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Beta and Related Operators Revisited
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In this paper we consider the Beta-type operators B̄n, the corre-
sponding inverse operators B̄

−1

n
on the set of polynomials of degree at

most n and the operators Fn := B̄
−1

n
◦ Bn where Bn are the classical

Bernstein operators. We establish Voronovskaya-type formulas and re-
currence formulas for their moments. Furthermore the powers of Fn are
investigated.
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1. Introduction

Beta-type operators were introduced by Mühlbach in [12] and further inves-
tigated by him in [13] and by Lupaş in [11]. For a function f ∈ C[0, 1], n ∈ N,
x ∈ [0, 1] these mappings are given by

B̄n(f ;x) =



















f(0), x = 0,

1

B(nx, n(1 − x))

∫ 1

0

tnx−1(1− t)n(1−x)−1f(t) dt, x ∈ (0, 1),

f(1), x = 1.

with Euler’s Beta function B(x, y) =
∫ 1

0 tx−1(1 − t)y−1 dt = Γ(x)Γ(y)
Γ(x+y) , x, y > 0.

The B̄n are positive endomorphisms of C[0, 1]; they reproduce linear functions
and (see [2, 3, 14]) they preserve monotonicity and convexity of arbitrary order.

In [6, Theorem 3.1] it was proved that the mappings B̄n are injective. More-
over, the images of the monomials under B̄n (see [6, (6)]) show that the restric-
tion to the space Pn of polynomials of degree at most n, i.e., B̄n : Pn −→ Pn,
is bijective, thus B̄−1

n exists.
The eigenstructure of B̄n is investigated in [6, 8], and the power series

constructed with B̄n was studied in [1]. The operators B̄n are important not



176 Beta and Related Operators

only as individual objects, but also in composition with other operators. This
aspect is extensively presented by Stanila in [15]. As a significant example we
mention the genuine Bernstein-Durrmeyer operators, which can be represented
as the composition of classical Bernstein operators and Beta operators.

The classical Bernstein operators Bn : C[0, 1] −→ Pn are defined by

Bn(f ;x) =

n
∑

j=0

pn,j(x)f
( j

n

)

, x ∈ [0, 1],

where

pn,j(x) =

(

n

j

)

xj(1− x)n−j .

By composing Bn and B̄
−1
n we obtain the operators

Fn : C[0, 1] −→ Pn, Fn := B̄
−1
n ◦Bn.

These operators were introduced in [6]. Their approximation properties, the
Voronovskaya-type formula, and the eigenstructure were investigated in this
paper. Other properties of the operators Fn and some related quadrature
formulas can be found in [9].

The paper is organized as follows. In Section 2 we obtain Voronovskaya-type
results for the operators B̄−1

n . Section 3 is devoted to studying the moments of
B̄
−1
n and Fn. In Section 4 the eigenstructure of Fn is used to investigate the

asymptotic behavior of the powers of Fn. In Section 5 we present a conjecture
and an open problem stated earlier but remained unsolved until now.

Throughout this paper we denote by C[0, 1] the space of real-valued con-
tinuous functions on the interval [0, 1], by Pn the set of polynomials of degree
less or equal n and by P the set of all polynomials. The monomials ej , j ∈ N0,
are given by ej(x) = xj . We will use the Stirling numbers s(m, l) and S(m, l)
of first and second kind, defined by

m
∑

l=0

s(m, l)xl = xm and

m
∑

l=0

S(m, l)xl = xm,

with the rising and falling factorials

aj :=

j−1
∏

l=0

(a+ l), aj :=

j−1
∏

l=0

(a− l), j ∈ N; a0 = a0 := 1.

