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We characterize Peetre K-functionals with weights of power-type
asymptotics at the ends of the interval by means of the classical moduli of
smoothness taken on a proper linear transforms of the function. Negative
exponents at finite ends of the interval are included. We also point out
applications with regard to weighted approximation by Bernstein-type
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[5, 8].
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1. Introduction

Let I be an open interval on the real line and let w and ϕ be weights on I
as follows:

I w(x) ϕ(x)

(a, b) (x− a)γa(b− x)γb (x− a)λa(b− x)λb

(a,∞) (x− a)γa(x− a+ 1)γ∞−γa (x− a)λa(x− a+ 1)λ∞−λa

R = (−∞,∞)





|x|γ−∞ , x < −1,

1, −1 ≤ x ≤ 1,

xγ+∞ , x > 1.





|x|λ−∞ , x < −1,

1, −1 ≤ x ≤ 1,

xλ+∞ , x > 1.

Table 1
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The γ’s and λ’s are arbitrary real numbers.
Further, we put Lp(w)(I) = {f : wf ∈ Lp(I)}, 1 ≤ p ≤ ∞. Instead

of L∞(I) we can consider the corresponding subspace of continuous functions
C(w)(I) =

{
f ∈ C(I) : wf ∈ L∞(I)

}
as the interval I can be closed. We

denote the standard Lp-norm on the interval I by ‖ ◦ ‖p(I). The set of the
absolutely continuous functions on the interval [a1, b1] is denoted by AC[a1, b1].
Then we set ACk

loc(I) =
{
g : g, g′, . . . , g(k) ∈ AC[a1, b1] ∀a1, b1 ∈ I, a1 < b1

}
.

We set D = d
dx and Drg means the r-th derivative of the function g.

The weighted K-functional we shall consider is defined for f ∈ Lp(w)(I)
and t > 0 by

K(f, tr;Lp(w)(I), AC
r−1
loc , ϕrDr) =

inf
{
‖w(f − g)‖p(I)+ tr‖wϕrDrg‖p(I) : g∈ACr−1

loc (I), wg, wϕrDrg∈Lp(I)
}
.

(1.1)

In [5, 8, 9, 11] we showed that in a number of cases this K-functional could
be characterized by the classical unweighted moduli of smoothness with an
unvarying step ωr(F, t)p(Ĩ) with appropriate function F ∈ Lp(Ĩ), related to f ,

and an interval Ĩ ⊆ R. To recall, ωr(F, t)p(Ĩ) is defined for F ∈ Lp(Ĩ) and t > 0
by

ωr(F, t)p = sup
0<h≤t

‖∆r
hF‖p(Ĩ),

where the finite difference with a fixed step h is given by

∆r
hF (x) =






r∑

k=0

(−1)r−k

(
r

k

)
F (x+ kh), if x, x+ rh ∈ Ĩ ,

0, otherwise.

The simplest form of that characterization is

K
(
f, tr;Lp(w)(I), AC

r−1
loc , ϕrDr

)
∼ ωr(Af, t)p(Ĩ), (1.2)

where A : Lp(I) → Lp(Ĩ) is a bounded linear operator. The relation ψ1(F, t) ∼
ψ2(F, t) above means that there exists a positive constant c such that for all F
and t under consideration there holds

c−1ψ2(F, t) ≤ ψ1(F, t) ≤ c ψ2(F, t).

To simplify the operator A and cover a broader range of exponents in the
weights w and ϕ, we can separate the singularities to get for 0 < t ≤ t0 a
characterization of the form

K(f, tr;Lp(w)(I), AC
r−1
loc , ϕrDr) ∼ ωr(A1f, t)p(Ĩ1) + ωr(A2f, t)p(Ĩ2). (1.3)

Let either ā = a be finite, or ā = −∞; similarly, let b̄ = b be finite, or
b̄ = ∞. So far we have established (1.3) in the following cases (see [5, 8] and
particularly [8, Theorem 7.1]):
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• 1 ≤ p <∞, γā, γb̄ 6= 1− r − 1/p, 2− r − 1/p, . . . ,−1/p, λā, λb̄ 6= 1;

• p = ∞, γā = γb̄ = 0, λā, λb̄ 6= 1.

In [11, Theorems 1.4, 1.5, 5.13 and 5.14] we established a characterization
similar to (1.2) and (1.3) but involving also lower order moduli for the case
λā = λb̄ = 1, any γā, γb̄ and 1 ≤ p ≤ ∞. In [6, 10] we stated a characterization
exactly of type (1.2) for γa = γ∞ ∈ R and λa = λ∞ = 1. We plan to give a
proof of this result in [12].

Here we pursue mainly two goals. First, we shall improve results given in
[8] in respect to simplification of the operator A in (1.2). Secondly, we shall
construct operators A1,A2 of (1.3) for the cases:

• p = ∞, γā, γb̄ = 1− r, 2− r, . . . ,−1, λā, λb̄ 6= 1;

• 1 ≤ p <∞, γā, γb̄ = 1− r − 1/p, 2− r − 1/p, . . . ,−1/p and λa, λb < 1 or
λ−∞, λ∞ > 1;

• p = ∞, γā, γb̄ 6= 1− r, 2− r, . . . , 0 and λa, λb < 1 or λ−∞, λ∞ > 1.

Whereas one can use the operators already defined in [5, 8] to settle the
first case above, the treatment of the other two requires new operators and
techniques. In another paper we shall consider the remaining cases:

• 1 ≤ p <∞, γā, γb̄ = 1− r − 1/p, 2− r − 1/p, . . . ,−1/p and λa, λb > 1 or
λ−∞, λ∞ < 1;

• p = ∞, γā, γb̄ 6= 1− r, 2− r, . . . , 0 and λa, λb > 1 or λ−∞, λ∞ < 1.

Recently, the error of a number of approximation process in C(w)(I) was
characterized by K-functionals, as the weight w admits negative exponents at
a finite end of the interval I. We shall present these results in detail in the
next section, but here we briefly list them:

• The Bernstein and the Goodman-Sharma operators in C(w)[0, 1], where
w(x) = xγ0(1 − x)γ1 with γ0, γ1 ∈ [−1, 0] (see Theorem 2.1);

• The Baskakov operator in C(w)[0,∞), where w(x) = xγ0(1 + x)γ∞−γ0

with γ0 ∈ [−1, 0] and γ∞ ∈ R (see Theorem 2.2);

• The modification of the Baskakov operator due to Finta in C(w)[0,∞),
where w(x) = xγ0(1 + x)γ∞−γ0 with γ0, γ∞ ∈ [−1, 0] (see Theorem 2.2);

• The modification of the Meyer-König and Zeller operator due to Cheney
and Sharma in C(w)[0, 1), where w(x) = xγ0(1 − x)γ1 with γ0 ∈ [−1, 0]
and γ1 ∈ R (see Theorem 2.3);

• The modification of the Meyer-König and Zeller operator due to Good-
man and Sharma in C(w)[0, 1), where w(x) = xγ0(1− x)γ1 with γ0, γ1 ∈
[−1, 0] (see Theorem 2.3).
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As far as we know, until now, there have not been constructed moduli of
smoothness which are equivalent to the K-functionals used to characterize the
approximation rate of the above-mentioned operators in the case of a negative
weight exponent at a finite end of the interval. In the present paper define such
moduli.

The contents of the paper are organized as follows. In the next section we
present the above-mentioned applications of the new moduli for characterizing
of the approximation error. In Section 3 we briefly formulate the method we use
to construct moduli of smoothness. Section 4 contains the auxiliary inequalities
for intermediate derivatives we shall use to verify relations between function
spaces and to show that the operators we construct possess the properties
listed in Definition 3.1. Further, in Sections 5 and 6 we introduce and verify
the basic properties of the operators we shall use to build operators that satisfy
(1.2) or (1.3). In Section 7 we establish the characterization of the weighted
K-functionals in the cases listed above. Finally, in Section 8 we present a way
one can simplify the operators A in the characterizations (1.2) and (1.3) by
introducing an operator for treatment of the exponent only at the finite end of
a semi-infinite interval.

Comments on the structure of the operators A and computational examples
of the modulus can be found in [7].

2. Applications

In [20] the second author introduces the concept of a natural weight for an
approximation operator.

Definition 2.1. A weight w is called a natural weight for approximation
by a sequence Qn of operators in a specified norm if the norm of the weighted
approximation error w(f − Qnf) allows matching direct and strong inverse
estimates for the widest reasonable class of functions f .

The strong inverse estimate in the above definition may be of type A, B,
C or D (in the terminology of [3]) in accordance with the structure of the
sequence Qn. The structural characteristic in the direct and strong inverse
estimates can be an appropriate K-functional or modulus.

It is meaningful to consider various approximation processes in weighted
function spaces with Jacobi-type weights. In [9, 11] the authors characterized
the error of the Post-Widder and the Gamma operators in Lp(w)(0,∞) with
arbitrary real exponents γ0 and γ∞. To the best of our knowledge, there
are no other moduli of smoothness besides those constructed in [8] and here,
which are applicable in the case of negative exponents at a finite end of the
function domain. Below we shall list a number of other recent results on error
characterizations in which such weights naturally appear. In our opinion, that
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makes treating weighted K-functionals on finite intervals with negative weight
exponents important.

2.1. The Bernstein and Goodman-Sharma Operators

The Bernstein operator Bn : C[0, 1] → C[0, 1], n ∈ N, is defined by

Bnf(x) =
n∑

k=0

f
(k
n

)
pn,k(x), pn,k(x) =

(
n

k

)
xk(1− x)n−k.

Let w(x) = xγ0(1 − x)γ1 , as γ0, γ1 ∈ [−1, 0], and ϕ(x) =
√
x(1 − x). The

second author proves in [20] ( see also [1]) the following characterization of the
error of Bn on C(w)[0, 1]

‖w(f −Bnf)‖∞[0,1] ∼ K
(
f,

1

n
;C(w)[0, 1], AC1

loc, ϕ
2D2

)
.

Thus w(x) = xγ0(1−x)γ1 is a natural weight for the uniform approximation by
Bernstein polynomials when −1 ≤ γ0, γ1 ≤ 0. Moreover, it can be shown that
w is not a natural weight when either γ0 /∈ [−1, 0] or γ1 /∈ [−1, 0]. That is why
it seems important to characterize the aboveK-functional with γ0, γ1 ∈ [−1, 0].
Let us mention that thisK-functional was characterized in terms of the Ditzian-
Totik moduli of smoothness [4] or the moduli introduced by the second author
in [19] only in the case γ0 = γ1 = 0.

The above K-functional is also useful for the characterization of the error
of the Goodman-Sharma operator, which is defined by

Unf(x) = f(0) pn,0(x)+f(1) pn,n(x)+

n−1∑

k=1

pn,k(x)

∫ 1

0

(n−1)pn−2,k−1(y) f(y) dy.

The second author and Parvanov [21] proved that

‖w(f − Unf)‖∞[0,1] ∼ K
(
f,

1

n
;C(w)[0, 1], AC1

loc, ϕ
2D2

)

for f ∈ C(w)[0, 1], where as above w(x) = xγ0(1 − x)γ1 with γ0, γ1 ∈ [−1, 0].
Also, Parvanov [25] established an analogous direct estimate of the error

of a class of Bernstein-type operators again in weighted spaces with negative
exponents.

Lemma 7.1, Theorem 7.2, Remark 7.2 and Theorem 7.8 below imply the
equivalence

Theorem 2.1. Let w(x) = xγ0(1−x)γ1 , γ0, γ1 ∈ [−1, 0], ϕ(x) =
√
x(1 − x).

For every f ∈ C(w)[0, 1] satisfying limx→0 w(x)f(x) = 0 if −1 < γ0 < 0 and
limx→1 w(x)f(x) = 0 if −1 < γ1 < 0, and all 0 < t ≤ t0 we have

K
(
f, t2;C(w)[0, 1], AC1

loc, ϕ
2D2

)
∼ ω2(Aγ0

f, t)∞[0,3/4] + ω2(Aγ1
Sf, t)∞[0,3/4],
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where the operators are given by Sg(x) = g(1− x) and for x ∈ (0, 3/4]

AγF (x) =





F (x2)− x

∫ x

3/4

y−2F (y2) dy, for γ = 0;

x2γF (x2) +
4γ2 − 1

5
x

∫ x

3/4

y2γ−2F (y2) dy

−4(γ + 2)(γ + 3)

5
x−4

∫ x

0

y2γ+3F (y2) dy, for − 1 < γ < 0;

x−2F (x2) + 3x

∫ x

3/4

y−4F (y2) dy, for γ = −1.

Hence

‖w(f −Bnf)‖∞[0,1] ∼ ω2(Aγ0
f, n−1/2)∞[0,3/4] + ω2(Aγ1

Sf, n−1/2)∞[0,3/4]

and

‖w(f − Unf)‖∞[0,1] ∼ ω2(Aγ0
f, n−1/2)∞[0,3/4] + ω2(Aγ1

Sf, n−1/2)∞[0,3/4].

The restrictions in Theorem 2.1 on the behavior of f at the ends of the
interval are essential (see Remark 7.4). Note that there is no restriction for f
at 0 if γ0 = 0, 1 or at 1 if γ1 = 0, 1.

2.2. Baskakov-type Operators

The Baskakov operator Vn, n ∈ N, is defined on functions f with domain
[0,∞) by

Vnf(x) =

∞∑

k=0

f
(k
n

)
vn,k(x), x ≥ 0,

where

vn,k(x) =

(
n+ k − 1

k

)
xk(1 + x)−n−k.

Let w(x) = xγ0(1 + x)γ∞−γ0 , as γ0 ∈ [−1, 0], γ∞ ∈ R, and φ(x) =
√
x(1 + x).

Gadjev [15] (see also [14] and [17, Theorem 2.1]) established the following
characterization of the error of the Baskakov operator on C(w)[0,∞)

‖w(f − Vnf)‖∞[0,∞) ∼ K
(
f,

1

n
;C(w)[0,∞), AC1

loc, φ
2D2

)
.

