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An Exact Strong Converse Inequality
for the Weighted Simultaneous Approximation
by the Bernstein Operator
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Recently, it has been shown that the rate of simultaneous approxima-
tion by means of the Bernstein operator B,, satisfies the direct estimate

lw(Baf = )P <e  int ]{Ilw(f(s) =g +n " lw(Dg) |1},

geCs+2[0,1

where || o || is the supremum norm on the interval [0, 1], w is a Jacobi
weight whose exponents are non-negative and less than s, and Dg(z) =
(1 — x)g"”(x). In this paper we establish the converse inequality that
exactly matches the direct one above for low-order derivatives and lower
upper bounds on the weight exponents.
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1. The Converse Inequality

The Bernstein operator is defined for f € C[0,1] and z € [0,1] by
_ - k _ (" k n—k
Bat@) =31 ()o@ onate) = ()t
It is well-known that if f € C*?[0, 1], then

lim (B, f)®)(z) = f®(z) uniformly on [0,1]; (1.1)

n—oo
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76 The Bernstein Operator

see e.g. [2, Chapter 10, Theorem 2.1]. Moreover, Lépez-Moreno, Martinez-
Moreno, Mutioz-Delgado [19], and Floater [9] found the asymptotics

n—oo

lim n(B,f(z) — f(x))® = %(D f())®  uniformly on [0,1], (1.2)

where f € C572[0,1], Df = ¢?f" and p(z) = \/z(1 — ).

Quantitative estimates of the convergence rate in (1.1) and (1.2) attracted
much attention. C. Badea, I. Badea and H. Gonska [1] made a very helpful
review of earlier results on that subject. There they also improved previous
estimates. In [5, 6, 7] we recalled several more recent results; see also [11, 12,
13, 21].

Quite recently, we characterized the rate of the simultaneous approximation
by the Bernstein operator with Jacobi weights in Ly-norm, 1 < p < oo, (see
[7]). To state that result in the essential supremum norm, we define the K-
functional

_ ; —a® (s)
Kty = inf Aol =g+ (D)1},

where || o || denotes the ess sup norm on the interval [0, 1] and

w(z) = w(yo,v1;7) = 27°(1 —x)", x € [0,1], (1.3)
as 70,71 > 0.

We showed in [7] (see Theorem 1.1 there with p = oo and r = 1), that
if 0 < 0,71 < s, then for all f € C[0,1] such that f € AC;_'(0,1) and
wf®) € Ly[0,1], and all n € N there holds

lw(Baf = )N < e Ko(f,n7 s (1.4)

and conversely,

E(f®n Yw < e (lw(Buf = NN+ lw(Braf = HPN)  (1.5)

with some R € N independent of f and n. Here and henceforth ¢ denotes
a positive constant, not necessarily the same at each occurrence, which is in-
dependent of the functions involved and the degree n of the operators; and
ACY] .(0,1) is the space of functions on [0, 1], which along with their derivatives
up to order r are absolutely continuous on any interval [a,b] C (0, 1).

We shall strengthen the converse inequality (1.5), showing that the second
term on the right is redundant under certain restrictions.

Theorem 1.1. Let s € N as s < 6, and let w = w(~9,v1) be given by (1.3)
with 0,71 € [0,5/2]. Then there exists ng € N such that for all f € C|0,1]
with f € ACS 1(0,1) and wf'®) € Ly[0,1], and all n € N with n > ng there
holds

Ko(fn N < cllw(Baf = 1.
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Remark 1.1. The proof of the theorem is based on a number of very tech-
nical results. In establishing just a small fragment of them (namely (3.25) for
j = 0) we imposed an upper bound on s—all the other ones are verified for all
positive integers s. Refinements of the calculations can yield the validity of the
theorem for s larger than 6. However, it seems that settling the general case
requires much effort or another approach.

Remark 1.2. It seems that the restriction ,v1 € [0, s) on the exponents
of the weight w, under which (1.4) and (1.5) were established, is sharp; whereas
the assumption g, v1 € [0, s/2] in Theorem 1.1 is due to the method of proof we
use. It is quite plausible that Theorem 1.1 remains valid for all vg,v1 € [0, ).

Let us explicitly mention that N denotes the set of the positive integers
throughout the paper. Theorem 1.1 holds for s = 0 (see [14, 22]). Its assertion
for s =1 and w = 1 has already been established in [10].

Combining (1.4) with Theorem 1.1, we verify that the error of the weighted
simultaneous approximation by the Bernstein operator is equivalent to the
K-functional K,(f*),n='),. More precisely, we say that ®(f,t) and ¥(f,t)
are equivalent and write ®(f,t) ~ U(f,¢) if there exists a positive constant ¢
such that ¢ 1®(f,t) < U(f,t) < c®(f,t) for all f and ¢t under consideration.
Thus the following characterization of the rate of the weighted simultaneous
approximation by the Bernstein operator holds true.

