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1. Introduction

Let I be an open interval on the real line and let w and ¢ be weights on I
as follows:

I w(x) o(z)
(a,b) (x —a)Ye(b—x)" (x —a)*e(b—z)M
(a,00) (x—a)Ve(z—a+ 1)Y= | (z—a)te(z —a+ 1) ="a
|:C|A/7°Q7 T < 71; |:C|/\7007 :C<7]-a
R = (—00,00) 1, -1<z <1, 1, -1<z<1,
Ve x> 1. oMo x> 1.
Table 1
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The «’s and \’s are arbitrary real numbers.

Further, we put L,(w)(I) = {f : wf € Lp(I)}, 1 < p < oo. Instead
of Loo(I) we can consider the corresponding subspace of continuous functions
C(w)(I) = {f € C(I) : wf € Lx(I)} as the interval I can be closed. We
denote the standard L,-norm on the interval I by || o |,). The set of the
absolutely continuous functions on the interval [ay, b1] is denoted by ACa, b1].
Then we set ACE (1) = {g 2 g,9,...,g%) € ACla1,b1] Va1, b1 € I, a3 < bl}.
We set D = % and D"g means the r-th derivative of the function g.

The weighted K-functional we shall consider is defined for f € L,(w)(I)
and t > 0 by

K(f,t"; Ly(w)(I), AC}, t " D") =
inf{||w(f = PDlpry+ t"[we" D" gllpcry geAC’fozl(I), wg,wcpTDTgeLp(I)}.
(1.1)

In [5, 8, 9, 11] we showed that in a number of cases this K-functional could
be characterized by the classical unweighted moduli of smoothness with an

unvarying step w,(F, t)p( i with appropriate function F' € L,(I), related to f,
and an interval I C R. To recall, w, (F, t),(7) 18 defined for F € Ly(I)andt >0
by
wy(F,t)p = sup HA};F”p(f)a
0<h<t

where the finite difference with a fixed step h is given by
-1 T_k<r>F z+kh), ifz,x+rhel,
PR — kZ::O( ) ) E )

0, otherwise.
The simplest form of that characterization is

K (ft"; Ly(w)(I), AC},. 1, 9" D") ~ wr (A1) 5y (1.2)
where A : L,(I) — L,(I) is a bounded linear operator. The relation t; (F,t) ~
Y9 (F, t) above means that there exists a positive constant ¢ such that for all F’
and ¢t under consideration there holds

¢ (Fit) < hi(Fyt) < cipa(Ft).

To simplify the operator A and cover a broader range of exponents in the
weights w and ¢, we can separate the singularities to get for 0 < t < tg a
characterization of the form

K(fa tr; Lp(w)(I)7 Aclrozla cpTDT) ~ wT(Alfa t)p(fl) + wT(AQfa t)p([}) (13)

_ Let either @ = a be finite, or a = —oo; similarly, let b = b be finite, or
b = 0o. So far we have established (1.3) in the following cases (see [5, 8] and
particularly [8, Theorem 7.1]):
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L4 1§p<OO,’Ya,’yg?é1*7"*1/]7,2*7"*1/]7,---,*1/17, )‘é;AE#l;
e p=00,7 =75 =0, Ag, A\; # L.

In [11, Theorems 1.4, 1.5, 5.13 and 5.14] we established a characterization
similar to (1.2) and (1.3) but involving also lower order moduli for the case
Aa =N =1, any v5,7; and 1 < p < co. In [6, 10] we stated a characterization
exactly of type (1.2) for 7, = 70 € R and A\, = Ao = 1. We plan to give a
proof of this result in [12].

Here we pursue mainly two goals. First, we shall improve results given in
[8] in respect to simplification of the operator A in (1.2). Secondly, we shall
construct operators Aq, A of (1.3) for the cases:

e p=00,Va,Vp=1—72—r,...,—1, g, \g # 1;
e 1<p<oo,va,3=1-r—1/p,2—r—1/p,...,—1/pand Aq, \p < 1 or
)\7007>\oo>1;

e p=00, Ve,V F1—7,2—r,...,0and A\g, \py <1 or A_o, Ao > 1.

Whereas one can use the operators already defined in [5, 8] to settle the
first case above, the treatment of the other two requires new operators and
techniques. In another paper we shall consider the remaining cases:

e 1<p<oo,Ya,y3=1—-7r—1/p,2—r—1/p,...,—1/pand Ay, \p > 1 or
A oos Aoo < 1

e p=00, Ve,V 1 —7,2—r,...,0and Ag, \py > 1 or Ao, Ao < 1.

Recently, the error of a number of approximation process in C(w)(I) was
characterized by K-functionals, as the weight w admits negative exponents at
a finite end of the interval I. We shall present these results in detail in the
next section, but here we briefly list them:

e The Bernstein and the Goodman-Sharma operators in C(w)[0, 1], where
w(x) =27 (1 — )™ with vo,71 € [—1,0] (see Theorem 2.1);

e The Baskakov operator in C(w)[0,00), where w(z) = x70(1 + x)¥=""°
with 79 € [-1,0] and o € R (see Theorem 2.2);

e The modification of the Baskakov operator due to Finta in C(w)[0, c0),
where w(x) = 27°(1 + )7 =7 with 79, Ve € [—1,0] (see Theorem 2.2);

e The modification of the Meyer-Konig and Zeller operator due to Cheney
and Sharma in C'(w)[0, 1), where w(z) = 27 (1 — x)" with v € [-1,0]
and y; € R (see Theorem 2.3);

e The modification of the Meyer-Konig and Zeller operator due to Good-
man and Sharma in C(w)[0, 1), where w(z) = 7 (1 — )" with 9,71 €
[—1,0] (see Theorem 2.3).
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As far as we know, until now, there have not been constructed moduli of
smoothness which are equivalent to the K-functionals used to characterize the
approximation rate of the above-mentioned operators in the case of a negative
weight exponent at a finite end of the interval. In the present paper define such
moduli.

The contents of the paper are organized as follows. In the next section we
present the above-mentioned applications of the new moduli for characterizing
of the approximation error. In Section 3 we briefly formulate the method we use
to construct moduli of smoothness. Section 4 contains the auxiliary inequalities
for intermediate derivatives we shall use to verify relations between function
spaces and to show that the operators we construct possess the properties
listed in Definition 3.1. Further, in Sections 5 and 6 we introduce and verify
the basic properties of the operators we shall use to build operators that satisfy
(1.2) or (1.3). In Section 7 we establish the characterization of the weighted
K-functionals in the cases listed above. Finally, in Section 8 we present a way
one can simplify the operators A in the characterizations (1.2) and (1.3) by
introducing an operator for treatment of the exponent only at the finite end of
a semi-infinite interval.

Comments on the structure of the operators A and computational examples
of the modulus can be found in [7].

2. Applications

In [20] the second author introduces the concept of a natural weight for an
approximation operator.

Definition 2.1. A weight w is called a natural weight for approximation
by a sequence @Q,, of operators in a specified norm if the norm of the weighted
approximation error w(f — Q,f) allows matching direct and strong inverse
estimates for the widest reasonable class of functions f.

The strong inverse estimate in the above definition may be of type A, B,
C or D (in the terminology of [3]) in accordance with the structure of the
sequence @,. The structural characteristic in the direct and strong inverse
estimates can be an appropriate K-functional or modulus.

It is meaningful to consider various approximation processes in weighted
function spaces with Jacobi-type weights. In [9, 11] the authors characterized
the error of the Post-Widder and the Gamma operators in L, (w)(0, c0) with
arbitrary real exponents 79 and .. To the best of our knowledge, there
are no other moduli of smoothness besides those constructed in [8] and here,
which are applicable in the case of negative exponents at a finite end of the
function domain. Below we shall list a number of other recent results on error
characterizations in which such weights naturally appear. In our opinion, that
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makes treating weighted K-functionals on finite intervals with negative weight
exponents important.

2.1. The Bernstein and Goodman-Sharma Operators

The Bernstein operator B, : C[0,1] — C[0,1], n € N, is defined by
n L n
Bn — _ " n — k 1— nfk'
f(x) ;;_of(”)p k(), Pk (T) (k)x (1—2x)

Let w(z) = 27 (1 — )", as v,71 € [—1,0], and ¢(z) = /2(1 —x). The
second author proves in [20] ( see also [1]) the following characterization of the
error of B,, on C(w)[0,1]

l(f = Bufllston) ~ K (f, =5 Cw)[0,1], Ak, D).

Thus w(z) = 27 (1 —x)" is a natural weight for the uniform approximation by
Bernstein polynomials when —1 < 7g,v; < 0. Moreover, it can be shown that
w is not a natural weight when either v ¢ [—1,0] or 71 ¢ [—1,0]. That is why
it seems important to characterize the above K-functional with o, v1 € [—1,0].
Let us mention that this K-functional was characterized in terms of the Ditzian-
Totik moduli of smoothness [4] or the moduli introduced by the second author
in [19] only in the case v =1 = 0.

The above K-functional is also useful for the characterization of the error
of the Goodman-Sharma operator, which is defined by

n—1 1

Unf (@) = FO)us)+10) prn(e) + 3 pose) [ (0= Dpn-asca(v) £6) do
k=1

The second author and Parvanov [21] proved that

Hw(f - Unf)”oo[o,l] ~ K(f7 %; C(w)[07 1]7 AClloca 902D2>

for f € C(w)[0,1], where as above w(z) = z7°(1 — x)* with 9,71 € [-1,0].
Also, Parvanov [25] established an analogous direct estimate of the error
of a class of Bernstein-type operators again in weighted spaces with negative
exponents.
Lemma 7.1, Theorem 7.2, Remark 7.2 and Theorem 7.8 below imply the
equivalence

Theorem 2.1. Letw(z) = 27 (1—x)", 79,71 € [-1,0], p(x) = V/2(1 — z).
For every f € C(w)[0,1] satisfying lim,_,ow(z)f(z) =0 if =1 < 79 < 0 and
lim, w(z)f(z) =0 if =1 <y <0, and all 0 < t <ty we have

K(fa t27 C(U})[O, 1]) Acllom ()OQDQ) ~ WQ(A’Y()fa t)oo[0,3/4] + WQ(A’}/lea t)oo[0,3/4]a
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where the operators are given by Sg(z) = g(1 — ) and for x € (0,3/4]

x
R AL for v =0;
3/4
4 2 _ 1 T
w2 F(a?) + = x/ Y TP E(y?) dy
A F(z) = M
4 2
_H+2)r+3) ;(7 J;B) 174/0 v E(y?) dy, for —1 <y <0;
x_2F(x2)+3x/ y 1 F(y?) dy, for v = —1.
3/4
Hence

|w(f — an)”oo[o,l] ~ WQ(A’YUfa n71/2)oo[0,3/4] + WQ(A’Ylea 7fl/2)oo[0,3/4]

and
lw(f = Unf)llocfo,1] ~ wa( Ay f n_1/2)oo[0,3/4] + wa (A, ST, n_1/2)oo[0,3/4]-

The restrictions in Theorem 2.1 on the behavior of f at the ends of the
interval are essential (see Remark 7.4). Note that there is no restriction for f
at 0if yg=0,10rat 1if v =0,1.

2.2. Baskakov-type Operators

The Baskakov operator V,,, n € N, is defined on functions f with domain
[0,00) by

Vo f(x) zif(§> Un i (2), x>0,
k=0

where
-1
Un.x(2) = (n—i—l]z )xk(l—i-ac)_"_k.