Special values needed for explicit calculations are

s(l, l) = 1, s(l, l − 1) =
1

2
l(l− 1), s(l, l − 2) =

1

24
l(l − 1)(l− 2)(3l− 1), (1)

S(l, l) = 1, S(l, l− 1) =
1

2
l(l− 1), S(l, l − 2) =

1

24
l(l − 1)(l− 2)(3l− 5). (2)
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2. A Voronovskaja-type Formula for B̄
−1

n

It is well-known (see, e. g. [8]) that the numbers

η
(n)
k :=

(n− 1)!

(n+ k − 1)!
nk, k ∈ N0, (3)

are the eigenvalues of the restriction B̄n : P −→ P . Moreover, the associated

monic eigenpolynomials q
(n)
k ∈ Pk satisfy (see [8, (2.12)]

lim
n→∞

q
(n)
k (x) = p∗k(x), k ∈ N0, (4)

uniformly on [0, 1], where (see [4, Theorem 4.5])

p∗0(x) = 1, p∗1(x) = x−
1

2
, and

p∗k(x) =
k!(k − 2)!

(2k − 2)!
x(x − 1)P

(1,1)
k−2 (2x− 1), k ≥ 2.

Here, P
(1,1)
m , m ∈ N0, denote the Jacobi polynomials, orthogonal with respect

to the weight (1− t)(1 + t) on [−1, 1]. In particular (see [4, p. 155]),

x(x − 1)
(

p∗k
)′′
(x) = k(k − 1)p∗k(x), k ∈ N0. (5)

Theorem 1. For each p ∈ P we have

lim
n→∞

n
(

B̄
−1
n p(x)− p(x)

)

= −
x(1 − x)

2
p′′(x), (6)

uniformly on [0, 1].

Proof. Let n ≥ 1, p ∈ Pm, m ≤ n. Then p can be represented as

p =
m
∑

k=0

an,k(p)q
(n)
k , (7)

and

p =

m
∑

k=0

ak(p)p
∗
k, (8)

with suitable real coefficients an,k(p) and ak(p). It follows that

lim
n→∞

m
∑

k=0

an,k(p)q
(n)
k =

m
∑

k=0

ak(p)p
∗
k.

This convergence takes place in the finite dimensional space Pm, and with (4)
it follows that

lim
n→∞

an,k(p) = ak(p), k = 0, 1, . . . ,m. (9)



178 Beta and Related Operators

On the other hand, from (7) we get

B̄
−1
n p =

m
∑

k=0

an,k(p)
1

η
(n)
k

q
(n)
k , (10)

and (3) yields

lim
n→∞

n

(

1

η
(n)
k

− 1

)

= lim
n→∞

n

(

k
∑

l=0

s(k, l)nl−k − 1

)

=
k(k − 1)

2
, k ∈ N0. (11)

Now using (10), (7), (9), (11), (4), (5) and (8), we obtain successively

lim
n→∞

n
[

B̄
−1
n p(x)− p(x)

]

= lim
n→∞

m
∑

k=0

an,k(p)n

(

1

η
(n)
k

− 1

)

q
(n)
k (x)

=

m
∑

k=0

ak(p)
k(k − 1)

2
p∗k(x)

=
m
∑

k=0

ak(p)
x(x − 1)

2

(

p∗k
)′′
(x)

=
x(x − 1)

2

(

m
∑

k=0

ak(p)p
∗
k(x)

)′′

= −
x(1− x)

2
p′′(x),

uniformly on [0, 1]. This completes the proof. �

Remark 1. The Voronovskaja-type formula (6) should be compared with
the corresponding one for B̄n, namely (see, e. g., [7, Corollary 3])

lim
n→∞

n
[

B̄nf(x)− f(x)
]

=
x(1 − x)

2
f ′′(x), f ∈ C2[0, 1],

uniformly on [0, 1]. Moreover, we also have (see [7, Remark 4]) for each function
f ∈ C4[0, 1]

lim
n→∞

n
{

n
[

B̄nf(x)− f(x)
]

−
x(1 − x)

2
f ′′(x)

}

=
x(1 − x)

24

[

3x(1− x)f IV (x) + 8(1− 2x)f ′′′(x)− 12f ′′(x)
]

,

uniformly on [0, 1].