Corollary 1.1. Let s € N as s <6, and let w = w(yo,7v1) be given by (1.3)
with 0,71 € [0,5/2]. Then there exists ng € N such that for all f € C|0,1]
with f € ACE 1(0,1) and wf®) € Loo[0,1], and all n € N with n > ng there
holds

[w(Buf = £ ~ Ko(fn7 ).

Theorem 1.1 and Corollary 1.1 with s = 1 imply a characterization of the
weighted approximation by the Kantorovich operator. To recall, the Kan-
torovich operator is defined for f € L[0,1] and « € [0, 1] by

n (k+1)/(n+1)
Knf(@) =Y (n+1) F(8) dt (o).
k=0 k

/(n+1)

It is expressed by the Bernstein operator as follows

T
Kof(@) = (BunF@) . F@) = [ far
0
Corollary 1.1 with s = 1, F in place of f, and n + 1 in place of n implies the
following characterization.

Corollary 1.2. Let w = w(vyo,v1) be given by (1.3) with vo,v1 € [0,1/2].
Then there exists ng € N such that for all f € L[0,1] with wf € Lo[0,1], and
all n € N with n > ng there holds

||w(an - f)” ~ Kl(fa nil)uw
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The K-functional K(f,t), is equivalent to a sum of simpler K-functionals
of the type

Ko (fit)w = inf  {[lw(f —g)|l + tlwp™ g™}
geAC" ~2(0,1)

loc
These K-functionals are equivalent to the well-known Ditzian-Totik moduli [4]
(see also [8, Chapter 3, Section 10] and [15, 16, 17] for a recent modification of
them). In [7, Theorems 1.2 and 1.3 and Remark 1.4] it was shown that

K2,<P(f7 t)w + Kl,l(fa t)wa s = 17 0 < Yo,71 < 17
Ks(f, 0w ~ § Koo(fit)1 + Kia(f, 01+t fll, s>2, 0= =0,
KQ,W(f7t)’w +t ||’LUf||, S Z 27 0< Y0,71 < S.

Combining this result with Corollary 1.1 and the equivalence of the K-
functionals to the ordinary moduli of smoothness or the Ditzian-Totik moduli,
we arrive at the following characterization of the weighted simultaneous ap-
proximation by the Bernstein operator.

Theorem 1.2. Let s € N, as s < 6, and w = w(vp,7y1) be given by (1.3).
Then there exists ng € N such that for all f € C[0,1] with f € AC}1(0,1) and
wf®) € Ly,[0,1], and all n € N with n > ng there holds

[w(Bnf — f) || ~ w2 (f,n ) +wr(fon e, s=1, 0<70,m < 1/2,
[(Buf — )N ~ w2 (£, 07 2) + w1 (9, n7h) + 07 £,
2§S§65 70:71:05
lw(Bnf — £)] ~ w2 (f,n712)y + 0 Hwf O,
2§5§67 O<70)71 §3/2

Above w1(g,t) is the ordinary modulus of continuity in Leo[0,1], wi(g,t) its
analogue in the space Loo(w)[0,1] = {f : wf € L[0,1]} (see e.g. [4, Appendix
BJ), and w2 (g,t) is the Ditzian-Totik modulus of smoothness of order 2 with
a step-weight ¢ in Lo (w)[0, 1] (see [4, Chapter 6]); the subscript w is omitted
if w=1.

To compare, the characterization in the case s = 0 is of the form

IBuf = fll ~ wi(f,n~'?).

The contents of the paper are organized as follows. In the next section
we complement certain estimates established in [7]. That will enable us to
strengthen the converse inequality given there to the form stated above. The
last section contains a number of technical lemmas used in Section 2.
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2. Strengthened Bernstein-type Inequalities

To prove the converse inequality of Theorem 1.1, we apply the method
developed by Ditzian and Ivanov [3]. It allows us to establish such converse
estimates by means of several other basic estimates concerning the approxi-
mation properties of the operator. All but one of them were established in [7,
Section 4]. What remains to be shown is that the more iterates of B,, we apply,
the smaller constant we can take on the right-hand side of the Bernstein-type
inequalities in [7, Proposition 4.13 and Corollary 4.16].

By virtue of [7, Proposition 4.1(a)] with p = co we have that if 0 < v,y <
s, then

lw(Baf) O < cllwf)| (2.1)

for all f € C[0,1] such that f € AC; ' (0,1) and wf® € Lo[0,1]. We shall
need a stronger form of that estimate that gives an upper bound of the order
by which the constant ¢ can increase when we take iterates of the Bernstein

operator.

Proposition 2.1. Let m,s € N as m > 2, and let w = w(vp,71) be given
by (1.3) with vo,v1 € [0, ). Then for all f € C[0,1] such that f € ACS1(0,1)

loc

and wf®) € Lo,[0,1], and all n € N such that n > m + s there holds
lw(By )] < clogm [lwf™].

The constant c is independent of m, n and f.

Proof. There holds (see [20], or [2, Chapter 10, (2.3)], or [18, p. 12])

n!
(n—s)!

