where

(3) — { _ r r }
K2 (f,t)p gec%?ém If = gllp +17 | max D790y

To conclude this section, we collect several useful properties of the angular
derivatives in the following proposition.

Proposition 1. (i) Ao =30, ;<4 DZ;.
(ii) For f € CY(S?1) and x € S1,

Vof@)?= > |Di;f@)?

1<i<j<d

where Vo f =V [ (1)

gd—1"
(iii) If f is a spherical harmonic of degree n, so is D; ; f.
(iv) (Integration by parts) For f,g € C*(S4™1),

(Dijf 9>L2(sd—1) =—(f, Di,jg>L2(Sd*1)'
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5. Properties of Moduli of Smoothness

Below, w,(f,t), stands for either of the moduli of smoothness wy)(f, t)p,
i=1,2,3.

Proposition 2. Let 1 < p < oco. Then:
(i) For0<s<r, w(f,t)p < Crws(f,t)p.
(i) For A >0, wr(f, At)p < CA+1)"wr(f,1)p.

(ili) For 0 <t < 3 and every m >r,

1
wr(fit)p < cmt’“/ M du.

r+1
t u

The proof of Proposition 2 can be found in [17, 12] for the first moduli of
smoothness, in [14] for the second moduli, and in [10] for the third moduli.
Next, define

Eu(f)y = inf,|If = gl

Theorem 6 (Direct and inverse theorem). For1l <p < oo andr € N,

En(f)p < er(fv nil)pa (3)
Wr(fanil)p < CnirzkrilEkfl(f)p' (4)
k=1

Several remarks are in order. For the first moduli of smoothness, the proof
of Theorem 6 can be found in [17, 12]. In fact, many researchers made im-
portant contributions to the proof of the Jackson inequality (3) for the first
moduli, including Butzer, Jansche, Lizorkin, Nikolskii, Kalyabin, Rustamov,
K.Y. Wang. For details, see [13].

For the second moduli of smoothness, the proof of the inverse inequality (4)
can be found in [14], while proofs of the Jackson inequality (3) can be found
in [15, 6]. The Jackson inequality (3) for » =1 and 0 < p < 1 was established
in [7].

Finally, for the 3rd moduli of smoothness, Theorem 6 was proved in [10].
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