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Markov Ls-inequality with the Laguerre Weight

GENO NIKOLOV AND ALEXEI SHADRIN *

Let wa(x) := 2% e~ ", where o > —1, be the Laguerre weight function,
and let || - ||w. be the associated Ls-norm,

e = ([ V@ wato) a0 "

By P, we denote the set of algebraic polynomials of degree < n. We
study the best constant ¢, («) in the Markov inequality in this norm

IPllwa < en(@)lpnllwa,  Pn € Pn,

namely the constant

/
cn(@) ;== sup 1P| .
Pn€Pn Hanwa

We derive explicit lower and upper bounds for the Markov constant ¢, (),

as well as for the asymptotic Markov constant

)= lim M.

cla
n— oo n

Keywords and Phrases: Markov type inequalities, Laguerre polyno-
mials, matrix norms.

Mathematics Subject Classification 2010: 41A17.

1. Introduction and Statement of the Results

Let wy () := 2® 2~*, where a > —1, be the Laguerre weight function, and
let || - ||, be the associated Lo-norm,

1. = ([ 1760 Pua ) o)
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By P, we denote the set of algebraic polynomials of degree at most n. We
study here the best constant ¢, («) in the Markov inequality in this norm

Hp%”wa < (@) Pnllwa » Pn € Pn, (1.1)
namely the constant
/
en(@) := sup (A .
Prn€EPn Pollwa

Our goal is to obtain good and explicit lower and upper bounds for ¢, (),
i.e., to find constants ¢(n, «) and ¢(n, ) such that

¢(n,a) < eala) < 2n, ),

with a small ratio e(n,0)
(n,a)

brief account on the results hitherto known.

. Before formulating our results here, let us give a

e}

It is only the case o = 0 where the best Markov constant is known, namely,
Turan [6] proved that

N
dn + 2) '

Dérfler [1] showed that ¢, () = O(n) for every fixed o« > —1 by proving the
estimates

cn(0) = (2 sin

) n? (202 +5a +6)n a+6
C”(O‘)Z(a+1)(a+3)+ et D@+2@+3)  3atdary 2
2 n(n+1)

cp(a) < Nat1)’ (1.3)

see [2] for a more accessible source. In the same paper, [2], Dorfler proved for

the asymptotic constant ¢(a) = limg—00 "(a) that

c(a) = Tim (@) 1 (1.4)

n—oo M J(a—1)/2,1 ’

where 7,1 is the first positive zero of the Bessel function J,(z).
In a recent paper [3] we proved the following statement.

Theorem A ([3, Theorem 1]). For all « > —1 and n € N, n >3, the
best constant c,(a) in the Markov inequality

1P lwa < (@) IPllwas P EPn,
admits the estimates
2nt F) =) o0 (D 2
(o + 1)(a+5) 8 (a+ D)((a+3)(a+5)"

(1.5)

where for the left-hand side inequality it is additionally assumed that n > a“
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Clearly, Theorem A implies some inequalities for the asymptotic Markov
constant c(a) and, through (1.4), inequalities for j, 1, the first positive zero
of the Bessel function J,, (see [3, Corollaries 1,3]).

We also proved in [3, Theorem 2] that c(a) = O(a™!), which shows that
the upper estimate for ¢,(a) in (1.5), though rather good for moderate «, is
not optimal.

Our approach here is based on the norm estimates of a related positive
definite matrix A, . In [4] the same approach has been applied for derivation
of bounds for the best Markov constant in the L, Markov inequality with the
Gegenbauer weight.

Our main result is an upper bound for c,(«) which is of the right order
with respect to both n and « as they grow to infinity.

Theorem 1.1. For all n € N, n > 3, the best constant c,(«) in the
Markov inequality (1.1) satisfies the inequality

_dn(nt2+ atl))

e (a) < a>2.
o? +10a+ 8

Y

As a consequence of Theorem 1.1 and Dérfler’s lower bound (1.2) for ¢, («)
we show that

n(n+ o+ 3)

) = G Dt

n>3 a>2.