In this context we state a corresponding result for the operators B̄−1
n .
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Theorem 2. For each p ∈ P,

lim
n→∞

n
{

n
[

B̄
−1
n p(x)− p(x)

]

+
x(1 − x)

2
p′′(x)

}

=
x(1− x)

24

[

3x(1− x)p(4)(x) + 4(1− 2x)p(3)(x)
]

,

uniformly on [0, 1].

Proof. We define

T (p) := n
{

n
[

B̄
−1
n p(x)− p(x)

]

+
x(1 − x)

2
p′′(x)

}

−
x(1− x)

24

[

3x(1− x)p(4)(x) + 4(1− 2x)p(3)(x)
]

,

use the images of monomials (see [6, (17)]) given by

B̄
−1
n ej =

1

nj

j
∑

k=0

(−1)j−k (n+ k − 1)!

(n− 1)!
S(j, k)ek,

and the special values for the Stirling numbers given in (1) and (2).

In order to prove our theorem we show that limn→∞ T (ej) = 0 for each
monomial ej, j ∈ N0. For j = 0 and j = 1 this is obvious. For j = 2 and j = 3
we have

T (e2) = n
{

n
[

B̄
−1
n e2(x)− e2(x)

]

+
x(1 − x)

2
2e0(x)

}

= n
{

n
[n+ 1

n
x2 −

1

n
x− x2

]

+ x(1− x)
}

= 0,

T (e3) = n
{

n
[

B̄
−1
n e3(x)− e3(x)

]

+
x(1 − x)

2
6e1(x)

}

−
x(1− x)

24
4(1− 2x)6e0(x)

= n
{

n
[ (n+ 1)(n+ 2)

n2
x3 − 3

n+ 1

n2
x2 +

1

n2
x− x3

]

+ 3x2(1 − x)
}

− x(1− x)(1 − 2x)

= 0.
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For j ≥ 4 we derive

T (ej) = n
{

n
[

B̄
−1
n ej(x) − ej(x)

]

+
x(1 − x)

2

j!

(j − 2)!
ej−2(x)

}

−
x(1 − x)

24

[

3x(1− x)
j!

(j − 4)!
ej−4(x) + 4(1− 2x)

j!

(j − 3)!
ej−3(x)

]

=
1

nj−2

j−3
∑

k=0

(−1)j−k (n− 1 + k)!

(n− 1)!
S(j, k)xk

+
1

nj−2

j
∑

k=j−2

(−1)j
(n− 1 + k)!

(n− 1)!
S(j, k)xk − n2xj +

x(1 − x)

2

j!

(j − 2)!
xj−2

− x(1 − x)
[x(1 − x)

8

j!

(j − 4)!
xj−4 +

1− 2x

6

j!

(j − 3)!
xj−3

]

=
1

nj−2

j−3
∑

k=0

(−1)j−k (n− 1 + k)!

(n− 1)!
S(j, k)xk

+
(n+ j − 3)!

(n− 1)!

j(j − 1)(j − 2)(3j − 5)

24nj−2
xj−2 −

(n+ j − 2)!

(n− 1)!

j(j − 1)

2nj−2
xj−1

+
(n+ j − 1)!

(n− 1)!

1

2nj−2
xj − n2xj +

1

2
nj(j − 1)xj−1 −

1

2
nj(j − 1)xj

−
1

8

j!

(j − 4)!
xj +

1

4

j!

(j − 4)!
xj−1 −

1

8

j!

(j − 4)!
xj−2

+
1

2

j!

(j − 3)!
xj−1 −

1

6

j!

(j − 3)!
xj−2

=
1

nj−2

j−3
∑

k=0

(−1)j−k (n− 1 + k)!

(n− 1)!
S(j, k)xk

+ xj−2
{ 1

24nj−2

j!(3j − 5)

(j − 3)!

j−2
∑

k=0

s(j − 2, k)nk −
1

8

j!

