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CrpaBka 3a npuHOCUTE

Ha jiou. 1-p Jlexo Jlexos
Ha myOnukarmu ¢ Homepa ot 11 1o 19 B cinchka Ha myOIMKaIuuTe

[To-mony e mameHa cmpaBka 3a MPUHOCUTE Ha ctatu ¢ Homepa oT 11 mo 19 B
cnuchka Ha myOnmkanuute. KbM mpoOnemaTtukaTa Ha Te3W CTaTUW CHaJa U CTATUS C
Homep 20 or cnmchKka Ha myOnukanuuTe, myonukyBana mpe3 2001 r. B Mathematica
Balkanica. CnipaBka 3a Ta3u craTuisl € JlajieHa OTICITHO, Thil KaTo CIpaBKaTa Mo-I0J1y €
m3rotBena npe3 1999 r. CrpaBkara J0-710J1y € 3a CJIeTHUTE JIEBET CTAaTHUH.
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Cnen M3aACHABAHETO HA BLOPOCA, Y€ HE BCAKA MOAYTPYNOBA AMadl-
raMa ce BJAra B MOJYIpYya, BLINMKBA BLOpPOCA A& ce HAMepAT Joc-
TAT'BYHA YCAOBMA 33 BAGKUMOCT Ha NONYTPYIOBH aMajraMa B IIOAYT-
pynu. Ipes 1941 r. P. Dubreil [Dubreil 1941] sbBe# na NOHATUETO YHH-
TApHA HOANONYTPYNa HA NOAYIpPYNa, KOeTo e ecTecTBeHo obobenne
Ha MOHATHETO NoArpyna Ha rpyna. IIpes 1960 r. Graham Higman fop-
Mynupa xunoresara (Bux [Howie 1976], p. 231), ye ako obBuara noj-
NoAyrpyna B efHa NOAYTPYNOBA AMAATaMa € YHUTapHa NOANOAYyrpyna
Ha BCAKA OT DONYTpYIMTE Ha aMallaMaTa, TO AMAJCAMATa Ce BJIATA
B noayrpyna. JlokazarescTBRo Ha xunoTezara Ha . Higman e nybau-
kysaro or J. M. Howie npes 1962 r. ([Howie 1962]). Bmocaexncteme,
ONpoCTEHS B PAIJTHYHE BE.'FIHE.HT'H, TOBA AOHKAIATEJICTED & BEAKYEHD B
yuebuumy mo Teopus na nonyrpymare (Brok [Clifford and Preston 1967]
(npeBog ua pycku esux: A. Kanddopn u I'. Ipecron, AnreGpamnuec-
Kafd Teopud noayrpynn, Mup, Mocksa, Tom 1 1 tom 2, 1972), [Howie
1976]). K1M nmpobieMa 3a BIOXKUMOCT Ha MOJAYIPYNOBH aMajilaMM Ce
HOAXOMIA € PASIMUHM METOAM M TEXHWMKHM M HOBWM JOKA3ATEJICTEA HA
KiacWuecKMA pesyaTarT Ha Howle 3a BloMMMOCT Ha YHHTABPHHM NOAYT-
pynoBu amanraMmu ca aafedu oT G. Lallement [Lallement 1975], G. B.
Preston [Preston 1976], T. E. Hall [Hall 1978], D. A. Jackson [Jackson 1978],
J. Renshaw [1986].

Beuukn nabpoenu no-rope NOKa3jarTelICTBA MMAT HEJOCTATEKA, Ye
TpyAiHO MOTAaT oA ﬁ'h,I[EI-T npodeTeHd, Nopail TAXHATA CHOMHOCT. B
cratusta [Dekov 1991] e gagesHo mLpBOTO KPaTKO JOKA3ATEJNCTBO Ha
gnacuueckus pesynrar Ha Howie. OcHoBHaTa painMKa MeXiay TOB&
AOKa3aTeJCTBO M NpelUIIHMTE NOKa3saTejlcTBa, € HeroBaTa TPUBMA-
HocT. JlokamarencrBoro Mome Aa Bbie npoderTeHo fe3 aaTpyaHeHUA
M 34 KpaTKo BpeMe, B OTJIHYHME OT NpeJHITHHTE OOKAIaTeJICTEA, HHATO
CHCMHOCT T'M NPpaBl NPpaKTHUYECKM HEUMTAeMHM.

HoxasaTencTBoTo Ha Kiacuueckdsa peayartat "Ha J. M. Howie, na-
geno B [Dekov 1991], ce ocnopara Ha HabnlodeHHMeTO, Ye pe3yNITATA HA
J. M. Howie mome jpa G'bjle MoaydeH KATO HENOCpelJCTBEHO CIEACTBHE
Ha pesynrar, ny6auxkysan npe3z 1950 r. or R. Baer [Baer 1950b].

Ilpes 1949 r. u 1950 r. R. Baer ny6nukyea Tpu craTtuu [Baer
1949], [Baer 1950a)], [Baer 1950b], B konTo Hpejyara HOB HOAXOL KbM
npoblieMa 3a BAOKMMOCTTA Ha I'PYNOBM aMairaMu B rpynu, basmpan
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BbpXY dyacTHuaMTe rpynmomin. Ilomxonsr Ha R. Baer Boau mo HOBO
JAOKa3aTelICTBO Ha KaacHdeckuda peaynrat Ha O. Schreier u mo moBM mo-
KazarencTsa Ha peayatard Ha H. Neumann. Tesm crarmum BHa R. Baer,
OCTaHANH HeJOCTAT'bYHO BHUMATEJHO NPOYETEHH B TeYeHUEe HA MBI
nepMoj OT BpeMe, CbALPHKAT MHOro noBedye. HAxom or peaynararture,
CbABPHALIA CE B TE3W CTATHMH, CA NPEOTKPHMBAHM OT Pa3llMyHHM aBTO-
pu Bnocnencteue. Ille orbenewum Hakou ¢axrn. Ilpes 1971 r. I
R. Stallings [Stallings 1971] (npeBon Ha pyckm esuk: B ¥. Maccu, JIx.
Cronaunrc, Anrebpawyeckaa Tononorua. Beenenwe, Mup, Mocksa,
1977) peReX A MOHATHETO “‘mpearpyna’, KaTo 4YacT OT aiarebpHyHHMA
anaparT 3a U3y4yaBaHe HA TONOJOTMMATA HA TPUMepHM MHoroobpasua, K
JOKa3BA OCHOBHATA TeopeMma 3a npearpynure. OCHOBHATa TeOpeMma 3a
NpeArpyNHTE BCBUHOCT Ce ChAbpiKa B crarHara [Baer 1950b]. Ilo-na-
raTbk, F. Rimlinger [Rimlinger 1987], yuenrk na J. R. Stallings, noxassa
ApPyra OCHOBHa TEOpeMa 3a NpPeJArpynuTe, KOATO CBIIO Ce ChbABPHKA B
cratTuaTa [Baer 1950b]. IIpearpymmre ce UsydyaBaT MHTEH3MBHO M CKO-
po e sabengsano, Ye eHA OT AKCMOMHTE 38 NpeArpyna Moxe ga Obae
NponycHaTa, Thbil KaTo e ciejcTeue oT ocramanuTe. Ilpes 1983 r. A.
H. M. Hoare [Hoare 1988] or6enassa, ye TBbpACHHETO, Ye akcHomMa (3)
e cHAelCTBUe OT OCTAHAJNMWTE AKCHOMH, € MJOKA3aHO 3a II'EPBM NBT OT
Squier. Cemoro e orbenssano u B obsopa [Chiswell 1991]. Bebmpmoct,
TOBA TBBPAEHME Ce ChAbLPKA B cTaTuaTa [Baer 1950a).