(Bnf)?(2) =

Z Zimf(%)l?n—s,k(x), x € [0,1], (2.2)
k=0

where KZ f(x) is the forward difference of order s with step h > 0 of the
function f, defined by Ay, f(z) = f(x+h) — f(z), x € [0,1 —h], and Aj f(z) =
Ap(AS1f) (). Tt is known that

h h
Kflf(:c):/ / FO@+ur+ -4 ug) duy - dus, x€[0,1—sh]. (2.3)
0 0

Note that, under the assumptions of the proposition, f(s)(:c +ur+--tug)is

a summable function of the variables (uy,...,us) on the cube [0, h]® for each
xz €[0,1 — shl.
Identities (2.2) and (2.3) yield the representation
!
Bn (5) _ nt
(Bn )™ () =),

n—s .l/n 1/n k
xz/o /0 FO( w4 ug)dur - dug ook (0), 2 € 0,1,

k=0
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Iterating it, we arrive at the formula

(B ) (@) =

n!
(n—s)!

1/n 1/n k
X Z f(s) (_1 +u1++us) dU1"'dUS P’n,s,];pnfsykm(x)?
z Jo 0 n

(2.4)
where the summation is carried over k; = 0,...,n—s, j =1,...,m, and we
have set k = (k1,...,km),

m—
i = H Prsik, ( ]+1)
=1 (2.5)

n! 1/n 1/n
pn,z‘,k(I) = m/ /0 pn—i,k($+u1+---+Ui)dul"'dui-

Taking into account (2.3) we can write (2.4) in the form
(B ) (@) ,Z D (52) P oo @), € [01). (26)

As it follows from [7, (4.2) and (4.7)] with p = oo and symmetry, there holds

R () < SoBD sl k=0 s @)

n ns n

We shall establish in (3.1) of Lemma 3.1 that

ki 41\
w(x) Z w( Lt ) P, o Pn—s.k,, () < ¢ logm, x € 1[0,1],
k

n

for m > 2 and n > m + s with a constant ¢ independent of m and n. Now,
(2.6), (2.7) and the last estimate imply the assertion of the proposition. O

Next, we proceed to the Bernstein-type inequalities for the iterated Bern-
stein operator.

Proposition 2.2. Letm,s € N asm > 2, and let w = w(~9,v1) be given by
(1.3) with v0,71 € [0,8/2]. Then for all f € C[0,1] such that f € AC;;1(0,1)
and wf®) € Lo[0,1], and all n € N such that n > m + s there hold:

() Nwp(Br D < e/ s, 2< s <9;

(b) |lwe*(Br )| < e 2ER nflwfO)], 2<s<8;

(c) JwBEfIED| <o/ B2 nllwfO, 2<s<09.

The constant c is independent of m, n and f.
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Proof. To prove assertion (a), we follow the argument in [14, pp. 318-320].
We differentiate (2.6) in z and apply the formula (see e.g. [2, Chapter 10, (2.1)])

Prp(®) = n[pn_1k-1(2) = pn_1,1(x)], (2.8)

where we have set for convenience p,, , = 0 if £ < 0 or £ > n. Then we use the

Abel transform to derive m — 1 different representations of (B f)(**1). This

is the key step in the considerations of Knoop and Zhou in [14, pp. 318-320].
Thus we arrive at the formula

(B £) (a)
1 n! s k1
- m (n _ S)' ; Al/nf(Z)Pn,s,E Qn,s,l}pnfsflykm (m)’ (29)

where the summation is carried over k; =0,...,n—sand j=1,...,m, B, &
is given in (2.5), and we have set

m—1 k
Qn,s,fc = Z Qn,s,j,fc’ Qn,s,m—l,fc = E:L,s,km,l (%)7

j=1

. kjs kjto k .
Qn,s,j,fc = Yn,s,k; ( ]’Il )€n7s,kj+1 (JT> T e'fhsakm—l (%)7 J = 1L,...,m-2
/n
* (n—s)f p 5k(x+u)du Pn,s kT

en,s,k(w) = - L ) n,s,k(x) = L()

pn,s,k(x) pn,S,k(m) .

Further, we apply Cauchy’s inequality and (2.7) to derive from (2.9) the
estimate

] 1/2
[w@)p(@) (B N @) < = () I (x))

< Jwf O (w2 Yo () By @) (210)

n
k

We shall show in (3.12) of Lemma 3.2 below that

502(93) Z Pn,s,fc Qi,&]}pnfsfl,km (SL') < cmn, T e [07 1]7
k

for 2<s<9, m>2 and n > m+s. Also, (3.2) of Lemma 3.1 with w? in
place of w yields

k1 +1

2 —2( M

P i Pns < ¢ logm, 0,1],
W (== ) PusiProsmin, @) Sclogm, @€ 0,1

for m > 2, and n > m + s. In view of these two inequalities, (2.10) implies
assertion (a).
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To prove (b) for even m > 4 we just apply (a) twice with m/2 in place of
m, as the first time we take we in place of w, and s+ 1 in place of s.

We reduce the case of odd m > 5 to the case of even m’s greater than or
equal to 4 by applying (2.1) with B™~!f in place of f, s + 2 in place of s, and
we? in place of w. Assertion (b) for m = 2,3 follows directly from (2.1) and
[7, Proposition 4.13(a)] with p = co and ¢ = 1.