The second author and Parvanov considered in [22] the following modifica-
tion of Vn, introduced by Finta [13],

V̄nf(x) = f(0) vn,0(x) +
∞∑

k=1

vn,k(x)

∫ ∞

0

(n+ 1)vn+2,k−1(y)f(y) dy.
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They proved the characterization

‖w(f − V̄nf)‖∞[0,∞) ∼ K
(
f,

1

n
;C(w)[0,∞), AC1

loc, φ
2D2

)

for f ∈ C(w)[0,∞), where w(x) = xγ0(1 + x)γ∞−γ0 with γ0, γ∞ ∈ [−1, 0].
Lemma 7.1, Theorem 7.2, Remark 7.2, Theorem 7.8 and [11, Theorem 5.14

and Section 5.4] imply the equivalence

Theorem 2.2. Let w(x) = xγ0(1 + x)γ∞−γ0 , γ0 ∈ [−1, 0], γ∞ ∈ R, and
φ(x) =

√
x(1 + x). For every f ∈ C(w)[0,∞) satisfying limx→0 w(x)f(x) = 0

if −1 < γ0 < 0, and all 0 < t ≤ t0 we have

K
(
f, t2;C(w)[0,∞), AC1

loc, φ
2D2

)
∼ ω2(Aγ0

f, t)∞[0,3/4]

+ ω2(Āγ∞
f, t)∞[−1,∞) + t2‖Āγ∞

f‖∞[−1,∞), γ∞ 6= −1, 0,

and

K
(
f, t2;C(w)[0,∞), AC1

loc, φ
2D2

)
∼ ω2(Aγ0

f, t)∞[0,3/4]

+ ω2(Āγ∞
f, t)∞[−1,∞) + t ω1(Āγ∞

f, t)∞[−1,∞), γ∞ = −1, 0,

where Aγ is defined in Subsection 2.1, Āγf(x) = eγx(f(ex)− (Lγf)(e
x)), and

(Lγf)(y) =





0, γ ≥ 0,

2f(1)− f(2), −1 ≤ γ < 0,

[f(2)− f(1)]y + [2f(1)− f(2)], γ < −1.

Hence, for γ0 ∈ [−1, 0], γ∞ ∈ R, we have

‖w(f − Vnf)‖∞[0,∞) ∼ ω2(Aγ0
f, n−1/2)∞[0,3/4]

+ ω2(Āγ∞
f, n−1/2)∞[−1,∞) + n−1‖Āγ∞

f‖∞[−1,∞), γ∞ 6= −1, 0,

and

‖w(f − Vnf)‖∞[0,∞) ∼ ω2(Aγ0
f, n−1/2)∞[0,3/4]

+ ω2(Āγ∞
f, n−1/2)∞[−1,∞) + n−1/2ω1(Āγ∞

f, n−1/2)∞[−1,∞), γ∞ = −1, 0;

and, for γ0, γ∞ ∈ [−1, 0], we have

‖w(f − V̄nf)‖∞[0,∞) ∼ ω2(Aγ0
f, n−1/2)∞[0,3/4]

+ ω2(Āγ∞
f, n−1/2)∞[−1,∞) + n−1‖Āγ∞

f‖∞[−1,∞), γ∞ 6= −1, 0,

and

‖w(f − V̄nf)‖∞[0,∞) ∼ ω2(Aγ0
f, n−1/2)∞[0,3/4]

+ ω2(Āγ∞
f, n−1/2)∞[−1,∞) + n−1/2ω1(Āγ∞

f, n−1/2)∞[−1,∞), γ∞ = −1, 0.
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2.3. Meyer-König and Zeller-type Operators

The Meyer-König and Zeller operator in the modification of Cheney and
Sharma is defined on functions f with domain [0, 1) and n ∈ N by

Mnf(x) =

∞∑

k=0

f
( k

n+ k

)
mn,k(x), x ∈ [0, 1),

where

mn,k(x) =

(
n+ k

k

)
xk(1− x)n+1.

Let w(x) = xγ0(1 − x)γ1 , as γ0 ∈ [−1, 0] and γ1 ∈ R, and ψ(x) =
√
x(1 − x).

Gadjev [16] (see also [17, Theorem 1.1]) established the following characteriza-
tion of the Meyer-König and Zeller operator on C(w)[0, 1)

‖w(f −Mnf)‖∞[0,1) ∼ K
(
f,

1

n
;C(w)[0, 1), AC1

loc, ψ
2D2

)
.

Earlier the second author and Parvanov [23] verified a similar characterization
of the error of the Goodman-Sharma modification of Mn, given by

M̄nf(x) = f(0)mn,0(x) +

∞∑

k=1

mn,k(x)

∫ 1

0

nmn,k−1(y)f(y)
1

(1− y)2
dy.

For f ∈ C(w)[0, 1), where w(x) = xγ0(1 − x)γ1 with γ0, γ1 ∈ [−1, 0], they
proved the characterization

‖w(f − M̄nf)‖∞[0,1) ∼ K
(
f,

1

n
;C(w)[0, 1), AC1

loc, ψ
2D2

)
.

Lemma 7.1, Theorem 7.2, Remark 7.2, Theorem 7.8 and [11, Theorem 5.13
and Section 5.4] imply the equivalence

Theorem 2.3. Let w(x) = xγ0(1 − x)γ1 , as γ0 ∈ [−1, 0] and γ1 ∈ R, and
ψ(x) =

√
x(1− x). For every f ∈ C(w)[0, 1) satisfying limx→0 w(x)f(x) = 0 if

−1 < γ0 < 0, and all 0 < t ≤ t0 we have

K
(
f, t2;C(w)[0, 1), AC1

loc, ψ
2D2

)
∼ ω2(Aγ0

f, t)∞[0,3/4]

+ ω2(Âγ1
Sf, t)∞(−∞,−1] + t2‖Âγ1

Sf‖∞(−∞,−1], γ1 6= −1, 0,

and

K
(
f, t2;C(w)[0, 1), AC1

loc, ψ
2D2

)
∼ ω2(Aγ0

f, t)∞[0,3/4]

+ ω2(Âγ1
Sf, t)∞(−∞,−1] + t ω1(Âγ1

Sf, t)∞(−∞,−1], γ1 = −1, 0,
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where Aγ and S are defined in Subsection 2.1, ÂγF(x)=e
γx(F (ex)−(LγF )(e

x)),
and

(LγF )(y) =





0, γ ≤ −1,

[F (−1)− F (−2)]y, −1 < γ ≤ 0,

[F (−1)− F (−2)]y + [2F (−1)− F (−2)], γ > 0.

Hence, for γ0 ∈ [−1, 0], γ1 ∈ R, we have

‖w(f −Mnf)‖∞[0,1) ∼ ω2(Aγ0
f, n−1/2)∞[0,3/4]

+ ω2(Âγ1
Sf, n−1/2)∞(−∞,−1] + n−1‖Âγ1

Sf‖∞(−∞,−1], γ1 6= −1, 0,

and

‖w(f −Mnf)‖∞[0,1) ∼ ω2(Aγ0
f, n−1/2)∞[0,3/4] + ω2(Âγ1

Sf, n−1/2)∞(−∞,−1]

+ n−1/2ω1(Âγ1
Sf, n−1/2)∞(−∞,−1], γ1 = −1, 0;

and, for γ0, γ1 ∈ [−1, 0], we have

‖w(f − M̄nf)‖∞[0,1) ∼ ω2(Aγ0
f, n−1/2)∞[0,3/4]

+ ω2(Âγ1
Sf, n−1/2)∞(−∞,−1] + n−1‖Âγ1

Sf‖∞(−∞,−1], γ1 6= −1, 0,

and

‖w(f − M̄nf)‖∞[0,1) ∼ ω2(Aγ0
f, n−1/2)∞[0,3/4] + ω2(Âγ1

Sf, n−1/2)∞(−∞,−1]

+ n−1/2ω1(Âγ1
Sf, n−1/2)∞(−∞,−1], γ1 = −1, 0.

3. A Method for Characterizing K-functionals

Let us now briefly present the method we used in [5, 8] to establish relations
like (1.2) and (1.3). Let X be a Banach space, D be a differential operator with
a domain D

−1(X) = {g ∈ X : Dg ∈ X}, and Y be a linear space such that
Y ∩D−1(X) is dense in X . We consider the Peetre K-functional between the
spaces X and Y

K(f, t;X,Y,D) = inf
{
‖f − g‖X + t‖Dg‖X : g ∈ Y ∩D

−1(X)
}
.

Definition 3.1. We say that the linear operator A is a quasi-invertible
continuous map of the triplet (X1, Y1,D1) onto the triplet (X2, Y2,D2) if and
only if there exists a linear operator B : X2 → X1, related to A : X1 → X2,
which we call a quasi-inverse operator to A, and both operators satisfy the
conditions:
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(a) ‖Af‖X2
≤ c‖f‖X1

for any f ∈ X1;

(b) ‖D2Af‖X2
≤ c‖D1f‖X1

for any f ∈ Y1 ∩D
−1
1 (X1);

(c) ‖BF‖X1
≤ c‖F‖X2

for any F ∈ X2;

(d) ‖D1BF‖X1
≤ c‖D2F‖X2

for any F ∈ Y2 ∩D
−1
2 (X2);

(e) A(Y1 ∩D
−1
1 (X1)) ⊆ Y2 ∩D

−1
2 (X2);

(f) B(Y2 ∩D
−1
2 (X2)) ⊆ Y1 ∩D

−1
1 (X1);

(g) f −BAf ∈ Y1 ∩ kerD1 for any f ∈ X1;

(h) F −ABF ∈ Y2 ∩ kerD2 for any F ∈ X2.

If A is a quasi-invertible continuous map of (X1, Y1,D1) onto (X2, Y2,D2) and
B is a quasi-inverse operator to A, we write

A : (X1, Y1,D1) ⇋ (X2, Y2,D2) : B.

Above we have set kerD = {g ∈ D−1(X) : Dg = 0}. Note that kerD ⊂
D−1(X) ⊂ X .

If two triplets satisfy the conditions of the definition above, the correspond-
ing K-functionals can be related by means of continuous linear transforms.
In [8, Proposition 2.1] we showed that the following assertion holds.

Proposition 3.1. Let the linear operator A be a quasi-invertible continu-
ous map of (X1, Y1,D1) onto (X2, Y2,D2) and B be quasi-inverse to A. Then
for any f ∈ X1 and t > 0 we have

K(f, t;X1, Y1,D1) ∼ K(Af, t;X2, Y2,D2)

and for any F ∈ X2 and t > 0 we have

K(F, t;X2, Y2,D2) ∼ K(BF, t;X1, Y1,D1).

Further, as it is known the unweighted K-functional is equivalent to the
classical modulus of smoothness (see e.g. [2, Ch. 6, Theorem 2.4])

K(F, tr;Lp(Ĩ), AC
r−1
loc , D

r) ∼ ωr(F, t)p(Ĩ). (3.1)

Thus, if

A : (X,Y,D) ⇋ (Lp(Ĩ), AC
r−1
loc , Dr) : B,

we arrive at the characterization

K(f, t;X,Y,D) ∼ ωr(Af, t)p(Ĩ).
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4. Inequalities for Intermediate Derivatives

As is well-known (see e.g. [2, Ch. 2, Theorem 5.6]):

(b− a)k ‖g(k)‖p[a,b] ≤ c
(
‖g‖p[a,b] + (b − a)r ‖g(r)‖p[a,b]

)
(4.1)

for every g ∈ W r
p [a, b] and k = 0, 1, . . . , r, and also

‖g(k)‖p(J) ≤ c
(
‖g‖p(J) + ‖g(r)‖p(J)

)
(4.2)

for every g ∈ W r
p (J) and k = 0, 1, . . . , r, where J = (−∞,∞) or J = (−∞, a)

or J = (a,∞), a ∈ R. The constant c in (4.1) and (4.2) depends only on r.

Let us set χξ(x) = |x− ξ| for ξ ∈ R. Proposition 4.1 in [11] directly implies
the following analogues of (4.1) and (4.2) in weighted Lp-norm.

Proposition 4.1. Let 1 ≤ p ≤ ∞, r ∈ N, k ∈ {0, 1, . . . , r} and α, β, γ ∈ R.

(a) If g ∈ ACr−1
loc (a, b), χα

ag, χ
β+r
a g(r) ∈ Lp(a, b) and γ ≥ α, β, then

‖χγ+k
a g(k)‖p(a,b) ≤ c

(
‖χα

ag‖p(a,b) + ‖χβ+r
a g(r)‖p(a,b)

)
.

(b) If g ∈ ACr−1
loc (a,∞), χα

a−1g, χ
β+r
a−1g

(r) ∈ Lp(a,∞) and γ ≤ α, β, then

‖χγ+k
a−1g

(k)‖p(a,∞) ≤ c
(
‖χα

a−1g‖p(a,∞) + ‖χβ+r
a−1g

(r)‖p(a,∞)

)
.

The constant c is independent of g.

We shall show that in certain cases the first summand on the right-hand side
of the inequalities above can be omitted. To prove that we shall use the well-
known Hardy’s inequalities (see [18, p. 245]), generalized by Muckenhoupt [24].

Proposition 4.2. Let ζ < η and let F be a measurable function on [ζ, η].

(a) If 1 ≤ p ≤ ∞, β > 0, γ ≤ β or p = 1, β = 0, γ < 0, then (with the
suitable amendment in the notation for p = ∞)

(∫ η

ζ

∣∣∣(x− ζ)−γ− 1
p

∫ x

ζ

F (y) dy
∣∣∣
p

dx

)1/p

≤ c

(∫ η

ζ

|(x − ζ)−β+1− 1
pF (x)|p dx

)1/p

.

(b) If 1 ≤ p ≤ ∞, β ≤ γ, γ > 0 or p = ∞, β < 0, γ = 0, then (with the
suitable amendment in the notation for p = ∞)

(∫ η

ζ

∣∣∣(x− ζ)γ−
1
p

∫ η

x

F (y) dy
∣∣∣
p

dx

)1/p

≤ c

(∫ η

ζ

|(x− ζ)β+1− 1
pF (x)|p dx

)1/p

.
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Proposition 4.3. Let η > 0 and let F be a measurable function on [η,∞).
(a) If 1 ≤ p ≤ ∞, β ≤ γ, γ > 0 or p = ∞, β < 0, γ = 0, then (with the

suitable amendment in the notation for p = ∞)

(∫ ∞

η

∣∣∣x−γ− 1
p

∫ x

η

F (y) dy
∣∣∣
p

dx

)1/p

≤ c

(∫ ∞

η

|x−β+1− 1
pF (x)|p dx

)1/p

.

(b) If 1 ≤ p ≤ ∞, β ≥ γ, β > 0 or p = 1, β = 0, γ < 0, then (with the
suitable amendment in the notation for p = ∞)

(∫ ∞

η

∣∣∣xγ−
1
p

∫ ∞

x

F (y) dy
∣∣∣
p

dx

)1/p

≤ c

(∫ ∞

η

|xβ+1− 1
pF (x)|p dx

)1/p

.

The constant c is independent of F .