Let w(x) = 27 (1 4+ 2)7="7, as v9 € [-1,0], 700 € R, and ¢(z) = /2(1 + ).

Gadjev [15] (see also [14] and [17, Theorem 2.1]) established the following
characterization of the error of the Baskakov operator on C(w)|0, c0)

(= Vi F) oty ~ K (£, 25 C@)[0, 00), AC,, 6 D).

The second author and Parvanov considered in [22] the following modifica-
tion of V,,, introduced by Finta [13],

d (@) = 10 ina(o) + 3 0nala) [ 00+ Donsana0) 1)
k=1 0
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They proved the characterization

(7 = Vo) loctoe) ~ K (F, =5 C)[0,00), Ak, 6*D?)

for f € C(w)[0,00), where w(z) = 270 (1 + x)7>~7 with 79, ve € [—1,0].
Lemma 7.1, Theorem 7.2, Remark 7.2, Theorem 7.8 and [11, Theorem 5.14
and Section 5.4] imply the equivalence

Theorem 2.2. Let w(z) = 27 (1 4+ z)7="7, ¢ € [-1,0], 700 € R, and

¢(z) = V(1 +x). For every f € C(w)[0,00) satisfying limgy_ow(x)f(z) =0
if =1 <79 <0, and all 0 <t <ty we have

K(fa t2; C(’UJ)[O, OO), Aclloca ¢2D2) ~ WQ(A’Yofa t)oo[073/4]
+ WQ(A’YOC fa t)oo[fl,oo) + t2||-’zl’yoof||oo[71,oo)7 Yoo 7é -1,0,
and
K(fa t2; C(’UJ)[O, OO), Aclloca ¢2D2) ~ WQ(A’Yofa t)oo[073/4]
+ MQ(A’YOO f7 t)oo[fl,oo) + twl(-A’yoo fa t)oo[fl,oo)7 Yoo = —1,0,
where A, is defined in Subsection 2.1, A, f(x) = e7*(f(e*) — (L, f)(e?)), and
0 720,

(Ly f)(y) = § 2/(1) = f(2), -1 <y <0,
[F(2) = FWy + 2f(1) = fF(2)], v< -1

Hence, for vy € [—1,0], 7o € R, we have
[w(f = Vi f)lloofo,00) ~ w2 (Ayo fsn ) o034
+ WQ(A’YOC f7 n_1/2)oo[71,oo) + n_1||-’zt’yoof||oo[71,oo)7 VYoo 7é -1,0,
and
[w(f = Vaf)llofo.00) ~ wa(Are fsn7 ) sci0.3/4
+ w2(A’Yoo fa n71/2)<>o[—1,oo) + n71/2°~}1 (A’Yoo fa n71/2)<>o[—1,<>o)7 Yoo = —1,05
and, for vo0,v € [—1,0], we have
[w(f = Vi f)llsofo,00) ~ w2 (Ayo f,n 2 o034
+ WQ(A’YOC f7 nil/Q)oo[fl,oo) + n71||-’zl’yoof||oo[71,oo)7 Yoo 7é -1,0,
and

[w(f = Vi f)lloofo,00) ~ w2 (Ayo fsn™ ) 0,3/
+wa (A, f, n*1/2)w[_1700) +n V20 (A, f, n’l/Q)OO[_LOO), Yoo = —1,0.
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2.3. Meyer-Konig and Zeller-type Operators

The Meyer-Konig and Zeller operator in the modification of Cheney and
Sharma is defined on functions f with domain [0,1) and n € N by

Mnf($)=Zf(nik)mnk(x), x €10,1),
k=0

where

M () = <” Z k) (1 — 2)"

Let w(z) = 27°(1 — z)", as v € [-1,0] and 11 € R, and 9(z) = /z(1 — z).
Gadjev [16] (see also [17, Theorem 1.1]) established the following characteriza-
tion of the Meyer-Konig and Zeller operator on C'(w)[0, 1)

(f = Moty ~ K (£, 1 C)0, 1), ACh,. 4 D?).

Earlier the second author and Parvanov [23] verified a similar characterization
of the error of the Goodman-Sharma modification of M,,, given by

_ > ! 1
My f(x) = f(0) mno(x) + ;; mn,k(x)/o nmn,k—1(y)f(y)w dy.

For f € C(w)[0,1), where w(z) = 27(1 — z)" with 9,71 € [-1,0], they
proved the characterization

(f ~ B Pty ~ K (£, 1 C)0, 1), AC,. 42D?).

Lemma 7.1, Theorem 7.2, Remark 7.2, Theorem 7.8 and [11, Theorem 5.13
and Section 5.4] imply the equivalence

Theorem 2.3. Let w(z) = 27 (1 —x)", as v € [-1,0] and y1 € R, and
P(z) = Vx(1l—x). For every f € C(w)[0,1) satisfying lim,_ow(z)f(z) =0 if
—1 <% <0, and all 0 <t <ty we have

K(fa t2; C(w)[oa 1); AClloca 1/)2D2) ~ WQ(A’Yofa t)oo[073/4]
+ WQ(A’Ylea t)oo(—oo,—l] + t2||A71'Sf||oo(—oo,—1]a 71 7£ -1,0,

and

K(f7 t2; C(’LU)[O, 1)’ Acllom ¢2D2) ~ w2(A70f7 t)oo[073/4]
+ w2(A718f7 t)oo(foo,fl] + twl(-"i’)'lsf7 t)oo(foo,flb 7 =-10,
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where A, and S are defined in Subsection 2.1, A, F(x)=e*(F(e®)— (L, F)(e®)),
and

07 0 S _1;
(L1 F)(y) = { [F(=1) = F(=2)]y, -1<y <0,
F(=1) = F(=2)ly + 2F(=1) = F(=2)], 7>0.

Hence, for vy € [~1,0],71 € R, we have

lw(f = Mnf)llosfo,1) ~ w2( A £,77 %) soi0,3/4
+ w2(‘AA’Ylea n_1/2)oo(foo,71] + n_1|‘A718f|‘00(7007,1], At 7é -1,0,

and

[w(f — Mo f)llooo,1) ~ w2(Ayo £, ?)sop0,3/4) T w2 Ay SF ™2 o200 —1)
+n_1/2w1("4’)’18f7 n_1/2)00(7oo,71]7 Y1 = _150;

and, for vo,7 € [—1,0], we have

w(f = M f)llsoo,1) ~ wa(Ayo fr17 %) ooi0,3/4]
lw(f = M f)] (A fn1?)
+w2(A’Ylean71/2)oo(—oo,—1] + nilnAVl'Sf”oo(—oo,—l]a 71 7£ 71a07

and

[w(f — Mo f)llooo,1) ~ w2(Ayg £, 2)sop0,3/4) T w2 Ay SF T2 o200 —1)
+n71/2W1(A71'Sf7 n71/2)oo(—oo,—1]a v = —1,0.

3. A Method for Characterizing K-functionals

Let us now briefly present the method we used in [5, 8] to establish relations
like (1.2) and (1.3). Let X be a Banach space, D be a differential operator with
a domain D™}(X) = {g € X : Dg € X}, and Y be a linear space such that
Y ND71(X) is dense in X. We consider the Peetre K-functional between the
spaces X and Y

K(f,t; X,Y,D) =inf{[|f — gl x +|Dgllx : g€ Y ND I (X)}.

Definition 3.1. We say that the linear operator A is a quasi-invertible
continuous map of the triplet (X1,Y1,D1) onto the triplet (Xa,Ya, Do) if and
only if there exists a linear operator B : Xo — X7, related to A : X; — Xo,
which we call a quasi-inverse operator to A, and both operators satisfy the
conditions:
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a) [[Afllx, < cllfllx, for any f € Xy;

(c) IBF|x, < c||F|x, for any F € X5;
(d) ID1BF|x, < ¢|D2F]|x, for any F € Yo N D5 (Xa);
(e) A(Yi N DT (X1)) C Yo Dy (Xa);

) B

(f) B(Yan Dy (X2)) € Vi NDT (X1);

(
(b) 1 D2Afllx, < c|D1fllx, for any f e Y1 NDIH(Xy);
(g

) f—BAf €YinkerD; for any f € Xy;
(h) F —ABF € YsNker Dy for any F € Xo.

If A is a quasi-invertible continuous map of (X1, Y7, D1) onto (X3, Y2, D) and
B is a quasi-inverse operator to A, we write

A (Xl,Yl,'Dl) - (XQ,}/Q,DQ) : B.

Above we have set kerD = {g € D~1(X) : Dg = 0}. Note that ker D C
DI(X) C X.

If two triplets satisfy the conditions of the definition above, the correspond-
ing K-functionals can be related by means of continuous linear transforms.
In [8, Proposition 2.1] we showed that the following assertion holds.

Proposition 3.1. Let the linear operator A be a quasi-invertible continu-
ous map of (X1,Y1,D1) onto (Xa,Y2,D2) and B be quasi-inverse to A. Then
for any f € X1 and t > 0 we have

K(f7t;X17Y17'Dl) NK(Af7t7X27Yé7'DQ)
and for any F € X5 and t > 0 we have
K(F7t;X2)}/2):D2) ~ K(BF7t7X17Y1):D1)

Further, as it is known the unweighted K-functional is equivalent to the
classical modulus of smoothness (see e.g. [2, Ch. 6, Theorem 2.4])

K(F, " Ly(I), AC[, ', D7) ~ wi(Fy 1)y (3.1)

loc

Thus, if
A (X,Y,D) = (L,(I),AC;. -1, D") : B,

loc

we arrive at the characterization

K(fat7X7KD) Nw7(‘Af7t)p(f)
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4. Inequalities for Intermediate Derivatives
As is well-known (see e.g. [2, Ch. 2, Theorem 5.6]):
(b= a)* 9" pfa,) < (gllpfas) + (0= ) 19" lpfa,p)) (4.1)

for every g € Wg[a, bl and £k =0,1,...,r, and also

19l < elllglloisy + 119 ) 2

for every g € Wy (J) and k = 0,1,...,r, where J = (—00,00) or J = (—00,a)
or J = (a,00), a € R. The constant ¢ in (4.1) and (4.2) depends only on .

Let us set x¢(z) = |z —¢| for £ € R. Proposition 4.1 in [11] directly implies
the following analogues of (4.1) and (4.2) in weighted L,-norm.

Proposition 4.1. Let 1 <p<oo,reN, ke {0,1,...,r} and o, 5,y € R.

(a) If g € ACT Y(a,b), x2g,x2*7g") € L,(a,b) and v > a, B, then

loc

X9 ey < cIXS9Npean) + IXETT 9" |l pan))-

(b) If g € AC - a,00), X219, X279 € Ly(a,00) and v < a, B, then
k r (r
”Xzirlg(k)Hp(a,oo) < C(ngflng(a,oo) + ngirlg(7)”p(a,oo))-

The constant c is independent of g.

We shall show that in certain cases the first summand on the right-hand side
of the inequalities above can be omitted. To prove that we shall use the well-
known Hardy’s inequalities (see [18, p. 245]), generalized by Muckenhoupt [24].

Proposition 4.2. Let ( <n and let F be a measurable function on [, 7).

