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Beta and Related Operators Revisited
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In this paper we consider the Beta-type operators B,, the corre-
sponding inverse operators B, ' on the set of polynomials of degree at
most n and the operators F,, := B;l o B, where B,, are the classical
Bernstein operators. We establish Voronovskaya-type formulas and re-
currence formulas for their moments. Furthermore the powers of F,, are
investigated.
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1. Introduction

Beta-type operators were introduced by Miihlbach in [12] and further inves-
tigated by him in [13] and by Lupag in [11]. For a function f € C[0,1], n € N,
x € [0, 1] these mappings are given by

f(o)a T = 0,
R cx) = 1 ! ne—1/7 _ p\n(l—z)—1 T
Bulf:9) =\ Gy L -0 0w e 0.1),
f(l)a r=1.

with Euler’s Beta function B(z,y) = fol t*~ 1 —t)y=tdt = Fr(giéy)), xz,y > 0.
The B,, are positive endomorphisms of C[0, 1]; they reproduce linear functions
and (see [2, 3, 14]) they preserve monotonicity and convexity of arbitrary order.

In [6, Theorem 3.1] it was proved that the mappings B,, are injective. More-
over, the images of the monomials under B,, (see [6, (6)]) show that the restric-
tion to the space P, of polynomials of degree at most n, i.e., B, : P, — P,
is bijective, thus B! exists.

The eigenstructure of B, is investigated in [6, 8], and the power series
constructed with B,, was studied in [1]. The operators B,, are important not
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only as individual objects, but also in composition with other operators. This
aspect is extensively presented by Stanila in [15]. As a significant example we
mention the genuine Bernstein-Durrmeyer operators, which can be represented
as the composition of classical Bernstein operators and Beta operators.

The classical Bernstein operators By, : C[0,1] — P,, are defined by

By (f;x) = Zn:pn,j(x)f(%), z € [0,1],
§=0

where
o) = (7)o 0.
J
By composing B,, and B! we obtain the operators
F, : C[0,1] — P, F,:=B,"0B,.

These operators were introduced in [6]. Their approximation properties, the
Voronovskaya-type formula, and the eigenstructure were investigated in this
paper. Other properties of the operators F;,, and some related quadrature
formulas can be found in [9].

The paper is organized as follows. In Section 2 we obtain Voronovskaya-type
results for the operators B, 1. Section 3 is devoted to studying the moments of

B,! and F,. In Section 4 the eigenstructure of F,, is used to investigate the
asymptotic behavior of the powers of F),. In Section 5 we present a conjecture
and an open problem stated earlier but remained unsolved until now.

Throughout this paper we denote by C[0,1] the space of real-valued con-
tinuous functions on the interval [0, 1], by P,, the set of polynomials of degree
less or equal n and by P the set of all polynomials. The monomials e;, j € Ny,
are given by e;(z) = /. We will use the Stirling numbers s(m, 1) and S(m,)
of first and second kind, defined by

m m

Zs(m,l)xl =z™ and ZS(m,Z)xlzxm,

=0 =0

with the rising and falling factorials

- i1 . il =
a’ = H(a+l), al = H(afl), jeN; a® =a%:=1.
1=0 1=0

Special values needed for explicit calculations are

s(,0) =1, 41,14):%1(14), 5(1,1—2):2—11(1—1)(1—2)(3[—1), (1)

S =1, SU,I—1) = ~11-1), 5(z,zf2):51(14)(172)(3175). 2)

2
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2. A Voronovskaja-type Formula for ]E;l

It is well-known (see, e. g. [8]) that the numbers

(n) (n — 1)! k
N, = 7(n+k71)'n , k € Ny, (3)

are the eigenvalues of the restrlctlon B, : P — P. Moreover, the associated
monic eigenpolynomials qk ) e Py satisfy (see [8, (2.12)]

lim ¢\ (z) = pi(z), ke N, (4)

uniformly on [0, 1], where (see [4, Theorem 4.5])

* " 1
po(z) =1, pi(z) =z — 3, and

2
Kk —2)!

* 1,1
Pile) = Grgro@ - DAL Qe -1, k2

Here, PT(,I1 ’1), m € Ny, denote the Jacobi polynomials, orthogonal with respect
to the weight (1 —¢)(1 +¢) on [—1,1]. In particular (see [4, p. 155]),
(e~ 1) (pf)"(2) = k(k = Dpi(2), ke No. (5)

Theorem 1. For each p € P we have

lim n(B;,'p(z) — p(z)) = ———=—>p"(2), (6)

n—oo 2

uniformly on [0, 1].

