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Moduli of Smoothness and Polynomial
Approximation on the Unit Sphere

Feng Dai∗

There are several different well studied moduli of smoothness on
the unit sphere, including the classical one defined via the translation
operators (i.e., averages over rims of spherical caps), the one introduced
by Z. Ditzian via the group of rotations, and the recent one introduced
by Y. Xu and myself via finite order differences over Euler angles.

This paper surveys some properties of these three different moduli
of smoothness and some related results obtained recently, such as the
direct Jackson inequality and its Stechkin type inverse, the strong inverse
inequality of type A and the equivalence with different K-functionals.
I will also compare different moduli of smoothness and show that they
are in fact equivalent in Lp spaces with 1 < p < ∞.
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1. Basic Notations

Let Sd−1 = {x ∈ Rd : |x| = 1} denote the unit sphere of the Euclidean
space R

d equipped with the usual surface Lebesgue measure dσ(x). Denote by
Lp(Sd−1) the Lebesgue Lp space defined with respect to the measure dσ(x) on
Sd−1 with norm ‖ · ‖p. We will use the space C(Sd−1) of continuous functions
to replace the space L∞(Sd−1). Let C(x, θ) := {y ∈ Sd−1 : arccos(x · y) ≤ θ}
denote the spherical cap with center x ∈ Sd−1 and radius θ ∈ (0, π]. Denote by
Πd

n the space of all spherical polynomials of degree at most n on Sd−1 (i.e., the
restrictions to Sd−1 of all algebraic polynomials in d variables of degree at most
n). We use the notation A ∼ B to mean that there exists a general constant
c > 0, called the constant of equivalence, such that c−1A ≤ B ≤ cA.
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2. The First Pair of Moduli of Smoothness and

K–functionals

The translation Sθf of f ∈ L1(Sd−1) with step θ is defined by

Sθf(x) :=

∫

∂(C(x,θ))

f(y) dσx,θ(y), x ∈ S
d−1,

where ∂(C(x, θ)) = {y ∈ Sd−1 : x · y = cos θ} and dσx,θ denotes the (d − 2)-
dimensional Lebesgue measure on ∂(C(x, θ)) normalized so that Sθ1 = 1. For
1 ≤ p ≤ ∞ and r ∈ N, we define the r-th order modulus of smoothness on Sd−1

by

ω(1)
r (f, t)p = sup

0<θ≤t

∥

∥(I − Sθ)
r/2f

∥

∥

p
, (1)

where (I − St)
r/2 =

∑∞
j=0 (−1)j

(

r/2
j

)

S
j
t .

Many researchers had made contributions to these first moduli ω
(1)
r (f, t)p:

Kušnirenko (1958, d = 3, r = 2, p = ∞), Butzer and Jansche (1971, r = 2,
1 ≤ p ≤ ∞), Pawelke (1972, r = 2, 1 ≤ p ≤ ∞), Lizorkin and Nikolskii (1988,
r > 0 and p = 2), Kalyabin (1987) and Rustamov (1992, r > 0, 1 < p < ∞),
K.Y. Wang (1995, r > 0, p = 1,∞). For details, we refer to [12, 17] and the
references therein.

For f ∈ C2r(Sd−1), we have

lim
t→0

(I − St)
rf(x)

t2r
= cd(−∆0)

rf(x), x ∈ S
d−1,

where ∆0 denotes the Laplace-Beltrami operator on Sd−1. This leads to the
following definition of K-functionals: for r > 0 and 1 ≤ p ≤ ∞,

K(1)
r (f, t)p := inf

{

‖f − g‖p + tr‖(−∆0)
r/2g‖p : (−∆0)

r/2g ∈ Lp
}

.

A classical result on spherical polynomial approximation asserts that the

K-functional K
(1)
r (f, t)p is equivalent to the modulus of smoothness ω

(1)
r (f, t)p:

Theorem 1 ([12, 17]). For r > 0 and 1 ≤ p ≤ ∞,

K(1)
r (f, t)p ∼ ω(1)

r (f, t)p.

We end this section with some comments on the first moduli:

1. It was shown in [4] that the supremum in the definition (1) can be dropped;
namely, the following is true:

sup
0<t≤θ

‖(I − St)
r/2f‖p ∼ ‖(I − Sθ)

r/2f‖p, θ ∈ [0,
π

2
], 1 ≤ p ≤ ∞.
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2. The following central difference with respect to the step θ of the translation
operator Sθ was introduced in [4]:

△2ℓ
t f(x) :=

2ℓ
∑

j=0

(

2ℓ

j

)

(−1)jS(ℓ−j)tf(x), ℓ ∈ N.