Assertion (c) is verified similarly to (a) as instead of (3.12) we use (3.13). O

Corollary 2.1. Let m,s € N as s <6 and m > 2, and let w = w(yo,7)
be given by (1.3) with 0,71 € [0,8/2]. Then for all f € C**2[0,1] and n € N
such that n > m + s + 2 there holds

logm
lw(D2B; YD < & |22 nlw(D )]

The constant ¢’ is independent of m, n and f.
Proof. By [7, (4.84)] with r = 2, p = 0o and g = B’ f, we have

lw(D?By )]
< c(lwB N + lw(By HETD | + Jwe* (B /), (2.11)
where s’ = max{2, s}.
We shall show that each of the terms on the right above is estimated from

above by c\/lm% n|lw(Df)®)||, where the constant c is independent of m, n
and f.
By [7, Proposition 2.4] with » =1 and p = 0o we have

lwf < < ellw(Df)], (2.12)

lwfEV|| < ellw(Df)) (2.13)
and

[we? 2| < ellw(Df)]. (2.14)

Proposition 2.1 with s’ in place of s and inequality (2.12) imply for m <n
the estimates

lw (B /)] < e logmlwfC)|| < clogm|lw(Df)]

2.15
< o™ nllu(D ). 1)

Next, Proposition 2.2(c) with s + 1 in place of s and (2.13) imply

. 1 X 1 i
(B £ < e[ B o f O < e[ B (D). (216)
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Finally, by means of Proposition 2.2(b) with s + 2 in place of s and wp? in
place of w, and (2.14) we arrive at

e (s logm s logm s
lwe* (B )| < cTnstogf( ) < C\/THHUJ(DJ”)( Il (2.17)

Estimates (2.11) and (2.15)—(2.17) imply the assertion of the corollary. O
Now, we are ready to prove Theorem 1.1.

Proof of Theorem 1.1. We apply [3, Theorem 4.1] with the operator Q, =
B,, on the space

X={feC0.1]: feAC: 0,1),wf® € Loo[0,1]}

with the semi-norm | f|lx = ||wf()|. Let us note that [3, Theorem 4.1] con-
tinues to hold for semi-norms. Let also Y = C**2[0,1] and Z = C*T[0, 1].
Inequality (2.1) shows that B, is a bounded operator on X, so that [3,
(3.3)] holds.
Next, [7, Corollary 4.12] with r = 1 and p = co yields

1 (s) c’ s
|w(Buf =1 = 5-DF) || € SN, fez
n n
where ¢’ is a positive constant, which is independent of f and n. Thus [3,

(3.4)] with @(f) = |[w(D?f)|, A(n) = 1/(2n) and A1 (n) = ¢’ /n? is valid.
Further, we apply Corollary 2.1 with B, f in place of f to obtain

m s logm s
(DB O < &\ == nllw(DB )V, fe X,

Hence [3, (3.5)] is established with m + 1 in place of m, £ = 1, and

A= 20'0”\/ loﬂ.
m

We fix m > 2 so large that A < 1.
Finally, [7, Corollary 4.15] with » = 1 and p = oo implies

lw(DB. )| < enllwfO,  feX,

which is [3, (3.6)] with £ = 1.
Now, [3, Theorem 4.1] implies the converse estimate for n > m + s+ 2. O

3. Auxiliary Lemmas

Here we shall provide proofs of the technical lemmas we used to verify
Propositions 2.1 and 2.2.
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Lemma 3.1. Let myn,s € Ny n > m+s, m > 2 and w = w(y,71) be
given by (1.3) with 0 < 9,71 <s. Then

kp 41y 1
w@) Y w(==—=) Py ipa-sn, @ <clogm,  zef01],  (3)
k

and

kp+1\—1
w(x) Z w( ln ) P, sk Pn—s—1k,(7) < clogm, x €0,1], (3.2)
k

where the summation is carried over k; =0,...,n—s and j =1,...,m. The
constant c is independent of m, n and x.

Proof. We follow the considerations of Knoop and Zhou [14] (see the proof of
Lemma 3.1 there). Throughout ¢ denotes a constant whose value is independent
of m,n and z in the specified ranges.