We shall also need the following auxiliary result, established in the proof
of [11, Lemma 3.1].

Lemma 4.1. Let 1 ≤ p ≤ ∞ and β ∈ R.

(a) If g ∈ ACloc(a, b), χ
β+1
a g′ ∈ Lp(a, b) and β < −1/p, then g(x) has a final

limit at a.

(b) If g ∈ ACloc(a,∞), χβ+1
a−1g

′ ∈ Lp(a,∞) and β > −1/p, then g(x) has a
final limit at ∞.

Remark 4.1. Let us note that the function g is not required to belong
to any weighted Lp-space. If in (a) we have in addition χα

a g ∈ Lp(a, b), with
α ≤ −1/p for p <∞, or α < 0 for p = ∞, we get limx→a+0 g(x) = 0. Similarly,
if in (b) we have in addition χα

a−1g ∈ Lp(a,∞) with α ≥ −1/p for p < ∞, or
α > 0 for p = ∞, we get limx→∞ g(x) = 0.

Remark 4.2. Observe that though g itself is not required to belong to any
weighted Lp-space, in the hypotheses of (a) we have χβ

a(g−ℓ) ∈ Lp(a, b), where

ℓ = limx→a+0 g(x), and in the hypotheses of (b) we have χβ
a−1(g−ℓ) ∈ Lp(a,∞),

where ℓ = limx→∞ g(x), as it is established by Hardy’s inequalities.

By means of the lemma above we can improve the inequalities of Proposi-
tion 4.1 in the following sense:

Proposition 4.4. Let 1 ≤ p ≤ ∞, r ∈ N, k ∈ {0, 1, . . . , r}, α, β, δ ∈ R and
a, b, ξ ∈ R as a < ξ < b.

(a) If g ∈ ACr−1
loc (a, b), χα

ag, χ
β+r
a g(r) ∈ Lp(a, ξ) and χδ

bg
(r) ∈ Lp(ξ, b) as

β < 1 − r − 1/p, δ ∈ Γ+(p) and also α ≤ 1 − r − 1/p for p < ∞ and
α < 1− r for p = ∞, then

‖χβ+k
a χδ

bg
(k)‖p(a,b) ≤ c ‖χβ+r

a χδ
bg

(r)‖p(a,b).
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(b) If g ∈ ACr−1
loc (a,∞), χα

a−1g, χ
β+r
a−1g

(r) ∈ Lp(ξ,∞) and χδ
ag

(r) ∈ Lp(a, ξ)
as β > −1/p, δ ∈ Γ+(p) and also α ≥ −1/p for p < ∞ and α > 0 for
p = ∞, then

‖χδ
aχ

β+k−δ
a−1 g(k)‖p(a,∞) ≤ c ‖χδ

aχ
β+r−δ
a−1 g(r)‖p(a,∞).

The constant c is independent of g.

Proof. It is enough to prove the assertions of the proposition for k = r− 1.
The general case follows from it by iteration.

Let us consider (a). Proposition 4.1.a with k = r − 1, γ = max{α, β} and
b replaced with ξ implies χγ+r−1

a g(r−1) ∈ Lp(a, ξ). Next, since χβ+r
a g(r) ∈

Lp(a, ξ) with β + r − 1 < −1/p, and also γ + r − 1 ≤ −1/p for p < ∞,
and γ + r − 1 < 0 for p = ∞ we get by Lemma 4.1.a and Remark 4.1 that
limx→a+0 g

(r−1)(x) = 0. Consequently, we have

g(r−1)(x) =

∫ x

a

g(r)(y) dy.

Further, we get by Hardy’s inequality (β + r − 1 < −1/p)

‖χβ+r−1
a g(r−1)‖p(a,ξ) ≤ c ‖χβ+r

a g(r)‖p(a,ξ). (4.3)

To estimate the Lp-norm of χδ
bg

(r−1) on the interval (ξ, b) we proceed as follows
(with the appropriate amendment in the notation for p = ∞):

‖χδ
bg

(r−1)‖p(ξ,b) ≤
(∫ b

ξ

∣∣∣(b− x)δ
∫ ξ

a

g(r)(y) dy
∣∣∣
p

dx

)1/p

+

(∫ b

ξ

∣∣∣(b− x)δ
∫ x

ξ

g(r)(y) dy
∣∣∣
p

dx

)1/p

≤ c
(
‖g(r)‖1(a,ξ) + ‖χδ

bg
(r)‖p(ξ,b)

)

≤ c
(
‖χβ+r

a g(r)‖p(a,ξ) + ‖χδ
bg

(r)‖p(ξ,b)
)

≤ c ‖χβ+r
a χδ

bg
(r)‖p(a,b),

(4.4)

as at the second step we have applied Hardy’s inequality of Proposition 4.2.b to
the second summand, taking into account that δ ∈ Γ+(p), and at the third step
we have applied Hölder’s inequality to the first summand, taking into account
that −β − r > 1/p− 1. Combining (4.3) and (4.4), we get assertion a) of the
proposition for k = r − 1.

Assertion (b) is also verified by this technique as we apply Proposition 4.1.b
and Lemma 4.1.b instead of Proposition 4.1.a and Lemma 4.1.a. �
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5. Operators That Change Only the Weight w

Here we shall consider bounded linear operators, relating two K-functionals
with different w-weight and the same ϕ-weight. We call them A-operators.

To describe the restrictions on the exponents γ of the weight w, given in
Table 1, we use the notations:

Γ+(p) = (−1/p,∞) for 1 ≤ p <∞ and Γ+(∞) = [0,∞);

Γ0(p) = (−1/p,∞);

Γi(p) = (−i− 1/p, 1− i− 1/p), i = 1, . . . , r − 1;

Γr(p) = (−∞, 1− r − 1/p);

Γexc(p) = {1− r − 1/p, 2− r − 1/p, . . . ,−1/p};
Γ∗
1(p) = (−1− 1/p,∞);

Γ∗
i (p) = (−i− 1/p, 1− i− 1/p), i = 2, . . . , r − 1;

Γ∗
r(p) = (−∞, 1− r − 1/p);

Γ∗
exc(p) = {1− r − 1/p, 2− r − 1/p, . . . ,−1− 1/p}.

5.1. A-operators for Treatment of Weights w with γa ∈ Γi(p),
γb ∈ Γj(p) as at least one of i or j is equal to 0

In [5, 8] we defined the following A-operators.

Definition 5.1. Let r ∈ N, ρ ∈ R, i ∈ N0 as i ≤ r, and ξ ∈ (a, b). Let s be
one of the ends of the finite interval (a, b) and e the other. For x ∈ (a, b) and
f ∈ L1,loc(a, b), satisfying the additional requirement χ−i+ρ

s f ∈ L1(s, (s+e)/2)
if i > 0, we set

(Ai(ρ; s, e; ξ)f)(x) =
(x− s

e − s

)ρ

f(x)

+
1

e− s

i∑

k=1

αr,k(ρ)
(x− s

e− s

)k−1
∫ x

s

(y − s

e− s

)−k+ρ

f(y) dy

+
1

e− s

r∑

k=i+1

αr,k(ρ)
(x− s

e − s

)k−1
∫ x

ξ

(y − s

e− s

)−k+ρ

f(y) dy,

where αr,k(ρ) are defined by

αr,k(ρ) =
(−1)k

(r − 1)!

(
r − 1

k − 1

) r−1∏

ν=0

(ρ+ r − k − ν), k = 1, 2, . . . , r. (5.1)

These operators relate two K-functionals with the same ϕ-weight but w-
weights with different exponents at the end s and the same exponent at the
other end e provided that the exponents of the w-weights at s are not in Γexc(p)
and the exponent at e is in Γ+(p) as we showed in [8, Proposition 3.9].
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Definition 5.2. Let r ∈ N, ρ ∈ R, j ∈ N0 as j ≤ r, and ξ ∈ (a,∞).
For x ∈ (a,∞) and f ∈ L1,loc(a,∞), satisfying the additional requirement
χ−j−1+ρ
a f ∈ L1(a+ 1,∞) if j < r, we set

(Aj(ρ;∞, a; ξ)f)(x) = (x− a+ 1)ρf(x)

+

j∑

k=1

αr,k(ρ)(x − a+ 1)k−1

∫ x

ξ

(y − a+ 1)−k+ρf(y) dy

−
r∑

k=j+1

αr,k(ρ)(x − a+ 1)k−1

∫ ∞

x

(y − a+ 1)−k+ρf(y) dy,

(5.2)

where αr,k(ρ) are defined in (5.1).

These operators relate two K-functionals with the same ϕ-weight but w-
weights with different exponents at infinity and the same exponents at the
finite end provided that the exponents of the w-weights at infinity are not in
Γexc(p) and the exponent at the finite end is in Γ+(p) as we showed in [8,
Proposition 3.8].

In the cases when the operators above do not actually depend on the param-
eter ξ, we shall write ∗ instead of ξ to underline this fact. For example, we shall
write Ar(ρ; s, e; ∗) and A0(ρ;∞, a; ∗) instead of Ar(ρ; s, e; ξ) and A0(ρ;∞, a; ξ),
respectively. We shall also use this convention for the A-operators to be defined
later in this section.

5.2. A-operators for Treatment of Weights w with γs ∈ Γi(p),
γe ∈ Γj(p), i + j ≤ r

By an appropriate modification of Ai(ρ; s, e; ξ) we can extend its applica-
tion. First, we introduce the following polynomials.

Definition 5.3. For µ ∈ N, ν ∈ N0 set

qµ,ν(x) = (1− x)ν
µ−1∑

ℓ=0

(
ν − 1 + ℓ

ℓ

)
xℓ.

These polynomials are constructed so that they possess the following prop-
erties. Below Πn denotes the set of all algebraic polynomials of degree at
most n.

Lemma 5.1. We have qµ,ν ∈ Πµ+ν−1, qµ,ν(0) = 1, q
(k)
µ,ν(0) = 0 for k =

1, 2, . . . , µ − 1, and q
(k)
µ,ν(1) = 0 for k = 0, 1, . . . , ν − 1. Also for x ∈ [0, 1] we

have

0 ≤ 1− qµ,ν(x) ≤ c xµ, 0 ≤ qµ,ν(x) ≤ c (1− x)ν .



114 A New Characterization of K-Functionals

Proof. For ν = 0 we have qµ,0(x) ≡ 1 and the assertion is trivial. For ν > 0
the polynomial of degree µ + ν − 1 which satisfies the conditions qµ,ν(0) = 1,

q
(k)
µ,ν(0) = 0 for k = 1, 2, . . . , µ − 1, and q

(k)
µ,ν(1) = 0 for k = 0, 1, . . . , ν − 1 is

given by

qµ,ν(x) =
1

A

∫ 1

x

yµ−1(1 − y)ν−1 dy,

where

A =

∫ 1

0

yµ−1(1− y)ν−1 dy =
(µ− 1)! (ν − 1)!

(µ+ ν − 1)!
.

Then the inequalities of the lemma are valid with c = 1/(µA) and c = 1/(νA)
respectively. �

Definition 5.4. Let r ∈ N, ρ ∈ R, i, j ∈ N0 as i ≤ r. Let s be one
of the ends of the finite interval (a, b) and e the other. For x ∈ (a, b) and
f ∈ L1(χ

−i+ρ
s )(a, b) if i > 0 or f ∈ L1,loc(a, b) ∩ L1((s+ e)/2, e) if i = 0 we set

(Ai,j(ρ; s, e; e)f)(x) =
(x− s

e− s

)ρ

f(x)

+
1

e− s

r∑

k=1

αr,k(ρ)
(x− s

e − s

)k−1
∫ x

e

(y − s

e− s

)−k+ρ

f(y) dy

− 1

e− s

i∑

k=1

αr,k(ρ) qi−k+1,j

(x− s

e− s

)(x− s

e− s

)k−1
∫ s

e

(y − s

e− s

)−k+ρ

f(y) dy,

where αr,k(ρ) are given in (5.1).

Note that Ai,0(ρ; s, e; e) = Ai(ρ; s, e; e). The following proposition shows
how Ai,j acts between triplets.

Proposition 5.1. Let r ∈ N, 1 ≤ p ≤ ∞, s be one of the ends of the finite
interval (a, b) and e be the other one, and also w = χγs

s χ
γe
e . Let ρ, γs, γe ∈ R and

i, i′, j ∈ N0 be such that γs ∈ Γi(p), γs+ρ ∈ Γi′(p), γe ∈ Γ−(p), γe+j ∈ Γ+(p),
i+j ≤ r and i′+j ≤ r. Finally, let φ be measurable and non-negative on (a, b).
Then we have

Ai,j(ρ; s, e; e) : (Lp(wχ
ρ
s)(a, b), AC

r−1
loc , φDr)

⇋ (Lp(w)(a, b), AC
r−1
loc , φDr) : Ai′,j(−ρ; s, e; e).

Proof. Let us first note that if i > 0, then from Hölder’s inequality and the
conditions on γs, γe we get for k = 1, . . . , i

∣∣∣∣
∫ s

e

(y − s

e− s

)−k+ρ

f(y) dy

∣∣∣∣ ≤ (b− a)k−ρ‖χ−k
s w−1‖p′(a,b)‖wχρ

sf‖p(a,b). (5.3)
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Thus, Ai,j(ρ; s, e; e)f is well defined for every f ∈ Lp(wχ
ρ
s)(a, b). Similarly,

Ai′,j(−ρ; s, e; e)F is well defined for every F ∈ Lp(w)(a, b).
We shall show that the operators A=Ai,j(ρ; s, e; e) and B=Ai′,j(−ρ; s, e; e)

satisfy Definition 3.1 with X1 = Lp(wχ
ρ
s)(a, b), X2 = Lp(w)(a, b), Y1 = Y2 =

ACr−1
loc (a, b) and D1 = D2 = φDr.
To establish condition (a) of Definition 3.1 we proceed as follows.
For x ∈ (s, (s+ e)/2] we use the representation

(Ai,j(ρ; s, e; e)f)(x) = (Ai(ρ; s, e; e)f)(x)

+
1

e− s

i∑

k=1

αr,k(ρ)
[
qi−k+1,j

(x− s

e− s

)
− 1

]

×
(x− s

e− s

)k−1
∫ e

s

(y − s

e− s

)−k+ρ

f(y) dy.