(j − 4)!
−

1

6

j!

(j − 3)!

}

+ xj−1
{

−
1

2nj−2

j!

(j − 2)!

j−1
∑

k=0

s(j − 1, k)nk

+
1

2
n

j!

(j − 2)!
+

1

4

j!

(j − 4)!
+

1

2

j!

(j − 3)!

}

+ xj
{ 1

nj−2

j
∑

k=0

s(j, k)nk − n2 −
1

2
n

j!

(j − 2)!
−

1

8

j!

(j − 4)!
−

1

3

j!

(j − 3)!

}

=: T0 + T1 + T2 + T3.
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Obviously limn→∞ T0 = 0. After some easy calculations we get

T1 =
1

24

j!(3j − 5)

(j − 3)!

j−3
∑

k=0

s(j − 2, k)nk−j+2,

T2 =
1

4

j!

(j − 2)!

j−3
∑

k=0

s(j − 1, k)nk−j+2,

T3 =
1

24

j−3
∑

k=0

s(j, k)nk−j+2.

So, altogether, limn→∞ T (ej) = 0 for every j ∈ N0, which proves the theorem.
�

3. The Moments of B̄−1

n
and Fn

Consider two linear operators P,Q : P −→ P , such that Q(Pm) ⊂ Pm,
m ∈ N0. Let

Uj(x) := P (e1 − xe0)
j(x), j ≥ 0, x ∈ [0, 1],

and
Vi(x) := Q(e1 − xe0)

i(x), i ≥ 0, x ∈ [0, 1],

be the moments of P and Q. Denote by

Wm(x) := (PQ)(e1 − xe0)
m(x), m ∈ N0, x ∈ [0, 1],

the moments of PQ. From [5, Theorem 4] we know that

Wm = m!
∑

i,k≥0
i+k=m

m
∑

j=k

(

j

k

)

1

j!i!
UjV

(j−k)
i =

m
∑

j=0

Uj

j
∑

i=0

(

m

i

)

1

(j − i)!
V

(j−i)
m−i . (12)

For a fixed n ≥ 1, let P := B̄
−1
n , Q := B̄n. Then Uj are the moments of B̄−1

n , Vi

those of B̄n, and Wm the moments of the identity operator I = PQ. Clearly
W0(x) = 1 and Wm = 0, m ≥ 1. Consequently we have from (12) for m ≥ 1

Um

m
∑

i=0

(

m

i

)

1

(m− i)!
V

(m−i)
m−i = −

m−1
∑

j=0

Uj

j
∑

i=0

(

m

i

)

1

(j − i)!
V

(j−i)
m−i . (13)

With the same fixed n, the moments Vk of B̄n satisfy the recursion relation
(see [7, Corollary 1])

V0(x) = 1, V1(x) = 0,

(k + n)Vk+1(x) = k[x(1 − x)Vk−1(x) + (1− 2x)Vk(x)], k ≥ 1.
(14)
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Then V2(x) = x(1−x)
n+1 and, generally, Vk ∈ Pk. This shows that V

(k)
k is a

constant, and so
∑m

i=0

(

m

i

)

1
(m−i)!V

(m−i)
m−i is a constant.

To resume, we can state

Theorem 3. The moments Um of B̄
−1
n satisfy the recursion relation (13),

with U0(x) = 1, U1(x) = 0, where the coefficients Vk are given by (14).

Let us return to (12) and set, for a fixed n ≥ 1, P := B̄
−1
n , Q := Bn. Then

Uj are the moments of B̄−1
n , Vi those of Bn, and Wm the moments of Fn = PQ.