By means of the inequalities:

% (7 +(1-—2) ") <w@) <22 @+ (1—2)"), z € (0,1),

Hoélder’s inequality and the relations
n! m—1
; P s kPn—s—r .k, (z) = (m) <1, r=0,1,

we reduce the assertion of the lemma to the estimates

S (kL 1) Py P (2) < ¢ logm (n2)™*, @€ (0,1),
k

and

Z(n - kl)_s n,s,k Pn—s—rkm ($) < clogm (n(l - I))_sv T < (07 1))

k

where r =0, 1.
We set for 7 € [0, 1]

Fn,O(T):].*T, Fn,j("_):lfe_$ nwjil(T)a ]:1’27 :

Just as in [14, pp. 322-324] we show that

s n s(m—1)
D (ks + D)7 Py P, (@) < (n —)
k
1 s T )
n,m— 1 s n—s—7)Fp m_1(11-+Ts)x
/ / i Ts) Znm—1\TL " T8) —(nmsr) P s (rarda g g,
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and
n s(m—1)
— k1) °P, kPn—s—r < ( )
Z(Tl 1) nskp km( )— n—s
n m— 1 TS) —(n—s—7)Fp m—1(1175)(1—2)
Tnmo UL s n,m s dry -+ dTs.
/ / E3olT Ts) 1
Since n o \m
( ) < e, n>m+s, (33)
n—s

to complete the proof of the lemma it is sufficient to show

/ / 'n ,m— 1 " Ts ) —(n—s— I)Fn,—m—l('rl""’—é:)zdrrl ce Ty
Ts)

<clogm(nz)~® (3.4)

foralln >m+s, m > 2 and x € (0,1].
Using that y°e™¥ < ¢, y > 0, we get

FS

n,m—1

(r)e (=5 DFum—1(D2 < o(ng)=* 2 e (0,1], 7€[0,1]. (3.5)

Also, we clearly have F,, o(7) > 1/2 for 7 € [0,1/2]. Therefore, if D C [0, 1]° is
a parallelepiped with at least one side of the form [0,1/2], then

s T
/ —n’?71(71 ) e~ (s D Fnma (T )@ gL, < c(nx)™* (3.6)
p Fiolm- )

foralln >m+s, m > 2 and x € (0,1].
In order to estimate the integral on the cube [1/2,1]°, we set

F”iz’b—l (T) ef(nfsfl)Fn,m,l(‘r)a:7
Fn,O(T)

make the change of the variables, defined by the formulae o; =7, --- 75, j =
, s, and arrange the order of integration from o7 to o to get

//2 -
i [ (L ) ) o
[ f (L ([ ) o

1
< c/ Frm—1(o,2)(1 — o) do.
2—s

Fn,m—l(Ta I) =

IN
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We make the change of the variable 0 = 1 —t and set G, ;(t) = F, ;(1 —t).
Thus we arrive at

1 1 Fs Ty
/ .. / M ef(nfsfl)Fn,mfl(7'1"'7_5):” d7-1 Ce de
1/2 1/2 Fn,o(Tl"'Ts)

1
Sc/ t1GS g () e (e NGB gy (3.7)
0

By means of induction on m we show that (cf. [14, (4.7)])

e

" <
We split the integral on the right-hand side of (3.7) by means of the interme-

diate point 1/m. For the one between 0 and 1/m we apply (3.3) and (3.8) to
get

1/m 1
/ Lo (t) e_(n—s—l)Gn,m,—l(t)l‘dt S/ 5~ 1g—enat gy < C(nx)_s, (3.9)
0 0

n,m—1

as the last estimate is verified by integration by parts.
For the other integral we again use (3.5) to derive

1
/ t_le,m—l(t) 6_(n_s_1)Gn,m71(t);c dt
1/m

1
< c(n:c)*s/ % =clogm (nz)~°. (3.10)
1/m

Estimates (3.7), (3.9) and (3.10) yield

1 1 s
/ . / 771’?_1(T) e~ (s D 1 (DT gr L dry < e logm (nx) ™% (3.11)
1/2 1/2 Fn,O(T)

foralln >m+s, m > 2 and x € (0,1].
Now, (3.6) and (3.11) imply (3.4). O

Lemma 3.2. Let m,n,s € N as2<s<9, m>2, andn>m+s. Then

(1) Py i Qo iPns 1k () Scmn, @ €0,1], (3.12)
k
and
Y Puck @ g Poos—1k, (@) Semn®, 2 e[0,1], (3.13)
k
where the summation is carried over k; =0,...,n—sand j =1,...,m. The

constant c is independent of m, n and x.
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Remark 3.1. The proof of the lemma is reduced to several simpler in-
equalities. All but one of them is verified for all s > 2 (see Remark 3.2).

Proof of Lemma 3.2. Both estimates are verified just like [14, Lemma 3.2],
where the case s = 2 was considered. We shall indicate the modifications we
need to make. Often that amounts only to replacing n — 2 with n — s.

To establish (3.12) it is enough to verify (see [14, p. 328]) that

S Pk Q% i Pastin (@) Scnp3(2), ze(0,1), j=1,...,m— L
k

It follows from the estimates:

ansk< )nék<j) SCTWJ*Q( J+1 )(-cn(nerl)z. 314

n—s+1 J+1Dn—s—3j)
and
N hewl) g -
< (k+1)(n—s—kpnsk(L) ~ G+DMn—s=3)
for j=0,...,n—s—1, and also
n—s—1 ( ) c
Pnos—lklT) < C 0=2(z),  2e(0,1). (3.16)

(k+1)(n—s—k) — n?