It was shown in [4] that for 0 < t < td,ℓ <
π
2 ,

sup
0<θ≤t

‖(I − Sθ)
ℓf‖p ∼ ‖△2ℓ

t f‖p, 1 ≤ p ≤ ∞.

3. The Second Pair of Modulus of Smoothness and

K-functional

Let SO(d) denote the group of rotations on Rd. The following modulus of
smoothness was introduced by Ditzian [14]:

Definition 1 ([14]). For r ∈ N, t ∈ (0, π] and 0 < p ≤ ∞,

ω(2)
r (f, t)p := sup

Q∈Ot

‖(I − TQ)
rf‖p,

where TQf(x) := f(Qx) for Q ∈ SO(d), and

Ot :=
{

Q ∈ SO(d) : ‖I −Q‖ := max
x∈Sd−1

|Qx− x| ≤ t
}

, t ∈ (0, π).

For r = 1 and p = 1, ω
(2)
1 (f, t)p was introduced by Calderòn, Weiss and

Zygmund [2, 1966] in their paper on singular integrals (see also [3]), where
they also considered them as the most natural moduli on the sphere. Note

that ω
(2)
r (f, t)p can be defined for 0 < p < 1 as well, while ω

(1)
r (f, t)p cannot.

It turns out that the moduli of smoothness ω
(1)
r (f, t)p and ω

(2)
r (f, t)p are

equivalent for 1 < p < ∞, as was shown in [8].

Theorem 2 ([8]). For r ∈ N and 0 < t < 1
2 ,

ω(1)
r (f, t)p ∼ ω(2)

r (f, t)p, 1 < p < ∞.

A counter-example was given in [16] to show that the above equivalence
fails at the endpoints p = 1,∞.

For the proof of Theorem 2, one need to consider the cases of even dimension
d and odd dimension d separately. Let us end this section with a few interesting
results obtained in the proof of Theorem 2.

First, we define the operator Aθ by

Aθf(x) =

∫

SO(d)

f(Q−1MθQx) dQ, x ∈ S
d−1,
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where dQ is the Haar measure on the group SO(d) normalized by the condition
∫

SO(d) 1 dQ = 1, and Mθ is a d× d matrix defined as follows:

Mθ =















cos θ sin θ
− sin θ cos θ

. . .

cos θ sin θ
− sin θ cos θ















, if d is even,

and

Mθ =



















cos θ sin θ
− sin θ cos θ

. . .

cos θ sin θ
− sin θ cos θ

1



















, if d is odd.

We then have

Theorem 3 ([8]). (i) If d is even, then

Aθf(x) = Sθf(x), x ∈ S
d−1, θ ∈ R.

(ii) If d ≥ 3 is odd, then for f ∈ L1(Sd−1) and θ ∈ (0, π),

projn(Aθf) =
P

(λ,λ−1)
n (cos θ)

P
(λ,λ−1)
n (1)

projnf, n = 0, 1, . . . ,

where projn denotes the orthogonal projection onto the space of spherical
harmonics of degree n, and λ = d−2

2 .

Next, we define M to be the set of all d× d skew-symmetric matrices M of
the form

M =





























0 α1

−α1 0
. . .

0 αk

−αk 0
0

. . .

0





























with k ∈ N and 0 < αk ≤ αk−1 ≤ · · · ≤ α1 ≤ 1. It is known that given a
rotation ρ ∈ SO(d) satisfies the condition minx∈Sd−1 ρx · x ≥ cos θ if and only

if it can be represented as ρ = eθQMQ−1

for some Q ∈ SO(d) and M ∈ M.
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Now we define the K-functional K
(2)
r (f, t)p by

K(2)
r (f, t)p = inf

g∈Cr(Sd−1)

{

‖f − g‖p + tr sup
M∈M,

Q∈SO(d)

∥

∥

∥

( ∂

∂u

)r

g
(

euQMQ−1

·
)

∥

∥

∥

p

}

.

Then we have

Theorem 4 ([8]). Suppose that f ∈Lp(Sd−1), 1 ≤ p<∞, or f ∈C(Sd−1)
for p = ∞. Then

ω(2)
r (f, t)Lp(Sd−1) ∼ K(2)

r (f, t)Lp(Sd−1).

4. The Third Pair of Moduli of Smoothness and

K-functionals

For 1 ≤ i 6= j ≤ d, denote by Qi,j,t the rotation by an oriented angle t in
the (xi, xj)-plane. For example,

Q1,2,tx =















cos t − sin t 0 · · · 0
sin t cos t 0 · · · 0
0 0 1 · · · 0
...

...
...

. . .
...