The recursion formula for Vi is well-known (see, e. g., [10, Theorem 1.5.1]):

V0(x) = 1, V1(x) = 0,

nVi+1(x) = x(1− x)
[

V ′
i (x) + iVi−1(x)

]

, i ≥ 1.
(15)

Consequently, according to (12) we can state

Theorem 4. The moments Wm of Fn are given by

Wm =

m
∑

j=0

Uj

j
∑

i=0

(

m

i

)

1

(j − i)!
V

(j−i)
m−i ,

where Vi satisfy (15) and Um satisfy (13).

In particular, the moments Wm, m = 0, . . . , 6, are calculated in [6, Section 6].

4. The Powers of Fn

The eigenvalues of the restriction Fn : Pn −→ Pn are the numbers (see [6,
Section 5])

ν
(n)
0 = ν

(n)
1 = 1, ν

(n)
k =

(n− 1 + k)!

(n− k)!

1

n2k−1
< 1, 2 ≤ k ≤ n.

For 2 ≤ k ≤ n the values of ν
(n)
k can be expressed also as

ν
(n)
k =

(n2 − 1)(n2 − 4) · · · (n2 − (k − 1)2)

n2k−2

and this shows that they are less than 1 if k ≥ 2.

Let p
(n)
0 (x) = 1, p

(n)
1 (x) = x, p

(n)
2 (x), . . . , p

(n)
n (x) be the associated monic

eigenpolynomials, p
(n)
j ∈ Pj , j ≥ 0.

Theorem 5. For each n ≥ 1 we have

lim
k→∞

F k
nf(x) = f(0)(1− x) + f(1)x, x ∈ [0, 1], f ∈ C[0, 1], (16)

uniformly on [0, 1].
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Proof. Let f ∈ C[0, 1]. Then Fnf ∈ Pn, hence

Fnf =

n
∑

j=0

aj(f)p
(n)
j , (17)

for suitable real coefficients aj(f). For k ≥ 1, (17) implies

F k
nf =

n
∑

j=0

aj(f)
(

ν
(n)
j

)k−1
p
(n)
j .

It follows that
lim
k→∞

F k
nf = a0(f)p

(n)
0 + a1(f)p

(n)
1 ,

and therefore
lim
k→∞

F k
nf = a0(f) + a1(f)x, x ∈ [0, 1]. (18)

Since Fnf(0) = f(0) and Fnf(1) = f(1), we get from (18) f(0) = a0(f),
f(1) = a0(f) + a1(f), i. e., a0(f) = f(0), a1(f) = f(1)− f(0). Now (18) yields

lim
k→∞

F k
nf(x) = f(0) + [f(1)− f(0)]x,

which implies (16). This concludes the proof. �

5. Open Problems

In this section we recall a conjecture and an open problem already stated
earlier in [6, 9].

Conjecture 1. For f ∈ C3[0, 1] we have

lim
n→∞

n2(Fnf − f)(x) =
x(1− x)

2
f ′′(x) −

x(1− x)(1 − 2x)

6
f ′′′(x),

uniformly on [0, 1].

In [6, Section 10] it was proved that the statement of this conjecture holds
true for all polynomials.

In [9, Theorem 1] we proved that if f(x) =
∑∞

j=0 cjx
j , x ∈ [0, 1], with

∑∞

j=0 |cj | < ∞ and
∑∞

j=0
Mj

j! ‖f (j)‖∞ < ∞, then

lim
n→∞

‖Fn(f)− f‖∞ = 0.

Here Mj := supn≥1 ‖B̄
−1
n ej‖∞ with (see [9, (21)]) Mj < ∞, j ∈ N0.

The open problem can be stated as follows.
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Open Problem. Is there a constant M ≥ 1 such that Mj ≤ M j, j ≥ 0?

If the question can be answered in the affirmative, then the above mentioned
result can be applied to each function f ∈ C∞[0, 1] having the property that
‖f (j)‖∞ ≤ m, j ∈ N0, for some constant m > 0 depending only on f . Thus, a
solution of this problem would enlarge the class of functions f for which Fnf

converges uniformly to f on the interval [0, 1].
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