(a) If1<p<o0, >0, y<Borp=1,5=0,v<0, then (with the
suitable amendment in the notation for p = co)

</:‘(x o /< i dy‘pdx)l/pg C(/;7 (@ — )P r PP dx)l/p.

(b)) If1<p<oo, <y, v>00rp=o00, <0, v=0, then (with the
suitable amendment in the notation for p = co)

(/ﬂ(m —O7 /: F(y) dyr dx)l/pg c(/j (z = )P+ E PP dw)l/p.
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Proposition 4.3. Let n > 0 and let F' be a measurable function on [n, c0).
(a) If1<p<oo,B<vy,v>0o0rp=o00, 8<0,~v=0, then (with the
suitable amendment in the notation for p = 0o)

o e » 1/p 00 . 1/p
(/ ‘x7775 / F(y) dy‘ dac) < c(/ le =P =% F(a)|P dx) .
" n n

(b)) If1<p<oo, B>~ B>00rp=1,5=0,v <0, then (with the
suitable amendment in the notation for p = co)

S . 0o p 1/p 00 . 1/p
</ ‘x775/ F(y) dy‘ dx) < c</ |15 P (x)|P dac) .
7 x n

The constant c is independent of F'.

We shall also need the following auxiliary result, established in the proof
of [11, Lemma 3.1].

Lemma 4.1. Let 1 <p < oo and § € R.

(a) If g € ACoc(a,b), x21g' € Ly(a,b) and B < —1/p, then g(x) has a final
limit at a.

(b) If g € ACioc(a, 00), xfﬁg’ € Ly(a,00) and B > —1/p, then g(x) has a
final limit at oco.

Remark 4.1. Let us note that the function g is not required to belong
to any weighted L,-space. If in (a) we have in addition x$g € Ly(a,b), with
a < —1/pfor p < oo, or a < 0 for p = 0o, we get limy_, 440 g(x) = 0. Similarly,
if in (b) we have in addition x§_,9 € Lp(a,00) with a > —1/p for p < oo, or
a > 0 for p = oo, we get lim, o g(z) = 0.

Remark 4.2. Observe that though g itself is not required to belong to any
weighted L,-space, in the hypotheses of (a) we have x2(g—¢) € L,(a,b), where
¢ =limg 440 g(2), and in the hypotheses of (b) we have Xg_l(g—ﬂ) € Ly(a,0),
where ¢ = lim,_, g(z), as it is established by Hardy’s inequalities.

By means of the lemma above we can improve the inequalities of Proposi-
tion 4.1 in the following sense:

Proposition 4.4. Let 1 <p<oo,re€N, ke {0,1,...,r}, a,8, €R and
a, b, R asa <& <b.
(a) If g € AC’Z;I(a,b), X2g, X279 € Ly(a, &) and xJ9™) € Ly(€,b) as
B<1l—r—=1/p, 6 € Ti(p) and also a« < 1 —1r —1/p for p < o and
a<1—r for p=o0, then

INEEXS 9™ ) < XS X0 9 |p(a.t)-
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(b) If g € AC], M (a,00), Xo_19,Xa 19" € Ly(&, 00) and X397 € Ly(a,)
as B> —1/p, 6 € T'1(p) and also o« > —1/p for p < 0o and a > 0 for
p = oo, then

5. B+k—5 5 B+r—=3s
X9 o) < € lXaXaTT 9 p(a,c0)-

The constant c is independent of g.

Proof. 1t is enough to prove the assertions of the proposition for k =r — 1.
The general case follows from it by iteration.

Let us counsider (a). Proposition 4.1.a with k = r — 1, v = max{«, 8} and
b replaced with & implies xJt7~1g("=1) ¢ Ly(a,§). Next, since 3trgn) ¢
Ly(a,§) with B+r —1 < —1/p, and also y +r —1 < —1/p for p < oo,
and y+7r—1 < 0 for p = co we get by Lemma 4.1.a and Remark 4.1 that
limg—q+0 g(’"_l)(x) = 0. Consequently, we have

9" (x) = / 9" (y) dy.
a
Further, we get by Hardy’s inequality (8 +r—1< —1/p)

29" Pl < elxa™ 9" lpae)- (4.3)

To estimate the L,-norm of xg" =Y on the interval (¢, b) we proceed as follows
(with the appropriate amendment in the notation for p = c0):

Ixgg" ||,,(5b)<</‘ 2 /go« )dy‘pdxy/p
(ot st

< (9" hae) + X9 Npie.n))
< ce(IXEF g N pae) + 11X39 pee.s)
<c ” ﬁJrTng(T)”p(a,b)a

/\

as at the second step we have applied Hardy’s inequality of Proposition 4.2.b to
the second summand, taking into account that 6 € I'y (p), and at the third step
we have applied Holder’s inequality to the first summand, taking into account
that —8 —r > 1/p — 1. Combining (4.3) and (4.4), we get assertion a) of the
proposition for k =r — 1.

Assertion (b) is also verified by this technique as we apply Proposition 4.1.b
and Lemma 4.1.b instead of Proposition 4.1.a and Lemma 4.1.a. O
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5. Operators That Change Only the Weight w

Here we shall consider bounded linear operators, relating two K-functionals
with different w-weight and the same ¢-weight. We call them A-operators.

To describe the restrictions on the exponents v of the weight w, given in
Table 1, we use the notations:

I'y(p) =(—1/p,00) for 1 <p < 0o and I'; (00) = [0, 00);

Lo(p) = (—1/p, 00);
Ti(lp)=(—i—1/p,1—i—1/p), i=1,...,r—1;
Iy(p) = (—00,1 =1 —1/p);

Pezelp) ={1—r—1/p,2—r—1/p,...,—1/p}
I'i(p) = (=1 —1/p,00);
Li(p)=(—i—1/p,1—i—1/p), i=2,...,r =1
Ih(p) = (00,1 =1 —1/p);

szc(p):{1*7’*1/}7,2*7’*1/}7,,*1*1/17}

5.1. A-operators for Treatment of Weights w with v, € I';(p),
v, € I'j(p) as at least one of ¢ or j is equal to 0

In [5, 8] we defined the following A-operators.

Definition 5.1. Let re N, pe R, i € Ny as i <r, and £ € (a,b). Let s be
one of the ends of the finite interval (a,b) and e the other. For x € (a,b) and
f € Li.10c(a,b), satisfying the additional requirement y; "7 f € Li(s, (s+¢)/2)
if i > 0, we set

(Ailpss, & ON@) = (2=2) f(@)

e—S
S a7 (D)

o X () () s

k=i+1

where o, 1 (p) are defined by

_1\k r— r—1
ar,k(p):%(ki) H(p—i—r—k:—u), k=1,2,...,r.  (5.1)

v=0

These operators relate two K-functionals with the same ¢-weight but w-
weights with different exponents at the end s and the same exponent at the
other end e provided that the exponents of the w-weights at s are not in I'pc(p)
and the exponent at e is in I'; (p) as we showed in [8, Proposition 3.9].
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Definition 5.2. Let r € N, p € R, j € Ny as j < r, and £ € (a,00).
For z € (a,00) and f € Lj0c(a,0), satisfying the additional requirement
Xo TP f e Li(a+1,00) if j < r, we set

(Aj(p;00, ;&) f)(x) = (x —a+1)" f ()

]04 r—a e [ —a ke
# 3 analp)la a1 /5 R (T,

- > ar,k(p)(fﬂ*a+kal/oo(y*aJrl)*k*”f(y)dy

where a,. ;(p) are defined in (5.1).

These operators relate two K-functionals with the same ¢-weight but w-
weights with different exponents at infinity and the same exponents at the
finite end provided that the exponents of the w-weights at infinity are not in
Texzc(p) and the exponent at the finite end is in 'y (p) as we showed in [8,
Proposition 3.8].

In the cases when the operators above do not actually depend on the param-
eter &, we shall write % instead of £ to underline this fact. For example, we shall
write A, (p; s, e; %) and Ag(p; 00, a; x) instead of A,.(p; s, e; &) and Ag(p; 00, a; &),
respectively. We shall also use this convention for the A-operators to be defined
later in this section.

5.2. A-operators for Treatment of Weights w with vs € I';(p),
Ye €Ti(p),i+3 <

By an appropriate modification of A;(p;s,e; &) we can extend its applica-
tion. First, we introduce the following polynomials.

Definition 5.3. For € N, v € Ny set

—(v—1+7¢
Quy(z) = (1 —x)” Z( ) 2L
(=0

These polynomials are constructed so that they possess the following prop-
erties. Below II,, denotes the set of all algebraic polynomials of degree at
most n.

Lemma 5.1. We have ¢, € 11, ¢u.(0) = 1, q,(fg(O) =0 for k =
1,2,...,u—1, andq(k)( 1) =0 fork=0,1,...,v—1. Also for z € [0,1] we
have

0<1—-quu(z)<ca 0<qup(z) <c(l—x).
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Proof. For v =0 we have g, o(z) =1 and the assertion is trivial. For v > 0
the polynomial of degree 1+ v — 1 which satisfies the conditions g, ., (0) = 1,

¢F O =0for k=1,2,...,0—1,and ¢}(1) =0 for k =0,1,...,v — 1is
given by

1/ .
qu,u(x)ZZ/ Y (1 —y)  dy,

where
(b= (v —=1)!
(p+v—1)
Then the inequalities of the lemma are valid with ¢ = 1/(pA) and ¢ = 1/(vA)
respectively. O

1
A= / Yl —y) Ty =
0

Definition 5.4. Let 7 € N, p € R, 7,5 € Ng as i < r. Let s be one
of the ends of the finite interval (a,b) and e the other. For = € (a,b) and
f € Lilxs")(a,b) if i > 0 or f € Ly joc(a,b) N L1((s +€)/2,¢) if i = 0 we set

r—S

(i (3,500 (@) = (E=2) (@)

e (50 ()
k:.1 e |

e acens () (22T [ (22
k=1 e

where a,. ;(p) are given in (5.1).

Note that A;0(p;s,e;e) = A;(p;s,e;e). The following proposition shows
how A; ; acts between triplets.

Proposition 5.1. Letr € N, 1 < p < o0, s be one of the ends of the finite
interval (a,b) and e be the other one, and alsow = x7*x2¢. Let p,vs,ve € R and
i,i',j € No be such that vs € Ti(p), vs+p € Lir(p), ve € T-(p), ve+j € T+(p),
i+j <randi'+j <r. Finally, let ¢ be measurable and non-negative on (a,b).
Then we have

A;j(p;s,ese) : (Ly(wx?)(a,b), AC], .t ¢D")
= (Lp(w)(a7 b)a ACT71 ¢DT) : A’i/,j(fp; S, €5 6).

loc

Proof. Let us first note that if 4 > 0, then from Holder’s inequality and the
conditions on g, 7. we get for k=1,...,4¢

s Yy — S —k+p _ _ _
/ (=) f(y)dy‘ < - "I oy loxE e (5:3)
e

€—S
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Thus, A; ;(p;s,e;e)f is well defined for every f € L,(wx%)(a,b). Similarly,
Ay j(—p;s,e;e)F is well defined for every F' € Ly(w)(a,b).

We shall show that the operators A=A, ;(p; s, e;e) and B=A; ;(—p; s, e;e)
satisfy Definition 3.1 with Xy = L,(wx?)(a,b), X2 = Ly(w)(a,b), Y1 =Y, =
AC} M (a,b) and Dy = Dy = ¢D".