(5.4)

By means of Hardy’s and Hölder’s inequalities, as in the proof of [5, Proposition
5.2] and [8, Proposition 3.1], we establish the estimate

‖wAi(ρ; s, e; e)‖p(s,(s+e)/2) ≤ c ‖wχρ
s‖p(a,b) (5.5)

Next, if i > 0, then for x ∈ (s, (s+ e)/2] in view of Lemma 5.1 we have

w(x)
∣∣∣qi−k+1,j

(x− s

e − s

)
− 1

∣∣∣
(x− s

e− s

)k−1

≤ c χγs+i
s (x), k = 1, . . . , i.

If j > 0, then i < r and hence, in view of γs ∈ Γi(p), we get γs + i ∈ Γ+(p).
Consequently, (with the proper modification for p = ∞)

∣∣∣∣
∫ (s+e)/2

s

∣∣∣w(x)
[
qi−k+1,j

(x− s

e − s

)
− 1

](x− s

e − s

)k−1∣∣∣
p

dx

∣∣∣∣
1/p

≤ c, k = 1, . . . , i.

(5.6)
For j = 0, we have qi−k+1,j(x) ≡ 1 for k = 1, . . . , i and (5.6) is trivial.

Now, (5.3)–(5.6) imply

‖wAi,j(ρ; s, e; e)‖p(s,(s+e)/2) ≤ c ‖wχρ
s‖p(a,b). (5.7)

For x ∈ [(s+ e)/2, e) we use the representation

(Ai,j(ρ; s, e; e)f)(x) = (A0(ρ; s, e; e)f)(x)

+
1

e− s

i∑

k=1

αr,k(ρ) qi−k+1,j

(x− s

e− s

)(x− s

e− s

)k−1
∫ e

s

(y − s

e− s

)−k+ρ

f(y) dy.

(5.8)

The inequality

‖χγe

e A0(ρ; s, e; e)‖p(s,(s+e)/2) ≤ c ‖χγe

e f‖p(s,(s+e)/2) (5.9)
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is established in the proof of [5, Proposition 5.2], but it follows directly from
Hardy’s inequality given in Proposition 4.2.a.

If i > 0, then for x ∈ [(s+ e)/2, e) by means of Lemma 5.1 we get

w(x)
∣∣∣qi−k+1,j

(x− s

e− s

)∣∣∣
(x− s

e− s

)k−1

≤ c χγe+j
e (x), k = 1, . . . , i,

which, in view of γe + j ∈ Γ+(p), implies

∣∣∣∣
∫ e

(s+e)/2

∣∣∣∣w(x)
∣∣∣qi−k+1,j

(x− s

e− s

)∣∣∣
(x− s

e − s

)k−1
∣∣∣∣
p

dx

∣∣∣∣
1/p

≤ c, k = 1, . . . , i. (5.10)

Now, (5.3) and (5.8)–(5.10) yield

‖wAi,j(ρ; s, e; e)f‖p((s+e)/2,e) ≤ c‖wχρ
sf‖p(a,b). (5.11)

The estimates (5.7) and (5.11) imply condition (a) of Definition 3.1.
By replacing γs with γs + ρ, i with i′ and ρ with −ρ in (a) we get (c) of

Definition 3.1:

‖wχρ
sAi′,j(−ρ; s, e; e)F‖p(a,b) ≤ c‖wF‖p(a,b), F ∈ Lp(w)(a, b).

As it was shown in [8, Section 3]

(Ai(ρ; s, e; e)g)
(r)(x) =

(x− s

e − s

)ρ

g(r)(x), x ∈ (a, b),

provided that g ∈ Y1 ∩X1. Now, since

Ai,j(ρ; s, e; e)g −Ai(ρ; s, e; e)g ∈ Πi+j−1

and i+ j ≤ r, we get for all g ∈ Y1 ∩X1

(Ai,j(ρ; s, e; e)g)
(r)(x) =

(x− s

e− s

)ρ

g(r)(x), x ∈ (a, b),

which implies condition (b). Just similarly, condition (d) is established. Next,
conditions (e) and (f) are verified directly. Finally, conditions (g) and (h) follow
from [8, Proposition 2.2] with Ā = A0(ρ; s, e; ξ) and [8, (3.4)].

This completes the proof. �

5.3. A-operators for Transfers Between Weights w with Exponents
in Γexc(p)

Two K-functionals whose w-weights have one exponent in Γexc(p) can be
related by means of the A-operators defined in [5, 8]. In the proof of [10,
Proposition 4.1] we have actually shown
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Proposition 5.2. Let 1 ≤ p ≤ ∞, r ∈ N and i, i′ ∈ N0 as i, i′ < r. Let also
ξ, η ∈ (a, b) and s be one of the points a or b and e be the other one. We set

w = χ
−i−1/p
s χγ

e , where γ ∈ Γ+(p), and ρ = i− i′. Finally, let φ be measurable
and non-negative on (a, b). Then we have

Ai(ρ; s, e; ξ) : (Lp(wχ
ρ
s)(a, b), AC

r−1
loc , φDr)

⇋ (Lp(w)(a, b), AC
r−1
loc , φDr) : Ai′(−ρ; s, e; η).

Remark 5.1. Let us mention that the operator Ar−1(r− i−1; s, e; ξ) with
i ∈ {0, . . . , r − 1} does not contain an integral term with a fixed boundary ξ
because αr,r(r− i− 1) = 0 and so, in accordance with our convention, we shall
write Ar−1(r − i− 1; s, e; ∗).

Just similarly this property can be established for Aj(ρ;∞, a; ξ).

Proposition 5.3. Let 1 ≤ p ≤ ∞, r ∈ N, j, j′ ∈ N0 as j, j′ < r, and

ξ, η > a. We set w = χγ
aχ

−j−1/p−γ
a−1 , where γ ∈ Γ+(p), and ρ = j − j′. Finally,

let φ be measurable and non-negative on (a,∞). Then we have

Aj(ρ;∞, a; ξ) : (Lp(wχ
ρ
a−1)(a,∞), ACr−1

loc , φDr)

⇋ (Lp(w)(a,∞), ACr−1
loc , φDr) : Aj′ (−ρ;∞, a; η).

The operators Ai,j(ρ; s, e; e) with j > 0 does not possess such a property
for 1 ≤ p <∞. In the case p = ∞ there holds

Proposition 5.4. Let r ∈ N, i, i′, j ∈ N0 as i, i′ < r, i + j ≤ r and
i′ + j ≤ r. Let also s be one of the points a or b and e be the other one. We
set w = χ−i

s χγ
e , where γ ∈ [−j, 1), and ρ = i − i′. Finally, let φ be measurable

and non-negative on (a, b). Then we have

Ai,j(ρ; s, e; e) : (L∞(wχρ
s)(a, b), AC

r−1
loc , φDr)

⇋ (L∞(w)(a, b), ACr−1
loc , φDr) : Ai′,j(−ρ; s, e; e).

5.4. A-operators for Transfers Between w-weights with an
Exponent in Γexc(p) and not in Γexc(p)

Now, we shall construct operators that relate a K-functional with a w-
weight whose exponent at a given end of the interval is in Γexc(p) to a K-
functionals with a w-weight whose exponent at the same end of the interval
is not in Γexc(p). As we noted in the Introduction, due to the nature of the
considered weighted K-functionals we need to study the cases p < ∞ and
p = ∞ separately. First, we give the definitions of the operators we shall use.
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Definition 5.5. Let ρ ∈ R, s denote one of the ends of the finite interval
(a, b) and e the other. For x ∈ (a, b) and f ∈ L1,loc(a, b) we set

(Ã(ρ; s, e; ∗)f)(x) = |x− s|ρf(x).

Definition 5.6. Let ρ, a ∈ R. For x ∈ (a,∞) and f ∈ L1,loc(a,∞) we set

(Ã(ρ;∞, a; ∗)f)(x) = (x− a+ 1)ρf(x).

Let ā denote either a real number or −∞, and b̄ denote either a real number
or ∞. We set C0(w)[ā, b̄) = {f ∈ C(w)(ā, b̄) : limx→ā(wf)(x) = 0} with the
usual weighted sup-norm. Similarly, the space C0(w)(ā, b̄] is defined. We also
set C0(w)[ā, b̄] = C0(w)[ā, b̄) ∩ C0(w)(ā, b̄].

Definition 5.7. Let r ∈ N, ρ ∈ R, s denote one of the ends of the finite
interval (a, b) and e the other. For x ∈ (a, b) and f ∈ C(χ1−r

s )[s, e) we set

(Â(ρ; s, e; ∗)f)(x) = |x− s|ρ
[
f(x)− (x− s)r−1 lim

y→s
(y − s)1−rf(y)

]
.

Definition 5.8. Let r ∈ N, ρ, a ∈ R. For x ∈ (a,∞) and f ∈ C(a,∞] we
set

(Â(ρ;∞, a; ∗)f)(x) = (x− a+ 1)ρ
[
f(x)− lim

y→∞
f(y)

]
.

In the propositions below we establish how these operators treat triplets.

The case 1 ≤ p < ∞

Proposition 5.5. Let 1 ≤ p ≤ ∞, r ∈ N and ρ ∈ R. Let s be one of the
points a or b and e be the other one. We set w = χγs

s χ
γe
e and ϕ = χλs

s χλe
e as

γe+rλe ∈ Γ+(p), γs+rλs, γs+ρ+rλs < 1−1/p and also γs, γs+ρ ≤ 1−r−1/p
for p <∞ and γs, γs + ρ < 1− r for p = ∞. Then

Ã(ρ; s, e; ∗) : (Lp(wχ
ρ
s)(a, b), AC

r−1
loc , ϕ

rDr)

⇋ (Lp(w)(a, b), AC
r−1
loc , ϕrDr) : Ã(−ρ; s, e; ∗).

Proof. It is verified directly that the operators A = Ã(ρ; s, e; ∗) and
B = A−1 = Ã(−ρ; s, e; ∗) satisfy conditions (a), (c), (g) and (h) of Defini-
tion 3.1 with X1 = Lp(wχ

ρ
s)(a, b), X2 = Lp(w)(a, b), Y1 = Y2 = ACr−1

loc (a, b)
and D1 = D2 = ϕrDr. To establish (b) we get by the Leibniz rule for
g ∈ ACr−1

loc (a, b) and x ∈ (a, b)

w(x)ϕr(x)(|x − s|ρg(x))(r) =
r∑

k=0

br,k(ρ)w(x)ϕ
r(x)|x − s|ρ−r+kg(k)(x),
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where we have set br,k(ρ) = (sgn(x−s))r−k
(
r
k

)
ρ(ρ−1) · · · (ρ−r+k+1). Hence

‖wϕrDr
Ag‖p(a,b) ≤ c

r∑

k=0

‖wϕrχρ−r+k
s g(k)‖p(a,b). (5.12)

Proposition 4.4.a with α = γs + ρ, β = γs + ρ + r(λs − 1) and δ = γe + rλe
implies for g ∈ ACr−1

loc (a, b) such that g, ϕrg(r) ∈ Lp(wχ
ρ
s)(a, b) the inequalities

‖wϕrχρ−r+k
s g(k)‖p(a,b) ≤ c ‖wχρ

sϕ
rg(r)‖p(a,b), k = 0, . . . , r. (5.13)

Now, (5.12) and (5.13) imply (b) of Definition 3.1. Further, taking into con-
sideration that A : Y1 → Y2, we get condition (e) too.

Just similarly, we get for G ∈ ACr−1
loc (a, b) such that G,ϕrG(r) ∈ Lp(w)(a, b)

the estimate

‖wχρ
sϕ

rDr
BG‖p(a,b) ≤ c

r∑

k=0

‖wϕrχk−r
s G(k)‖p(a,b). (5.14)

Again by Proposition 4.4.a but with α = γs, β = γs+r(λs−1) and δ = γe+rλe
we get

‖wϕrχk−r
s G(k)‖p(a,b) ≤ c ‖wϕrG(r)‖p(a,b), k = 0, . . . , r. (5.15)

Relations (5.14) and (5.15) imply (d) of Definition 3.1. Finally, taking into
consideration that B : Y2 → Y1, we get condition (f). Thus the proof of the
proposition is completed. �

Similarly, using Proposition 4.4.b instead of Proposition 4.4.a, we verify the
analogue of Proposition 5.5 for a semi-infinite interval.

Proposition 5.6. Let 1 ≤ p ≤ ∞, r ∈ N, ρ ∈ R, w = χγa
a χγ∞−γa

a−1 and

ϕ = χλa
a χλ∞−λa

a−1 as γa+rλa ∈ Γ+(p), γ∞+r(λ∞−1), γ∞+ρ+r(λ∞−1) > −1/p
and also γ∞, γ∞ + ρ ≥ −1/p for p <∞ and γ∞, γ∞ + ρ > 0 for p = ∞. Then

Ã(ρ;∞, a; ∗) : (Lp(wχ
ρ
a−1)(a,∞), ACr−1

loc , ϕrDr)

⇋ (Lp(w)(a,∞), ACr−1
loc , ϕrDr) : Ã(−ρ;∞, a; ∗).

Remark 5.2. Let us note that the last two propositions are valid for all
1 ≤ p ≤ ∞ but they transform a w-weight with an exponent in Γexc(p) into
another with an exponent not in Γexc(p) for p <∞. More precisely,

(a) In Proposition 5.5 for p <∞, the conditions γs, γs + ρ ≤ 1− r− 1/p and
λs < 1 imply the hypotheses imposed on γs, λs and ρ;

(b) In Proposition 5.6 for p < ∞, the conditions γ∞, γ∞ + ρ ≥ −1/p and
λ∞ > 1 imply the hypotheses imposed on γ∞, λ∞ and ρ.
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The case p = ∞

Proposition 5.7. Let r ∈ N and ρ ∈ R as ρ < 0. Let s be one of the
points a or b and e be the other one. We set w = χ1−r

s χγe
e and ϕ = χλs

s χλe
e as

γe, γe + rλe ≥ 0 and λs < 1. Then

Ã(ρ; s, e; ∗) : (C0(wχ
ρ
s)[s, e), AC

r−1
loc , ϕ

rDr)

⇋ (C(w)[s, e), ACr−1
loc , ϕrDr) : Â(−ρ; s, e; ∗).

Proof. We verify that A = Ã(ρ; s, e; ∗) and B = Â(−ρ; s, e; ∗) satisfy condi-
tions (a) and (c) of Definition 3.1 with X1 = C0(wχ

ρ
s)[s, e), X2 = C(w)[s, e),

Y1 = Y2 = ACr−1
loc (a, b) and D1 = D2 = ϕrDr. Further, by (5.12) and (5.13)

with γs = 1− r and p = ∞ (note that 1− r + ρ, 1− r + ρ+ r(λs − 1) < 1− r
and γe + rλe ≥ 0 and Proposition 4.4.a with p = ∞ is applicable) we get for
any g ∈ ACr−1

loc (a, b) such that g, ϕrg(r) ∈ C(wχρ
s)(a, b) the estimate

‖wϕrDr
Ag‖∞(a,b) ≤ c ‖wϕrχρ

sg
(r)‖∞(a,b).