0 0 0 · · · 1















x = (r cos(θ+ t), r sin(θ+ t), x3, . . . , xd),

where (x1, x2) = (r cos θ, r sin θ).

Definition 2 ([10]). For r ∈ N, t > 0, and 1 ≤ p ≤ ∞,

ω(3)
r (f, t)p := sup

|θ|≤t

max
1≤i<j≤d

∥

∥∆r
i,j,θf

∥

∥

p
,

where

△r
i,j,θf(x) := (I − TQi,j,θ

)rf(x) =
r

∑

k=0

(−1)k
(

r

k

)

f(Qi,j,kθx), 1 ≤ i < j ≤ d.

Note that Qi,j,tx · x ≥ cos t for all x ∈ Sd−1. Hence, it is clear that

ω(3)
r (f, t)p ≤ ω(2)

r (f, t)p.

On the other hand, it was shown in [8] that for 0 < t < 1
2 and r = 1, 2,

ω(3)
r (f, t)p ∼ ω(2)

r (f, t)p, 1 < p < ∞.
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The main advantage of this third modulus of smoothness is that it reduces
to forward differences in Euler angles, which live on two dimensional circles on
the sphere and are easier to compute.

For r ∈ N, f ∈ Cr(Sd−1) and x ∈ Sd−1, we have

lim
t→0

△r
i,j,tf(x)

tr
= Dr

i,jf(x),

where Di,j = xi∂j − xj∂i denotes the angular derivative in the (xi, xj)-plane.
For (i, j) = (1, 2), (x1, x2) = (s cosφ, s sinφ) and r ∈ N, we have

Dr
1,2f(x) =

(

−
∂

∂φ

)r

f(s cosφ, s sinφ, x3, . . . , xd). (2)

Theorem 5 ([10]). For r ∈ N, 0 < t < π, and 1 ≤ p ≤ ∞,

ω(3)
r (f, t)p ∼ K(3)

r (f, t)p,

where

K(3)
r (f, t)p := inf

g∈Cr(Sd−1)

{

‖f − g‖p + tr max
1≤i<j≤d

‖Dr
i,jg‖p

}

.

To conclude this section, we collect several useful properties of the angular
derivatives in the following proposition.

Proposition 1. (i) ∆0 =
∑

1≤i<j≤d D
2
i,j.

(ii) For f ∈ C1(Sd−1) and x ∈ S
d−1,

|∇0f(x)|
2 =

∑

1≤i<j≤d

|Di,jf(x)|
2,

where ∇0f = ∇f( x
|x|)

∣

∣

∣

Sd−1

.

(iii) If f is a spherical harmonic of degree n, so is Di,jf .

(iv) (Integration by parts) For f, g ∈ C1(Sd−1),

〈Di,jf, g〉L2(Sd−1) = −〈f,Di,jg〉L2(Sd−1).
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5. Properties of Moduli of Smoothness

Below, ωr(f, t)p stands for either of the moduli of smoothness ω
(i)
r (f, t)p,

i = 1, 2, 3.

Proposition 2. Let 1 ≤ p ≤ ∞. Then:

(i) For 0 < s < r, ωr(f, t)p ≤ Crωs(f, t)p.

(ii) For λ > 0, ωr(f, λt)p ≤ C(λ+ 1)rωr(f, t)p.

(iii) For 0 < t < 1
2 and every m > r,

ωr(f, t)p ≤ cmtr
∫ 1

t

ωm(f, u)p
ur+1

du.

The proof of Proposition 2 can be found in [17, 12] for the first moduli of
smoothness, in [14] for the second moduli, and in [10] for the third moduli.

Next, define
En(f)p := inf

g∈Πd
n

‖f − g‖p.

Theorem 6 (Direct and inverse theorem). For 1 ≤ p ≤ ∞ and r ∈ N,

En(f)p ≤ c ωr(f, n
−1)p, (3)

ωr(f, n
−1)p ≤ c n−r

n
∑

k=1

kr−1Ek−1(f)p. (4)

Several remarks are in order. For the first moduli of smoothness, the proof
of Theorem 6 can be found in [17, 12]. In fact, many researchers made im-
portant contributions to the proof of the Jackson inequality (3) for the first
moduli, including Butzer, Jansche, Lizorkin, Nikolskii, Kalyabin, Rustamov,
K.Y. Wang. For details, see [13].

For the second moduli of smoothness, the proof of the inverse inequality (4)
can be found in [14], while proofs of the Jackson inequality (3) can be found
in [15, 6]. The Jackson inequality (3) for r = 1 and 0 < p < 1 was established
in [7].

Finally, for the 3rd moduli of smoothness, Theorem 6 was proved in [10].
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