IMutupannre Tpu craThu Ha R. Baer ¢bALpXKaT OCHOBHH TeOpeMH
3a BJOXKUMOCT Ha yacTWunu rpynougd B noayrpynu. Ille orbenemim,
Ye OCHOBHATA TeopeMa 3a U-npeamosyrpynnre ILATH FOJMHH Ceé NpPH-
nucea Ha J. Schmidt [Schmidt 1968] (px manpumep yuebmukxa [Jlsanun
n Escees 1991], I'nasa 5, Teopema 2.16, n peauua craruu Ha E. C.
Jlanue ¥ HeroBU yueHWIH ; me oTGemexum, ue E. C. Jlanun 1 yueHu-
nuTe My Hapuuar U-npemnonyrpymure “He3aBUCMMK YACTHYHM HOJAYI-
pymu” ). Bewsmpoct, ocHoBHata TeopeMa 3a U-mpeinolyrpymHre ce
cbabpka B [Baer 1950b]. Iogo6Ho e monokeHMETO W C HAKOJKO APYrH
OCHOBHM TEOPEMM 34 BIAOKVMOCT HA UACTUYHMU IPYNOMAM B HOJAYTPYIX
U B PPYIH.

Enmuu or pesynraTure Ha R. Baer, cbabpiall ce B HETOBaTa CTa-
tua [Baer 1950b], konTO He ca NpPeOTKPUTH BOOCHEACTBME, € OCHOBHATA
reopema 3a L-npemamonyrpymure. B cratuara [Dekov 1991] e pbBe-
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JeH TepMMHa “mnpemnonyrpyna”’ ; B crarHara [Dekov 1999, ¢ uen ma
ce yuupuIMpa TepMHEOIOTHATA, € NpelJIO¥KeHO TO3M TepMuH Aa 61 1e
3aMeHeH ¢ TepMMHa “[-npemnoayrpyna’.

B crarusara [Dekov 1991] e nokazamno, ue KIaCHUECKUAT pe3yITAT
Ha J. M. Howie 3a BroMMMOCT Ha YHUTAPHH HONYIPYHIOBHM AMANraMH
e HemoCpeJICTBEHO clelcTBMe Ha TeopemaTra Ha R. Baer sa L-mipeano-
anyrpymaTe. Hemo noeeue, or reopemara Ha R. Baer cinenpa, ue ako
efiHa MoJNyrpynoBa aMajraMa e YHUTapHa, TO B cBODOHOTO mpousBe-
JeHVe Ha aMalilBMATa eKBUBAJNeHTHHTEe peliyLMpPaHH IYyMH HMMaT elHa
¥ cbimia abmxuHEa. IlopobHo cpoiicTBO MMaT rpyNoOBMTE aMalraMin: B
ceobogHOTO NpousBeeHMe HAa BCAKA FPYNOBA aMajraMa eKBHMBaJeHT-
HUTE PeNyIMpaHy AYMM WMAT eJHA ¥ CbINA JbIHKHHA.

EcTecTBeHO BL3HMKBA BLIPOCA Aa Ce XapaKTepPU3MPAT BCHUKH
MOJYrPyNOBM aMallaMH MMAlld FOPHOTO CBOMCTBO, T.€., BCUYKM IO-
IyrpynoBM aMallaM¥, KOMTO ce RjaraT B MOJYrpyna M TakuBa, ue
B cBOBOJHMTE NPOMSBEACHMA HA AMAllaMUTe €KBUBAJEHTHUTE pemuy-
UMPaHd AYMM MMAT ellHa M C'bila A'LIDKMHA. B TEePMWHOJNIOrMATA Ha
[Dekov 1999] ppnpocsT Moke na ce opmynnpa Taka: Jla ce xapakTe-
PU3MPAT BCHUKH MOJNYTPYNOBM aMAaJilaMy, YMWTO UACTHUHU TPYIOHIN
ca L-npemnonyrpymu. Tasu xapakrepusanusd e AajieHa B CTATHUATA
[Dekov 1993], kaTo e mMsnmonsyepaHa ocHoBHaTa Teopema Ha R. Baer 3a
L-npegnoayrpynure.

3a na moxe na O0BbIAT xapakTepUsHpaHH NONYIPYNOBUTE aMal-
raMM, YMMTO YACTHYHM TpYNOMAM ca L-mpeinonyrpynM, B CTATHATA
[Dekov 1993] e BBLBeseno MoHATHETO “KBaaW-yHWTapHa" HOANONYrpYy-
na Ha nonyrpyna. IloHsTwero “KBasM-yHHUTapHA NOANOAYTpyHOa Ha
nonyrpyna e obolleHne Ha TpW NOHATHA: MIeal, YHATAPHa IIOANOIYT-
pylia ¥ pasfieldlia ce efUHHUHO-MAeanHa noanonyrpyna.(locnearoro
OT TpHTe NouaTHs e Bbeenedo or B. C. Jlamuu). Xapakrepuaaums Ha
NOJYrpYHNOBMTE aMairaMM, UMHTO YacTWJYHK rpynouaM ca [-mpenmno-
JAYyrpynu e nafeHa B Teopema 4 ma [Dekov 1993]. Paabupa ce, xaro
uacTeH cnyuail ce monyuasa pesyirara, ny6aukysan B [Dekov 1991].