Thus (b) of Definition 3.1 is proved. Hence condition (e) also follows because
A : Y1 → Y2.

Next, let us set G̃(x) = G(x) − (x − s)r−1 limy→s (y − s)1−rG(y) for

G ∈ ACr−1
loc (a, b) such that G,ϕrG(r) ∈ C(w)[s, e). Note that G̃ ∈ ACr−1

loc (a, b)

and G̃, ϕrG̃(r) ∈ C(w)[s, e) as well. Now, property (d) of Definition 3.1 follows

from (5.14) with p = ∞, G̃ in the place of G (as B = A
−1 in (5.14)) and the

estimates:

‖wϕrχ−1
s G̃(r−1)‖∞(a,b) ≤ c ‖wϕrG(r)‖∞(a,b), (5.16)

‖wϕrχk−r
s G̃(k)‖∞(a,b) ≤ c ‖wϕrχ−1

s G̃(r−1)‖∞(a,b), k = 0, . . . , r − 1. (5.17)

To prove (5.16) we note that by Proposition 4.1.a with p = ∞, α = γ = 1 − r
and β = 1− r + r(λs − 1) < 1− r we get

χ1−r+k
s G(k) ∈ L∞(s, (s+ e)/2), k = 0, . . . , r − 1. (5.18)

Now, Lemma 4.1.a with g = G(k−1) and β = k− r < 0 implies that G(k−1) has
a final limit at s for k = 1, . . . , r − 1, r ≥ 2, which in view of (5.18) is equal
to 0. Thus we have

G(k)(s) = 0, k = 0, . . . , r − 2, r ≥ 2. (5.19)

Next, again by Lemma 4.1.a with g = G(r−1) and β = 1 − r + rλs − 1 =
r(λs − 1) < 0 we get that G(r−1) has a final limit at s too, which we denote by
G(r−1)(s). Hence, using the L’Hospital rule and (5.19) if r ≥ 2, we get that

lim
x→s

(x− s)1−rG(x) =
G(r−1)(s)

(r − 1)!
. (5.20)
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Consequently, for x ∈ (a, b) we have

G̃(r−1)(x) = G(r−1)(x) − (r − 1)! lim
y→s

(y − s)1−rG(y)

= G(r−1)(x) −G(r−1)(s) =

∫ x

s

G(r)(y) dy.
(5.21)

Now, by means of Hardy’s and Hölder’s inequalities we get (5.16) as in the
proof of Proposition 4.4.a for k = r − 1.

Assertion (5.17) is trivial for r = 1, whereas for r ≥ 2 it follows from
Proposition 4.4.a with p = ∞, r − 1 in the place of r, α = 1− r < 1− (r − 1),
β = 1−r+rλs−1−(r−1) = 1−r+r(λs−1) < 1−(r−1) and δ = γe+rλe ≥ 0.
Thus condition (d) of Definition 3.1 is verified. Hence, in view of the fact that
B : Y2 ∩X2 → Y1 ∩X1, we get (f) too.

In order to verify (g) of Definition 3.1 we take into consideration that
we have limx→s (χ

1−r+ρ
s f)(x) = 0 for f ∈ C0(wχ

ρ
s)[s, e) and, consequently,

BAf = f . Finally, we have for every function F ∈ C(w)[s, e) that ABF =
F − χr−1

s limx→s (χ
1−r
s F )(x), which yields (h) of Definition 3.1. The proof of

the proposition is completed. �

Remark 5.3. Let us explicitly note that in the proof above we did not
have to assume limx→s (χ

1−r+ρ
s g)(x) = 0. This follows from g ∈ ACr−1

loc (a, b)
and g, χrλs

s g(r) ∈ L∞(χ1−r+ρ
s )(s, (s + e)/2) with ρ < 0 and λs < 1. In

fact, g ∈ ACr−1
loc (a, b) and g, χrλs

s g(r) ∈ L∞(χγs
s )(s, (s + e)/2) with γs 6∈

Γexc(∞) and λs < 1 imply limx→s (χ
γs
s g)(x) = 0. Indeed, if κs ∈ Γr(∞),

i.e. κs < 1 − r, then Proposition 4.4.a with p = ∞, α = κs < 1 − r,
β = κs + r(λs − 1) < 1 − r and k = 0 implies χβ

s g ∈ L∞(s, (s + e)/2),
which, in view of β < κs, yields limx→s(χ

κs
s g)(x) = 0. Further, if κs ∈ Γi(∞)

with i < r, we set G = Ar(ρ; s, e; ∗)g with ρ > κs + r − 1 and get by [8,
Proposition 3.9] that G ∈ ACr−1

loc (a, b) and G,χrλs
s G(r) ∈ L∞(χκs−ρ

s )(s, ξ).
Consequently, according to what we have already proved in the case κs ∈
Γr(∞), we have limx→s (χ

κs−ρ
s G)(x) = 0. Then limx→s (χ

κs
s ḡ)(x) = 0, where

ḡ = Ai(−ρ; s, e; ξ)G, as [8, Lemma 8.1.a] with σ = 1 and a = s implies. But by
[8, Proposition 3.9] we have g = ḡ+ciχ

i
s+· · ·+cr−1χ

r−1
s , where ci, . . . , cr−1 ∈ R.

Hence, in view of κs + i > 0, we have limx→s(χ
κs
s g)(x) = 0 too.

Similarly, as we saw in the proof of Proposition 5.7, if G ∈ ACr−1
loc (a, b)

is such that G,χrλs
s G(r) ∈ L∞(χ1−r

s )(s, (s + e)/2) with λs < 1, then the
limit limx→s (χ

1−r
s G)(x) exists. Further, by means of Proposition 5.2 and [8,

Lemma 8.1.a] we extend this to: if G ∈ ACr−1
loc (a, b) is such that G,χrλs

s G(r) ∈
L∞(χ−i

s )(s, (s + e)/2) with i ∈ {0, . . . , r − 1} and λs < 1, then the limit
limx→s(χ

−i
s G)(x) exists.

Similarly, using Propositions 4.1.b and 4.4.b, and also Lemma 4.1.b, we
establish
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Proposition 5.8. Let r ∈ N, ρ ∈ R as ρ > 0, w = χγa
a χ−γa

a−1 and ϕ =

χλa
a χλ∞−λa

a−1 as γa, γa + rλa ≥ 0 and λ∞ > 1. Then

Ã(ρ;∞, a; ∗) : (C0(wχ
ρ
a−1)(a,∞], ACr−1

loc , ϕrDr)

⇋ (C(w)(a,∞], ACr−1
loc , ϕrDr) : Â(−ρ;∞, a; ∗).

Proof. Let A = Ã(ρ;∞, a; ∗), B = Â(−ρ;∞, a; ∗), X1 = C0(wχ
ρ
a−1)(a,∞],

X2 = C(w)(a,∞], Y1 = Y2 = ACr−1
loc (a,∞) and D1 = D2 = ϕrDr. It is

verified directly that the operators A and B satisfy conditions (a) and (c)
of Definition 3.1. We establish properties (g) and (h) of Definition 3.1 just
as in the proof of Proposition 5.7. We prove property (b) analogously as in
Proposition 5.7 by means of Proposition 4.4.b instead of Proposition 4.4.a.
Hence (e) directly follows.

Next, similarly to the case considered in the proposition above, (d) follows
from the Leibniz rule and the inequalities

‖wϕrχk−r
a−1G

(k)‖∞(a,∞) ≤ c ‖wϕrG(r)‖∞(a,∞), k = 1, . . . , r, (5.22)

‖wϕrχ−r
a−1G̃‖∞(a,∞) ≤ c ‖wϕrχ1−r

a−1G
′‖∞(a,∞), (5.23)

where we have set G̃(x) = G(x) − limy→∞G(y) for G ∈ ACr−1
loc (a,∞) and

G,ϕrG(r) ∈ C(w)(a,∞]. Proposition 4.1.b with k = 1, α = γ = 0 and β =
r(λ∞ − 1) > 0 implies χa−1G

′ ∈ L∞(a + 1,∞). Now, the inequalities (5.22)
follow from Proposition 4.4.b with p = ∞, r − 1 in the place of r, g = G′,
α = 1, β = rλ∞ − (r − 1) > 0 and δ = γa + rλa ≥ 0.

The inequality (5.23) follows from

G̃(x) = −
∫ ∞

x

G′(y) dy,

Hardy’s and Höder’s inequalities.
Finally, condition (f) follows from (d) and B : Y2 ∩X2 → Y1 ∩X1. �

Remark 5.4. Let us mention that if g ∈ ACr−1
loc (a,∞) and g, χrλ∞

a−1 g
(r) ∈

L∞(χγ∞

a−1)(a+1,∞) as γ∞ /∈ Γexc(∞) and λ∞ > 1, then limx→∞ (χγ∞

a−1g)(x) =

0; and also if G ∈ ACr−1
loc (a,∞) and G,χrλ∞

a−1G
(r) ∈ L∞(χ−i

a−1)(a + 1,∞) as

i ∈ {0, . . . , r − 1} and λ∞ > 1, then the limit limx→∞ (χ−i
a−1g)(x) exists.

6. Operators That Change Both Weights w and ϕ

In [5, 8] we defined operators, which enable us to relate K-functionals with
different exponents in the ϕ-weight. We call them B-operators. Below we give
the definitions of the B-operators we need here.
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Definition 6.1. Let r ∈ N, σ > 0, i ∈ N as i ≤ r, and ξ ∈ (a, b). Let s be
one of the ends of the interval (a, b) and e the other. For x ∈ (a, b) and f ∈
L1,loc(a, b), satisfying the additional requirement χ

(1−i)/σ−1
s f ∈ L1(s, (s+e)/2)

if i > 1, we set

(Bi(σ; s, e; ξ)f)(x) = f
(
s+ (e− s)

(x− s

e − s

)σ)

+
1

e− s

i∑

k=2

βr,k(σ)
(x− s

e − s

)k−1
∫ x

s

(y − s

e− s

)−k

f
(
s+ (e− s)

(y − s

e− s

)σ)
dy,

+
1

e− s

r∑

k=i+1

βr,k(σ)
(x− s

e − s

)k−1
∫ x

ξ

(y − s

e− s

)−k

f
(
s+ (e− s)

(y − s

e− s

)σ)
dy,

where

βr,k(σ) =
(−1)r−k

(r − 2)!

(
r − 2

k − 2

) r−1∏

i=1

(k − 1− iσ), k = 2, 3, . . . , r. (6.1)

Definition 6.2. Let r ∈ N, σ > 0, j ∈ N as j ≤ r, and ξ ∈ (a,∞).
For x ∈ (a,∞) and f ∈ L1,loc(a,∞), satisfying the additional requirement

χ
−j/σ−1
a f ∈ L1(a+ 1,∞) if j < r, we set

(Bj(σ;∞, a; ξ)f)(x) = f(a− 1 + (x− a+ 1)σ)

+

j∑

k=2

βr,k(σ)(x − a+ 1)k−1

∫ x

ξ

(y − a+ 1)−kf(a− 1 + (y − a+ 1)σ) dy

−
r∑

k=j+1

βr,k(σ)(x − a+ 1)k−1

∫ ∞

x

(y − a+ 1)−kf(a− 1 + (y − a+ 1)σ) dy,

where βr,k(σ) are defined in (6.1).

Definition 6.3. Let r ∈ N, σ < 0, j ∈ N as j ≤ r and (a, b) be an
interval. Let s be one of the endpoints of the interval (a, b), e the other and
ξ ∈ (e,∞). For x ∈ (e,∞) and f ∈ L1,loc(a, b), satisfying the additional

requirement χ
−j/σ−1
s f ∈ L1(s, (s+ e)/2) if j < r, we set

Bj(σ; s, e;∞, e; ξ)f)(x) = f(s+ (e − s)(x− e+ 1)σ)

+

j∑

k=2

βr,k(σ)(x − e+ 1)k−1

∫ x

ξ

y−kf(s+ (e− s)(y − e+ 1)σ) dy

−
r∑

k=j+1

βr,k(σ)(x − e + 1)k−1

∫ ∞

x

y−kf(s+ (e− s)(y − e+ 1)σ) dy,

where βr,k(σ) are defined in (6.1).
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Definition 6.4. Let r ∈ N, σ < 0, i ∈ N as i ≤ r and (a, b) be an in-
terval. Let s be one of the endpoints of the interval (a, b), e the other and
η ∈ (a, b). For x ∈ (a, b) and f ∈ L1,loc(e,∞), satisfying the additional require-

ment χ
(1−i)/σ−1
e f ∈ L1(e + 1,∞) if i > 1, we set

(Bi(σ;∞, e; s, e; η)f)(x) = f
((x− s

e− s

)σ
+ e− 1

)

+
1

e− s

i∑

k=2

βr,k(σ)
(x− s

e− s

)k−1
∫ x

s

(y − s

e− s

)−k

f
((y − s

e− s

)σ
+ e− 1

)
dy

+
1

e− s

r∑

k=i+1

βr,k(σ)
(x− s

e − s

)k−1
∫ x

η

(y − s

e− s

)−k

f
((y − s

e− s

)σ
+ e− 1

)
dy,

where βr,k(σ) are defined in (6.1).

For r = 1 all the assertions about the operators of type B, given in [5, 8],
hold without any restrictions on the exponents of the w-weights [8, Remark
4.2]. For r ≥ 2 these B-operators relate two K-functionals with w-weights
with one exponent in Γexc(p) each only when their σ-parameter belongs to a
certain finite set of positive numbers. Thus, generally, these operators cannot
be used to clear the ϕ-weight in the second term of the K-functional, nor for
transfers between spaces of functions defined respectively on a finite and semi-
infinite interval (see [8, Propositions 4.17 and 4.18]). This also means that we
cannot change the exponent of the ϕ-weight with one at the opposite side of
1 at an end where the exponent of the w-weight is in Γexc(p), as this requires
B-operators with σ < 0.

The following propositions are verified similarly to Propositions 5.2 and 5.3.
We shall not use them here, but state them to compare them with those about
the A-operators.