To establish condition (a) of Definition 3.1 we proceed as follows.
For x € (s, (s + €)/2] we use the representation

(Aij(pss,ere) f)(@) = (Ailp 5¢; e)f)(@)
+ c i . ;::1 ark(p) {Qi—k+1,j (i : ::) - 1} (5.4)
(=) =)

By means of Hardy’s and Holder’s inequalities, as in the proof of [5, Proposition
5.2] and [8, Proposition 3.1], we establish the estimate

lwA; (p; s, €;€)lp(s,(s+e)/2) < € llwXElp(ab) (5.5)

Next, if ¢ > 0, then for x € (s, (s + €)/2] in view of Lemma 5.1 we have

_ g\ k-1 .
Qi7k+1,j<m 8)*1‘(Z 8) <exP (), k=1,...,1

'(U(IL') €—S €—S

If j > 0, then ¢ < r and hence, in view of v, € T';(p), we get vs +i € T'1(p).
Consequently, (with the proper modification for p = c0)

[ ki (22) <1 (=)

For j =0, we have ¢;_j41,j(z) =1 for k=1,...,7 and (5.6) is trivial.
Now, (5.3)—(5.6) imply

1/p

lwAi j(p; s, € €)llps,(s+e)/2) < llwxsllpeap)- (5.7)

For x € [(s + €)/2,e) we use the representation

(Ais(pi,30))(@) = (Aolpi 1)) (@)
S e s () () [ ()
k=1 s

The inequality

Ix2c Ao (p; 5, €5 €)lp(s,(ste)/2) < CIXT fllp(s,(s+e)/2) (5.9)
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is established in the proof of [5, Proposition 5.2], but it follows directly from
Hardy’s inequality given in Proposition 4.2.a.
If ¢ > 0, then for z € [(s + €)/2, €) by means of Lemma 5.1 we get

T —8\[/x—s\k1 4 )
Qikarl,j(e_S)‘(e_s) SCXZE—H(x)v k:]-a"'ala

w(zx)

which, in view of v, + j € I'1(p), implies

€ T —s\|/z—s\k-1|P  |1/P
ot de| <e k=1,....i (510
‘/(He)ﬂw(x)q k+1J(€*S)‘(€*S) * = i )
Now, (5.3) and (5.8)—(5.10) yield
[wAi;(p5ss€5€) fllp(ste)/z.e) < llwxs fllpgap)- (5.11)

The estimates (5.7) and (5.11) imply condition (a) of Definition 3.1.
By replacing vs with v, + p, ¢ with ¢ and p with —p in (a) we get (c) of
Definition 3.1:
lwxSAi j(=p; s, € €)Fllpay) < cllwFllp@y), — F € Ly(w)(a,b).

As it was shown in [8, Section 3]

(Ailpis,eie)g) V(@) = (=) g0 (@), @ e (ab),

e—s
provided that g € Y1 N X;. Now, since
Aij(p;s,e;e)g — Ai(ps s e;e)g € Ty

and i+ j <7, weget forall g € Y1 N X,

(s e)) () = (E5)°
(Ais(pisies)g) (@) = (2=) @), z€(ab)
which implies condition (b). Just similarly, condition (d) is established. Next,
conditions (e) and (f) are verified directly. Finally, conditions (g) and (h) follow
from [8, Proposition 2.2] with A = Ag(p; s,¢;€) and [8, (3.4)].
This completes the proof. O

5.3. A-operators for Transfers Between Weights w with Exponents
in Tepe (p)

Two K-functionals whose w-weights have one exponent in T'c..(p) can be
related by means of the A-operators defined in [5, 8]. In the proof of [10,
Proposition 4.1] we have actually shown
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Proposition 5.2. Let1 <p <oo,r € Nandi,i' € Ny asi,i’ <r. Let also
&, n € (a,b) and s be one of the points a or b and e be the other one. We set
w= X;Fl/pxz, where v € T (p), and p =i —1i'. Finally, let ¢ be measurable
and non-negative on (a,b). Then we have

Ai(p;s,e;€)  (Ly(wx?)(a,b), AC], ', ¢D")
= (Lp(w)(a,b), AC] -1, ¢D") : Ay(—p;s,e;m).

Remark 5.1. Let us mention that the operator A,_1(r —i—1;s,e;£) with
1 € {0,...,7 — 1} does not contain an integral term with a fixed boundary &
because o, ,(r —i—1) = 0 and so, in accordance with our convention, we shall
write Ay_1(r —i—1;s,e;%).

Just similarly this property can be established for A;(p; 0o, a;§).

Proposition 5.3. Let 1 < p < oo, 7 € N, 4,7 € No as j,5' < r, and
E&n>a. Wesetw= nggifl/pfw, where v € T (p), and p = j — j'. Finally,

let ¢ be measurable and non-negative on (a,00). Then we have

Aj(/)iooaa§§) : (Lp(wngﬁ(aaoo)aAcril ¢D")

loc
= (Ly(w)(a, 00), ACLZY, 6D") : Ay (—ps 0, a;m).
The operators A; ;(p; s, e;e) with j > 0 does not possess such a property
for 1 < p < co. In the case p = oo there holds

Proposition 5.4. Let r € N, i,i',j € Ng as i,i' < r, i+ 7 < r and
i +j <r. Let also s be one of the points a or b and e be the other one. We
set w = x5 ‘XY, where v € [—4,1), and p =i —i'. Finally, let ¢ be measurable
and non-negative on (a,b). Then we have

A j(pis ee) : (Loo(wx?)(a,b), AC ", 6D")

loc

= (LOO(w)(avb)aAC[TOzla(bDT) : Ai/,j(fp; s,e;e).

5.4. A-operators for Transfers Between w-weights with an
Exponent in I'eyc(p) and not in I'epe(p)

Now, we shall construct operators that relate a K-functional with a w-
weight whose exponent at a given end of the interval is in Tepe(p) to a K-
functionals with a w-weight whose exponent at the same end of the interval
is not in Tepe(p). As we noted in the Introduction, due to the nature of the
considered weighted K-functionals we need to study the cases p < oo and
p = oo separately. First, we give the definitions of the operators we shall use.
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Definition 5.5. Let p € R, s denote one of the ends of the finite interval
(a,b) and e the other. For z € (a,b) and f € L1 joc(a, b) we set

(A(ps s, e:9) f) (@) = |z — 5| f ().

Definition 5.6. Let p,a € R. For z € (a,00) and f € Ly joc(a,00) we set

(A(p; 00, a5%) f)(2) = (z — a +1)° f(2).

Let @ denote either a real number or —oo, and b denote either a real number
or co. We set Co(w)[a,b) = {f € C(w)(@,b) : lim,_,5(wf)(z) = 0} with the
usual weighted sup-norm. Similarly, the space Co(w)(a, b] is defined. We also
set Co(w)[a, b] = Co(w)[a, b) N Co(w)(a, b].

Definition 5.7. Let » € N, p € R, s denote one of the ends of the finite
interval (a,b) and e the other. For z € (a,b) and f € C(x.7")[s,e) we set

(A(p;s,e5%)f)(@) = |& = 8| [f(x) = (x —5)" " Lim (y — )7 f(y)]-
Definition 5.8. Let r € N, p,a € R. For = € (a,00) and f € C(a, 0] we
set

(A(p;00,a;%) f)(2) = (x — a+1)?[f(z) — lim f(y)].

Y—00

In the propositions below we establish how these operators treat triplets.

The case 1 < p < c©

Proposition 5.5. Let 1 < p < oo, r € Nand p € R. Let s be one of the
points a or b and e be the other one. We set w = XX and ¢ = x2: X2 as
Ye+rAe € T4(p), Vs +1 s, Vs +p+1As < 1—=1/p and also vs,ys+p < 1—r—1/p
forp < oo and vs,vs +p <1—1 forp=o0. Then

A(p; s, e3%) : (Lp(wxf)(a,b), ACjt, ¢"D")

loc

= (L;,;(UJ)(G,, b)a Aclrozla (107‘D7‘) : A(—p, S, €; *)

Proof. Tt is verified directly that the operators A = A(p;s,e;*) and
B = A1 = A(—p;s,e;*) satisfy conditions (a), (c), (g) and (h) of Defini-
tion 3.1 with X1 = Ly(wx?)(a,b), Xo = L,(w)(a,b), Y1 = Yo = AC}, ' (a,b)

and Dy = Dy = ¢"D". To establish (b) we get by the Leibniz rule for
g€ ACT Y(a,b) and x € (a,b)

loc

w(@)e" (@) (e = s17g(2))7 =Y bralp)w(@)e” (@)]z — s~ gM (),
k=0
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where we have set by, (p) = (sgn(z—s))" " (;)p(p—1)--- (p—r+k+1). Hence

[we" D" Agllpa) < €Y lwe" x5 g™ | ap).- (5.12)
k=0

Proposition 4.4.a with a = vs+p, S =7 +p+r(As — 1) and § = 7. + rA.
implies for g € ACT *(a,b) such that g, p"g(") € L,(wx?)(a,b) the inequalities

loc

||w<p’“x§_7'+kg(k)||p(aﬁb) <c |\wx§<p’“g(’“)|\p(a7b), k=0,...,r (5.13)

Now, (5.12) and (5.13) imply (b) of Definition 3.1. Further, taking into con-
sideration that A : Y7 — Ya, we get condition (e) too.

Just similarly, we get for G € AC]"(a,b) such that G, "G € L,(w)(a,b)
the estimate

)
lwx2e" D" BGp(apy < ¢ [lwe"xET"G®|ap). (5.14)
k=0

Again by Proposition 4.4.a but with o = 75, 8 = vs+r(As—1) and § = v +7rAe
we get

[we™ 5G| pan) < € lwe" G ||pias), k=0,...,r (5.15)

Relations (5.14) and (5.15) imply (d) of Definition 3.1. Finally, taking into
consideration that B : Y2 — Y7, we get condition (f). Thus the proof of the
proposition is completed. ]

Similarly, using Proposition 4.4.b instead of Proposition 4.4.a, we verify the
analogue of Proposition 5.5 for a semi-infinite interval.