Inequalities (3.14) and (3.15) are established in Lemmas 3.3 and 3.4 below, and

(3.16) directly follows from [14, (4.21)] with n — 2 replaced with n — s.
Similarly, (3.13) follows from (3.14) and (3.15) and the trivial inequality

iy Pn—s—1 k( )

<
(k+1)(n—s—k) —

€ [0,1]. O

Cc
TL

Lemma 3.3. Letn,s € N, asn > s+ 2. Then

mek( )Mk(j) Scmp_Q(n]%sil) (3.17)

for j=0,...,n—s—1. The constant c is independent of n.
Proof. We estimate each of the summands on the left-hand side as we con-

sider two cases: j =0,n—s—land1<j<n-—s—2.
For j = 0 we apply (2.8) to derive

1/n 1/n
ns-i-l/ / |p{nis,k(u1+...+us+1)|du1...dus+1
0 0

coma[(TE ) ()]
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for k=0,...,n — s, as we set for convenience (_0‘1) =0.
Using that
(uy + -+ us)® > uf
and "
A—w = =)™ > (1-2) >

we estimate the denominators of the terms on the left-hand side of (3.17) by

1/n 1/n c n—s\ 1
/ / Pn—s,k U1+ +Us)dul dué_k+1< k )H (319)

Estimates (3.18) and (3.19) yield (cf. [14, p. 326])

N[ DO [ )]
me( )65 (2) §cn{z +(n(é) ) [l

k=1 k

k)Y [(s + 1)2r }
0 (") n '
To complete the proof of the lemma for j = 0, it remains to show that the two
sums on the right above are bounded on n. For the first one we have

e T (B e [y
(T )

The other sum is treated in a similar way.

Next, we reduce the case j =n — s — 1 to 7 = 0. More precisely, we make
the change of the variables v; = 1/n —u;, i =1,...,s+ 1, and apply (3.20) to
arrive at

1/n 1/n n—s—1
/ / Pn s k(T +ur+---+ Us+1) duy -+ - dugyq

1/n 1/n
/ / pnsk 7"'7U5+1)d'l)1"'d'05+1

1/n 1/n
_/ / p;hs,nfsfk(vl+"'+US+1)dU1”'dU5+1;
0

similarly, using the same change of the variables and the inequality

+

M \

E
Il

HM

1— —_— e — 1.k n—s
(o) 2 () 2
1—vy —— vy n—s
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we deduce

n—s—1
pn,s,k(i)

1/n 1/n 1
= |/ / Pn—sn—s— k('U1+ -+ v + —>d’U1"-d’Us
nf S 0 0 n

>cpnan s5— k

Consequently,

n—s—1y\ , n—s—1\2 .
pmsak(T)gn,s,k (T) < Cpn,s,n—s—k(o) n,s,nfsfk(o)%

It only remains to observe that

() =7 )
v n—s+1 - n—s+1
to derive the assertion of the lemma for j =n — s — 1 from the one for j = 0.

Let 1<j<n—s—2 SetU=j/n+ur+ -+ uss1.
It is known that (see e.g. [2, Chapter 10, (2.1)])

Pri(2) = 72 (@)(k = na)pn (). (3.20)

By means of that identity and Cauchy’s inequality, we get

j i . o3 1/n 1/n
puss (7)o (1) Sen / /

x( : *U> p"*S,k(ﬁ+u1+“'+uS+1)
Prsi (£ +ur 4+ uy)

d’ll,l cee du5+1.
n-—s

Further, we set

i ) R
aolatmtedun) o oy w ter1) (3.21)
%_’_ul_i__i_us 1_%_11’1_”'_“8
There hold
2 2 ]+1 C
U) > ( )>—, 3.22
e (U) > c p—— ) R (3.22)
2
A+B=1+ st <1+ - (3.23)
(L 4w+ +us)
and
2 2
(5-0) <254+
n—s n—s
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for0<u; <1/n,i=1,...,s+ 1.
Consequently, if we denote the sum at the left-hand side of (3.17) by S, we
get

CnerB
S< ——my
904(71]—’5—-1-1)
l/n 1/n [n=s 2/ s
Aan—s—k
k:O

1 s
+ A+ B)" ) duy - - dusH] . (3.24)
Using (3.22) and (3.23), we readily get

cnstt 1/n 1/n j41
L L A+ B)" S duy - dugys < —2(7).
¢4(n3§i1)/0 / Ar B b s s ene Ty

So, to complete the proof of (3.17) for 1 < 7 < n—s—2, it remains to estimate
the first multiple integral on the right of (3.24). To this end, we apply the
identity (cf. [14, (4.18)])

k=0

n—s

inequality (3.23) and the estimate (cf. [14, (4.19)])

AB + 1
A2(A+B—-1)?+ < £ 2(L>
n—s - n n—s+1
The latter follows from the inequalities
A< c] + 1, B< w7
n n
(3.22) and (3.23). d

Lemma 3.4. Letn,s e Nas2<s<9andn>s+2. Then

—s5—1 i c
nz p%,s+1,k (%) < I+ (3.25)
(k+1)(n_5_k)pn,s,k (%) h (j+1)(n_5_j)
for j=0,....,n—s—1. The constant c is independent of n.
Remark 3.2. The assertion of the lemma for j = 1,...,n—s—1 is verified

for any positive integer s > 2 in the proof below.