Ilpes 1969 r. E. C. Jlanuu [Janua 1969] nara xapakTepusanus
Ha NMONYTPYHOBWTEe aMajiraMM, TAKMBA Ye B TeXHWTe cBoboanu mpows-
BeJleHUA eKBUBAJIEHTHUTE PeAyIUpaHu AyMu ca pabuu. Ilokasaremct-
BoTO e ny6amkysano B [Jlaman 1970], ampe3s 1974 r. E. C. Jlanun nasa
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yCeLBBLpHIeHCTBYBaHa GOpMyIMpOBKa Ha XapakTepusanuara B [Jlanus
1974]. Karo ce usnonsyea ocHoBHaTa TeopeMa Ha R. Baer sa U-npen-
HONYTPYIMTE, CTABA B'b3MOMKHO Ja Ce Jajie KPaTKo JAoKasaTelcTBO Ha
reopemara Ha E. C. Jlamuu. Topa mokasaTesncTeo e AajeHo B [Dekov
1993]. B craruara [Dekov 1993] e orBenszano, ye yacTeH cayd4aii Ha
reopeMaTta Ha E. C. Jlanun e Teopema, nybaukysana npea 1973 r. or
J.-C. Spehner [Spehner 1973]. Toau yacren cayyait J.-C. Spehner noxaspa
KaTo M3MOJ3yBa OCHOBHaTA Teopema Ha R. Baer sa U-npeanonyrpynu-
re. B craruara [Dekov 1993] cbmo Taka e orBenasano, 4Ye 4dacTen
cay4aii Ha TeopeMara Ha J.-C. Spehner e Teopema, nybaukyBaHa mpes
1970 r. or P. A. Grillet and M. Petrich [Grillet and Petrich 1970].

IIpea 1950 r., 3a ga w3yuu croboJAHMTE NMPOM3BEIEHUA € aMmall-
raMupane na rpynu, R. Baer [Baer 1950a] LB Aa KoHUenuuaTa 3a S-
npearpyna u gara efso beskpaiino MHOMXKECTBO OT aKCMOMHM 3a S-Tpel-
rpymna, KkaTo BCAKa aKCHMOMa OT TOBA MHOXECTBO MOMXe Ja ce 3allkile
KaTo eleMeHTapHa (T.e., HA e3WK Ha JIOIMKATA OT I'bPBHM Pel) akcHo-
ma. Ipes 1966 r. Aman [Anas 1966] nokassa, ye BCHKa NOAYTpPyNa,
3ajlajlaieda C alMKIMJYHo 3aaaBane (6e3 mukaM, cycle-free) ce Biara B
rpyna. Ipes 1987 r. J. R. Stallings [Stallings 1987] usyuapa amuxImuHU-
Te 3aJARAHUSA Ha NOJNYIrPYNH ¥ IOKA3BA, Ye BCAKO AllMKIMUHO 3alaBaHe
Ha moayrpyna medumupa S-npemrpynma. B murupanara pabora J. R.
Stallings peBexaa TepMuna “S-upenarpyma”. B cemara pabora J. R.
Stallings nocTaBa BBOpoCca 3a HaMMpaHe Ha KpaliHo MHOMKeCTBO OT ak-
CHOMM OT ILPBM peJj 3a S-mpearpynure (Question 5, p. 340). Ha crp.
325 or cwmara pabora J. R. Stallings aprymenTupa BBnpoca ¢ ToBa,
ye AKCHMOMATHUYHATA XapaKTepusauud Ha S-MpeirpynuTe e Jajiey Io-
MaJKo yaosautBopurenna (“far less satisfactory”) or akcmomarHuHaTa
XapakTepH3alua Ha Npearpynure.

BenpocsT, nocraser ot J. R. Stallings me moxe na moayuwm oT-
ropop 6es M3NON3YBaHETO HAa MaTEMaTHYECKaTa JOrMKa W No-TOYHO Ha
reopuara ua monenure. B paborara [Dekov 1992] e manen orroeop Ha
awrupoca sa J. R. Stallings, karo e noxasaHo, Ye KJIAChT Ha BCHUYKH S-
Npeirpyny He e KpallHO AKCMOMAaTU3MpPYeM B JIOTMKaTa OT I'bPBM pes,
T.€., He MOXe fa O'bjie XapakTepH3HMpaH C HHKakKBO KpalHO MHOMXec-
TBO OT eleMeHTapHM akcuomu. B rasm pabora e M3NON3YBAH METOL
OT MaTeMaTW4YeCKaTa JOrMKa, KOMTO BHOCHENCTBME € M3NOJ3yBaH M B
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paborure [Dekov 1995], [Dekov 1998b], [Dekov 1999]. Kpuruuesr MoMeHT
pU USMON3YBAHETO HA METO/a € MOCTPOABAHeTO HA CTPYKTYPa 3a e3MK
oT WbpBH pel L, TakaBa ue Tasy CTPYKTYPa € MOJEN Ha BCAKO Kpaii-
HO MOAMHOMXECTBO Ha [alleHo Oe3xkpaliHo MHOMECTBO OT aKCHMOMM Ha
L, no He e mojen Ha GesxpailHoTo MHOMeCTBO OT akcMoMHM. KasaHo
¢ APYyr¥ AYMH, CTPYKTYpaTa Tpabpa jOa yJoBIeTBOpPABa BCAKO Kpaii-
HO NOAMHO¥ecTBO Ha Be3skpallHOTO MHOMECTBO OT aKCHOMM, HO Ja He
yAoBJjeTBopsABa beskpaliHoTo MHOM¥ecTBO oT akcHoMHM. fcHo e, ye moc-
TPOABAHETO HA TaK'bB MOJeJ CHIHO 3aBMCH OT JalleHoTo BeakpalinoTo
MHOMKECTBO OT aKCHOMM.

IIpea 1949 r. G. Higman, B. H. Neumann and H. Neumann [Higman,
Neumann and Neumann 1949] medunupar rpynopa KOHCTPYKIMA, CETa
uapecTHa KaTo HNN pasmmipenue Ha rpyna. HseecTHo e, ye Bnocnen-
CTBHE TA3M KOHCTPYKIMA ce OKa3Ba ocoleHo mojesHa nNpu JOoKa3BaHe-
TO Ha AJrOPUTMHUYHATA Hepa3pemMMOCT Ha Hpobiema 3a AymMuTe 3a
rpynu. Ilpes 1963 r. J. M. Howie [Howie 1963c] nedpunupa HNN pas-
HIMpeHHA Ha NOJAYTPyNH W NoJy4daBa Pe3ylTAT, C'hOTBETCTBYBAll Ha
reopemaTa Ha Higman, Neumann and Neumann, npu mpeanocraBkara,
ye JABeTe NOANOJNYTPYNH HA NONYTpyna, yYacTBYBAUM B KOHCTPYKIH-
ara, ca yaurapad. Ilpez 1978 r. B crRosATa AMCepTaAlMA, HaNWCaHA
nog pbKoBogcTBoTo Ha P. E. Schupp, D. A. Jackson [Jackson 1978] nama
HOBO JOKa3aTelnCcTBO Ha peaynrara Ha J. M. Howie 3a HNN pasmmpe-
HMA Ha MOJYIPYNM, a C'BIIC Taka AOKa3Ba NONYIPYNOBMA AHAJOr Ha
M3BecTHaTA Jema Ha Britton.