Proposition 5.6. Let 1 < p < oo, r € N, p € R, w = xJ*x)>; " and

P = Xa"Xa™1 " 5 Ya+7TAa € T (D), Yoot (Moo —1), Yoo +p+7(Aeo—1) > —1/p
and al$o Yoo, Yoo + p = —1/p for p < 00 and Yoo, Yoo + p > 0 for p = 0o. Then
A(p7 00, a; *) : (Lp(wXZ—l)(aa OO)) AClT0217 (pTDT)
= (Lp(w)(aﬂ OO), AClrozl’ SDTDT) : A(fpﬂ o0, a; *)
Remark 5.2. Let us note that the last two propositions are valid for all

1 < p < oo but they transform a w-weight with an exponent in Teye(p) into
another with an exponent not in Iz (p) for p < co. More precisely,

(a) In Proposition 5.5 for p < oo, the conditions vs,7s +p <1—7—1/p and
As < 1 imply the hypotheses imposed on 4, As and p;

(b) In Proposition 5.6 for p < oo, the conditions Yoo, Voo + p > —1/p and
Aso > 1 imply the hypotheses imposed on Y4, Ao and p.
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The case p = c©

Proposition 5.7. Let r € N and p € R as p < 0. Let s be one of the
points a or b and e be the other one. We set w = x:="x2¢ and p = X?SX;\E as
Ye,Ye +TAe = 0 and A\s < 1. Then

A(p; s, e5%) = (Co(wx?)s, €), ACJ,. 0" D)

loc

= (C(w)[s,e), AC] 1, ©"D") : A(—p;s,e; *).

loc

Proof. We verify that A = A(p; s,e; %) and B = A(fp; s, e; %) satisfy condi-
tions (a) and (c) of Definition 3.1 with X1 = Co(wx?)[s,e), X2 = C(w)[s, e),
Yi =Y, = ACfozl(a,b) and Dy = Dy = ¢"D". Further, by (5.12) and (5.13)
with s =1—rand p=oo (notethat 1 —r+p, 1 —r+p+r(As—1)<1—r
and 7. + 7 > 0 and Proposition 4.4.a with p = co is applicable) we get for
any g € AC], "(a,b) such that g, ¢" g™ € C(wx?)(a,b) the estimate

[we" D" Agloota) < € llwe" x29" |looan)-

Thus (b) of Definition 3.1 is proved. Hence condition (e) also follows because
A Yl — Y2. N

Next, let us set G(z) = G(z) — (z — 5)" ' limy_s (y — 5)' " "G(y) for
G € AC]; " (a,b) such that G,¢"G™ € C(w)[s,e). Note that Ge AC) M a,b)

and G, "G € C(w)[s, e) as well. Now, property (d) of Definition 3.1 follows

from (5.14) with p = oo, G in the place of G (as B = A~! in (5.14)) and the
estimates:

[we" X5 G| so(a) < € lwe” G| so(anys (5.16)
w5 G |y < cllwe™x3 "G [aoqapy, k=0,...,r =1 (5.17)

To prove (5.16) we note that by Proposition 4.1.a with p =00, a =y=1—-r
and B=1—r+7r(As —1) <1—1r we get

XTTHRGW) e Lo(s, (s +e)/2),  k=0,...,r—1. (5.18)

Now, Lemma 4.1.a with ¢ = G*~Y and 8 = k —r < 0 implies that G*~Y has
a final limit at s for k = 1,...,7r — 1, r > 2, which in view of (5.18) is equal
to 0. Thus we have

G (s)=0, k=0,...,r—2,r>2 (5.19)

Next, again by Lemma 4.1.a with ¢ = GUY and f = 1 —r+r)\, — 1 =
r(As — 1) < 0 we get that G~V has a final limit at s too, which we denote by
G=1(s). Hence, using the L'Hospital rule and (5.19) if » > 2, we get that

(r=1) (s
;1_%(30 —5)' "G (x) = 6;7"71()') (5.20)
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Consequently, for z € (a,b) we have

GO () = G (@)~ (= 1) Ty — )T G()

. 5.21
=G D (2) - G V(s) = / G (y) dy. o

S

Now, by means of Hardy’s and Holder’s inequalities we get (5.16) as in the
proof of Proposition 4.4.a for k = r — 1.

Assertion (5.17) is trivial for » = 1, whereas for » > 2 it follows from
Proposition 4.4.a with p = oo,  — 1 in the place of r, a =1 —r <1 —(r — 1),
B=1-r+rds—1—(r—1)=1-r+r(As—1)<1—(r—1)and § = y.+rAc > 0.
Thus condition (d) of Definition 3.1 is verified. Hence, in view of the fact that
B:YaNXe — YN Xy, we get () too.

In order to verify (g) of Definition 3.1 we take into consideration that
we have lim, s (x}7"F7f)(z) = 0 for f € Co(wx?)[s,e) and, consequently,
BAf = f. Finally, we have for every function F € C(w)[s,e) that ABF =
F — X" im, 4 (x}7"F)(z), which yields (h) of Definition 3.1. The proof of
the proposition is completed. O

Remark 5.3. Let us explicitly note that in the proof above we did not
have to assume lim, s (x}7"+7g)(z) = 0. This follows from g € AC}, " (a,b)
and g, X" 9" € Loo(x!7"*)(s,(s + €)/2) with p < 0 and Ay < 1. In
fact, g € ACy . '(a,b) and g,x" g™ € Loo(x2*)(s,(s + €)/2) with 5 ¢
Peze(o0) and Ay < 1 imply limg_,s (x2°g)(2) = 0. Indeed, if ks € T'r(c0),
i.e. ks < 1 —r, then Proposition 4.4.a with p = 0o, @ = ks < 1 — 7,
B =rks+71(As —1) < 1—7r and k = 0 implies x%g € Loo(s,(s + €)/2),
which, in view of 8 < ks, yields lim,_,s(x%g)(x) = 0. Further, if x; € T';(c0)
with ¢ < r, we set G = A,(p;s,e;*)g with p > ks +r — 1 and get by [8,
Proposition 3.9] that G € AC]'(a,b) and G,X" G € Loo(x577)(s,€).
Consequently, according to what we have already proved in the case ks €
I'r(00), we have limg_,s (x5 ?G)(z) = 0. Then lim,_,, (x¥+g)(x) = 0, where
g=Ai(—p;s,e&)G, as [8, Lemma 8.1.a] with 0 =1 and a = s implies. But by
[8, Proposition 3.9] we have g = g+c;xi+- - -+c,_1X5 L, wherec;, ..., c.—1 € R.
Hence, in view of ks + 4 > 0, we have lim,_,s(x%=g)(z) = 0 too.

Similarly, as we saw in the proof of Proposition 5.7, if G € ACfozl(a,b)
is such that G,x"*G € Lo(x}7")(s,(s + €)/2) with Ay < 1, then the
limit lim, s (x}7"G)(x) exists. Further, by means of Proposition 5.2 and |8,
Lemma 8.1.a] we extend this to: if G € AC],_'(a,b) is such that G, x’*G(™) €
Loo(x5")(s,(s +€)/2) with ¢ € {0,...,r — 1} and A; < 1, then the limit
lim, (x5 'G)(z) exists.

Similarly, using Propositions 4.1.b and 4.4.b, and also Lemma 4.1.b, we
establish
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Proposition 5.8. Let r € N, p e Ras p > 0, w = x)*x, 5 and ¢ =

Xé”xg“’_"f)‘” as YayYa +TAq > 0 and Aog > 1. Then

Ap;00,a3%) + (Colwxf _y)(a,00], ACT,. " ¢"D")
= (C(w)(a, <], ACI- ©"D") : A(—p; 00, a; %).

loc

Proof. Let A = A(p;oo,a;*), B = /Al(—p;oo,a;*), X1 = Co(wxh_;)(a, o],
Xy = C(w)(a,00], Y1 = Yo = AC] '(a,00) and Dy = Dy = o"D". Tt is
verified directly that the operators A and B satisfy conditions (a) and (c)
of Definition 3.1. We establish properties (g) and (h) of Definition 3.1 just
as in the proof of Proposition 5.7. We prove property (b) analogously as in
Proposition 5.7 by means of Proposition 4.4.b instead of Proposition 4.4.a.
Hence (e) directly follows.

Next, similarly to the case considered in the proposition above, (d) follows
from the Leibniz rule and the inequalities

”w(pTXs:;G(k) ||oo(a,oo) <c ”w(prG(T) ”oo(a,oo)a k= ]-a ce T (522)

lwe" xa 21 G lloo(a,ce) < €llwe"xaZ1G loo(a,00): (5.23)

where we have set G(z) = G(x) — limy_,00 G(y) for G € AC) M a, 00) and
G,o"G") € C(w)(a,oc]. Proposition 4.1.b with k = 1, a =y = 0 and § =
7(Aso — 1) > 0 implies xq—1G" € Loo(a + 1,00). Now, the inequalities (5.22)
follow from Proposition 4.4.b with p = oo, 7 — 1 in the place of 7, g = G/,
a=1,8=rdo—(r—1)>0and § =7, +rX, > 0.

The inequality (5.23) follows from

Gy =~ [ Gway,

Hardy’s and Hoder’s inequalities.
Finally, condition (f) follows from (d) and B : Yo N X3 — Y1 N X;. O

Remark 5.4. Let us mention that if g € AC] " (a,c0) and g, X9 €
Loo(x2=1)(a+1,00) as Yoo & Leze(00) and Moo > 1, then limg o0 (x2=19)(x) =
0; and also if G € ACT '(a,00) and G,x"**G") € Loo(x;",)(a+ 1,00) as

loc

i €{0,...,7 —1} and Ao > 1, then the limit lim, o (X, 19)(x) exists.

6. Operators That Change Both Weights w and ¢

In [5, 8] we defined operators, which enable us to relate K-functionals with
different exponents in the ¢-weight. We call them B-operators. Below we give
the definitions of the B-operators we need here.
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Definition 6.1. Let r € N, 0 > 0,i € Nasi <r, and £ € (a,b). Let s be
one of the ends of the interval (a,b) and e the other. For = € (a,b) and f €
L1 10c(a, b), satisfying the additional requirement R Li(s,(s+e€)/2)
if i > 1, we set

(Bi(oss,e;8) f)(x) = f(s + (e~ 5)<x = 5)0)

()T () (e () )
k:‘Q S i
fo 2 () () (e (B2 )
k=i+1 €
where
&Mo)%(l_z) ﬁ(klia), k=23,...,r. (6.1

Definition 6.2. Let r €¢ N, 0 > 0, 5 € Nas j < r, and £ € (a,00).
For z € (a,00) and f € Lq0c(a,00), satisfying the additional requirement
X;J/U_lf € Li(a+1,00) if j < r, we set

(Bj(0300,a;§) f)(2) = fla—1+ (z —a+1)7)

+> Brilo)@—a+1)F" /x(y —a+1)Ffla—1+(y—a+1)7)dy
k=2 3

o0

-3 ﬂr,kw)(xfaﬂ)’“*/ (W—a+1)*fa—1+(y—at1))dy,

k=j+1 x
where S, ;(0) are defined in (6.1).

Definition 6.3. Let r € N, ¢ < 0, j € N as j < r and (a,b) be an
interval. Let s be one of the endpoints of the interval (a,b), e the other and
¢ € (e,00). For x € (e,00) and f € L 0c(a,b), satisfying the additional

requirement x5 /7' f € Li(s,(s+e)/2)if j <r, we set

Bj(o;s,€;00,6;8)f)(x) = f(s + (e = 5)(x —e+1)7)

+3 Bralo)fe - e+ 0 [ TR (st (e — )y — e+ 1)) dy
k=2 3

- Y bule ettt Ty s (e — 8)(y — e+ 1)7) dy,

k=j+1 x

where S, ;(0) are defined in (6.1).
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Definition 6.4. Let r € N, 0 < 0, ¢ € N as i < r and (a,b) be an in-
terval. Let s be one of the endpoints of the interval (a,b), e the other and
n € (a,b). For z € (a,b) and f € L1 joc(e, 0), satisfying the additional require-

ment y\! 777 f e Li(e+1,00) if i > 1, we set

(Bilosoo,eis,esn)f)e) = F((F==) +e—1)

e— S
F () ) () e
3 () ) () e ) i

k=i+1

where 5, ;(o) are defined in (6.1).