Corollary 1.1. For all « > 2 and n > 3 the best constant c,(«) in the
Markov inequality (1.1) satisfies

2n(n +a+3) <2

Batars) - S

dn(n + a + 3)
(a+1)(a+8)"

As another consequence, we find the limit value of (a+1)c2(a) as « tends

to —1, and obtain asymptotic estimates for ac?(a) as a tends to infinity.

Corollary 1.2. The best constant cn(a) in the Markov inequality (1.1)
satisfies:

(i) lim (a+1)c2(a) =

a——1 2

nn+1) _

)

2n
i) — < i 2(a) <3n.
(i1) 3 = alirxgoacn(a) <3n

Finally, Theorem 1.1 provides an upper bound for the asymptotic Markov
constant c(«) which is of the correct order O(a™!) as «a tends to infinity. As
a consequence of Theorem A and Theorem 1.1 we have the following
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Corollary 1.3. The asymptotic Markov constant c(a) = lim n~le,(a)
n—oo
satisfies the inequalities
1 *
9 . , —l<a<La*,

- - @@ <C2(O[)< (Oé+1) (Oé+3)(0(+5)
(a+1)(a+5) 4 oot

a? +10a + 8’ ’

where a* ~ 43.4.

It is worth noticing here that, for all a > —1, the ratio of the upper and
the lower bound for ¢(a) in Corollary 1.3 is less than /2.

The rest of the paper is organized as follows. Sect. 2 contains a brief
characterization of the squared best Markov constant c2(a) as the largest
eigenvalue of a specific matrix A, . In Sect. 3 we prove some estimates for
ratios of Gamma functions needed for the proof of Theorem 1.1. The proof
of Theorem 1.1 is given in Sect. 4. Sect. 5 is concerned with the evaluation
of ||Ay|F, the Frobenius norm of A, , and the bounds for ¢,(a) implied
thereby; in particular, we reproduce Doérfler’s lower bound (1.2). The proof of

Corollaries 1.1-1.3 is given in Sect. 6.

2. Preliminaries

It is well-known that the squared best Markov constant 2 («) equals to the
largest eigenvalue of a certain positive definite matrix A,,. Here we derive the
explicit form of A,,.

The orthogonal polynomials with respect to the Laguerre weight function

we(z) = x%e*, x € Ry, are Laguerre polynomials {Lg)}meNo, with the
standard normalization
I(m+a+1)\1/2
By = (FEOE DN ey e
|| mea F(m+1) Bm+1 m 0 ( )

(for simplicity sake, we suppress the dependance of the ’s on «). Further
specific properties of the Laguerre polynomials are (see, e.g., [5, egs. (5.1.13),
(5.1.14)])

4@ @) = -Le (@),  meN, (2.2)

dx

L (@) = 3 L), (2.3)
v=0

Assume that p, € P, ||Pnl|lw, = 1, is an extreme polynomial in the Lo
Markov inequality (1.1), i.e.,

sup{[[p'l%. 2 € Pu, [Ipllw. =1} = ca(e) = B3, - (2.4)
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Without loss of generality, p, can be represented in the form

n
f)n:ZaVL;(/a)a (ZVE]R, ].SI/STI,
v=1
then
n n
Ipnllt, =D abBia =) _to = t]* =1,
v=1 v=1
where t = (t1,...,t,)" € R™ and || - | is the Euclidean norm in R", i.e.,
[£l* =t

By (2.1), (2.2) and (2.3), we get

n

v—1 9 n n 9
=[S )15 (5o
v=1 =0 * pu=1 v=p «
=2 (g =low
w=1 v=p

where C,, is the upper triangular n X n matrix

B B _Bi
B2 B3 Bn+1
B2 B2
_ 0 53 o ﬁn+1
Cn - . . .
0 O B

Hence, (2.4) admits the equivalent formulation

ci(a) = tsuRg HCntH2 = ts%a tTCICnt = fmax(An),
lel=1 5

where pimax(A,) is the largest eigenvalue of the positive definite matrix
A,:=C/C,.