Hpez 1971 r. woB noaxon kM HNN pazmmpeHRHaTa Ha TpynH e
nanen or J. R. Stallings [Stallings 1971]. HMoaxoasT Ha J. R. Stallings,
fasMpaH BLDXY OCHOBHATA TeOopeMa 3a NpeIrpynMTe, BOAM IO HOBO
AOKa3aTelCTBO Ha TeopemaTa Ha Higman, Neumann and Neumann u no
HOBO NOKa3aTelICTBO Ha Jemara Ha Britton.

B paborara [Dekov 1993] ocHoBHaTa Teopema Ha R. Baer sa L-
IpeAnodyrpynMTe e H3noja3yBaHa, 3a da 6bae naleHo JOCTAThYHO yC-
NIOBME 34 BJIOKMMOCT Ha NOJYI'pyNOBA aMalrama B noayrpyna. B pa-
Borara [Dekov 1994] ce usmonsysa OTHOBO OCHOBHaTa TeopeMa Ha R.
Baer 3a L-npeanonyrpynuTe U ce usnonzysa mMetoga Ha J. R. Stallings,
KaTo Ce JaBaT HOBM JOKasaTelcTBa Ha pesyiaraTuTe 3a HNN pasmu-
peums Ha noayrpynu Ha J. M. Howie 1 mra D. A. Jackson. Bewmnocr,
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B paBGorara [Dekov 1994] e mpemnokeH ychBRBPIIEHCTBYBAH BapHaHT
uHa Mmeroaa ua J. R. Stallings, xoiiTo nospongea chmecreeHo aa 6uuar
CBKPATEHN NpPeCMATAHMATA.

H3BecTHO e, 4We ocHOBeH npobiem mpu anrebpuuHMTE CTPYKTY-
pH, 3aa0eHH C TeHEPATOPH M oNpelelfAllH PeJalyH, e npobieMsT 3a
aymute (the word problem). Ilpes 1951 r. Trevor Evans [Evans 1951b]
OTKPMBA METO/] 32 JOKa3BaHe HA PA3PEIIMMOCTTA Ha npobnema 3a Jy-
MHTE, TPUIOKUM KbM IIMPOK Kpbr' OT anrebpuunm crpykrypu. C To-
3M MEeTOJ| 3a I'bPBH N'BT € JOKa3saHa pa3pellMMOCTTa Ha npobleMa 3a
AYMHTE 38 pemleTKHUTe, IYNUTE, KBAIMIPYIMTE M peaMia Apyry anreb-
puusM cTpykTypu. MeroasT Ha T. Evans ce cweron B caeguoro: Ha
BcAko MHOroo6pasme V or anrebpruunn crpyxkrypu T. Evans cunocrass
KIac OT UACTUUHM airebpuuny cTpyKTypH, Hapuuanu B [Dekov 1995]
“yactrunu epancoen V-anrebpu”. Ako KnachT HA YACTUYHHMTE eBaH-
coBu V-anre6pu e kpallHo akcHMOMaTU3HMpyeM B JOTMKATa OT H'bPBU
pen, To npobiembT 3a AyMHTe 3a MHorobpasuero V e paspemmm.

Ipes 1953 r. T. Evans [Evans 1953] nocraea Benpoca panu ob-
PaTHOTO € BAPHO, T.e., BBOpOCa Aaju ako npobieMbT 3a AyMUTE 3a
MHOroo6Gpasuero V e paspemmm, oT TOBa Ciejpa, Ye KiachT Ha 4Jac-
THYHHTE BAHCOBH V-anrebpu e KpaliHo aKCMOMATHUSHPYEM B JIOMMKaTa
oT H'LPEH PE:,[[.

Orroeop Ha BLupoca Ha T. Evans e manen B crarusTa [Dekov 1995].
OrrosopbT € orpunarened. B craruara [Dekov 1995] e manonaysano
muorobpasuero CSg va KoMmyTaruBEMTe noayrpynu. MaseectHo e, ue
Topa MHorooBpasne uMa paspemnM npobileMH 3a IyMHUTE, KOETO € MO-
Ka3aHo 3a NepBU IeT oT A. M. Maneuer nmpes 1958 r. B paborara
[Dekov 1995] wactuunnTe eBancoBn CSg-anrebpu ce Hapudar ‘‘dac-
THUHM €BAHCOBM KOMYTaTUBHM moayrpynu”. B paborara [Dekov 1995]
€ MOKa3aHo, Y& KAACHT Ha BCHYKM YaCTHYHM €BaHCOBM KOMYTaTHBHH
NONYrpynr He e KPpaiHo aKCMOMATM3HMpYeM B JIOFMKaTa OT I'bPBM pel.
IIo To3M HAYMH € MOK&3aHO, Y& OT paspemMMocTTa Ha mpobaema 3a
AYyMHUTe 33 MHOroo6pa3sveTo Ha KOMYTATHBHUTE NMONYIPYIM HE Cielpa
KpalfHaTa aKCHOMATH3MPYEeMOCT B JIOPMKATA OT NbPBM pel Ha KAaca
Ha BCHMYKM YACTHWUHM €BAHCOBM KOMYTaTWBHH MOJYIPYyIM.

PGPHHHT peayaTaT MOme 0a ﬁ'L,E,ﬁ JOKa3aH CAMOo ¢ M3MN0J3YBAHETO
Ha MaTeMaTH4YeCKaTa JJOTHMEA. HE!HDJIBJI"BB. ce CBIIHUAT MeTOon OT MaTe-
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MaTHYyecKaTa Joruka, kakro B [Dekov 1992]. HWsnonsyea ce e3MK OT
I'bPBM pel L, cbAbp¥Kall eiMH TepHapeH npeiMkaren cumeon. Kakro
B paborara [Dekov 1992], kpuTHyeHn MOMEHT € NOCTPOABAHETO HA CTPYK-
Typa 3a e3dKa L, koAaTo uMma HeobxomumuTe cBoiicTBa: Tasu cTpykTy-
pa € MoJiell Ha BCAKO KpalHO IoIMHOMecTBO Ha DeskpaitHoTO MoIMHO-
MKeCTBO OT AKCHMOMH 38 YACTWUHM eBAaHCOBM KOMYTATHBHHM NMOJNYTpYIH,
HO He e Mojes Ha De3akpalfHOTO MHOMeCTBO OT AKCHMOMM 33 YaCTHUHH
€BAHCOBM KOMYTaTHWBHM noayrpynd. Pasbupa ce, TOSM W'bT CTPYE-
TypaTa 3a €3uMKa L, KOATO € MOCTpPOeHa, € C'LUIECTBEHO pPa3inuHa (B
cpaBHEHHE C'bC CTPYKTYpaTa, nocTpoena B [Dekov 1992]), samoro cb-
mecTBeHo pa3nuuHa e BeskpaiinaTa cucTeMa OT AKCHMOMH 38 YaCTHUHH
€BAaHCOBHM KOMYTATHMBHM noayrpynu. ChoecTBeHO Pa3IMYHO € M JOKa-
3aTeICTBOTO, Ye NOCTpOeHaTa CTPYKTYpa uMa Heobxomumure ceolicT-
Ba.

