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Abstract. Binary codes created by doubling construction, including quasi-perfect
ones with distance d = 4, are investigated. All [17-277%,17-2"7% —r 4] quasi-perfect
codes are classified. Weight spectrum of the codes dual to quasi-perfect ones with
d = 4 is obtained. The automorphism group Aut(C) of codes obtained by doubling
construction is studied. A subgroup of Aut(C) is described and it is proved that
the subgroup coincides with Aut(C) if the starting matrix of doubling construction
has an odd number of columns. (It happens for all quasi-perfect codes with d = 4
except for Hamming one.) The properness and t-properness for error detection of
codes obtained by doubling construction are considered.

1 Introduction

Let an [n,n — r,d] code be a linear binary code of length n, redundancy r, and
minimum distance d. A code with d = 4 is quasi-perfect if its covering radius is
equal to 2. Addition of any column to a parity check matrix of a quasi-perfect
code decreases the code distance. A parity check matrix of a quasi-perfect
[n,n — r,4] code can be treated as a complete n-cap in the projective space
PG(r — 1,2) of dimension r — 1. A cap in PG(XV,2) is a set of points no three
of which are collinear. A cap is complete if no point can be added to it.

An arbitrary [n,n —r,4] code is either a quasi-perfect code or shortening of
some quasi-perfect code with d = 4 and redundancy .

So, studying quasi-perfect codes is important. The [277% 2771 — 7 4] ex-
tended Hamming code is deeply investigated. The [5- 2745 .2"~% — r 4]
Panchenko code [1,2,4,5,10] draws attention as in it the number of weight
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4 codewords is small and, in a number of cases, the smallest possible among
all codes with d = 4. This essentially increases the error detection capabil-
ity of Panchenko code. Nevertheless, Panchenko code is studied insufficiently.
The same can be said about other quasi perfect [n,n — r,4] codes (not about
Hamming one).

All quasi-perfect [n,n — r,4] codes of length n > 2"=2 4+ 2 can be described
by doubling construction (1), see [4].

So, it is appropriate to study quasi-perfect [n,n —r, 4] codes from the point
of view of doubling construction, see [1,2,4,5]. In this work we continue investi-
gations of codes created by doubling construction, including quasi-perfect ones.

In Section 2, we classified all quasi-perfect [17,17 — 6, 4] codes and thereby
all quasi-perfect [n,.,n, —r, 4] codes with n, = 17-2"76 r > 6. Also, we proved
a general theorem on weight spectrum of the code dual to quasi perfect one
and obtained all these spectra for n, = 272 +2"7279 ¢ =234, r > g+ 2.
In Section 3, we investigate the automorphism group Aut(C) of codes obtained
by doubling construction. We describe a subgroup G of Aut(C). We prove that
if the starting matrix of doubling construction has an odd number of columns
then G = Aut(C). It happens for all quasi perfect codes with d = 4 except for
Hamming one. In Section 4, we consider the properness and t-properness for
error detection of codes obtained by doubling construction.

2 Doubling construction and classification of binary
quasi-perfect codes with distance 4

For a code with redundancy r we introduce the following notations: n,. is length
of the code, H, is its parity check matrix of size r x n,., and d,. is code distance.

Definition 1. Doubling construction creates a parity check matriz H, of an
[Ny, ny — 7,dy] code from a parity check matriz H,_1 of an [ny_1,ny—1 — (r —
1),dy—1] code as follows

Ho=|--—— | ———|. (1)
Hr—l ’ H’r—l

By (1), n, = 2n,_1. Also, if d,_1 = 3 then d, = 3; if d,_1 > 4 then d, = 4.

Doubling construction is called also Plotkin construction, see [4] and the
refences therein.

Let us define matrices M, S, 2, and ®4,...,®P5 as

0000000 00000000 11

10001 ?888? 6666 1111111 11111111 10

a = 011 g fotoor| o _ 30501 Y000 | . — 0000000 11111111 11
= [11) 9= Jooto1 | » = | 01001 100} @1 = To001111 00001111 11| -

0110011 00110011 11

00011
00011 0011 1010101 01010101 11
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r00000 00000000 11117
11111 11111111 1000
00000 11111111 1111

0000 00000000 111117
1111 11111111 10000
0000 11111111 11111

®2 = 101111 00001111 1111 03 0111 00001111 11110
10011 00110011 1110 1011 00110011 11101

110101 01010101 1101 | 11101 01010101 11011 |

0000 0000000 1111117 0000 000000 11111117

1111 1111111 100000 1111 111111 1000000

Py — 0000 1111111 111110 P 0000 111111 1111100
4= 10111 0001111 111101 5 0111 000111 1111010

1011 0110011 111011

| 1101 1010101 110111 |

1011 011001 1110110

| 1101 101010 0010001 |
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Let BJ(.;) = [bj...bj] be the (r —g—2) x (294 1) matrix of identical columns b;,
where r > 5 is code redundancy, b; is the binary representation of the integer j
(with the most significant bit at the top position).