Proof. Letn>1,p € Py, m <n. Then p can be represented as

m
p=> ansP)a”, (7)
k=0
and .
p=>_ ar(p)p, (8)
k=0

with suitable real coefficients a1 (p) and ax(p). It follows that

Jgf;oZan (v Zak
This convergence takes place in the finite dimensional space P,,, and with (4)

it follows that

lim a, x(p) = ar(p), k=0,1,...,m. 9)

n—oo
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On the other hand, from (7) we get
B lp= 3 L 10
n P Zan,k(p) () q ( )
k=0 M,
and (3) yields
k
. 1 . _ k(k—1
JEI;O"<W - 1) nlgigon@s(kvl)nl - 1) HEED e )
Mk 1=0
Now using (10), (7), (9), (11), (4), (5) and (8), we obtain successively
i n (B p(e) — p(@)] = tim Y anslo)n (5~ 1) o)
Jmn (B p() =] = Jim 3 anstpin{ ey =1 )@
m
k(k—1) ,
=Y am ™ i)
k=0
i z(x—-1), ,
=Y m ™ )
k=0
"
z(zx—1 -
Sl (Z ak<p>pz<x>>
k=0
_ I(l - I) 17"
=L ),
O

uniformly on [0, 1]. This completes the proof.

Remark 1. The Voronovskaja-type formula (6) should be compared with
the corresponding one for B,,, namely (see, e. g., [7, Corollary 3])
. — z(l—2x
tim n[B, ()~ f@)] = D ), pecoa,

n—oo
uniformly on [0, 1]. Moreover, we also have (see [7, Remark 4]) for each function

feco,1]
nl;rrgo n{n[I[_an(:c) — f(2)] - Wf”(x)}
- % [Ba(1—a)f" (@) +8(1 — 20)f""(x) — 12" (x)],

uniformly on [0, 1].
In this context we state a corresponding result for the operators B .
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Theorem 2. For each p € P,

tim n{n[B; p(a) — p)] + " (e}

n— o0 2

= 0D 31— (@) + 4(1 - 20 )],

uniformly on [0, 1].

Proof. We define

T(p) = n{n[B, p(x) - p(x)] + @p“(b@)}
~z(l—x)

9 [3:0(1 - :c)p(4) (x) +4(1 — 2:c)p(3) (:L')],

use the images of monomials (see [6, (17)]) given by

B le; = L Z(l)jk% S(j, k)ex,

and the special values for the Stirling numbers given in (1) and (2).

In order to prove our theorem we show that lim, ., T'(e;) = 0 for each
monomial e, j € Ng. For j =0 and j = 1 this is obvious. For j =2 and j =3
we have

x(l—x)

T(es) = n{n[B; es(x) — es(a)] + =

661(1')}

- % 4(1 — 2x)6ep(z)
= n{n[w z? —SHT;l z? + %x —IS} + 32%(1 —x)}

—z(l—2)(1 —2x)
=0.
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For j > 4 we derive

Tles) = nfnfBrteso) - ejw)] + T L e}
z(l—x) J! J!
Y [33@(1 — ) G- ej_a(z) +4(1 - Qm)m ej_3(x)}
j—3
= B e RN
k=0
1 =14k, o x(l-2) Gt L,
z(l—2z) 4! o4 12 g0 o
—a(l- ){ 5 -7 T G-a” ’
j—3
— o Y o s et
k=0
n (n+7-3)!j0 -1 —2)(3j —5) 22 (m+j-2!;G-1) i1
(n—1)! 24nJi—2 (n—1)! 2ni—2

(n+jij-1) 1
(n—1)! 2ni—2

) 1 . 1 ;
z) —n2xd + §nj(j — 1?7t — 5 nj(j — 1)a?

-5 G j!4)! oy G j!4)! g G j!4)! o
* % G jlg)! o % (]37'3)' e
+ :cj”{%;j,z ]'(23‘73)?) §S(J —2,kmk — = G ‘7'4)' - é G ‘7'3),}
e (g s St Lt
+gm G i‘!2>' +3 G i'4>' 20 i'3>'}
”j{mlfz gs(j’k)”k - %" (j j!2)! - % (j j!4)! - % (j j!s)!}

:T‘()+T1+T2+T3
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Obviously lim,, ;. To = 0. After some easy calculations we get

j 3

1 j1(3j-5) h-it2,
T = — — 2, k)nkit
YR T z;‘”