Proposition 6.1. Let 1 ≤ p ≤ ∞, i, i′, r ∈ N as r ≥ 2 and i, i′ < r. Let
also ξ, η ∈ (a, b) and s be one of the points a or b and e be the other one. We

set w = χ
−i−1/p
s χγ

e , where γ ∈ Γ+(p), and σ = i/i′. Finally, let φ = χτs
s χ

τe
e ,

τs, τe ∈ R. Then

Bi(σ; s, e; ξ) : (Lp(wχ
i−i′

s )(a, b), ACr−1
loc , φχ(r−τs)(1−i′/i)

s Dr)

⇋ (Lp(w)(a, b), AC
r−1
loc , φDr) : Bi′(σ

−1; s, e; η).

Proposition 6.2. Let 1 ≤ p ≤ ∞, j, j′, r ∈ N as r ≥ 2, j, j′ < r, and

ξ, η > a. We set w = χγ
aχ

−j−1/p−γ
a−1 , where γ ∈ Γ+(p), and σ = j/j′. Finally,

let φ = χτa
a χ

τ∞−τa
a−1 , τa, τ∞ ∈ R. Then

Bj(σ;∞, a; ξ) : (Lp(wχ
j−j′

a−1 )(a,∞), ACr−1
loc , φχ

(r−τ∞)(1−j′/j)
a−1 Dr)

⇋ (Lp(w)(a,∞), ACr−1
loc , φDr) : Bj′(σ

−1;∞, a; η).
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7. Characterization of K-functionals

Now, we shall derive characterizations of the weighted K-functionals (1.1)
by means of the unweighted fixed-step moduli of smoothness.

7.1. The Cases κa ∈ Γi(p), κb ∈ Γj(p), i+ j ≤ r, 1 ≤ p < ∞, and
κa = −i, κb = −j, 0 ≤ i, j < r, i+ j ≤ r, p = ∞

The operators Ai,j(ρ; s, e; e) constructed in Section 5.2 allow us to char-
acterize the K-functional on a finite interval with power-type weights under
milder restrictions on the weight w than in [8, Subsection 6.1]. More precisely,
[8, Theorem 6.1] and Proposition 5.1 imply

Theorem 7.1. Let r ∈ N, 1 ≤ p ≤ ∞, (1 − λa)(1 − νa) > 0 and (1 −
λb)(1− νb) > 0. Let also κa ∈ Γi(p), κb ∈ Γj(p), µa ∈ Γi′(p) and µb ∈ Γj′(p) as
i + j ≤ r and i′ + j′ ≤ r. Then there exist bounded linear operators A and B

such that

A : (Lp(w)(a, b), AC
r−1
loc , ϕrDr) ⇋ (Lp(w̃)(a, b), AC

r−1
loc , ϕ̃rDr) : B.

Remark 7.1. Explicit constructions of the operators A and B, whose ex-
istence is stated in the theorem, are got by combining the operators given in
the proof of [8, Theorem 6.1] with operator of type Ai,j(ρ; s, e; e) if necessary.

In particular, [8, Theorem 6.2] is extended to

Theorem 7.2. Let r ∈ N, 1 ≤ p ≤ ∞, λa, λb ∈ (−∞, 1). Let also i, j ∈ N0

as i+ j ≤ r. For p <∞ we assume that κa ∈ Γi(p), κb ∈ Γj(p), and for p = ∞
we assume that κa = −i, κb = −j as also i, j < r. Set w = χκa

a χκb

b , ϕ = χλa
a χλb

b

and
A = B1(σb; b, a; ξ)B1(σa; a, b; ξ)A0(ρb; b, a; ξ)A0(ρa; a, b; ξ),

where ξ ∈ (a, b) and

σa =
1

1− λa
, σb =

1

1− λb
, ρa = κa +

λa
p
, ρb = κb +

λb
p
.

Then for t > 0 and f ∈ Lp(w)(a, b) we have

K(f, tr;Lp(w)(a, b), AC
r−1
loc , ϕrDr) ∼ ωr(Af, t)p(a,b).

Proof. Let p < ∞. For i = 0 or j = 0 the assertion is contained in [8,
Theorem 6.2]. So, let i, j > 0. By Proposition 5.1 with ρ = ρa, s = a, e = b,
γs = −λa/p ∈ Γ0(p), and γe = κb ∈ Γ−(p) we get

A0,j : (ρa; a, b; b) : (Lp(w)(a, b), AC
r−1
loc , ϕrDr)

⇋ (Lp(χ
−λa/p
a χκb

b )(a, b), ACr−1
loc , ϕrDr) : Ai,j(−ρa; a, b; b). (7.1)
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Note that since i+j ≤ r and i > 0 we have j < r and then in view of κb ∈ Γj(p)
we get γe+ j = κb+ j ∈ Γ+(p). On the other hand, in the proof of [8, Theorem
6.2] we established

A
# : (Lp(χ

−λa/p
a χκb

b )(a, b), ACr−1
loc , ϕrDr)

⇋ (Lp(a, b), AC
r−1
loc , D

r) : B#, (7.2)

where

A
# = B1(σb; b, a; ξ)B1(σa; a, b; ξ)A0(ρb; b, a; ξ),

B
# = Aj(−ρb; b, a; η)B1(σ

−1
a ; a, b; η)B1(σ

−1
b ; b, a; η), η ∈ (a, b).

Now, as we combine (7.1) and (7.2) and then apply Proposition 3.1 and relation
(3.1), we get the assertion of the theorem for p <∞ with A′=A#A0,j(ρa; a, b; b)
in the place of A. In the case of p = ∞ this follows from the scheme:

(L∞(a, b), ACr−1
loc , D

r)

A1 ↿⇂ B1 Step 1

(L∞(a, b), ACr−1
loc , χ

rλa

a χrλb

b Dr)

A0(−j; b, a; ξ) ↿⇂ Aj(j; b, a; η) Step 2

(L∞(χ−j
b )(a, b), ACr−1

loc , χrλa

a χrλb

b Dr)

A0,j(−i; a, b; b) ↿⇂ Ai,j(i; a, b; b) Step 3

(L∞(χ−i
a χ−j

b )(a, b), ACr−1
loc , χ

rλa
a χrλb

b Dr) ,

where we have set A1 = B1(σb; b, a; ξ)B1(σa; a, b; ξ) and B1 = B1(σ
−1
a ; a, b; η)

B1(σ
−1
b ; b, a; η).

Step 1 is contained in [8, Theorem 6.2] or alternatively in [5, Theorem 5.4].
Step 2 follows from Proposition 5.2 with p = ∞, s = b, e = a, i = 0, i′ = j,
γ = 0 ∈ Γ+(∞) and φ = χrλa

a χrλb

b . Step 3 follows from Proposition 5.4 with

s = a, e = b, i and i′ interchanged, i′ = 0, γ = −j and φ = χrλa
a χrλb

b . Thus
the assertion of the theorem with A′ in the place of A is established for p = ∞
too.

To complete the proof of the theorem we only need to observe that
A0,j(ρa; a, b; b)f − A0(ρa; a, b; ξ)f ∈ Πr−1 for every f ∈ Lp(w)(a, b) and by
[8, (3.5) and (4.3)] we have A

# : Πr−1 → Πr−1. Hence A
′f − Af ∈ Πr−1 for

every f ∈ Lp(w)(a, b). �

Remark 7.2. The assertions of Theorem 7.1 and Theorem 7.2 remain valid
if L∞ is replaced by C with one or two weighted limit conditions at the ends
of the domains (cf. [8, Section 8]).
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7.2. The Cases κs, κ∞ ∈ Γexc(∞), λs, λ∞ 6= 1 as p = ∞

In the remaining subsections we shall consider weights with singularities
only at one end of the interval to keep the operators simpler and cover a wilder
range of the weight exponents. Let us recall that generally the singularities can
be separated in the following sense (cf. [2, Ch. 6, Lemma 2.3] or [8, Section
7.1]).

Lemma 7.1. Let I1 = (ā, b1) and I2 = (a1, b̄) be two intervals on the real
line such that ā < a1 < b1 < b̄, where ā is finite or −∞ and b̄ is finite or ∞.
Let I = (ā, b̄) = I1 ∪ I2 and let w and ϕ be non-negative measurable on I
weights such that w ∼ 1 and ϕ ∼ 1 on [a1, b1]. Then for r ∈ N, 1 ≤ p ≤ ∞,
0 < t ≤ b1 − a1 and f ∈ Lp(w)(I) we have

K(f, tr;Lp(w)(I), AC
r−1
loc , ϕrDr)

∼ K(f, tr;Lp(w)(I1), AC
r−1
loc , ϕ

rDr) +K(f, tr;Lp(w)(I2), AC
r−1
loc , ϕrDr).

Thus we can derive characterizations of K-functionals under milder restric-
tions on the w-weight and simpler operators but with a sum of two moduli
of order r (cf. [8, Section 7]). Thus, it is sufficient to consider only function
spaces of the type Lp(χ

κs
s )(a, b) and Lp(χ

κ∞

a−1)(a,∞) (see [8, Subsection 2.4]).
Also, let us note that in [8, Section 6.4] we have constructed operators

my means of which we can relate K-functionals with λs < 1 and λ∞ > 1, and
respectively λs > 1 and λ∞ < 1 for γ’s not in Γexc(p). Hence a characterization
of the K-functional on a finite interval with λs < 1 (resp. λs > 1) implies a
characterization of the K-functional on a semi-infinite interval with λ∞ > 1
(resp. λ∞ < 1). These relations can be extended to γ’s in Γexc(p) by means of
the propositions in Subsection 5.3.

After these preliminaries let us proceed to the construction of A-operators
for characterizing the K-functionals (1.1) in the case p = ∞ with weights with
singularities only at one of the ends of the interval when κs or κ∞ ∈ Γexc(∞)
and respectively λs or λ∞ 6= 1. The case of a finite interval (a, b) with weights
w and ϕ with singularities only at the end s of the interval as λs < 1 was settled
in the previous subsection (see Theorem 7.2). Also the cases when κs = κ∞ = 0
were considered in [5, 8]. Let us consider the case of a semi-infinite interval
and λ∞ < 1.

Theorem 7.3. Let r, ℓ ∈ N as ℓ < r and λ∞ ∈ (−∞, 1). Set

A = B1(σ∞;∞, a; ξ)A0(−ℓ;∞, a; ξ),

where ξ > a and

σ∞ =
1

1− λ∞
.

Then for t > 0 and f ∈ L∞(χ−ℓ
a−1)(a,∞) we have

K(f, tr;L∞(χ−ℓ
a−1)(a,∞), ACr−1

loc , χrλ∞

a−1D
r) ∼ ωr(Af, t)∞(a,∞).
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Proof. We set

B = Aℓ(ℓ;∞, a; η)B1(σ
−1
∞ ;∞, a; η),

where η > a. We shall show that

A : (L∞(χ−ℓ
a−1)(a,∞), ACr−1

loc , χ
rλ∞

a−1D
r) ⇋ (L∞(a,∞), ACr−1

loc , Dr) : B. (7.3)

Then by Proposition 3.1 we have

K(f, tr;L∞(χ−ℓ
a−1)(a,∞), ACr−1

loc , χrλ∞

a−1D
r)∼K(Af, tr;L∞(a,∞), ACr−1

loc , Dr),

which, in view of (3.1), implies the assertion of the theorem.

Relation (7.3) follows from

(L∞(a,∞), ACr−1
loc , D

r)

B1(σ∞;∞, a; ξ) ↿⇂ B1(σ
−1
∞ ;∞, a; η) Step 1

(L∞(a,∞), ACr−1
loc , χrλ∞

a−1D
r)

A0(−ℓ;∞, a; ξ) ↿⇂ Aℓ(ℓ;∞, a; η) Step 2

(L∞(χ−ℓ
a−1)(a,∞), ACr−1

loc , χrλ∞

a−1D
r) .

Step 1. We use [8, Propositions 4.14] with p = ∞, j = j′ = 1, σ = σ∞ > 0,
γa = 0 ∈ Γ+(∞), γ∞ = 0 ∈ Γ∗

1(∞) and τa = τ∞ = 0 as we take into consider-
ation that γ∞/σ = 0 ∈ Γ∗

1(∞).

Step 2. We apply Proposition 5.3 with p = ∞, j = 0, j′ = ℓ, γ = 0 ∈ Γ+(∞)
and φ = χrλ∞

a−1 . �

We proceed to the case λs > 1.

Theorem 7.4. Let r ∈ N, (a, b) be a finite interval, s denote one of its
ends and e the other. Let also ℓ ∈ N as ℓ < r and λs ∈ (1,∞). Set

A = B1(σs; s, e;∞, e; ξ1)A0(−ℓ; s, e; ξ2),

where ξ1 > e, ξ2 ∈ (a, b) and

σs =
1

1− λs
.

Then for t > 0 and f ∈ L∞(χ−ℓ
s )(a, b) we have

K(f, tr;L∞(χ−ℓ
s )(a, b), ACr−1

loc , χ
rλs

s Dr) ∼ ωr(Af, t)∞(e,∞).
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Proof. We set

B = Aℓ(ℓ; s, e; η)B1(σ
−1
s ;∞, e; s, e; η),

where η ∈ (a, b). We shall show that

A : (L∞(χ−ℓ
s )(a, b), ACr−1

loc , χrλs

s Dr) ⇋ (L∞(e,∞), ACr−1
loc , D

r) : B. (7.4)

Then by Proposition 3.1 we have

K(f, tr;L∞(χ−ℓ
s )(a, b), ACr−1

loc , χ
rλs

s Dr) ∼ K(Af, tr;L∞(e,∞), ACr−1
loc , D

r),

which, in view of (3.1), implies the assertion of the theorem.
Relation (7.4) follows from

(L∞(e,∞), ACr−1
loc , Dr)

B1(σs; s, e;∞, e; ξ1) ↿⇂ B1(σ
−1
s ;∞, e; s, e; η) Step 1

(L∞(a, b), ACr−1
loc , χ

rλs
s Dr)

A0(−ℓ; s, e; ξ2) ↿⇂ Aℓ(ℓ; s, e; η) Step 2

(L∞(χ−ℓ
s )(a, b), ACr−1

loc , χ
rλs

s Dr) .

Step 1. We use [8, Propositions 4.17] with p = ∞, j = i′ = 1, σ = σs < 0,
γe = 0 ∈ Γ+(∞), γ∞ = 0 ∈ Γ∗

1(∞) and τe = τ∞ = 0 as we take into considera-
tion that γ∞/σ = 0 ∈ Γ∗

1(∞).
Step 2. We apply Proposition 5.2 with p = ∞, i = 0, i′ = ℓ, γ = 0 ∈ Γ+(∞)

and φ = χrλs
s . �

Finally, we establish the characterization in the case λ∞ > 1.

