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A new (37, 3)-arc in PG(2,23)1

Rumen Daskalov daskalov@tugab.bg

Mladen Manev ml.manev@gmail.com

Department of Mathematics, Technical University of Gabrovo, 5300 Gabrovo,

BULGARIA

Abstract. An (n, r)-arc is a set of n points of a projective plane such that some r,
but no r+1 of them, are collinear. The maximum size of an (n, r)-arc in PG(2,q) is
denoted by mr(2, q). It follows from [9] and [6] that m3(2, 23) ≥ 36. In this paper
we establish that m3(2, 23) ≥ 37.

1 Introduction

Let GF(q) denote the Galois field of q elements and V(3, q) be the vector space
of row vectors of length three with entries in GF(q). Let PG(2, q) be the
corresponding projective plane. The points (x1, x2, x3) of PG(2, q) are the 1-
dimensional subspaces of V(3, q). Subspaces of dimension two are called lines.
The number of points and the number of lines in PG(2, q) is q2 + q + 1. There
are q + 1 points on every line and q + 1 lines through every point.

Definition 1. An (n, r)-arc is a set of n points of a projective plane such that
some r, but no r + 1 of them, are collinear.

Definition 2. An (l, t)-blocking set S in PG(2, q) is a set of l points such
that every line of PG(2, q) intersects S in at least t points, and there is a line
intersecting S in exactly t points.

An (n, r)-arc is the complement of a (q2 + q + 1− n, q + 1− r)-blocking set
in a projective plane and conversely.

Definition 3. Let M be a set of points in any plane. An i-secant is a line
meeting M in exactly i points. Define τi as the number of i-secants to a set M .

In terms of τi the definitions of an (n, r)-arc and an (l, t)-blocking set
become the following: An (n, r)-arc is a set of n points of a projective
plane for which τi ≥ 0 for i < r, τr > 0 and τi = 0 when i > r.
An (l, t)-blocking set is a set of l points of a projective plane for which
τi = 0 for i < t, τt > 0 and τi ≥ 0 when i > t.

1 This work was partially supported by the Ministry of Education and Science under con-
tract in TU-Gabrovo.
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A survey of (n, r)-arcs with the best known results was presented in [8].
After this publication many improvements were obtained in [4], [5] and [3].
Summarizing these improvements, Ball and Hirschfeld [2] presented a new table
with bounds on mr(2, q) for q ≤ 19. It follows from these tables that the exact
values of mr(2, q) are known only for q ≤ 9. A survey of the new improvements
in recent years can be found in the online table for mr(2, q), q ≤ 19, maintained
by S. Ball [1]. New results and tables with lower and upper bounds on mr(2, q)
for q = 23, and q = 25, 27 are presented in [6] and [7] respectively.

2 Quasi-Cyclic Codes

Let GF(q) denote the Galois field of q elements and let V(n,q) denote the vector
space of all ordered n-tuples over GF(q). The Hamming weight of a vector x,
denoted by wt(x), is the number of nonzero entries in x. A linear code C of
length n and dimension k over GF(q) is a k-dimensional subspace of V(n,q).
Such a code is called [n, k, d]q code if its minimum Hamming distance is d. For
linear codes, the minimum distance is equal to the smallest of the weights of
the nonzero codewords. A k × n matrix G having as rows the vectors of a
basis of a linear code C is called a generator matrix for C.

A code C is said to be p-QC if a cyclic shift of any codeword by p positions
results in another codeword. Suppose that C is a p-QC [pm, k] code (m ≥ k).
It is convenient to take the co-ordinate places of C in the following order

1, p+ 1, 2p+ 1, . . . , (m− 1)p+ 1,
2, p+ 2, . . . , (m− 1)p+ 2,
p, 2p, . . . ,mp.

Then C will be generated by a matrix of the form

[B1, B2, . . . , Bp]

where each Bi is a circulant matrix, i.e. a matrix of the form

B =


b0 b1 b2 · · · bm−1

bm−1 b0 b1 · · · bm−2

bm−2 bm−1 b0 · · · bm−3
...

...
...

...
b1 b2 b3 · · · b0


If the row vector (b0b1 · · · bm−1) is identified with the polynomial d(x) =

b0 + b1x+ ...+ bm−1x
m−1, then we may write
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B =


d(x)
xd(x)
x2d(x)

...
xm−1d(x)


where each polynomial is reduced modulo xm − 1.

The polynomials

d1(x), d2(x), . . . , dp(x),

associated in this way with a QC code, are called defining polynomials of C.

Taking the polynomials axldi(x) instead of di(x) we make a cyclic shift of the
columns of Bi and multiply them by a nonzero element of the field. This leads
to a generator matrix of an equivalent code. So, the defining polynomials of a
QC-code can be chosen from a fixed set of representatives of the equivalence
classes of polynomials of degree less than m under the following relation:

ci(x) ≈ cj(x) ⇐⇒ ci(x) ≡ axlcj(x) mod (xm − 1)

3 The new arc

The new arc is constructed in the following way:
1. We generated all 185 inequivalent defining polynomials for 3-dimensional

QC codes over GF(23) (see [10], [11]).
2. Using these polynomials and a method, presented in [11], we constructed

more than 2500 [36, 3, 33]23 QC codes.
3. For each of these codes the respective (36, 3)-arc in PG(2,23) was gener-

ated.
4. Afterwards we tried to enlarge each of those arcs.
5. Some of them were successfully enlarged to new (37, 3)-arcs in PG(2,23).

Theorem 1. There exist a (37, 3)-arc in PG(2,23).

Proof.
The set of points (0,1,4), (0,1,15), (0,1,17), (1,0,6), (1,0,19), (1,0,20), (1,1,1),

(1,1,2), (1,1,4), (1,2,1), (1,3,22), (1,4,0), (1,4,1), (1,4,11), (1,6,6), (1,8,11), (1,8,22),
(1,10,3), (1,12,9), (1,12,12), (1,12,19), (1,14,22), (1,15,0), (1,15,2), (1,15,8),
(1,17,0), (1,17,20), (1,18,2), (1,18,5), (1,18,9), (1,20,3), (1,20,6), (1,21,7), (1,21,15),
(1,22,9), (1,22,15), (1,22,20) forms a (37,3)-arc in PG(2,23) with secant dis-
tribution

τ0 = 151, τ1 = 96, τ2 = 126, τ3 = 180.
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