MeToasT, uanonsysad B [Dekov 1995] e ofpaser 3a ner nocienpa-
¥ JOKA3aTeJICTBA: €JH0 JoKasaTenctTso, nybamukysano B [Dekov 1998b)
M YeTHPH AOKa3aTelcTBA, nybnukysanu B [Dekov 1999].

Craruara [Dekov 1998b] e noceeTena orHoBO Ha npofaeMa 3a BJIO-
UMOCTTA Ha NOJAYTPYNOBMTEe amanramu. Clel OCHOBOIOJATAIWTE
craTiu Ha J. M. Howie, npobieMbT 3a BAOMHMOCTTA HA HNOJYLPYIO-
BHUTe aMalilaMH € B [IeHThLpa Ha BHMMaHMeTO Ha peiMila M3cileloBaTe-
au. OuepraBaT ce HAKOJNKO NOAXOMA, M3MNOJ3YBANlM Pa3jiMdHN TeXHH-
ku. Ille cmomenem mmenarta ua T. E. Hall, G. B. Preston, G. Lallement,
G. T. Clarke, P.-A. Grillet, M. Petrich, J. Renshaw, K. Shoji, D. A. Jack-
son, E. C. lanouna. lleaTpanen peayaTaT noayuyarsa npes 1975 r. T. E.
Hall [Hall 1975}, koiiTo nokassa, ye pesynrara ua O. Schreier, chriacuo
KOWTO BCHAKA FPYIOBa aMajraMa ce Bjara B rpyla, ce paslIMpaBa IO
KIACA HAa MHBEPCHUTE MONYTPYIH.

EcTecTBeHO BL3HMKBA BBLIpOCa HallH ChUEeCTBYBa KpaiHO MHO-
KECTBO OT (JOPMYJNHM B JIOTMKaTa OT I'bPBHU Pell, KOETO MOMKe Ja CJHYHHA
KaTo HeobXoaMMo M HOCTATHYHO YCJAOBME 3a BAOXKHMMOCT Ha HOIAYIpy-
moBa amairama B nmonyrpyna. OTroBopsT Ha TO3M BBIPOC € HajeH
B paborara [Dekov 1998b]. OtroeopsT e oTpHlaTeleH, T.e., HUKaK-
BO KpalHO MHOMKeCcTBO OT GOpMyNM OT IbPBU Pell He MOXKe Aa CIHYKH
KaTo HeoDXoaMMo M JOCTATBHYHO YCAOBHE 34 BAOKHMMOCT Ha NOJAYTPy-
nmoBa aManrama B moayrpymna. Ille orbenemum, ye Jo TO3MU OTTOBOD
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MOXe Ja CTHMrHe, aKo ce AaHallU3HMpaT U npeobpasysaT pesyaTaTHTe Ha
G. Lallement, ny6aukysanm npes 1975 r. B cratuara [Lallement 1975].
Tasm crarua ua G. Lallement obaue e Tpyaua 3a uyeTeHe M B Hed He
ce M3NON3YBa MaTeMarTHyeckara jJoruka. B craruara [Dekov 1998b] e
nokasano, Ye HeobXoAMMO M ACOCTATLYHO YCNOBHE 3a BICKNMOCT HA
NONYrpyNoBa aMajraMa B MOJYrpyna Moxe Aa 6ble 3anMcaHo KaTo
enno Beskpalino MHoxecTBO OoT GOpMyaM OT MBLPBH pel. Toba Besk-
paiiHO MHOMeCTBO OT (JOpMYJM OT I'bPBM pell € TOUHO MHOMECTBOTO
oT GopMynM OT N'LPBEM pel, KOeTO CHAY¥HM KaTo HeobXoQMMO M AOCTa-
TBHYHO YCIOBHME 3a BAOMKMHMOCT Ha YacTH4YeH IPYyHNoOKM[ B MONYrpyna
koero me o3nauum ¢ P. [Mo-nararsk, B craruara [Dekov 1998b] e ma-
MOJI3YBaH ChINUAT MeTol, KakTo B [Dekov 1995]. KpurHuen MoMeEHT M
TYK € HOCTPOABAHETO HA CTPYKTYypa 3a esuk L, cbeTosm ce oT elrH
TepHApEH NpeluKaTeH cuMmBoia. B TosM caydail Tasu CTpyKTYpa e Ho-
nyrpynoba amanrama. Ilocrpoenara nonyrpynoba aMairaMa € MOJEN
Ha BCAKO KpailtHo noamuoxecTBo Ha P, HO He e momen Ha P.

lpea nocnemuure roiMnn B TeoperuHarTa uHGopmaTHra Geure
paspaborena TeopuATa Ha cucTeMuTe OT peayKuuM. Teopuara Ha cuc-
TEMHTE OT PeAyKIUMH BOAM HAUaJIOTO CU OT OCHOBONoOJaramure paboTu
na M. H. A. Newman [Newman 1942], Trevor Evans [Evans 1951a], D. E.
Knuth u P. Bendix [Knuth and Bendix 1970]. B ToBa HanpapjieHue JHeC
paBorar ronam 6poit macnenoparenu. Cpen mHorobpoiinure obmacTy
HAa NPUIOXKEHWA Ha TEOPMATA HAa CHCTEMHTE OT PeAyKiMM ca aireb-
paTa, QYHKIMOHANHOTO HporpaMupaHe, JOTMUECKOTO NporpaMHpaHe,
ABTOMATHUHOTO NOKA3ATENCTBO Ha TEOPEMH, KOMIIOT'LPHaTa anrebpa.

HsBecTHO €, ye npobieMbT 3a AyMUTe 3a PPYNUTe M npobieMbT
aa JyMHTe 3a MOAYTpyoMuTe ca Hepaspemumu. C moMolnTa Ha TeOPHUATA
HAa CHCTEMHMTE OT PeAyKLUMM 3& MHOI'O KJIACOBE OT PPYNHM W HOAYIpYOH
Moxe ma 6%Je HaMepeH NpoOCT AlrOPUTLM 3a pemraBaHe Ha npobiema
sa aymure. Epxna kpalima nmeaHa cucrema oT peaykuuu R sa rpyna
(G maBa mpocTo pemieHMe Ha npobiema 3a AyMUTe KakTo cienpa: Ilme
JAYMM ca eKBMBAJIEHTHM TOTaBa M CaMO TOraBa, Koraro texamre [i-pe-
Ayuupanay popMmu (decTo HapHUaHW HOpMAaNHU GOPMM MK KAHOHUYHA
popmu) cuenanar. Ilo chmmMas HauMH, €iHa KpaliHa NbJHA CHCTEMA
OT PEeAYKIMHM 3a NOAYrpyna AaBa NPOCTO pelmienue Ha mpobnema sa
JAYMHTE 32 ODOJYIPYNATa.
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Teopuara Ha cHCTeMHMTe OT PeiyKUMM Ce Mamoisyea B paBoTure
[Dekov 1997], [Dekov 1998a], [Dekov 1999].