From the results of the paper [4], we have a general description of a parity
check matrix for a whole class of quasi-perfect codes with distance 4.

Theorem 1. [4] (i) Letn, >2""2+2, r > 5, and let an [ny,n, —r, 4] code be
quasi-perfect. Then length n, can take any value from the sequence

ny=2""2492"279 = (29 4+ 1)2"°279 for g =0,2,3,4,5,...,7r — 3.  (2)

Moreover, n, may not take any other value that is not noted in (2). Also, for
each g = 0,2,3,4,5,...,r — 3, there exists an [n,,n, — r,4] quasi-perfect code
with n, = 272 4 277279,

(ii) Let n, = 2724277279 = (29 +1)2"°279, g € {0,2,3,4,5,...,7 — 3},
r > 5, and let an [n,,n, —r,4] code be quasi-perfect. Then a parity check matriz
H,. of this code can be presented in the form

Ho=|_29 | 2 P9 (3)
Hgio ‘ Hgio ‘ ‘ Hgio

where D = 277972 -1, Hy = M, Hy = S, Hs = Q, Hy o is a parity check
matriz of a quasi-perfect [29 + 1,29 +1 — (g + 2),4] code if g > 4.

By Theorem 1, all quasi-perfect [n,,n, — r,4] codes with ¢ = 0,2, 3, and,
respectively, n, = 2" "1, n, =5-2""4 and n, = 9-2""%, are classified.

The [2771,2"~! — 7 4] code (with starting matrix M) is the extended Ham-
ming code. The [5-27%5.2""% — 7 4] code (with starting matrix S) is the
Panchenko code II, proposed in [10], see also [2,5]. The parity check matrix of
II, is the matrix H, of (3) with g =2, D =2""% -1, Hy4o = S. We denote
with W, the [9-2775,9.27=5 — 1 4] code (with starting matrix ).

Corollary 1. For g > 4 and n, = 2772 + 2"7279_ in order to classify all

quasi-perfect [np,n, — r,4] codes, it is sufficient to classify all quasi-perfect
[29 4+ 1,29 41— (g + 2),4] codes.
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Using the results of this work and of [4,8], we proved the following theorem.

Theorem 2. Let ®; be a parity check matriz of a [17,11,4] code. The five codes
with the parity check matrices ®1,...,P5 are all distinct, up to equivalence,
24+ 1,28 + 1 — (4 + 2),4] quasi-perfect codes.

For a code C, let A,, (resp. A.) be the number of codewords of weight w
in C (resp. in the dual code C1). Usually, the code is clear by context. To
emphasize the code we can write A, (C) or AS(C).

Let V. be the [17 2776172776 — 1 4] code with the parity check matrix
H, of (3) where g =4, Hy1o = Hg = ®;, D=2""0—1.

We proved the following theorem and proposition.

Theorem 3. Let {Ay5(Ty42), w =0,1,...,29 + 1} be the weight spectrum of
the code dual to the starting [29 +1,29 +1— (g+2),4] code Tyio with the parity
check matriz Hyio of the construction (3). Then the weight spectrum of the
code dual to the resultant [(29 +1)27 7279, (29 +1)2"~279 —r 4] code C, with the
parity check matriz H, of (3) is as follows.

Aw2r 24(Cr) = Ai(%+2), w=0,1,...,29 +1; A(2g+1)2r s 4(C) =2" — 29-&-2;
ALC) = 0,u ¢ {0+ 277279, 1. 277279 (29 4 1)27 2793 U {(29 4 1)27 379},

Proposition 1. For the codes II,, W,., and V,1,..., V5, weight spectrum of
the nonzero weigths of the dual codes is as follows.

I, : Ayyos = 10, Agys =27 — 2%, Af, 4 = 5;
Wyt Aygrs = 1, Afgrs =21, Afyr6 =27 — 2%, Az s =7, A3 rs = 2;

AL — 6 .
Vn]_ . A2,2r—6 — 1, A 8.97—6 —45 A172T 7T — 2 AlO or—6 — ].5 A16 or—6 — 2,
Vit Argrs =1, Ay =3, Aggr = 42, A172T ;=225

Afpar—s =12, Afyps = 3, Ajppro = 1, Afgpro =15

. — _ 6
Vig: Aggrs =2, Atgrc =8, Azgrs =30, Al o7 =2"—2°,

Agiyr—s =12, Ajjprs =8, Afzpr6 = 2, A162r6:15

Via: Aggrs =6, Agprs =40, Af7orr =27 =25 A s =10,
Ay = 6, Ajgars = 1;
Vst Argroe = 16, A3 g6 = 30, Ajrprg = 27 — 20 AL o6 = 16, Ay 56 = 1.