For r = 1 all the assertions about the operators of type B, given in [5, 8],
hold without any restrictions on the exponents of the w-weights [8, Remark
4.2]. For r > 2 these B-operators relate two K-functionals with w-weights
with one exponent in I'c,.(p) each only when their o-parameter belongs to a
certain finite set of positive numbers. Thus, generally, these operators cannot
be used to clear the p-weight in the second term of the K-functional, nor for
transfers between spaces of functions defined respectively on a finite and semi-
infinite interval (see [8, Propositions 4.17 and 4.18]). This also means that we
cannot change the exponent of the ¢-weight with one at the opposite side of
1 at an end where the exponent of the w-weight is in T'cyc(p), as this requires
B-operators with o < 0.

The following propositions are verified similarly to Propositions 5.2 and 5.3.
We shall not use them here, but state them to compare them with those about
the A-operators.

Proposition 6.1. Let 1 < p < oo, 1,9, 7 €N asr > 2 and 1,7 <r. Let

also &,m € (a,b) and s be one of the points a or b and e be the other one. We

set w = X;Fl/pxz, where v € T1(p), and o = i/i'. Finally, let ¢ = xT=x7°,

Ts,Te € R. Then

Bi(0;5,¢;€) : (Lyp(wxi™")(a,b), ACTY, gy =) 1=7/0) pr

loc

= (Lp(w)(a7b)aAClrozla¢DT) : B’L" (0-_1; 3a€§77)-
Proposition 6.2. Let 1 < p < oo, j,j',7r € Nasr > 2, j,j’ <r, and
&n>a. We setw = nggffl/pfv, where v € T (p), and o = j/j'. Finally,

Too —Ta

let o = X72xo=1 %) TasToo € R. Then

Bj(0300,a;€) + (Lp(wx) ™) )(a, 00), ACT ", oS5 79/9) pr)
= (Lp(w)(a,50), AC}c",6D") : Bjr(o™; 00, a37).

loc
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7. Characterization of K-functionals

Now, we shall derive characterizations of the weighted K-functionals (1.1)
by means of the unweighted fixed-step moduli of smoothness.

7.1. The Cases kq € T;(p), ko € Tj(p), i+j <r, 1 <p < oo, and
Kqg = —1, Kp = —J, OS":,j<Ta ’L—+—]ST‘, P =0

The operators A; ;(p;s,e;e) constructed in Section 5.2 allow us to char-
acterize the K-functional on a finite interval with power-type weights under
milder restrictions on the weight w than in [8, Subsection 6.1]. More precisely,
[8, Theorem 6.1] and Proposition 5.1 imply

Theorem 7.1. Let r € N, 1 < p < 00, (1 —A)(1 — 1) > 0 and (1 —
Xo)(1—1p) > 0. Let also ke € Ti(p), ks € Tj(p), pta € Tir(p) and py € T'jv(p) as
1+ 7 <randi +j <r. Then there exist bounded linear operators A and B
such that

A (Ly(w)(a,b), ACy 1 0" D") = (Ly()(a,b), AC] ', ¢"D") : B.

Remark 7.1. Explicit constructions of the operators A and B, whose ex-
istence is stated in the theorem, are got by combining the operators given in
the proof of [8, Theorem 6.1] with operator of type A; ;j(p; s, e; e) if necessary.

In particular, [8, Theorem 6.2] is extended to

Theorem 7.2. Letr € N, 1 < p <00, Ag, \p € (—00,1). Let also i,7 € Ny
asi+j <r. Forp < oo we assume that kg € I';(p), kp € T'j(p), and for p = oo
we assume that k, = —i,kp = —j as also 1,7 <r. Setw = xi*x;", ¢ = Xé“Xf,\b
and

A = Bi(ov;b,a;§) B1(0a; a,b;€) Ao (pp; b, a;€) Ao (pa; a, b; €),
where £ € (a,b) and
1 1

1 e L
g, = — g, = —— = K _— = K —_
a 1*>\a7 b ]-*)\b’ Pa a pa Po b D

Then fort >0 and f € Ly(w)(a,b) we have

K(f,t"; Ly(w)(a,b), ACy;t 0" D) ~ wi(Af, ) p(ap)-

loc

Proof. Let p < oo. For i = 0 or j = 0 the assertion is contained in [8,
Theorem 6.2]. So, let 4,7 > 0. By Proposition 5.1 with p = p,, s = a, e = b,
vs = —Aa/p € To(p), and v, = kp € T'_(p) we get

Ao ¢ (pa;a,b;b) : (Ly(w)(a,b), AC] -t " D7)
= (Lpy(xz /"X (a,b), ACT- Y " D) = Ay j(—pa;a,bsb).  (7.1)

loc
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Note that since i+j < r and ¢ > 0 we have j < r and then in view of k, € T';(p)
we get ve+Jj = kp+J € I'1(p). On the other hand, in the proof of [8, Theorem
6.2] we established

AF  (Ly(xa ™/Pxp")(a,b), ACT, " D)

loc »#

= (Ly(a,b), AC; 1, D) : B¥ (7.2)

loc
where

A* = Bi(o4;, af)Bl(Ua;a b;€)Ao(pw; b, a; §),
B* = Aj(—py;b,a;n)Bi(og a,bim) Biloy b, asm),  n € (a,b).
Now, as we combine (7.1) and (7.2) and then apply Proposition 3.1 and relation

(3.1), we get the assertion of the theorem for p < oo with A’ =A# Ay ;(pa; a, b; b)
in the place of A. In the case of p = co this follows from the scheme:

(Loo(a,b), ACI"1 D)

loc >

Ar 11 By Step 1
(Loo(a,b), ACT,. M XX D”)
Ao(—=jsb,a;6) 11 Aj(d;0,a5m) Step 2
(Loo (X, ) (a,0), ACT X X DY)
Ag j(—i5a,b;0) 1] Aij(i;a,b;0) Step 3

(Loo(Xa'x3 ") (a,b), ACS, M X xy M D7) |

where we have set Ay = By(op;b,a;8)B1(04;a,b;€) and By = By(o, *;a,b;n)
Bi (o ';b,a5m).

Step 1 is contained in [8, Theorem 6.2] or alternatively in [5, Theorem 5.4].
Step 2 follows from Proposition 52 with p =00, s=b,e=a,i=0,1 = j,
v =0¢€T;(0) and ¢ = x"a T’\” Step 3 follows from Propos1t1on 5.4 with
s=a,e=>b,1and i interchanged, i' =0,y=—jand ¢ = " “Xp A Thus
the assertion of the theorem with A’ in the place of A is established for p = oo
too.

To complete the proof of the theorem we only need to observe that
Ao j(pa;a,b;0) f — Ao(pa;a,b;€)f € I._q for every f € L,(w)(a,b) and by
8, (3.5) and (4.3)] we have A% : II,_; — II,_;. Hence A'f — Af € II,_; for
every f € Ly(w)(a,b). O

Remark 7.2. The assertions of Theorem 7.1 and Theorem 7.2 remain valid
if Lo is replaced by C with one or two weighted limit conditions at the ends
of the domains (cf. [8, Section 8]).
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7.2. The Cases Kgy Koo € Lexc(00); As; Ao # 1 as p = 00

In the remaining subsections we shall consider weights with singularities
only at one end of the interval to keep the operators simpler and cover a wilder
range of the weight exponents. Let us recall that generally the singularities can
be separated in the following sense (cf. [2, Ch. 6, Lemma 2.3] or [8, Section
7.1)).

Lemma 7.1. Let I = (a,b1) and Iz = (a1,b) be two intervals on the real
line such that a < a; < by < b, where a is finite or —oo and b is finite or co.
Let I = (a,b) = Iy U Iy and let w and ¢ be non-negative measurable on I
weights such that w ~ 1 and ¢ ~ 1 on [a1,b1]. Then forr e N, 1 < p < oo,
0<t<by—ay and f € Ly(w)(I) we have

K(f.t"; Ly(w) (1), AC,. ', ¢" D7)
~ K(fa tr; Lp(w)(jl)a ACT_I? cpTDT) + K(fa tr; Lp(w)(IQ)ﬂ AC[TOzla cpTDT)'

loc

Thus we can derive characterizations of K-functionals under milder restric-
tions on the w-weight and simpler operators but with a sum of two moduli
of order r (cf. [8, Section 7]). Thus, it is sufficient to consider only function
spaces of the type L,(x%)(a,b) and L,(x,>;)(a,c0) (see [8, Subsection 2.4]).

Also, let us note that in [8, Section 6.4] we have constructed operators
my means of which we can relate K-functionals with A; < 1 and A, > 1, and
respectively As > 1 and Ao < 1 for 4’s not in I'e,c(p). Hence a characterization
of the K-functional on a finite interval with As < 1 (resp. As > 1) implies a
characterization of the K-functional on a semi-infinite interval with Ao, > 1
(resp. Ao < 1). These relations can be extended to ’s in I'egze(p) by means of
the propositions in Subsection 5.3.

After these preliminaries let us proceed to the construction of A-operators
for characterizing the K-functionals (1.1) in the case p = co with weights with
singularities only at one of the ends of the interval when ks or Koo € Teze(00)
and respectively Ag or Aox # 1. The case of a finite interval (a,b) with weights
w and ¢ with singularities only at the end s of the interval as A\; < 1 was settled
in the previous subsection (see Theorem 7.2). Also the cases when ks = koo = 0
were considered in [5, 8]. Let us consider the case of a semi-infinite interval
and A\ < 1.

Theorem 7.3. Let r,{ € N as £ <1 and Ao € (—00,1). Set
A = B1(000; 00, a;§) Ao (—1; 00, a; ),

where £ > a and
1

1— Ao’
Then fort > 0 and f € Loo(x,%,)(a,00) we have

OO0 —

K(fa tr; Loo(ngl)(av OO), Aclrozla Xz)iolo D7) ~ wT(‘Afa t)oo(a,oo)~
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Proof. We set
B = Ay(l;00,a;n)B1(0y ; 00, a;1m),
where 1 > a. We shall show that

A (Loo(Xath)(a, 00), ACT 27 D7) = (Loo(a, 00), ACT, ', D) : B (7.3)

loc

Then by Proposition 3.1 we have

E(f,1" Loo(xaZ1)(a,00), AT X025 D)~ K (A, 175 Lo (a, 00), AC], ", D),

loc

which, in view of (3.1), implies the assertion of the theorem.
Relation (7.3) follows from

(Lo (a, 00), ACT ! D’“)

loc >

Bi(000;00,a;8) 1| Bi(oy;00,a;n) Step 1

(L ( ) Acloc ’Xa OIODT)
Ao(—t;00,a;8) 11 Ae(l;00,a;m) Step 2

(LOO(XL:EI)( ) Acloc 7Xa ofDT) .

Step 1. We use [8, Propositions 4.14] with p =00, j =4 =1, 0 = 0 > 0,
Yo =0 € T4 (00), Yoo =0 € I'f(00) and 7, = 7oo = 0 as we take into consider-
ation that 7o /0 =0 € I'j(00).

Step 2. We apply Proposition 5.3 withp =00, j =0, =¥¢,vy=0 € 'y (c0)
and ¢ = x5 O

We proceed to the case A; > 1.