1o R
Ty =— —= j— 1, k)nk—it2
= s 1k

k=0

13

Ts = 2 k_os(j, k)nk—it2

So, altogether, lim, ., T'(e;) = 0 for every j € Ny, which proves the theorem.
O

3. The Moments of B! and F,

Consider two linear operators P,Q : P — P, such that Q(P,,) C Pp,
m € Ng. Let

Uj(z) == P(e1 — weg)’ (), j >0, xz€][0,1],
and 4
Vi(z) = Q(e1 — zep)'(x), i>0, z€]0,1],
be the moments of P and (. Denote by
W (z) := (PQ)(e1 — weg)™ (z), m € Ny, z €[0,1],

the moments of PQ. From [5, Theorem 4] we know that

ozt 55 () 7 iﬁ” () gt o

i,k>0 j=k =0
i+k=m

For a ﬁxefi n>1,let P:= B;l, Q :=B,,. Then U; are the moments of B;l, Vi
those of B,,, and W,,, the moments of the identity operator I = PQ. Clearly
Wo(z) =1 and W,,, =0, m > 1. Consequently we have from (12) for m > 1

m—1 J
yim=i _ A,
mZ() |mz UJZ()]Z'mZ. (13)
=0

7=0

With the same fixed n, the moments Vj, of B, satisfy the recursion relation
(see [7, Corollary 1])
Vo(z) =1, Vi(z)=

(k+n)Vig1(x) = klz(1 — 2) Vi1 (x) + (1 - 230)Vk( )]s kE>1. (14)
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Then Va(z) = x(nl—;f) and, generally, Vi, € Pi. This shows that Vk(k) is a
constant, and so >/ (") (ml_i)!
To resume, we can state

V,Sﬁi_i) is a constant.

Theorem 3. The moments Uy, of B,! satisfy the recursion relation (13),
with Up(z) =1, Ui(x) = 0, where the coefficients Vi, are given by (14).

Let us return to (12) and set, for a fixed n > 1, P := B!, Q:= B,. Then
U; are the moments of B, V; those of B,,, and W,,, the moments of F,, = PQ).
The recursion formula for V; is well-known (see, e. g., [10, Theorem 1.5.1]):

Vo(z) =1, Vi(z) =0,

, ‘ : (15)
nVip1(z) = x(1 — z)[V] (z) + iViei(z)], 1> 1.
Consequently, according to (12) we can state
Theorem 4. The moments W,, of F,, are given by
i J m 1 (5—1)
—1
W= 300,31 e v,
: , i) (j—1i)!
7=0 =0
where V; satisfy (15) and U,, satisfy (13).
In particular, the moments W,,,, m = 0,...,6, are calculated in [6, Section 6].

4. The Powers of F,,

The eigenvalues of the restriction F), : P,, — P, are the numbers (see [6,
Section 5])

—14k)! 1
() _ o _q L (no14k)

vy =g , = (n — k)' k=1 <1, 2<k<n.

For 2 < k < n the values of V,i") can be expressed also as

o @D (0 = (k1))
k n2k—2

and this shows that they are less than 1 if £ > 2.
Let pé") () =1, pgn)(ﬂﬁ) =z, pén)(ac), . ,p%n) (x) be the associated monic
eigenpolynomials, p§") € Pj;, j>0.

Theorem 5. For each n > 1 we have

len;O EFf(z) = f(0)(1 —z) + f(1)z, r€10,1], f€Cl0,1], (16)

uniformly on [0, 1].
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Proof. Let f € C[0,1]. Then F, f € P,, hence

Fuf =3 a; (e, (17)

for suitable real coefficients a;(f). For k > 1, (17) implies
- k—1
Eif =3 ai (D (") p).
§=0

It follows that

lim FEf = ao(H)pf” +ar (Fpf”,

and therefore
Jim FFf=ao(f)+ai(f)r, x€l0,1]. (18)
o0

Since F,f(0) = f(0) and F,f(1) = f(1), we get from (18) f(0) = ao(f),
() = ao(f) +ar(f), i e, ao(f) = f(0), ar(f) = f(1) = F(0). Now (18) yields

Jim Ff () = £(0) + [F(1) = F(O)],

which implies (16). This concludes the proof. 0

5. Open Problems

In this section we recall a conjecture and an open problem already stated
earlier in [6, 9].

Conjecture 1. For f € C3[0,1] we have

z(1—2)(1 —2x)

lim n2(Faf — f)(x) = 222 !

lim — ) - 1),

uniformly on [0, 1].

In [6, Section 10] it was proved that the statement of this conjecture holds
true for all polynomials.
In [9, Theorem 1] we proved that if f(z) = 277 ¢;a/, x € [0,1], with

Yoo lejl <ooand 3777 % | £9||so < 00, then
Jim [[F(f) = flloe =0

Here M :=sup,> [|B;, '¢;||o with (see [9, (21)]) M; < oo, j € No.
The open problem can be stated as follows.



184 Beta and Related Operators

Open Problem. Is there a constant M > 1 such that M; < Mi j>0?

If the question can be answered in the affirmative, then the above mentioned
result can be applied to each function f € C'°°[0, 1] having the property that
9o <m, j € Ny, for some constant m > 0 depending only on f. Thus, a
solution of this problem would enlarge the class of functions f for which F, f
converges uniformly to f on the interval [0, 1].
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