3 The automorphism group of codes created by
doubling construction

In this section we investigate the properties of the automorphism group of the
codes obtained applying doubling construction.
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Definition 2. The permutations of coordinate places which send a code C into
itself form the code automorphism group of C, denoted by Aut(C).

A code and its dual have the same automorphism group.
Theorem 4. [9, Chapter 8, Problem 29] Aut(C)= Aut(C').

Let m € Aut(C) and let ¢1,...,gn—r be the rows of a generator matrix G
of C. Then 7(g1),...,m(gn—r) is a basis of C too. Therefore a change of basis
matrix belonging to the general linear group GL(n — r,2) corresponds to 7.

On the other hand we can consider the columns ¢; of G' as points of the
projective space PG(n —r — 1,2). Let K € GL(n — r,2) = PGL(n — r,2)
belong to the stabilizer group of the set ¥ = {c¢;j}j=1,..n, i.e. Kc¢;j € ¥,Vj €
{1,...,n}. Then K induces a permutation of the coordinate place and therefore
preserves the weight of each codeword. Then, by [9, Chapter 8, Problem 33], if
no coordinate of C is always zero, K corresponds to a permutation 7 € Aut(C).

From the discussion above and Theorem 4, we can represent Aut(C) as the
stabilizer group of the columns of its parity check matrix H, treated as points
of PG(r — 1,2). We will denote Aut(C) also as Aut(H,).

We consider the matrices H, obtained from a starting matrix Hs applying
double construction r — s times.

Lemma 1. The columns of H, are [b;|h;]T, where hj is any column of Hy and
b; is the binary representation of any integer in the interval [0,...,2"~% — 1].

Proof. By induction on r — s. O

Now we describe a subgroup of Aut(C). Let Z;,, be the £ x m matrix with

all entries equal to 0 and let Ty, be any binary ¢ x m matrix. We denote by

K, ‘ T’/‘—s,s
Zs,r—s ‘ As

binary (r — s) X s matrix, A; € Aut(Hs)}.

T', the set of matrices { : Ky_g € GL(r—s,2),T,_, ¢ is any

Remark 1. |[,| = (27— 1)(2" = 2)... (27" = 27~ ) Aut(H )20~
Theorem 5. I'; is a subgroup of Aut(H,).

K, ’ Tr—s,s
Proof. Let [b,_s|hs]" € H, and let M, = | — — ——|——— | € ',. Then
) o Zs,r—s | As
K;—s ’ Tr—s,s br—s Ky _sby—s + Tr—s,shs

——————— ———|=|--=-------| €&,

Zs,r—s ’ As | hs Ashs
Moreover, Det(M,) = Det(K,_s) - Det(As) # 0, so I', C Aut(H,). Finally,
[ Ki“fs ’ T;fs,s 17 Kvl"/fs I T;Ls,s
L Zs,rfs ’ Als _ Zs,rfs | A,s/
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K{ﬂ—sKvl"/—s ’ K’;‘—STT’”—S,S + K’I/“/—ST’I:—S,S
S eT,. O
Zs,r—s ’ ALAY

In general, T, # Aut(H,). For example, if we apply repeatedly doubling
construction starting from matrix M (so, s = 2), the columns of H, form a cap
of PG(r — 1,2) that is the complement of a hyperplane; its stabilizer group is
AGL(r — 1,2) and |AGL(r — 1,2)| = (2" —2)... (2" — 2"~ 1).

On the other hand, there exist codes of redundancy r obtained by doubling
construction whose automorphism group is I';.

Theorem 6. Let C; be an [n,n — s| code having a parity check matric Hs
without zero columns and without rows of weight n/2. Then for the codes C,
obtained applying doubling construction r-s times starting from Hyg, it holds that

Aut(C,) =T.