Theorem 7.4. Let r € N, (a,b) be a finite interval, s denote one of its
ends and e the other. Let also £ € N as £ <1 and \s € (1,00). Set

A = Bi(0s;5,€;00,¢€;81) Ao (=5 5, €5 Ea),

where & > e, & € (a,b) and

Then for t > 0 and f € Loo(x3*)(a,b) we have

K(fatr;Loo( )( ) ACZO(, aXs qu) Nwr(Afat)oo(e,oo)-
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Proof. We set
B = Ay(l;s,e;n)B1(0; 00, €5 8,€;m),
where 1 € (a,b). We shall show that

At (Loo (X3 ) (@, 0), AT XM D7) = (Log(e,00), AC N, D) = B (7.4)

loc + X loc

Then by Proposition 3.1 we have

K(f.17s Loo(x2 *)(@,5), AC]. X2 D) ~ K(Af,#7; Loc(e, 00), ACp;", D),

loc

which, in view of (3.1), implies the assertion of the theorem.
Relation (7.4) follows from

(Loo (€, 00), C’ID’“)

loc

Bi(os;8,e;00,e;81) 11 Bi(o; ";00,€;8,€;m) Step 1

(Loo(a,b), AC1.' X D")

loc

Ao(—L;s,e;82) 11 Ae(l;s,e3m) Step 2

(Lw(xze)(a,b) Cloc 7X5 SDT) :

Step 1. We use [8, Propositions 4.17] with p =00, j = =1, 0 = 05 <0,
Ye =0 €T (00), Yoo =0 € T'i(0) and 7. = 7o, = 0 as we take into considera-
tion that v /0 = 0 € I'j(00).

Step 2. We apply Proposition 5.2 with p = 00, i = 0,4 =¢,y=0 € 'y (c0)
and ¢ =y, O

Finally, we establish the characterization in the case Ao, > 1.
Theorem 7.5. Let r,0 € N as £ <r and Ao € (1,00). Set
‘A = Bl(O‘OO; o0, a; b7 a; fl)AO(_€7 o0, & €Q)a

where & € (a,b), & > a and

OO0 —

1
Then fort > 0 and f € Loo(x, ", )(a,00) we have
K (f,1"; Loo(Xo“1)(a,00), AT Xi2 3 D7) ~ wi(Af, Boc(a,n)-
Proof. We set

B = Ay(l;00,a;0) By (0} b, a;00,a;n),
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where 1 > a. We shall show that

At (Loo(Xa1)(a,00), ACTH X2 D) = (Lo (a,0), ACT, D7) : B, (7.5)

loc

Then by Proposition 3.1 we have

K(fit"s Loo (X1 (a, 00), ACH . 25 D7) ~ K (Af, 75 Loo(a, b), ACT, 1, D7),

loc loc

which, in view of (3.1), implies the assertion of the theorem.
Relation (7.5) follows from

(Loo(a, b), ACT=? D’“)

loc >

Bi(000;00,a;b,a;61) 11 Bi(oy L b, a;00,a; ) Step 1
(L ( ) Acloc ’Xa OIODT)
Ao(—t;00,a;82) 11 Ae(l;00,a;m) Step 2

(Loo(ngl)( ) Cloc 7Xa ofDT) .

Step 1. We use [8, Propositions 4.18] with p =00, s=b,e=a,i=j =1,
0=000<0,7%=0€T (c0),7 =0€Ti(c0) and 75 = 7. = 0 as we take into
consideration that vs/0 =0 € '] (c0).

Step 2. Just as Step 2 in the proof of Theorem 7.3. O

Here we have considered only L.-spaces, but these results can be extended
to spaces of bounded continuous functions with or without restrictions on their
behaviour at the ends of the interval just as in [8, Section 8§].

7.3. The Case ks € Tezc(P); As < 1 Or Koo € Texc(P), Ao > 1 as
1<p<oo

Theorem 7.6. Let 1 < p < oo, r €N, (a,b) be a finite interval, s denote
one of its ends and e the other. Let also £ € Ny as ¢ < r and \s € (—00,1).
Set

A = Bi(os; s,€;€)Ao(ps; s,e;€)A (1 s,e;k)Ar_1(r — € —1;s,e;%),
where £ € (a,b) and

1 A — 1

T T, T

Then fort >0 and f € Lp(xs_e_l/p)(a,b) we have

K(f.t" Ly(xs “?)(a,b), AC], 1 XEA D) ~ wi (AL, ) p(as)-
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Proof. We set
B=Al—r+ 1;3,6;77);1(—1;3,6;*)14 (—ps;s,€e5%)B1(o; 5 8,€;5m),
where 7 € (a,b). We shall show that

A (Lp(xTHP)(a,0), ACT X DY) = (Ly(a,b), AC,H, D7) - B (7.6)

loc

Then by Proposition 3.1 we have
K(f,t"; Ly(x3YP)(a,b), ACT X5 D7) ~ K (Af,t7; Ly(a,b), ACI-E, D7),

loc

which, in view of (3.1), implies the assertion of the theorem.
Relation (7.6) follows from

(Lp(a,b), AC]* D’“)

loc

Bi(os;8,e;8) 11 Bi(og 5s,e5m) Step 1
(Lp(xs /) (a,b), ACT,H X D)

Ao(ps; s,6;6) 1L Ar(—=ps;s,e5%) Step 2
(Lp(xs "~ P)(a,b), ACT, .t x5 D)

A(lys,e;%) 11 A(=1;s,e;%) Step 3

(Lp(Xiiril/p)( ) Acloc ’Xé bDT)
Ari(r—C0—1;s,e;%) 1| Al —7+1;s,6;n) Step 4

(LP(Xsilil/p)( ) Acloc ’Xé 6Dr) .

Step 1. Here we use [8, Proposition 4.15] with i =i =1, 0 = g5 > 0,
Ye =0€ T (p),vs =0 €Ti(p) and 75 = 7. = 0 as we take into consideration
that (v +1/p)/o —1/p = —Xs/p € T'i(p) since As < 1.

Step 2. Now we apply [8, Proposition 3.9] with ¢ = 0, i/ = r, p = ps,
vs = —As/p € To(p) (since Ay < 1), 7. = 0 € Ty (p) and ¢ = x5+ as we take
into counsideration that vs +p = —r —1/p € T';.(p).

Step 3. We use Proposition 5.5 with p = 1, v = —r—1/p and v, = A, = 0.

Step 4. We apply Proposition 5.2 with i = r — 1,9 = £, 7. = 0 € T (p)
and ¢ = x". O

Just similarly we verify the following analogue of the last theorem in the
case of semi-infinite interval.

Theorem 7.7. Let 1 < p < oo andr € N. Let also { € Ny as £ < r and
Ao € (1,00). Set

A= Ao(—r —1;b,a;£) By (000; 00, a5 b, a; *)fl(poo; 00, a; ) Ag(—¢; 00, a; *),
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where & € (a,b) and

Poc = (r+1=1/p)(1 = Ax).

O —

1= Ao’
Then fort >0 and f € Lp(ngzl/p)(a, 00) we have

K(fa tr; Lp(ngIl/p)(aa OO), Acrila XZ):HDT) ~ Wr (‘A’fv t)p(a,b)'

loc

Proof. We set
B = Ay(L; 00, a;m) A(—poo; 00, a; %) B (613 b, a; 00, a; ) Ap (1 + 15 b, a; %),
where 77 > a. We shall show that
A (Ly(xg 7 P) (a,00), AT XG5 D) = (Ly(a,b), AC).H, D)+ B. (7.7)

loc loc

Then by Proposition 3.1 we have
K(f.75 Ly(x, 1 VP)(a,00), ACT N X5 D7)~ K (A, t; Ly(a, b), A, D7),

loc loc

which, in view of (3.1), implies the assertion of the theorem.
Relation (7.7) follows from

(Lp(a,b), ACI. -1, D)

loc >

Ao(=r —1;b,a;8) 11 Ar(r+1;b,a;%) Step 1
(Lp(x; " ")(a,b), AC], 1, D")
B (000;00,a3b,a5%) 11 Bi(oy)'; b, a;00,a;%) Step 2

(Lp(xa 5~ P)(a,00), ACEY x0A5 D)

loc

(
A(pso;00,a; %) 11 A(—poc; 00, a; ) Step 3

(Lp(xa 1P (@, 00), ACT XA D)

loc

Ao(—t;00,a;%) 1| Ae(f;00,a;m) Step 4

—— T— TAco
(Lp(xa 7M7) (@, 00), ACT XA DY) |

loc

Step 1 is accomplished by [8, Proposition 3.9], Step 2 by [8, Proposition
4.18], Step 3 by Proposition 5.6, and Step 4 by Proposition 5.3. d

7.4. The Case ks & Tezc(00), As < 1 0r Koo & Texc(00); Aoo > 1
as p = oo

Theorem 7.8. Letr € N, (a,b) be a finite interval, s denote one of its ends
and e the other. Let kg, s € R be such that ks & Tepe(00) and Ay € (—o0,1).
Set

A = Bi(og;s,6;6)Ao(1 —135,€; ) A(f; 5, €5%) Ar (ps; 5, €5 %),
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where € € (a,b), p <0 and

1

T ps =kKs —p+r—1

o5 =

Then for t > 0 and f € C(x%)(s,e) such that lim,_,s |z — s|" f(z) = 0 we
have

K(f,tT;C(XZ"S)( ) ACZOC axé 6DT) Nwr(‘Afat)oo(a,b)~

Proof. Let the integer i’ be determined by the condition I';/(c0) 5 ks and
€ (a,b). We set

B = Ai(—ps; s, esm)A(—ps s, €5) A1 (r — 155, e54) By (o5 5 5, €51).
We shall show that

A (Co(xs)ls e), ACI. ' X D") = (Cls,e), ACI, L, D) : B, (7.8)

loc loc

Then by Proposition 3.1 we have

K(f,175Co(xa")[s, €), AC1. ' X D) ~ K (Af, 17 C[s,e), AC;,. ", D). (7.9)
On the other hand, we established in the first part of Remark 5.3 that if
g € AC]; M(a,b) and g, X7+ g™ € Loo(x2*)(s,€) with 75 & Deze(00) and As < 1,

then lim,_,s(x2°g)(z) = 0. Hence

K(f,t"; Co(xi")s, €), ACj,. ' X D)

loc

= K(f,t";C(x2*)(s,€), AC,.t xMD"). - (7.10)

loc

Now, (7.9), (7.10) and (3.1) imply the assertion of the theorem.
It remains to prove relation (7.8). It follows from

(Cls,e), AC," D’”)

loc
Bi(os;s,e;6) 11 Bi(og ;s,e5m) Step 1
(C[ ) Acloc ’Xé 6Dr)
Ao(1 —r5s,6;8) 11 Ar—1(r—1;s,e;%) Step 2
(C(Xiir)[‘%e) Cloc 7X5 bDT)
A(pss,e;x) 11 A(—ps s, e;%) Step 3
(Colxs™" )]s, €), ACI ' X D7)
Ar(psisiesx) 1L Ai(—psis,en) Step 4

(Co(x5*)[s,¢), AC. ' X D") |




134 A New Characterization of K-Functionals

Step 1. We use [8, Propositions 4.15 and 8.3] with p = o0, i = i’ = 1,
0=0s>0,7%=0€T4(c0), v =0€TIi(c0) and 75 = 7. = 0 as we take into
consideration that v5/c = 0 € T'} (o).

Step 2. We apply Proposition 5.2 and [8, Proposition 8.3] with p = oo,
i=0,i=r—1,vy=0€T () and ¢ = x*:.

Step 3. We apply Proposition 5.7 with p = p < 0 and vy, = A = 0.