After a straightforward calculation we find

B8] i I B2

5% B2083 B2Ba B2Bnt1

B 1 2 2 1 2 2 1 2 2

e mi=b) mEim ) o w5
An=| 2 EZ(TL) AL sas (T
nT | B2fa Bsfa N iej=11] B2 \Lvj=1Fj BaBrt1 \Latj=1F]

[3'2 1 iy 2 1 3 9 1 n o .9
B Bt =1 57) ma i (i B5) om0 55)
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We observe that the elements ay ; of the matrix A,, are given by

k, Bi+1 2 :
ki mliZ}BQ Bk+1(6+1 Z] 16) i<k,
e ﬂz+1ﬁk+1 Br+1 2 ;
J=1 Bit1 Bk+1 Z] 1 6 i>k,

so that

BHlaizﬁ i<k

Zﬁf, ar; =14 - (2.5)

Br41 i>k

Q. k =
ﬂk-ﬁ-l j=1 Bit1 Ak k 5

Hence, A,, can be written in the following simplified form

B2 B2 . B2

ﬂan Bs a11 54 aiil Bt a11
22 P3 3
ga a11 Ba22 Ba a22 Brott a22
2 3 4
A, = B, 411 B, 22 ass B @33 | . (2.6)
B B B
Bnil a1 57Lil a22 57Lil ass - nn

We complete this section with giving explicit formulae for ay ; and the trace
of A,,.

Proposition 2.1. For every k€ N and a > —1,

o k
e =TT
and consequently
1
tr (A,) = n(n+1) .
2(a+1)

Proof. In view of (2.5), we need to show that

252 a+1' (2.7)

/Bk+1]1

The proof is by induction with respect to k. Since

L'(k+a)
g Ttk
2 T D(k+14a) ’
B g ke

(2.7) is true for k = 1. Assuming that (2.7) is true for k —1 € N, we obtain

- A (ﬂkgﬁ) rre () =

j=1 /Bk-‘rl ﬁk-‘,—l

ﬂk+1

Hence, the induction step is performed, and the proof of (2.7) is complete. O
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Remark 2.1. Dorfler’s upper estimate (1.3) is simply the inequality

n(n+1)
20a+1) "

ci(a) = Nmax(An) <tr (An)

3. Estimates for 2:
B

We shall need estimates for the elements ay;, k # ¢, of the matrix A,
n (2.6), and this requires estimates for the ratios of the §’s. We prove the
following lemma.

Lemma 3.1. For every a>1 and i, k €N, i <k, there holds

L(it+a) o=l \ @
O A
Dkta) = \ ppol ) -

T'(k)

Proof. Tt suffices to prove only the case k = ¢ + 1, for then the general case
will follow from

L(ita) k-1 Ivta) L a—1 - a 1
T T(v) ) H

Thta) T(v+lta) ’ a—1

NQ) v=i " D(v+1) k75 '”+1+

Thus, we need to show that

. . oo—1 @
7 1+ 2 .
. S( a_1> ’ ZZLCYZL
2

(03
o
<1+A Q) <1+ —. (3.1)
1+ 3 2

Clearly, (3.1) turns into identity when o = 1, so we assume further that a > 1.
Set

or, equivalently,

1 2
2=, 0<z<——<1,
i+°‘21 a+1
then
. 2—(a—=1)z
1= ——"
2z

and inequality (3.1) becomes

20z 2
1 Tl 0<z<——<1, a>1.
(1+2)% < +27(a71)z Z_aJrl @



214 Markov Lo-inequality with the Laguerre Weight

Assume that m — 1 < a < m, where m € N, m > 2. By Maclaurin’s
formula, we have

(1+z)“§1+§:0‘(a—1)..1;!(a—y+1)zy

v=1
and it suffices to show that
ia(a—l)...(a—y—i—l) v < 20z

— v : “2—(a—1)z"