Ilpes 1912 r. M. Dehn [Dehn 1912] pemaBa npo6iema 3a AyMuUTe
3a pysnamenranuaTa rpyna $, Ha 3aTBOpeHa OPMEHTUDaHA MOBLPX-
HUHa OT Poj g,

¢, =<a,...,a.,b,...,b ; alhaflbfl,,.a,bﬁaglb? =1>

3a 0630pH BEpXy KOMOMHATOPHATA TEOPHA HA PYIMTE OTIpPalla-
me uynTaTend KM [Magnus, Karrass ans Solitar 1966], [Lyndon and Schupp
1977], [Chandler and Magnus 1982].

ITpes 1992 r. 5. M. Hermiller [Hermiller 1992] (B cbmo [Hermiller
[1994]) maBa kpaiina nbana cucrema or peaykuum R sa rpymara $,,
3ajJiajfieHa C [IOCOYEHOTO NO-rope 3ajaBaHe. 3a Ja JOKaMXe, 4e cUC-
TeMaTa OT peAyKuuM [ e sapbpmBama (T.e., MO¥e [a Ce ONpENEHH
¢ kpaed Bpolf cTBOKHM JAanu ABe AYMH Ca €KBHBAJEHTHM MAM He), S.
M. Hermiller usnonsyea nasa pekypcuBHaA cTpora Hapenba, NopoJeHa
oT JauHelna crpora Hapenfa BbPXY MHOMKECTBOTO HA TeHEPATOPHUTE
u TexuuTe obpaTHu. Ille or6Genexnm, ye nABATA peKypCHBHa CTpOra
Hapenba BLPXY elHO MHO:ecTBO e gedpunupana npes 1982 r. or N.
Dershowitz [Dershowitz 1982]. B paborara [Dekov 1997] e manonsypana
OTHOBO JfBa peKypCcHBHa cTpora Hapenba, xodro obade e nopofeHa
oT cTpora Hapenba BHPXYy MHOMECTBOTO HA I'EHEPATOPHMTE M TEeXHHUTE
obpaTHH, KoATO He e nuHeltna, a yacTnuna. Jledunmupanara B [Dekov
1997] napenba e MuHMManHaTa Hapegba, KOATO Moxe Aa Gbme M3mON-
3yBaHa, a anHelinara wapenba ma S. M. Hermiller e pasummpenue nHa
Jepunupanara B [Dekov 1997] yacTuuna Hapenba.

B paGorara [Dekov 1997], Ha ocHoBaTa Ha HabaloJeHHETO, Ye KOH-
crpykumaTta Ha 5. M. Hermiller nonycka oBo6menne, ca naxenu kpaiinum
MLJAHM CHMCTEMHM OT PEAYKOHH 38 efUH GeskpaeH kiaac oT rpynM. Jlse
OT TPYOMTE OT TO3U Kiac ca ocobeHo cbumecTBenn: PyHnaMeHTanHaTa
rpyna ¢, Ha 3saTBOpeHa OpMeHTHpaHa NOBLPXHMHA OT POl g U QyH-
JaMeHTajgHaTa rpyna ¢ Ha NMOBBPXHMHAZ OT poh g. B To3Mm knac ce
BKNIOUBA U cBoboguara afenepa rpyna, NopojleHa OT IBA TeHepPATO-
pa.

Ilo-wararsk, B paborara [Dekov 1997] e npennoxkena HoOBa npocTta
Hapenba, c KOATO MOMKe fla ce JOKaXKe, Ye CMCcTeMaTa oT pelykuuM K sa
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dysnamMerTansara rpyna $, Ha saTBopeHa opMeHTHpaHa IOBLPXHHEA
oT pon g e 3aBpbpmBama. Cemara Hapenba cayxu, 3a fAa 6bae MoKa-
3aHO, Ye CHCTeMMUTEe OT peJyKUMM 3a PPYIHUTEe OT CIOMeHAaTHf No-rope
GeskpaeH Kiac OT TPymM, ca sapbpmBami. B paborara [Dekov 1997]
Ta3y Hopa Hapenba e HapeueHa Hapenba na Benninghofen- Kemmerich-
Richter, T1it kaTo npea 1987 r. B. Benninghofen, 5. Kemmerich 1 M. M.
Richter [Benninghofen, Kemmerich and Richter 1987] ca aedunupanmu mo-
nobra mapenba. (B paborara [Benninghofen, Kemmerich and Richter
1987] npu medummpaneTo Ha cnoMmenaTaTa Hapenba Ha crp. 211 e
JONycHaTa Ipelika, 3a KoeTo cbobuux ¢ mMcMo Ha mpodecop M. M.
Richter npes 1996 r.).

Tlpea 1994 r. J. Pedersen u M. Yoder [Pedersen and Yoder 1994]
JaBaT KpailHa nbiHa cHCTeMa OT peAyKUMM 3a ApPTHHOBATa Ipyna Ha
cMranuara (the braid group), noponena or Tpu reseparopa. B pabo-
rata [Dekov 1997], karo ce maxoxkaa or HabaOAEHHETO, Ye KOHCTPYK-
nuaATa Ha J. Pedersen m M. Yoder mowe na 6bme obfobmieHa, e HaleHa
KpaliHa MbiIHA cHcTeMa oT peayknuu R(G) 3a rpynmara Ha TOPHUHMTE
Bb3nu (the torus knot group), samanena cbe samasaneTo

G=<abec; a"=b=c>

KbaeTo m,n > 1. lageno e ¥ HOBO JOKa3aTelICTBO Ha TB'bPIAEHHETO,
Ye CHCTEMATA OT PeAYKIMHM 33 APTHWHOBATA rpyna Ha CINIMTAHMATA,
ganeHa ot J. Pedersen and M. Yoder, e 3apwpuiBania, KaTo e NoKa3aHo,
ye 3a HelnTa Moxe ga 6 e MANoNsSyBaHa NOAXONALNA NARA PeKypPCHBHA
crpora Hapenba, NOpoJeHA OT cTpora Hapeliba BLPXY MHOMXECTBOTO
Ha reHepaTopure M Texuurte obpaTHu. Ta3sw nama pekypcHBHA CTpPO-
ra Hapenba e W3NON3yBaHA M 33 no-obmua ciaydall Ha cHcTeMaTa OT
pPeNyKIMHM 3a IPYNATA HA TOPHUHKTE BBL3JH.

