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In 1927 O, Sehrejer [13] showed that a proup amalgam is always
emheddable in a group. In 1957 N, Kimura {[15]; see also [4]) showed
that a semigroup amalgam cannot always be embedded in a semigroup.
The semigroup amalgams were frst studied extensively by J. M. Howie
([B-131; see also [4, 147 In 1975 T. E. Hall [6] showed that Schreier’s
theorem extends 1o the class of inverse semigroups. G. B. Preston [[6] has
shown that T. E. Hall's method yields a new proof of Howie's result
concerning amalgamation over unitary subsemigroups. Short prools of
results in [16] are due to T. E. Hall [7]. In the prosent paper we give a
new proof of J. M. Howie's resull concerning amalzamation over unitary
subsemigroups. This proof is based on R. Bacc's resuits [1-3].

1. PRELIMINARIES

In this section we review some basic facts about partial semigroups.
A parrial groupoid is a triple G={G, D, n), where D= Gx G amd
f: fY— & 15 a mapping. We use the notations [21]

xp=plx, y)

{-"-.- ,.!'?:I_u i {."f._ _]JE fa3

Let (7= ((r, {2, 1) be a parlial grovpeid and F{G) be the free semigroup
on the set . The element 3= {x, .., X, e F{&) is cailed a word of Jengti
imo The word (v, x,) s said to be redyced i for =1, .. 0—1,
(x;, %, )& D, We use the notations [17, 18]

IR ) 8 il (v,x,plori=1, ... u—1

Let iy be the relation on FG) delined by (xp. (x, p1)e 8y il {x, v}, Let
fl be the congruence on A{&) seneraled by . Then C(G)=FG)/a is the
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universal sernigroup of the partial groupoid G The words X and ¥ are
eguivetestt if X~ ¥ [mad ),

Dermmion 1 [20, Definition []. A partial groupeid G ={G, 2, ] is
said (o be pardal vemigroup 0 iU is embeddable in a semigroup,

Deripiron 2, A partial  semigroup G= (G, D, p) s suid w be
prexenrigranp 1710 satisfies the following property:

{L} [3 Property (L1]: Equivalent reduced waords have the same
length.

We introduce the following notations:

(P} For ali x, p,zeG, 1 (x, 12l (X r2),, and {xr o)., then
xfrzh={xz.

(B2} For all x, vzeG, il (x rozlp, then (x, o), U and only i
(v, ) p.

(P3} For all w,x, »,zeG, il (w,x, ¥ 21, then either {w, xp), or
[y, 5.

(P4) For all wox, vozefr, il (x v, 2, and {w. xrl,, then either
[, x]p or {2y, 2),.

{P5) For all w,x v.zeG, 0F (wox, ) and [xroz),. then either
(v vhp or {1, by

Tueores 1 (R, Baer [3, Scction |, Theorem 1) A partiol groupoid
=G 0w v a presemigrony 5 and andy §f it vaeisfles axioms (P1) po
(F3),

2, EMpeoomvg UNITaRY AMALGAMS

A semigronp amalgam consists of a semigroup € wogether with a family
18:7ed} of semigroups and a family {p,ief} of monomerphisms
s U — 5 We denote the semigroup amalgam by

o =[S fefl Uilmriell]

The semigroup amalzam & determines a partial groupoid %, and the
amalgam is said to be embeddable In a semigrovp il %, is a purtial semi-
group [4, Section %47, As in [4], write L= Up,, 5 = (50 0 L and
G=|){8:fefl. We denole ¥, =[G, D).
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Lemwa 1. For any sengronp amalpam = =[{8icIh U {w, iedl}].
the partial groupeid %_, satisfies axioms (P3), (P4), and (B5).

Proof. To prove that (P3) holds, suppose w, x, 1, 747, (W, x, ¥, 2)p
and x, ye 87 for some fed If xye O, then (w, 1)) and (xy, z),. Thus (P3)
holds. Now suppose xpe 573U, Then cither xe 500 or ye S0 If
xe &L, sinee (w, x},, we have we §!. Thercfore (w, xy),. Similarly, if
rye SO, then (xp, ). Thus (P3) hoids.

To prave that (P4) holds, suppase w, x, 7.z G, {x, ¥, 2)a. (W, x3), and
x, ped) for some fel T xrelf, then (xv.z),. Thus (P4) holds. Now
suppose xp eS80 Since (w, xy),. we have we 8. Therelore {w, x),.
Thus (P4) halds.

Similarly, (P3) holds. Lemma 1 is proved.

DeriNtTioN 3 (P, Dubreil [5]). A subsemigroup I of a semigroup § is
said to be wnitgry in il for all ke U7, 1 2 5,

(i} mvel implies 52 L.
(ii} snelf implies 5= L

THeOREM 2. Lot o/ =[{S;:iefl U {p,iefl] be a semigronp
amtalgam. If U is a wnivary swbsemigroup of 8] for afl il then %, is a
preseliigrong,

Proof. By Theorem 1, the partial groupoid %, is a presemigroup if and
only if it satislies axioms (P1) to (P3). By Lemma 1, %, satisfies (P3),
(P4), and [P5). We prove that %, satisfies {P1} and (P2).

Suppose that x, y,ze G, {x, 1, 2)p and x, ye 8/ for some iel [z 5],
then x, v and z belong to the same semigroup. Thus (PL) and (P2} hold.
Mow suppose z ¢ 8/, Le, ze 8L and i . Since {1y, 2}y, we have ye I
It xe If, then x, y, and = belong to the same semigroup. Thus (P1) and
(P2) hold. If xe 5L, since U7 is unitary in S/, we have xyeS!\ L, and
since U is unitary in S7, we have yz e S U, Consequently (xy.z)¢ D and
(x, yz)@D Thus (P1) and {P2) hold. This completes the prool of
Thearem 2.

As a corollary to Theorem 2 we have

Cororeary [8]. Let &/ =[{S:iell; U lp:icl}] be a senigroup
aviaigant. If [ is a wnitary subsemigronp of 8 for all icl, then %, is a
partiol sentigroup.
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