B. Draganov 91

Proof of Lemma 3.4. The assertion of the lemma was verified for s = 2 in
[14, (4.20)]. So, we can assume that s > 3.

First, let j = 0. In order to estimate the denominators of the terms on the
left-hand side of (3.25), we expand (u; + - - - +u,)* by the binomial formula to
get

k

k o

(ul + - +U;s)k = Z (Z)(U1 + - +Us—1)k_z“157
=0

apply the trivial estimate
) 1\n—s—k
(1= = )" > (1_U1_"'_us—1_5)

for us € [0,1/n] and integrate on us € [0,1/n]. Thus we get

n! 1
(n—s)! nk+1)
k

SO S (o ()

1\n—s—k
x(l—ul—---—us_l——) dul...dus_l.
n

pn,s,k(o) Z

We apply the binomial formula once again and arrive at

pn,s,k(o)
’ﬂ,*]. 1/n 1/n
_(kz—ilﬁ/ / Pn— sk(u1+ ctus_1+ )dul ~dus_1.

Further, we use Cauchy’s inequality to get the estimate

p7215+1 k(o)
(k+ nfsf pnsk

5+1/1/n /l/n Pa s Lp(ur ot usy) i p
 duy - dugy .
(n—s— pnfs,k(ul +eoFUs—1 + 5)
(3.26)
We set
A= (ur + -+ usy1)? B— (1 —ui = —ugy1)?
U+ uso1 + = L—uy— o —Usg —

Then (3.26) yields

p% s+1, k(O)
(k+1)(n—s—k)pnsk(0

5+2 l/n l/n —5— 1 —
/ / ( >AkB”51k duy - - dugy
n— 5
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and, consequently, for n > s + 3 we have

n—s—1

p?z,erl,k(O) nst?
(k+1)(n—5—k)pnsk(0) = (n—s)?

1/n 1/n _ _ s
X / = / [(A + Bl (g — s — 1)AB"_S_2} duy - - dugq.
0
(3.27)
By means of the inequality 1 + x < e”, we get
2
(s + i1 — 3)
(u1+...+u571+%) (17u17...fu5717l)
112
(s + ts1 — ;)

(wr + - +us-r+5) (1= 3)

(nus+nu5+1—1)2
< e(n—s)(nul+---+nu,571+1) .

A+B=1+

<1+

Therefore
(wu9+nu‘5+1 1)

(A4 B)"—~1 < gruat i1 (3.28)
Similarly, by means of the inequality 14+2 > (1—x2)e®, x € [~1, 1], we establish

~ 1
B>14——u; — -+ —ug—1 — 2us — 2ug41
n

2
> (1 <S+2) >671L“1"'u> 1— 2u572u5+1,
n

hence, using Bernoulli’s inequality (14+)™ > 1+nz for x > —1, and e® > 1+x,
we derive

Enfsfj Z (1 o E)elfnulfmfnus,l72nu572nu5+17 ] _ 1’ 9. (329)
n

We apply estimates (3.27)—(3.29), make the change of the variables t; = nu;,
i=1,...,s+ 1, and use the representation

(tl + -+ ts+1)2 (ts + t5+1 - 1)2

=14ty dto g+ 2t + 21 +

t1+"'+ts_1+1 t1+"'+ts_1+1
to obtain
nil pi,erl,k(O) < 1 (1 n C)(I' I//) (3 30)
2t et D(n—s—F)paar(0) “n—s\  n)ie ) :

where we have set

(tb+t§+1 1)

I;I :/O . /O (tl Gty 4+ 2+ 2ts+1)el—tl—...—tsﬂ—2t5—2t5+1dt1 e dts—i—l-
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We estimate the first integral by means of the inequality

2
61§1+Z+—7 LL‘G[O,].],

and direct computations. Thus we get

Ih <1.11327, I; <1.08629, I <1.06929, I} <1.05773,

I; <1.0494, I <1.04314, I} <1.03827. (3:31)
We evaluate I/ and get
I = 2(1 —e Y (A te Y [(s— 1)1 —2e (1 +e ) +2(1-3¢2)]; (3.32)
hence
I >0.44866, 1) > 0.33725, I} >0.24709, I > 0.17762, (3.33)

Il >0.12583, I{ >0.0881, I > 0.0611.