Mpes 1960 r. M. I'pusanuurep [Grindlinger 1960] e nokasan, ue
anropuTbMbT Ha Dehn ne Mowke na pemmm nmpobiema 3a gyMuTe 3a rpy-
nara G =< a,b, ¢ ; abc = cha >. Mpes 1984 r. F. Otto [Otto 1984] nara
kpalina nbana cucTeMa or peaykumuu H;(G) 3a rpynara #Ha [pUBIIHH-
rep. B paBorara [Dekov 1997] e maneno HOBO mpoOCTO HOKa3aTeNCTBO Ha
TB'LPAEHNETO, Ye cucTeMaTa oT peaykmuu Ry(G) e sapspmeama. Ilo-
KasaHOo e, 4e MPOCTO MOKA3aTeNCTRO Ha 3aRbpmBaneTo Ha Fi(G) moxke
JAa 6bMe MoNyUyeHO, KATO Ce M3NO0J3YBa NOJAXOIMANla JABA PEKYpPCHUBHA
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cTpora Hapeiba, nopojeHa oT cTpora Hapelfa BLPXY MHOMKECTBOTO
Ha TeHEpPATOPUTE M TeXxHHTEe obpaTHH.

Iipes 1986 r. Ph. LeChenadec [LeChenadec 1986] naBa apyra kpaii-
HA O'bJIHA CHMCTeMa OT peaykumn Ry(G) sarpynara na Dpusanuarep. B
paborara [Dekov 1997] e or6enssano, ye YyeTUpUTE CTAHAADTHU Hape-
6u, a MMeHHO, pelyUMpAaIaTa TerjloTo U JIABA nekcHKorpadcka cTpo-
ra Hapenba, pelylupamara Tera0To U AACHA JTeKCHMKorpadcka cTpora
Hapenba, NfABaTAa peKypCcHMBHaA cTpora Hapenba M AACHATA PeKypCUBHA
cTpora Hapeiba, He mMora fa 6bhaT MsnoNsyBaHM, 3a Aa Gbie JOKa-
38HO, Ye cucTeMaTa OT peAykuMu Fy(G) e aapbpmeama. B paBorara
[Dekov 1997] e naneno HoBO HOKasaTENICTBO HA TB'BbPAEHAETO, Ye CHCTe-
MaTa OT peaykumH Ry(G) e sapinpmmama. 3a lenTa e BLEEJENA HOBA
npocTa Hapeiba, koaTo B [Dekov 1997] e vapeuena mapeaba na Martin,
1 KaTo npes 1993 r. nojgobua napenba e me¢mampana or U. Martin
[Martin 1993].

Ipes 1980 r. Trevor Evans [Evans 1980], kaTo ManonsyBa TexHu-
KaTa Ha CHCTEMHTEC OT PeAYKUWH, HABA HOBO AOKA3ATEJCTBO HA KiIACH-
Jeckara TeopeMma Ha O. Schreier sa BnowmMmocT Ha rpynosa aManrama
B rpyna. B paBorara [Dekov 1998a] naesra na T. Evans e yobBbpmen-
CTBYBaHa, C el Ja Ce NoJMy4YM HOBO NPOCTO AOKa3aTeJCTBO Ha KJIACH-
Yeckara Teopema Ha O, Schreier. 3a unenTta ca HanpaBenu ABe OCHOBHH
npomenu. Il'bpBo, nedunrpana e HoBa cMcTeMa OT peaAyKuMK K, TakaBa
e NOKa3aTelICTBOTO Ha TBbpAeHHMeTO, ye R e KOHIYeHTHa, € TPHUBH-
anno. Bropo, 3a na 6bme mokasaHo, ye cHCTEMATA OT peAyKuuM R e
3ap'bPIIBAINA, € M3N0J3YBaHa pelyuupama Hapenba. Peaynmupamara
Hapeaba, KOATO e U3MON3yBala, € CTAHAAPTHATA DEAYUMPAIIa TErI0To
M n4Ba Jekcukorpadceka crpora Hapenba. C npMMep e mokasano, ue
Hapenbara, usnonsysana ot T. Evans [Evans 1980] se e peayumpama.

N. Bourbaki [Bourbaki 1970] e man oBobuienre Ha KiacHdecKaTa
reopema Ha O. Schreier, orHacamo ce mo ceobompM NMpoM3BeNeHHA C
aMalraMupate Ha MoHouau. B paBorata [Dekov 1998a] e naneno moso
AOKa3aTeJICTBO Ha no-obmara Teopema Ha N. Bourbaki. ITokasaTencr-
BOTO Ha Teopemara Ha O. Schreier ce nonyuapa HemocpelcTBEHO KATO
JacTeH ciydall, ako HAKOM MHOMXKECTBA Ce MOJOXKAT Ha 6bJaT paBHM
Ha MNPAa3HOTO MHOMKECTBO.

IIpobreMtT 32 BIOKUMOCTTA HA YACTHUYHH P PYHOMAN B NOIYLPY-
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o4 & HepaspemuM, T.e., He CLIECTBYBa alropMTLM, KoiiTo Aa gaBa
OTTOBOP Ha BBIPOCA Jalll KpaeH YacTUdeH FPYNOHI Moxke HAa Gbae
piaoxeH B noayrpyna ([Evans 1953], [Evans 1978]). B crarmara [Dekov
1999] ce mpaBu nperaen Ha npobieMa 3a BIOXKMMOCT Ha YACTUYHM I'py-
mouay B nonyrpynu. Jedunupanu ca OCHOBHMTE KNacOBe OT YACTHYHM
rPYNOWAM, BIOKUMY B IOJNYrPYNH, B'bBEIEHH Ca YHHPUIMPaHa TEPMH-
HOMOTHUA ¥ YHUPUIMPAHN O3HAUEHUS.