Multiplying both sides of this inequality by 2 — (a« — 1)z > 0 and arranging the
powers of z, we arrive at the equivalent inequality

m+1 m—+1
Z 2-v)(a+Dala—1)...(a —v+2) v Z 0, 2" <0,
V!
v=2 v=2
which is obviously true since z >0 and a, <0, 2<v <m+1. O

Lemma 3.1 is a particular case of the following more general statement,
which is of independent interest.

Proposition 3.1. Let i, k € N, i < k.
(i) If -1<a<0 or a>1, then

i F(Fizr_)a) i+o¢—1 o
? 2
() < = ()
(k)

(ii) If 0 <« <1, then

. L(it+a) a1\ @
A ORI i+
(E) = I'(k+a) = 1 :

s k+

—
2

The proof of Proposition 3.1 is omitted as we only need its part given in
Lemma 3.1.

4. Proof of Theorem 1.1

As was mentioned in Sect. 2, ¢2(a) = fimax(A,), where pmax(A,) is the
largest eigenvalue of the matrix A,, given by (2.6). It is well-known that

/J/max(An) S ||AnH* ?
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where || - ||« is any matrix norm. Here, we shall exploit || |co,
n
|Anlloe = max Z lag:| = max Y ap;
1<k<n L<k<n £

(notice that ag; >0, 1 <,k <n). Theorem 1.1 is an immediate consequence
of the following statement.

Proposition 4.1. The following inequality holds true:

4n(n + 24+ (O‘H))
a2+ 10a+8

a>2.

) i

[Anlloo <

We shall need the following lemma, which is proved in [4].

Lemma 4.1. Let a; > 0, Ymin < Vi < Ymax, 1 <@ <7, and let
F@) = (@)™ @+ ) (@)™, 5= ar

Then, for any x > xo, where xg + Ymin > 0, we have

[(t + 'Ymin)f(tﬂ io < /f(t) dt < 3 Jlr 1 (x + VmaX)f(I) .

s+1

Proof of Proposition 4.1. Let us assume first that « > 2. For a fixed k,
1 <14,k < n, we consider the sum of the elements in the k-th row of A,

n k—1

i+1 kL
Zalmzzﬂwr Qi+ Qg + Z Prt
i—1 i ﬁz-i—l

{ Bt i—ht1

By Lemma 2.1 and Lemma 3.1, we have

a+1 a/2
v But1 AR
Ay, = < <v, a>1
v,V 1+a’ ﬂqul > <V+a_2|_1 ; M s =1,

hence

Zn:a _ 1 KkJraJrl) O¢/2 — ( )
e =T 2 et

el ) S ey “”}

IN

e [ 55) sk a(en 25) ).
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To obtain an upper bound for S; , we observe that fi(x) = ac(ac—l—aTH)a/Q is

an increasing function in (0, c0), hence we can estimate the sum by an integral
and then estimate the integral with the help of Lemma 4.1. This yields

k(kz+a+1)a/2+l __2 k(k+°‘+1)a/2ﬂ.

k
Slg/ f1($)d$<
0

F+2 2 a+4 2
To estimate Sy from above, we observe that fa(z) = (z + “Tﬂ)faﬂ is a
decreasing function in (0, 00), hence
n 2 a4 1\ 1—a/2 k4 2l a/2-1
< do = —— (k ) 1= (2) .
52—/k Polz)de == (k+—3 [ n+ oxl
Substituting the above upper bounds for S; and Ss, we obtain
n 2) atl atl  4/2-1
T st B o e ] .
P (a+D)(a—2)| a+4 n+ 4 a+1
2
=: k 4.1
where
20@+1) , a/2+1 k+ QTH
= — = 0,1
k
Ya(k) = @ ’