[ 0...0 | 1...1
Proof. By inductiononr—s. Letr = s+1. Let Hgp 1= | —— —— | ———
A1 hp, | B By,
1,1 ty
be a parity check matrix of Csy1 and Mgy = 12,1 ai € Aut(Cs41)-
Ts+1,1 Qs

Let r; be the j-th row of My 1Hsy1,j=2,...,5+ 1. Then r; =

[aj_l' th AN IR hgs‘ Tj1+aj—1- h{ S Xj1tai—1- hgs]. As Mgy € Aut(CS_H),
it induces a permutation on the coordinates of the codewords, so weight(r;) =
2 weight(pj—1), where p; is the j-th row of H;. On the other hand, consider
the elements of r; of position 7 and i + ng,7 = 1,...,n,; they are a;_;- h;; and
Tj1 + aj_l'hiT. If ;1 = 1, exactly one of these elements is equal to 1, so
weight(r;) = ng. This is not possible by hypothesis. Moreover 91 = -+ =
Zst1,1 = 0 implies 1 ; = 1, otherwise Det(M,11) = 0. Finally, the sub-matrix

ay
Ag = | | permutes the columns of Hy, so it belongs to Aut(Cs). In fact, let
as
b y
[b|h;]" be a column of Hyyq. Then My 1 | — | = | — | is a column of Hyyq
h; Ashj

if and only if Agh; is a column of Hy. Moreover, if Ash; = Aghj,i # j, then
two of the columns [0|h;]T, [0]h;]T, [1]|h;]T have the same image under M.
The proof of the general case, i.e, r — s > 1, is similar. O

Corollary 2. LetCs be an [n,n—s| code having a parity check matriz Hy without
zero columns. If n is odd then for the codes C, obtained applying doubling
construction r-s times starting from Hs, it holds that Aut(C,) =T,



Davydov, Marcugini, Pambianco 79

Remark 2. |Aut(S)| = 120, |Aut(Q)| = 336, |Aut(P1)| = 40320, |[Aut(P2)| =
576, |Aut(®3)| = 384, |Aut(P4)| = 720, [Aut(Ps)| = 11520.

Corollary 3. |[Aut(IL,)| = 120(2"* — 1)(2"* = 2)... (274 — 2r=3)24(—4)
[AuE(W,)] = 336(275 — 1)(275 — 2) .. (275 — 27-1)230-5),

4 Properness and t-properness for error detection of
codes obtained by doubling construction

Problems connected with error detection are considered, e.g., in [3,6,7], see also
the references therein. Here we consider the binary symmetric channel.

Let p be the error probability by symbol in the channel.

Let P,.(C,p) be the undetected error probability for the code C' under
condition that the code is used only for error detection;

Let qué)(C, p) be the undetected error probability for the code C' under
condition that d > 2t + 1 and the code is used for correction of < ¢ errors.

Definition 3. (i) A binary code C' is proper (resp. t-proper) if Py.(C,p) (resp.
P&?(C,p)) is an increasing function of p in the interval [0, 5].

(ii) Let a > 0 and b < % be real values. A binary code C is proper (resp.
t-proper) in the interval [a,b] if Pu(C,p) (resp. P&?(C, p)) is an increasing
function of p in [a,b].

Using the results of this work, in particular Theorem 3 and Proposition 1,
and papers [2,3,6, 7], we proved a number of results on the properness and
t-properness of codes obtained by doubling construction.

Lemma 2. In doubling construction (1), let the starting [ny_1,n,—1 — (r —
1),d,—1] code given by the parity check matriz H,_1 have dual distance in the
region [*52| < di—y < "1, Then the resultant [ny,n, —r,d,] code given by
the parity check matriz H, has dual distance in the region (%W <dt < o

1

’2
_ 1 1 _ 5 1 _ 3 1

a=3 + 3.0r—14 fOT I, a= 11 + 11.97—6 fO’I" VT,47 a=1g + 10.27—6 fO?” VT,5'

Theorem 7. The codes I, V4, and V5, are proper in intervals [a, 5], where

Proposition 2. The codes Hf:, er, Vrfj dual to the codes 11, Wy, V;.j, are
proper in intervals [0,b], where b = % for I, b = % for Wik, b= % for V5

r,1’
_ 4 1 _ 5 1 _ 6 1 _ 7 1
b= = for Vr,27 b= = for VT73, b= i for Vr,47 b= 1= for VT75.

Proposition 3. The codes with the parity check matrices S and ) are proper

and 1-proper. The codes 11, are proper for r = 5,6,7,8,9 and 1-proper for
r=2>5,6,7. The codes W, are proper and 1-proper for r = 6.
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Open Problem. Assume that in doubling construction (1), the starting code
given by the parity check matrix H,_; is proper (resp. l-proper) for error de-
tection. Is the resulting code with the the parity check matrix H, proper (resp.
1-proper) too? (For example, see Construction * in [7, Section 2|; see also
Proposition 3.)
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