Theorem 7.5. Let r, ℓ ∈ N as ℓ < r and λ∞ ∈ (1,∞). Set

A = B1(σ∞;∞, a; b, a; ξ1)A0(−ℓ;∞, a; ξ2),

where ξ1 ∈ (a, b), ξ2 > a and

σ∞ =
1

1− λ∞
.

Then for t > 0 and f ∈ L∞(χ−ℓ
a−1)(a,∞) we have

K(f, tr;L∞(χ−ℓ
a−1)(a,∞), ACr−1

loc , χrλ∞

a−1D
r) ∼ ωr(Af, t)∞(a,b).

Proof. We set

B = Aℓ(ℓ;∞, a; η)B1(σ
−1
∞ ; b, a;∞, a; η),
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where η > a. We shall show that

A : (L∞(χ−ℓ
a−1)(a,∞), ACr−1

loc , χrλ∞

a−1D
r) ⇋ (L∞(a, b), ACr−1

loc , D
r) : B. (7.5)

Then by Proposition 3.1 we have

K(f, tr;L∞(χ−ℓ
a−1)(a,∞), ACr−1

loc , χrλ∞

a−1D
r) ∼ K(Af, tr;L∞(a, b), ACr−1

loc , D
r),

which, in view of (3.1), implies the assertion of the theorem.
Relation (7.5) follows from

(L∞(a, b), ACr−1
loc , D

r)

B1(σ∞;∞, a; b, a; ξ1) ↿⇂ B1(σ
−1
∞ ; b, a;∞, a; η) Step 1

(L∞(a,∞), ACr−1
loc , χrλ∞

a−1D
r)

A0(−ℓ;∞, a; ξ2) ↿⇂ Aℓ(ℓ;∞, a; η) Step 2

(L∞(χ−ℓ
a−1)(a,∞), ACr−1

loc , χrλ∞

a−1D
r) .

Step 1. We use [8, Propositions 4.18] with p = ∞, s = b, e = a, i = j′ = 1,
σ = σ∞ < 0, γe = 0 ∈ Γ+(∞), γs = 0 ∈ Γ∗

1(∞) and τs = τe = 0 as we take into
consideration that γs/σ = 0 ∈ Γ∗

1(∞).
Step 2. Just as Step 2 in the proof of Theorem 7.3. �

Here we have considered only L∞-spaces, but these results can be extended
to spaces of bounded continuous functions with or without restrictions on their
behaviour at the ends of the interval just as in [8, Section 8].

7.3. The Case κs ∈ Γexc(p), λs < 1 or κ∞ ∈ Γexc(p), λ∞ > 1 as
1 ≤ p < ∞

Theorem 7.6. Let 1 ≤ p < ∞, r ∈ N, (a, b) be a finite interval, s denote
one of its ends and e the other. Let also ℓ ∈ N0 as ℓ < r and λs ∈ (−∞, 1).
Set

A = B1(σs; s, e; ξ)A0(ρs; s, e; ξ)Ã(1; s, e; ∗)Ar−1(r − ℓ− 1; s, e; ∗),

where ξ ∈ (a, b) and

σs =
1

1− λs
, ρs =

λs − 1

p
− r.

Then for t > 0 and f ∈ Lp(χ
−ℓ−1/p
s )(a, b) we have

K(f, tr;Lp(χ
−ℓ−1/p
s )(a, b), ACr−1

loc , χ
rλs

s Dr) ∼ ωr(Af, t)p(a,b).
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Proof. We set

B = Aℓ(ℓ − r + 1; s, e; η)Ã(−1; s, e; ∗)Ar(−ρs; s, e; ∗)B1(σ
−1
s ; s, e; η),

where η ∈ (a, b). We shall show that

A : (Lp(χ
−ℓ−1/p
s )(a, b), ACr−1

loc , χ
rλs

s Dr) ⇋ (Lp(a, b), AC
r−1
loc , D

r) : B. (7.6)

Then by Proposition 3.1 we have

K(f, tr;Lp(χ
−ℓ−1/p
s )(a, b), ACr−1

loc , χrλs

s Dr) ∼ K(Af, tr;Lp(a, b), AC
r−1
loc , D

r),

which, in view of (3.1), implies the assertion of the theorem.
Relation (7.6) follows from

(Lp(a, b), AC
r−1
loc , D

r)

B1(σs; s, e; ξ) ↿⇂ B1(σ
−1
s ; s, e; η) Step 1

(Lp(χ
−λs/p
s )(a, b), ACr−1

loc , χ
rλs

s Dr)

A0(ρs; s, e; ξ) ↿⇂ Ar(−ρs; s, e; ∗) Step 2

(Lp(χ
−r−1/p
s )(a, b), ACr−1

loc , χrλs

s Dr)

Ã(1; s, e; ∗) ↿⇂ Ã(−1; s, e; ∗) Step 3

(Lp(χ
1−r−1/p
s )(a, b), ACr−1

loc , χ
rλs

s Dr)

Ar−1(r − ℓ− 1; s, e; ∗) ↿⇂ Aℓ(ℓ− r + 1; s, e; η) Step 4

(Lp(χ
−ℓ−1/p
s )(a, b), ACr−1

loc , χrλs

s Dr) .

Step 1. Here we use [8, Proposition 4.15] with i = i′ = 1, σ = σs > 0,
γe = 0 ∈ Γ+(p), γs = 0 ∈ Γ∗

1(p) and τs = τe = 0 as we take into consideration
that (γs + 1/p)/σ − 1/p = −λs/p ∈ Γ∗

1(p) since λs < 1.
Step 2. Now we apply [8, Proposition 3.9] with i = 0, i′ = r, ρ = ρs,

γs = −λs/p ∈ Γ0(p) (since λs < 1), γe = 0 ∈ Γ+(p) and φ = χrλs
s as we take

into consideration that γs + ρ = −r − 1/p ∈ Γr(p).
Step 3. We use Proposition 5.5 with ρ = 1, γs = −r− 1/p and γe = λe = 0.
Step 4. We apply Proposition 5.2 with i = r − 1, i′ = ℓ, γe = 0 ∈ Γ+(p)

and φ = χrλs
s . �

Just similarly we verify the following analogue of the last theorem in the
case of semi-infinite interval.

Theorem 7.7. Let 1 ≤ p < ∞ and r ∈ N. Let also ℓ ∈ N0 as ℓ < r and
λ∞ ∈ (1,∞). Set

A = A0(−r − 1; b, a; ξ)Br(σ∞;∞, a; b, a; ∗)Ã(ρ∞;∞, a; ∗)A0(−ℓ;∞, a; ∗),



132 A New Characterization of K-Functionals

where ξ ∈ (a, b) and

σ∞ =
1

1− λ∞
, ρ∞ = (r + 1− 1/p)(1− λ∞).

Then for t > 0 and f ∈ Lp(χ
−ℓ−1/p
a−1 )(a,∞) we have

K(f, tr;Lp(χ
−ℓ−1/p
a−1 )(a,∞), ACr−1

loc , χ
rλs

a−1D
r) ∼ ωr(Af, t)p(a,b).

Proof. We set

B = Aℓ(ℓ;∞, a; η)Ã(−ρ∞;∞, a; ∗)B1(σ
−1
∞ ; b, a;∞, a; ∗)Ar(r + 1; b, a; ∗),

where η > a. We shall show that

A : (Lp(χ
−ℓ−1/p
a−1 )(a,∞), ACr−1

loc , χrλ∞

a−1D
r) ⇋ (Lp(a, b), AC

r−1
loc , D

r) : B. (7.7)

Then by Proposition 3.1 we have

K(f, tr;Lp(χ
−ℓ−1/p
a−1 )(a,∞), ACr−1

loc , χrλ∞

a−1D
r)∼K(Af, tr;Lp(a, b), AC

r−1
loc , D

r),

which, in view of (3.1), implies the assertion of the theorem.
Relation (7.7) follows from

(Lp(a, b), AC
r−1
loc , D

r)

A0(−r − 1; b, a; ξ) ↿⇂ Ar(r + 1; b, a; ∗) Step 1

(Lp(χ
−r−1
b )(a, b), ACr−1

loc , Dr)

Br(σ∞;∞, a; b, a; ∗) ↿⇂ B1(σ
−1
∞ ; b, a;∞, a; ∗) Step 2

(Lp(χ
−ρ∞−1/p
a−1 )(a,∞), ACr−1

loc , χrλ∞

a−1D
r)

Ã(ρ∞;∞, a; ∗) ↿⇂ Ã(−ρ∞;∞, a; ∗) Step 3

(Lp(χ
−1/p
a−1 )(a,∞), ACr−1

loc , χrλ∞

a−1D
r)

A0(−ℓ;∞, a; ∗) ↿⇂ Aℓ(ℓ;∞, a; η) Step 4

(Lp(χ
−ℓ−1/p
a−1 )(a,∞), ACr−1

loc , χrλ∞

a−1D
r) .

Step 1 is accomplished by [8, Proposition 3.9], Step 2 by [8, Proposition
4.18], Step 3 by Proposition 5.6, and Step 4 by Proposition 5.3. �

7.4. The Case κs 6∈ Γexc(∞), λs < 1 or κ∞ 6∈ Γexc(∞), λ∞ > 1
as p = ∞

Theorem 7.8. Let r ∈ N, (a, b) be a finite interval, s denote one of its ends
and e the other. Let κs, λs ∈ R be such that κs 6∈ Γexc(∞) and λs ∈ (−∞, 1).
Set

A = B1(σs; s, e; ξ)A0(1− r; s, e; ξ)Ã(ρ̃; s, e; ∗)Ar(ρs; s, e; ∗),
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where ξ ∈ (a, b), ρ̃ < 0 and

σs =
1

1− λs
, ρs = κs − ρ̃+ r − 1.

Then for t > 0 and f ∈ C(χκs
s )(s, e) such that limx→s |x − s|κsf(x) = 0 we

have
K(f, tr;C(χκs

s )(s, e), ACr−1
loc , χ

rλs

s Dr) ∼ ωr(Af, t)∞(a,b).

Proof. Let the integer i′ be determined by the condition Γi′(∞) ∋ κs and
η ∈ (a, b). We set

B = Ai′(−ρs; s, e; η)Â(−ρ̃; s, e; ∗)Ar−1(r − 1; s, e; ∗)B1(σ
−1
s ; s, e; η).

We shall show that

A : (C0(χ
κs

s )[s, e), ACr−1
loc , χ

rλs

s Dr) ⇋ (C[s, e), ACr−1
loc , Dr) : B. (7.8)

Then by Proposition 3.1 we have

K(f, tr;C0(χ
κs
s )[s, e), ACr−1

loc , χ
rλs
s Dr) ∼ K(Af, tr;C[s, e), ACr−1

loc , D
r). (7.9)

On the other hand, we established in the first part of Remark 5.3 that if
g ∈ ACr−1

loc (a, b) and g, χrλs
s g(r) ∈ L∞(χγs

s )(s, e) with γs 6∈ Γexc(∞) and λs < 1,
then limx→s(χ

γs
s g)(x) = 0. Hence

K(f, tr;C0(χ
κs

s )[s, e), ACr−1
loc , χ

rλs

s Dr)

= K(f, tr;C(χκs

s )(s, e), ACr−1
loc , χrλs

s Dr). (7.10)

Now, (7.9), (7.10) and (3.1) imply the assertion of the theorem.
It remains to prove relation (7.8). It follows from

(C[s, e), ACr−1
loc , Dr)

B1(σs; s, e; ξ) ↿⇂ B1(σ
−1
s ; s, e; η) Step 1

(C[s, e), ACr−1
loc , χrλs

s Dr)

A0(1− r; s, e; ξ) ↿⇂ Ar−1(r − 1; s, e; ∗) Step 2

(C(χ1−r
s )[s, e), ACr−1

loc , χ
rλs

s Dr)

Ã(ρ̃; s, e; ∗) ↿⇂ Â(−ρ̃; s, e; ∗) Step 3

(C0(χ
1−r+ρ̃
s )[s, e), ACr−1

loc , χrλs

s Dr)

Ar(ρs; s, e; ∗) ↿⇂ Ai′ (−ρs; s, e; η) Step 4

(C0(χ
κs
s )[s, e), ACr−1

loc , χ
rλs
s Dr) .
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Step 1. We use [8, Propositions 4.15 and 8.3] with p = ∞, i = i′ = 1,
σ = σs > 0, γe = 0 ∈ Γ+(∞), γs = 0 ∈ Γ∗

1(∞) and τs = τe = 0 as we take into
consideration that γs/σ = 0 ∈ Γ∗

1(∞).
Step 2. We apply Proposition 5.2 and [8, Proposition 8.3] with p = ∞,

i = 0, i′ = r − 1, γ = 0 ∈ Γ+(∞) and φ = χrλs
s .

Step 3. We apply Proposition 5.7 with ρ = ρ̃ < 0 and γe = λe = 0.
Step 4. We use [8, Propositions 3.9 and 8.3] with p = ∞, i = r, ρ = ρs,

γs = 1 − r + ρ̃ ∈ Γr(∞) (because ρ̃ < 0), γe = 0 ∈ Γ+(∞) and φ = χrλs
s as

we take into consideration that γs + ρ = κs ∈ Γi′(∞). Finally, we need to note
that limx→s(χ

γ
sAi(ρ; s, e; ξ)f)(x) = 0 if limx→s(χ

γ+ρ
s f)(x) = 0, where ρ, γ ∈ R

and γ ∈ Γi(∞), as [8, Lemma 8.1.a] with σ = 1 and a = s implies. �

Remark 7.3. Let us note that if κs < 1−r, then we may set ρ̃ = κs+r−1 in
Theorem 7.8. Hence ρs = 0 and the components of A reduce with one operator.

Remark 7.4. The assertion of the theorem above is not valid in the case
limx→s(χ

κs
s f)(x) 6= 0. Actually, if f ∈ C(χκs

s )(s, e), κs 6∈ Γexc(∞), is such
that limx→s(χ

κs
s f)(x) 6= 0 or the limit does not exist and also λs < 1, then

K(f, tr;C(χκs
s )[s, e), ACr−1

loc , χ
rλs
s Dr) 6→ 0 when t → 0. This follows from the

fact that limx→s(χ
κs
s g)(x) = 0 for any g ∈ ACr−1

loc (a, b) such that g, χrλs
s g(r) ∈

L∞(χκs
s )(s, e) provided that κs 6∈ Γexc(∞) and λs < 1 (cf. Remark 5.3).