We shall now estimate the first two terms in the sum in (3.25). We use the
inequalities (1 — 2%)e® <1+ 2 <e®, x € [-1,1], to derive

p%,s+1,0(0)
(Tl - S)pn,s,O(O)

Un e Yy g dies )
n! fo fo ( U1 Usy1) U1 Us+1
 (n—s—1)! fol/” ) ..fol/"(l —uy — e — ug)" 5 dug - - dug
1/n 1/n —(n—s—1)(u1+---+usy1) 2
nt 14 &)\ e fo e T duy - dus
e (145
(n—s—1)! n fol/” . fol/” e—(n=8)(ur++us) gy - - - du,
2
o 1 . (fol/n o fol/n e~ (w1t Fugin) duq - - - du5+1)
e (145
(n—s—1)! n fol/" ... fol/” e—nlurt+us) dyy - - - dug
2
< 1 (1 N E) ( 01 "'fol e (titttann) gy, ~~~dts+1)
T n—s n fol .. 'fol e~ (it tts) dtq - dt, .
Consequently,
2
Pr,s+1,0(0) 1 ( c 1\ s+2
s+l < 14 —) 1—ec . 3.34
(n—8)pn,s0(0) “n—s n ( ) ( )
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Similarly, we derive

pi,5+1,1(0)
2(n — s —1)pn.s,1(0)

2
1 cy 1 (fo1 o fol(tl + o teg) e bt gy -dt5+1)
< (1 + —) = '
n—s n/2 fol ... fol(h e tg) ettt gty i
(3.35)

We have
1 1
/ .. / (tl + ts) e*(t1+~~~+ts) dt1---dty = 5(1 _ 671)571(1 _ 2671)'
0 0
Consequently,

p72L,5+1,1(0) < 1 (1 + C) (S + 1)2 (]_ — 671)54»1(1 — 2671). (336)

2(n—s—1)pns1(0) “n—s n 2s
For
s 1)°
Jo=(1-e) 24 %(1 —e st (1 —2e7h)
we have
J3 <£0.21343, Jy <£0.14714, J5 <0.10102, Jg <0.06901, (3.37)
Jr < 0.04691, Jg < 0.03175, Jo < 0.0214. '
By (3.30), (3.34) and (3.35) we have
n—s—1 2 J
n,s n 1
> Phsirn(3) — < (1+ 5)(Js + I - 1),
P (k+1)(nfsfk)pn,syk(ﬁ) n—3s n

Inequalities (3.31), (3.33) and (3.37) imply
Jo+I —1'<1, s=34,..,9.

Thus the lemma is established for j = 0.
Let s > 2. For 1 < j <n—s—1 we get by means of Cauchy’s inequality

pi,s+1,k (%)
Pn,s,k (%)

< ns+1/1/n.“/1/n Prosrp (3wt 4 us)
B 0 0

- duldu +1-
Pn—s,k (%+U1++US) °
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Therefore,

pi,erl,k (%) ‘
(k+1)(n—s = k)pn.sk (%)
nstl /l/n 1/n (Z;f)Ak-l—an—s—k—l
0 A(17%7u17~~~7u5)

duldu 1
nfs st

with A and B defined in (3.21). We sum up these inequalities for k = 0,...,n—
s — 1 and apply the binomial formula. Thus we get the estimate

nstl 1/n 1/n A+ B)r—s
/ ( + ) dul---dus+1, (338)
(n—s) o A(l—-Z-—wu—-—uy)

where S denotes the sum on the left of estimate (3.25)
Further, we again use (3.23) and the inequality 1 + x < e® to deduce

2
nugy

(A + B)"*S < 6<P2(.7/W'+“'1+"'+’“'S);

and hence
7L2”LL2+1
(A+B)nis<(1+£) 6262 ’ 1§j§(n_5)/27
< n 22,

e n& (nis)/2§]§n7571a

where £ = j 4+ nuy + - - - + nus. We apply that estimate in (3.38) and make the
change of the variables t; = nu;, i =1,...,8+ 1. Thus, for 1 < j < (n—s)/2,
we arrive at

1
n—s—j

1 1 : 2

t cee -t s

X / .. / G i—: ir—i_ th_ E ej+n++~1«+ts dty---dteyr. (3.39)
1+ si1

s<(1+5)

Using that the function T(T + t)_Qetz/T is decreasing on T' in [1,00) for any
fixed t € [0, 1], we deduce that
JHtitetts e JHti+i s

JFti - +ts < JHt1Fta 3.40
(j+t1+,,,+ts+1)2€ 1 _(j+t1+t2+t5+1)26 1+t2 ( )

for allt; € [0,1],i=1,...,s+ 1.

Combining (3.39), (3.40) and [14, (4.10)], we verify (3.25) for 1 < j <
(n—s)/2 and s > 2.

Similarly, for (n —s)/2 <j <n—s—1 we have

.s+1

S< dt1---dteyq. 3.41
- a+1/ / A
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Above we used that the function T/(T + t)? is decreasing on T in [1,00) for
any fixed ¢ € [0,1] to derive

jHti4-+ts J 1 ¢
: 5 <~ ;< —(1+5).
Gttt +tsp1)? = (G +ts41)? ~ j+1 n
Next, we make the change of the variables v; = 1 —¢;, i = 1,...,s, in the

integral in (3.41). Thus we arrive at

2
ts+1

g ) en—s—iFuFFus - d
<( ceduy by
T ]+1/ /n—s—y+v1+ o, S s Ga

Now, (3.25) for (n —s)/2<j <n—s—1and s > 2 follows from the fact that
the function 7 'et*/7 is decreasing on T in [1,00) for any fixed ¢ € [0,1] and
14, (4.11)]. O
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