For a fixed a > 2, the function ¢, has a unique local extremum in [0, 1],
a maximum, which is attained at

o = (%)Ma” _ (1 _ (O‘(O‘—Q))Q/(ag) €(0,1) (4.2)

a+2)(a+4 a+2)(a+4)
and
B ~ 2(a+1)(a—2)
Jnax, Pa(y) = valya) = T Dard) y2 > 0. (4.3)

We proceed with a further estimation of y2. From (4.2) and In(1 + z) < =,
x > —1, we have

lny§:a4 111(17( ala —2) )<7( 4o

-2 a+2)(a+4) a+2)(a+4)’
hence
Y2 < e @raTn < 1 :(O‘+2)(O‘+4),
«- "1+ oot da a? + 10« + 8

ot2)(atd)
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1

7 20 Replacing

where for the last inequality we have used that e™% <
this bound in (4.3), we obtain

2(a+1)(a—2)

ax ¢aV) < = 500 18
This estimate and
n
223 Ya(k) = Ya(n) = —r

yield
2(n + 241)° n(n+25)
— 2/ o w(k) < ————2 2
(1 (o= 2) ,08% $aly) max valk) < 5755775

Now we obtain from (4.1)

n a+1)2
no 2(nt e
i < 2 k
;ak, S T T et D 2) 2%, Pelv) max Ya(k)

4 ( +a+1+a2+10a+8)
— n(n
~ a?+10a+8 2 4(a+1)
- 4 ( +OZ+1+OL2+1OOL+9)
—— n(n
a? + 10a+ 8 2 4(a+1)
4 3(a+1)
S E— 2+ 2212,
a2+10a+8n(n+ T
The latter bound is also an upper bound for ||A, || , therefore Proposition 4.1
is proved in the case a > 2.
The proof of the case o =2 is similar (and somewhat simpler), and there-
fore is omitted. g

Remark 4.1. Actually, the above proof works also in the case 1 < a < 2
(with a minor modification, e.g., ¢, has a minimum instead of maximum in
(0,1) but appears in (4.1) with a negative factor, etc.), yielding a similar upper
bound for ||A,|/s, and hence for c2(a). However, for small a the upper
bound for c2(«) implied by the estimation of ||A, |/~ is worse than the upper
bound given in Theorem A, and also than the upper bound obtained through

the Frobenius norm of A,,.

5. The Frobenius Norm of A,

Let us recall that the Frobenius norm || ||z of a matrix B = (b; j)nxn with
real elements is defined by

n n
IBIZ =331, = r(BTB).

i=1 j=1
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Since A, is a symmetric and positive definite matrix, we have
A% = tr (A7) = i +p3 + -+ il (5.1)

where 0 < p1 < pg < -+ < fbn, = Umax(Ay) are the eigenvalues of A,,, i.e.,
the zeros of the characteristic polynomial P,(u) = det(uE, — A,,),

Pn(/J) _ ’un — by Mnfl + by 'un72 — by 'un73 N (_1)nbn.

In [3] we evaluated coeflicients b;, 1 < i < 3, as a part of the proof of
Theorem A. These coefficients are given below:

by = tr (An) = %
by= DD g oy 120+ 6)],

24(a+1)(a+2)(a+3)
(n=2)(n—1)nn+1)
[5(ca +2) (o + 4)n(n + 1) + 8(Tar + 20)n + 12(x + 20)]
240(a+ D) (a+2)(a+3)(a+4)(a+5)

b3

Estimates for ¢2(a) = pimax(An) are also possible in terms of solely the
first two coefficients, b; and by. Indeed, since tr(A,) = by and, by (5.1),
|A]|% = b — 2by, we have

bo HAn||2F 2 1/2
b 2 = < max A < A == b 2b .
! b1 tr (lln) = fima ( ") H "”F ( ! 2)

Replacing b; and by in the first and the last expression, we obtain the estimates

n(n+1) 202 +5a+6 (a+1)(a+ 6)
(@) < ST G 13y (v 3a+2) T 3a+2)
n? n (2a% +5a+6)n a+6
(@+1)(e+3) 3a+1)(a+2)(a+3) 3a+2)(a+3)’

) . (5.2)

ci(a) > (5.3)

the second being nothing but the lower estimate (1.2) of Dorfler.