However, for the space C(χκs
s )[s, e) it can be shown that

K(f, tr;C(χκs
s )[s, e), ACr−1

loc , χ
rλs
s Dr) ∼ ωr(Af, t)∞(a,b) + | lim

x→s
(χκs

s f)(x)|,

where A is defined in Theorem 7.8.

Here is the corresponding result in the case of a semi-infinite interval. The
operator is even simpler.

Theorem 7.9. Let r ∈ N. Let κ∞, λ∞ ∈ R be such that κ∞ 6∈ Γexc(∞)
and λ∞ ∈ (1,∞). Set

A = B1(σ∞;∞, a; b, a; ξ)Ã(ρ̄;∞, a; ∗)A0(κ∞ − ρ̄;∞, a; ∗),

where ξ ∈ (a, b), ρ̄ > 0 and

σ∞ =
1

1− λ∞
.

Then for t > 0 and f ∈ C(χκ∞

a−1)(a,∞) such that limx→∞ xκ∞f(x) = 0 we have

K(f, tr;C(χκ∞

a−1)(a,∞), ACr−1
loc , χrλ∞

a−1D
r) ∼ ωr(Af, t)∞(a,b).

Proof. Let the integer j′ be determined by the condition Γj′(∞) ∋ κ∞ and
η > a. We set

B = Aj′(ρ̄− κ∞;∞, a; η)Â(−ρ̄;∞, a; ∗)B1(σ
−1
∞ ; b, a;∞, a; ∗).
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We shall show that

A : (C0(χ
κ∞

a−1)(a,∞], ACr−1
loc , χrλ∞

a−1D
r) ⇋ (C(a, b], ACr−1

loc , D
r) : B. (7.11)

Then by Proposition 3.1 we have

K(f, tr;C0(χ
κ∞

a−1)(a,∞], ACr−1
loc , χrλ∞

a−1D
r) ∼ K(Af, tr;C(a, b], ACr−1

loc , Dr).
(7.12)

On the other hand, as in the proof of the previous theorem, we establish by
means of the first assertion in Remark 5.4 that

K(f, tr;C0(χ
κ∞

a−1)(a,∞], ACr−1
loc , χ

rλ∞

a−1D
r)

= K(f, tr;C(χκ∞

a−1)(a,∞), ACr−1
loc , χrλ∞

a−1D
r). (7.13)

Now, (7.12), (7.13) and (3.1) imply the assertion of the theorem.

It remains to prove relation (7.11). It follows from

(C(a, b], ACr−1
loc , D

r)

B1(σ∞;∞, a; b, a; ξ) ↿⇂ B1(σ
−1
∞ ; b, a;∞, a; ∗) Step 1

(C(a,∞], ACr−1
loc , χrλ∞

a−1D
r)

Ã(ρ̄;∞, a; ∗) ↿⇂ Â(−ρ̄;∞, a; ∗) Step 2

(C0(χ
ρ̄
a−1)(a,∞], ACr−1

loc , χrλ∞

a−1D
r)

A0(κ∞ − ρ̄;∞, a; ∗) ↿⇂ Aj′ (ρ̄− κ∞;∞, a; η) Step 3

(C0(χ
κ∞

a−1)(a,∞], ACr−1
loc , χ

rλ∞

a−1D
r) .

Step 1. We apply [8, Propositions 4.18 and 8.3] with p = ∞, s = b, e = a,
i = 1, j′ = 1, σ = σ∞ < 0, γe = 0 ∈ Γ+(∞), γs = 0 ∈ Γ∗

1(∞) and τa = τb = 0
as we take into consideration that γs/σ = 0 ∈ Γ∗

1(∞).

Step 2. We apply Proposition 5.8 with γa = λa = 0 and ρ = ρ̄ > 0.

Step 3. Now we apply [8, Propositions 3.8 and 8.3] with p = ∞, j = 0,
ρ = κ∞ − ρ̄, γa = 0 ∈ Γ+(∞), γ∞ = ρ̄ ∈ Γ0(∞) and φ = χrλ∞

a−1 . We take
into account that γ∞ + ρ = κ∞ ∈ Γj′(∞). We also use [8, Lemma 8.1.b] with
σ = 1 and a− 1 in the place of a to show that the operators preserve the zero
weighted limit at infinity. �

Remark 7.5. In Theorem 7.9, if κ∞ > 0, then we may set ρ̄ = κ∞ and
the components of A reduce with one.



136 A New Characterization of K-Functionals

8. An A-operator for Treatment of the Exponent only
at the Finite End of a Semi-infinite Interval

The A-operators Ai,j(ρ; a,∞; ξ) we used in [8] to treat the singularity of w
at the finite end a of the semi-infinite interval (a,∞) have the disadvantage
of changing the exponent of w at infinity too. Thus generally we need to use
also an operator of the type Aj(ρ;∞, a; ξ) to correct this. In this section we
shall give the definition of an operator through which one can change only the
exponent of w at the point a without affecting the one at infinity. However,
this operator more complicated than Ai,j(ρ; a,∞; ξ). We start with a more
general setting (cf. [5, (6.1)]). We set for r ∈ N and an interval

W r
∞,loc(I) =

{
f ∈ ACr−1

loc (I) : f (r) ∈ L∞,loc(I)
}
.

Definition 8.1. Let I ⊆ R be an open interval, r ∈ N, ξ ∈ I and w ∈
W r

∞,loc(I). For x ∈ I and f ∈ L1,loc(I) we set

(A(w; ξ)f)(x) = w(x)f(x) +
r∑

i=1

(−1)i
(
r

i

)∫ x

ξ

(x− y)i−1

(i − 1)!
w(i)(y)f(y) dy.

Proposition 8.1. If g ∈ ACr−1
loc (I), then A(w; ξ)g ∈ ACr−1

loc (I) as well and
for k = 0, 1, . . . , r and x ∈ I there holds

(A(w; ξ)g)(k)(x) =

k∑

i=0

(−1)k−i

(
r − i− 1

k − i

)
w(k−i)(x)g(i)(x)

+

r∑

i=k+1

(−1)i
(
r

i

)∫ x

ξ

(x − y)i−k−1

(i − k − 1)!
w(i)(y)g(y) dy.

In particular, (A(w; ξ)g)(r)(x) = w(x)g(r)(x), x ∈ I.

Proof. The first assertion follows from the definition of A(w; ξ) and the con-
ditions imposed on g and w. The second one is verified by direct computations.
We set for i = 1, . . . , r

Ψi(x) = (−1)i
(
r

i

)∫ x

ξ

(x− y)i−1

(i − 1)!
w(i)(y)g(y) dy.

We have for k = 0, 1, . . . , r and x ∈ I

(A(w; ξ)g)(k)(x) =
k∑

i=0

(−1)i
(
r

i

)(
w(i)g

)(k−i)
(x) +

r∑

i=k+1

Ψ
(k)
i (x)

=

k∑

i=0

(−1)i
(
r

i

) k−i∑

j=0

(
k − i

j

)
w(k−j)(x) g(j)(x) +

r∑

i=k+1

Ψ
(k)
i (x)
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=
k∑

j=0

[
k−j∑

i=0

(−1)i
(
r

i

)(
k − i

j

)]
w(k−j)(x) g(j)(x)+

r∑

i=k+1

Ψ
(k)
i (x)

=
k∑

j=0

(−1)k−j

(
r − j − 1

k − j

)
w(k−j)(x) g(j)(x) +

r∑

i=k+1

Ψ
(k)
i (x)

=

k∑

i=0

(−1)k−i

(
r − i − 1

k − i

)
w(k−i)(x) g(i)(x) +

r∑

i=k+1

Ψ
(k)
i (x),

as by [26, Ch. 1, (5a)] (which follows from Vandermonde’s identity) we have

k−j∑

i=0

(−1)i
(
r

i

)(
k − i

j

)
= (−1)k−j

(
r − j − 1

k − j

)
. �

Proposition 8.2. Let w1,w2 ∈ W r
∞,loc(I) and ξ ∈ I, where I ⊆ R is

an open interval. Then A(w1; ξ)A(w2; ξ) = A(w1w2; ξ). Hence A(w1; ξ) and
A(w2; ξ) commute and if w ∈ W r

∞,loc(I) is such that w(x) 6= 0 on I, then

A(w; ξ) is invertible and A−1(w; ξ) = A(1/w; ξ).

Proof. Using Proposition 8.1 we get for every g ∈ ACr−1
loc (I)

(A(w1; ξ)A(w2; ξ)g)
(r)(x) = w1(x)(A(w2; ξ)g)

(r)(x)

= w1(x)w2(x)g
(r)(x) = (A(w1w2; ξ)g)

(r)(x).

Next, again by Proposition 8.1, we get for every k = 0, 1, . . . , r−1 the relations

(A(w1; ξ)A(w2; ξ)g)
(k)(ξ) =

k∑

i=0

(−1)k−i

(
r − i− 1

k − i

)
w

(k−i)
1 (ξ)(A(w2; ξ)g)

(i)(ξ)

=

k∑

i=0

(−1)k−i

(
r − i− 1

k − i

)
w

(k−i)
1 (ξ)

i∑

j=0

(−1)i−j

(
r − j − 1

i− j

)
w

(i−j)
2 (ξ)g(j)(ξ)

=

k∑

j=0

(−1)k−j




k∑

i=j

(
r − i− 1

k − i

)(
r − j − 1

i− j

)
w

(k−i)
1 (ξ)w

(i−j)
2 (ξ)



 g(j)(ξ)

=

k∑

j=0

(−1)k−j

[
k−j∑

ℓ=0

(
r − j − ℓ− 1

k − j − ℓ

)(
r − j − 1

ℓ

)
w

(k−j−ℓ)
1 (ξ)w

(ℓ)
2 (ξ)

]
g(j)(ξ)

=
k∑

j=0

(−1)k−j

(
r − j − 1

k − j

)[
k−j∑

ℓ=0

(
k − j

ℓ

)
w

(k−j−ℓ)
1 (ξ)w

(ℓ)
2 (ξ)

]
g(j)(ξ)

=

k∑

j=0

(−1)k−j

(
r − j − 1

k − j

)
(w1w2)

(k−j)(ξ)g(j)(ξ)

= (A(w1w2; ξ)g)
(k)(ξ).
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Now the Taylor formula gives A(w1; ξ)A(w2; ξ)g = A(w1w2; ξ)g for every
g ∈ ACr−1

loc (I). Since for any [a, b] ⊂ I such that ξ ∈ [a, b] the linear operators
A(w1; ξ)A(w2; ξ) and A(w1w2; ξ), considered as maps on L1[a, b] into itself, are
bounded and W r

p [a, b] is dense in L1[a, b], we get that A(w1; ξ)A(w2; ξ)f =
A(w1w2; ξ)f for every f ∈ L1,loc(I). �

To get an A-operator which treats only the singularity of w at the finite
end of the interval (a,∞), we can set

w(x) = arctanρ(x− a) ∼
{
(x− a)ρ, x ∈ (a, a+ 1],

1, x ∈ [a+ 1,∞),

where ρ ∈ R. Thus, on the basis of Definition 8.1 we get

Definition 8.2. Let r ∈ N, ρ ∈ R, i, j ∈ N0 as i ≤ j ≤ r, and ξ ∈ (a,∞).
For x ∈ (a,∞) and f ∈ L1,loc(a,∞), satisfying the additional requirements
χ−i+ρ
a f ∈ L1(a, a+ 1) if i > 0 and χ−j−2

a f ∈ L1(a+ 1,∞) if j < r, we set

(Āi,j(ρ; a,∞; ξ)f)(x) = arctanρ(x− a)f(x)

+

i∑

k=1

(x− a)k−1

∫ x

a

αr,k(ρ; y − a)f(y) dy

+

j∑

k=i+1

(x − a)k−1

∫ x

ξ

αr,k(ρ; y − a)f(y) dy

−
r∑

k=j+1

(x− a)k−1

∫ ∞

x

αr,k(ρ; y − a)f(y) dy,

where

αr,k(ρ;x) = k

(
r

k

) r∑

ℓ=1

(
ρ

ℓ

)
arctanρ−ℓx

r−k∑

m=max{0,ℓ−k}

(−1)m−ℓ xm

(1 + x2)k+m

×
∑

n1+···+nℓ=k+m−ℓ

pn1
(x) · · · pnℓ

(x)

and

pn(x) =

[n/2]∑

s=0

(−1)s
(
n

2s

)
xn−2s

2s+ 1
.

The proposition below shows how these operators act on triplets.

Proposition 8.3. Let r ∈ N, 1 ≤ p ≤ ∞, ρ ∈ R, ξ, η > a and w =
χγa
a χγ∞−γa

a−1 with γa, γ∞, γa + ρ /∈ Γexc(p). Assume that i ≤ j and i′ ≤ j, where
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i, j, i′ are determined by Γi(p) ∋ γa, Γj(p) ∋ γ∞ and Γi′(p) ∋ γa + ρ. Finally,
let φ be measurable and non-negative on (a,∞). Then we have

Āi,j(ρ; a,∞; ξ) : (Lp(wχ
ρ
aχ

−ρ
a−1)(a,∞), ACr−1

loc , φDr)

⇋ (Lp(w)(a,∞), ACr−1
loc , φDr) : Āi′,j(−ρ; a,∞; η).

Proof. We need to show thatA = Āi,j(ρ; a,∞; ξ) andB = Āi′,j(−ρ; a,∞; η)
satisfy the conditions of Definition 3.1 with X1 = Lp(wχ

ρ
aχ

−ρ
a−1)(a,∞),

X2 = Lp(w)(a,∞), Y1 = Y2 = ACr−1
loc (a,∞) and D1 = D1 = φDr. Condi-

tions (a) and (c) are verified by means of Hardy’s and Hölder’s inequalities;
conditions (b) and (d)–(f) follow from Proposition 8.1; finally conditions (g)
and (h) follow from [8, Proposition 2.2] with Ā = Ā0,r(ρ; a,∞; ξ) and Proposi-
tion 8.2. �

The operator A(w; ξ) : Lp(w)(I) → Lp(I) is bounded under proper re-
strictions on the function w and proper values of the ξ’s, a ≤ ξ ≤ ∞, (not
necessarily the same in each integral summand). Thus, in view of Propositions
8.1, 8.2 and [8, Proposition 2.2], we shall get

A(w; ξ) : (Lp(w)(I), AC
r−1
loc , φDr) ⇋ (Lp(I), AC

r−1
loc , φD

r) : A(1/w; η),

and hence

K(f, t;Lp(w)(I), AC
r−1
loc , φDr) ∼ K(A(w; ξ)f, t;Lp(I), AC

r−1
loc , φDr).
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