Step 4. We use [8, Propositions 3.9 and 8.3] with p = 0o, i = r, p = ps,
Ys =1—r+4p € I (co) (because p < 0), 7. = 0 € I';(c0) and ¢ = X7 as
we take into consideration that s + p = ks € T';/(00). Finally, we need to note
that lim,_,s(x74i(ps 5, €; ) ) (x) = 0 if lim, s (x7™7f)(2) = 0, where p,7y € R
and v € I';(00), as [8, Lemma 8.1.a] with 0 = 1 and a = s implies. O

Remark 7.3. Let us note that if k5 < 1—r, then we may set p = ks+r—11in
Theorem 7.8. Hence ps = 0 and the components of A reduce with one operator.

Remark 7.4. The assertion of the theorem above is not valid in the case
limg_,s (x5 f)(x) # 0. Actually, if f € C(x%)(s,e), ks & Texc(00), is such
that limg_s(x% f)(x) # 0 or the limit does not exist and also A\; < 1, then
K(f,t";C(x5)[s,e), AC[ 1, X2 D") 0 when t — 0. This follows from the
fact that lim,_,(x"* g)(x) = 0 for any g € AC]_*(a,b) such that g, x"*g(") €

Loo(x%2)(s,e) provided that ks & Teze(oo) and Ay < 1 (cf. Remark 5.3).
However, for the space C(x%)[s,e) it can be shown that

K (07 COG s, €), ACT: XM D7)~ (S D)ooy + | 1mn (5 F) ()],
where A is defined in Theorem 7.8.

Here is the corresponding result in the case of a semi-infinite interval. The
operator is even simpler.

Theorem 7.9. Let r € N. Let koo, Aoo € R be such that koo & Tene(00)
and Ao € (1,00). Set

A= Bl(aoo; 00, a; ba avf)A(ﬁ7 00, a; >k)AAO(’ioo - ﬁa 00, a; *)a

where € € (a,b), p> 0 and
1

R
Then fort >0 and f € C(x5>)(a,00) such that lim,_,o 27> f(x) = 0 we have

0o

K (f,t" C(xe=1)(a,00), ACT. " X7 D7) ~ wr(Af, Doc(a,b)-

Proof. Let the integer j' be determined by the condition I'j/(c0) 3 koo and
n > a. We set

B = Ajs(p — Foo; 00,a;0) A(—p; 00, a3 %) Bi (05" b, a; 00, a; %).
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We shall show that

A (Co(xizy)(a, 00l AClOC X °fDT) = (C(a,b], AC; 1. D) B. (7.11)

loc

Then by Proposition 3.1 we have

K(f,t"; Co(x5=))(a, 0], ACI 1 X2 D7) ~ K (Af,17;C(a,b], ACJ,.t, D).

loc

(7.12)
On the other hand, as in the proof of the previous theorem, we establish by
means of the first assertion in Remark 5.4 that

(f7t CO(Xa 1)(@ OO] ACloc 7Xa ofDT)
_K(f7t C(Xa 1)(0’ OO) Acloc 7Xa ofDT) (713)

Now, (7.12), (7.13) and (3.1) imply the assertion of the theorem.
It remains to prove relation (7.11). It follows from

(C(a,b], ACy,.", D)

B1(000;00,a5b,a;€) 11 Bl(a_l;b,a;oo,a;*) Step 1
(C( ] Acloc ’Xa ofD7)

fl(ﬁ;oo,a;*) 11 A(—p; 00, a; *) Step 2
(Co(xf_y)(a,00], ACI 1 xiA5 D7)
Ao(koo — p300,a5%) 1L Ajr(p — Keos 00,a5m) Step 3
(CO(Xa 1)(0’ OO] Acloc 7Xa OICDT) .

Step 1. We apply [8, Propositions 4.18 and 8.3] with p = 0o, s = b, e = a,
i=1,7=1,0=00<0,7%=0€T(0), 7, =0€T%(0) and 7, =7, =0
as we take into consideration that vs/0 = 0 € I'f (c0).

Step 2. We apply Proposition 5.8 with 7, = Ay, =0 and p=p > 0.

Step 3. Now we apply [8, Propositions 3.8 and 8.3] with p = oo, j = 0,
P = FKoo—Ps Ya=0€T1(0), Yoo = p € To(c0) and ¢ = Xz)ff. We take
into account that e + p = koo € I'js(00). We also use [8, Lemma 8.1.b] with
o =1 and a — 1 in the place of a to show that the operators preserve the zero
weighted limit at infinity. O

Remark 7.5. In Theorem 7.9, if ko, > 0, then we may set p = ko, and
the components of A reduce with one.



136 A New Characterization of K-Functionals

8. An A-operator for Treatment of the Exponent only
at the Finite End of a Semi-infinite Interval

The A-operators A; ;(p; a,00;&) we used in [8] to treat the singularity of w
at the finite end a of the semi-infinite interval (a,o0) have the disadvantage
of changing the exponent of w at infinity too. Thus generally we need to use
also an operator of the type A;(p;00,a;&) to correct this. In this section we
shall give the definition of an operator through which one can change only the
exponent of w at the point a without affecting the one at infinity. However,
this operator more complicated than A; ;(p;a,00;§). We start with a more
general setting (cf. [5, (6.1)]). We set for r € N and an interval

i) ={f € AC, (1) : f7) € Logtoe(I)}

Definition 8.1. Let I C R be an open interval, r € N, £ € [ and w €
T oeD). Forz € I and f € Ly joc(I) we set

00,loc

1—1

(At 1)) = wio) ) + 317 () [ G WO s

Proposition 8.1. If g € AC;, ' (I), then A(w;&)g € AC] *(I) as well and

loc

fork=0,1,...,r and x € I there holds

k

NP (@) = S E 7T T -0 (1)
(Atwi€)o) @) = S (7 g
r x i—k—1
ifr (z—y) (4)
-1 _— .
+ D )(Z)/5 TR W) dy
i=k+1
In particular, (A(w;€)g)")(z) = w(z)g") (z), z € I.
Proof. The first assertion follows from the definition of A(w; &) and the con-

ditions imposed on g and w. The second one is verified by direct computations.
We set fori=1,...,r

Ui(x) = (—1)’ (:) /5 ' L(;yi): w(y)g(y) dy.
We have for k =0,1,...,rand x € |
() 09 @+ 3w )

(3 .
i=k+1

(A(w; €)g) (2) =

s.
o

=> () k: ("7 )@@+ 3 v

=0

<
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S s £ s

= i=k+1

k—j (T —J—1 (k— () (k)
=1 j( - )W (CIREES it

i=k+1

(~1)* ( o l)w“““ (@) gV @)+ 3 v @),

i=k+1

[
M;r

Il
=]

J

- 104

\,H
— O

K2

(which follows from Vandermonde’s identity) we have

s ()7 = o (05 a

Proposition 8.2. Let wi,wa € WZ loc( ) and £ € I, where I C R is
an open interval. Then A(wl,g)A(Wg,f) = A(wiwo;§). Hence A(w1;€) and
A(w2;§) commute and if w € WZ ,,.(I) is such that w(xz) # 0 on I, then
A(w; €) is invertible and A= (w; &) = A(1/w; €).

as by [26, Ch. 1, (5a

S

%

Proof. Using Proposition 8.1 we get for every g € AC, ' (I)
(A(w1;€)A(w2; €)g) ") (z) = wi () (A(wa; €)g) " ()

= wi(z)wa(2)9" () = (A(wiws; £)9) " ().
Next, again by Proposition 8.1, we get for every k =0, 1,...,r —1 the relations

(A(w1;€)A(wa; £)g) ™) (€) = ;—m’” ( ;: 1)w§’”> ()(A(w2: €)9) ™ (&)
: ;HVH (5 ) ]z;(—l)i-f (e B I GP RS
= é(l)’” {Z < L 1) ( o 1)w§’€‘” (©ws ™ (5)} g9 ()

- é(l)’” j_ (it [ G ISl (@] $9(6)

£=0

ST lZ (57wt om? <§>] g
(
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Now the Taylor formula gives A(w1;§)A(wa;€)g = A(wiwa;€)g for every
g € AC]-(I). Since for any [a,b] C I such that £ € [a,b] the linear operators

loc

A(wy; &) A(we; &) and A(wywa; &), considered as maps on Li[a, b] into itself, are
bounded and Wjla,b] is dense in Li[a,b], we get that A(wy;§)A (wQ,g)f =
A(wyiwa; &) f for every f € Ly joc(1).

To get an A-operator which treats only the singularity of w at the finite
end of the interval (a,c0), we can set

_ P c 1
w(z) = arctan”(x — a) ~ (@—a)f, € (aatl],
1 vela+1,00),

where p € R. Thus, on the basis of Definition 8.1 we get

Definition 8.2. Let r e N, pe R, i,j e Ngasi < j <r, and & € (a,c0).
For z € (a,00) and f € L1 joc(a,0), satisfying the additional requirements
Xa TP f € Li(a,a+1)ifi>0and ;77 2f € Li(a+ 1,00) if j < r, we set

(Aij(ps a,00;€) f)(2) = arctan”(z — a) f(z)

%

+§:@@k1/awﬂmy®ﬂwdy
k=1 a

d k 1
_ , d
+ E (z —a) /ga,k —a)f(y)dy
- Z (e - )" I/OOO"W —a) f(y) dy,

where

ark(pya) = k<2) 2

<

p r—k M
—£ m—~£
<€>arctanp x E (-1) (T

m=max{0,(—k}

X Z Pn, (l‘) © Pny (l‘)

ni+--+ng=k+m—~

and
[n/2] n—2s
n\zx
= (-1 -
Pa(2) (=1 (25) 25 + 1
The proposition below shows how these operators act on triplets.

Proposition 8.3. Let r € N, 1<p<oo p € R, €n>aandw:

XTox )07 with Yas Yoos Ya + P & Tewc(p). Assume that i < j and i’ < j, where
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i,7,1 are determined by I';(p) 3 Ya, I'j(p) 2 Yoo and Ty (p) 2 Vo + p. Finally,
let ¢ be measurable and non-negative on (a,00). Then we have

Aij(pa,005€) = (Lp(wxhx,y)(a, 00), AC ", D)
= (Lp(w)(a7 00)7 A 17;;17 ¢DT) : Ai’yj(fp; a, 003 7’)
Proof. We need to show that A = A; j(p;a,00;&) and B = Ay ;(—p;a,o0;n)
satisfy the conditions of Definition 3.1 with X; = Ly(wx?x,”;)(a,o0),
Xy = Ly(w)(a,00), Y1 = Yo = AC; ' (a,00) and D1 = D; = ¢D". Condi-
tions (a) and (c) are verified by means of Hardy’s and Hélder’s inequalities;
conditions (b) and (d)-(f) follow from Proposition 8.1; finally conditions (g)
and (h) follow from [8, Proposition 2.2] with A = Ay .(p; a,00;§) and Proposi-
tion 8.2. g

The operator A(w;§) : L,(w)(I) — Lp(I) is bounded under proper re-
strictions on the function w and proper values of the &’s, a < £ < oo, (not
necessarily the same in each integral summand). Thus, in view of Propositions
8.1, 8.2 and [8, Proposition 2.2], we shall get

A(ws€) : (Lp(w)(1), AC],. N, 6D") = (Ly(I), ACG,. ', ¢D") = A(1/ws),

loc loc
and hence
K(f,t; Ly(w)(I), AC]; - ¢D") ~ K (A(w; &) f, t; Lp(I), ACL Y, ¢D").
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