Slightly weaker but simpler estimates can be obtained on the basis of (5.2)
and (5.3).

Proposition 5.1. For all n > 3, the best Markov constant c,,(«) satisfies
the inequalities

2
n

_ (n+1) n(n + —2(0‘;1))

, a>—1, (5.4)
(a+1)/2(a+3)




G. Nikolov and A. Shadrin 219

n(n+g)
@rDa+y’ *<CLY,
2 n(n+1)
¢, (a) > —(a+1)(a+3), a€[0,1], (5.5)
n(n+2a+1)
iDary “2?

Proof. Inequality (5.4) follows from (5.2) and the inequality

202 + 50+ 6 (a+1)(a+6)
2 < 1 (
"t ety T 3wey Stbedt
The latter simplifies to the inequality
(a+1)(dn+a—-2) >0,
3(a+2) -

2a+1)
3 .

which is obviously true.

From (5.3) we have

n(n+20725040)  n(n 4 200 4 )
(a) > = )
~ (a+1)(a+3) (a+1)(a+3)

2
Cn

whence the case o > 1 in (5.5) readily follows. For the proof of the cases

a € (—1,0) and « € [0, 1], we observe that g(a) = 2%2(2%3% has a unique local

extremum in (—1,1], a minimum, which is attained at a, = v/2 —2 € (—1,0).
Hence, g(a) > g(a.) = 43ﬁ —1> L for a € (~1,0), and g(a) > g(0) = 1 for
a € [0,1]. O

Remark 5.1. Estimates (5.2) and (5.3) and their consequences (5.4) and
(5.5) are inferior to the estimates in Theorem A in the sense that they imply
weaker estimates for the asymptotic Markov constant c(a). It can be also
shown that the upper estimate in Theorem A is superior to (5.4) for every
a > —1 and n > 3. On the other hand, for small n Dorfler’s lower esti-
mate (5.3) and the lower estimates in Proposition 5.1 are superior to the lower
estimate in Theorem A.

6. Proof of Corollaries 1.1-1.3

Proof of Corollary 1.1. The right-hand side inequality follows from Theo-
rem 1.1: for a« > 2 we have

4n(n+2+%) dnn+a+3) 4dn(n+a+3)

2(a) < < = .
@) S — T Toats 219a+8 (a+1l)(a+t8)




220 Markov Lo-inequality with the Laguerre Weight

For the left-hand side inequality we make use of estimate (5.5), the case o > 1.
For n > 3 we have

2 n(n+2%55) 2n(nt+a+t )

@) 2 G D@+~ Sa+ Dt
2n(n+a+3+5) _ 2n(n+a+3)
at(@+8) ~ 3atl(ats)’

where for the first inequality in the second line we have used that f(z) = ﬁ—i‘g

is a decreasing function in (0,00) when a > b > 0. This proves the left-hand
side inequality in Corollary 1.1. O

Proof of Corollary 1.2. (i) From (5.3) we deduce that

lim (a4 1)c2(a) > nin+1)

a——1 2 ’

while from the upper estimate in Theorem A we obtain

lim (a4 1)c(a) < n{n+1)

a——1 2

(notice that the same conclusion follows from (5.4)).

(ii) The right-hand side inequality follows from Theorem 1.1, and the left-
hand side inequality follows from (5.5). O

Proof of Corollary 1.3. The lower estimate is a consequence from Theo-
rem A, while the upper estimates follow from Theorem A and Theorem 1.1,
respectively . O
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