IToxaszano e, ye YeTHpPU OCHOBHM KJaca OT YACTHWUHH I'pYNOHAH
ca AaKCMOMATUSMDYeMH B JIOTMKATa OT I'bPBM peji, HO He Ca KpaiHo
akcMoMaTHsupyeMmn. Tesu knacoee ca caeguuTe: KnachkT Ha BCHYKN
ACONMATHBHN YACTHYHM IPYNOMIM (eMMH aconWaTHBeH YacTU4YeH I'py-
MOMJ MOMXe A2 He ce Bjlara B NOAyrpyna), KaachT Ha BCUUKHA YaCTHUHM
noNyrpynu (T.e., KNIAChHT HA BCHMYKH YACTHMYHM DYNOMIM, BIOKHMMH B
NONYrpyNnu), KAacLT Ha BeWukK H-npexmonyrpynu (T.e., KIachT Ha
BCHYKH YacTHUHM FPYHOMIH, KOMTO MOraT Jga O6B4aT DONY4YeHH OT Mmo-
AYrpyny NocpeicTBOM OTpaHWveHMs Ha bumapHHUTE Onepalud Ha TMO-
JAYCPYNHATE BLPXY HENpAasHM NOAMHOMXECTBA) M KIAchT HA BCHUYKH S-
npemnoayrpynu. Ile orbenexim, e Tesw yeTHpH Kiaca OT YACTHUHH
rpynouaM ca BLBejenu or R. Baer [Baer 1949], koiiTo e foKasall OCHOB-
HY TeOpeMM 3a Te3W 4YeTHpH Kiaca. IIpu mokasaTesncTBOTO Ha TBLP-
JeHWeTo, Ye Te3W 4YeTUpPH KJIaca He ca KpaiHo akcHOMAaTH3MpPYeMH B
JIOTMKaTa OT I'bPBM pej OTHOBO e M3anoasyBal merola or [Dekov 1995,
KATO KPUTHYEH MOMEHT € NOCTPOABAHETO Ha NOAXOAAUM CTPYKTYPH
3a €3MK OT N'bpBM pel L, cheroful ce OT ellMH TepHAapeH IpelHKaTeH
cumson. Ille or6enexum, ye R. Baer B mauanoro Ha crarnara [Baer
1949] nocrasa npobiemMa 3a XapakTepu3alMATa Ha Te3au KiacoBe., OT
Ka3aHOTO [O-TOPE Ce BIMKIA, Ye Te3M YeTHPH Kilaca He Morat ja 0b-
JaT XapaKTepH3MpaHWU ¢ HUKaKBM KpaiHM MHOXKecTBa OT GOPMYJIH OT
O'LPBU pel.

IIpez 1953 r. Trevor Evans [Evans 1953] orbenaspa, ue KaachT
HA BCHMYKMA YACTHMYHM NOJYTPYNH He € KpallHo akcHMOMAaTHINPYeM B JIO-
rMKaTa oT nepBu pen. Benemxara va T. Evans obaue ca Gasupa Ha
fpaxra, ye npobaemMbT 3a AYMUTe 3a NOJYTPyNMTE € Hepaspemum. B
JoKasaTelcTBOTO, Aajaeno B [Dekov 1999], He ce uanonsypa HepaspelM-
MOCTTa Ha npobiema 3a AyMuTe 3a NONYLpYINHUTE.

[Mpes 1972 r. P. Gudder [Gudder 1972] nocTapa BeOpoca AalM aKo
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eIMH UACTHUYEH TPYNOMI & HeN'LIHA NONYrpyNa (MOHATHETO “HEN'BIHA
nonyrpyna” e pbBefieHo npes 1951 r. ot T. Evans [Evans 1951]), or
TOBA CllefiBa, Ye TO3M YacTHuyeH rpynoua e R-mpeanoayrpyia, ¥ ako
OTrOBOP'BET € oTpMuaTeleH, jga Gbie AaleHa xapakrepusaums Ha -
npegnonyrpynure. B [Dekov 1999] e ganen npocTt npuMep Ha HeN'LIHA
noAyrpyna, koaTo He e H-npemnonyrpyna. llagena e M xapakTepusa-
umA Ha R-mpemnonyrpynvTe, HOo KakTo Gelle Ka3aHO NO-rope, KIachT
Ha BCHYKH R-nipenmonyrpynu He e KpaliHO akcHOMaTHU3MpPYeM B JIOTH-
KaTa OT I'LPBH pel.

Kaxkro Geme or6Genasano no-rope, OCHOBUTE HA TEOPMATA HA CHMC-
TEMHTE OT PeAyKIMM ca mojoxeny ot M. H. A. Newman [Newman 1942]
1 D. E. Knuth and P. B. Bendix [Knuth and Bendix 1970]. IIpes 1950 r.
R. Baer [Baer 1950b] ny6aukyBa ocHoBHaTa TeopeMa 3a U-npemmomyr-
pynute. B paborara [Dekov 1999] e nmokasano, ue uacTen cayuait ua
OCHOBEH pe3ylTaT OT TEOPMATA HAa CHCTEMHUTE OT PeAyKIMM MOMXKe Ia
6bae GopMmMynMpaH KaTo TeopeMa, KaToO TA3M TeopeMa llie BKIOUBA B
cebe cu ocHoBHaTa TeopeMma Ha R. Baer 3a U-npegnoayrpymmre. Hemp
IIOBeYe, TA3W TEOPEMa YCTAHOBABA Bphaka Mexny U-nmpennonyrpynure
M MBIAHMTE CUCTEMM OT PeAYKIMH, KATO TAa3M BPh3Ka € [0JIe3Ha KaKTO
npu U-npegnonyrpynuTe, Taka M [pW NpMiarade Ha HAKOM CHCTEMH
or peayknuM. IlokasaHo e Chillo TaKa, Ye eCTecTBEHOTO MACTO Ha OC-
noBHaTa Teopema Ha R. Baer sa U-npeanoayrpynure e B paMKMTE Ha
TEeOpMATa HA CHCTeMHTEe OT peiykumuu. llo To3M HaAuMH e MOAYyUEHO M
HOBO JOKA3ATENCTBO HAa OCHOBHATA Teopema Ha R. Baer aa U-npegmo-
AYTPYIMTE.

B paborata [Dekov 1993] U-npeanonyrpynure 6Axa M3N0N3YBaHH,
3a ga 61e naNeHo HOBO JOKasaTeNcTRO Ha TeopeMaTa Ha E. C. Jlanun
3a BIOM¥eHWe Ha NoNyrpymnoBu amairamu. B paBorara [Dekov 1999] ca
pasrielaHy HAKOW NOJNYTPYOH, KOMTO MOTAT Aa 6LmaT pasriedIaHd
KaTO YHMBEpCalHH noayrpynu Ha U-npegnonyrpymu: cBobompaTta no-
nyrpyna, ceoboaHOTO MpOM3BeEieHMe HA NMOAYLPYyNH, YeTHPH-CIOHMpal-
HaTa noayrpyna Sps Ha K. Byleen, J. Meakin and F. Pastijn [Byleen,
Meakin and Pastijn 1978], 6uuuknuunara nonyrpyna C(p,g). Bue Beuu-
KM TE3M ciydyau nojiyyasaMe NPOCTH JOKA3aTENCTBa Ha TBBLPAEHHUETO,
Ue eKBMBANEHTHWUTE pPeAyUMpaHH IyMM chLBHAaiaT. Karo npumep 3a
npuioMenue Ha ocHoBHara Teopema Ha R. Baer 3a U-npeanoayrpynm-
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Te, € JalleHO HOBO KPaTKO JOKasaTeJICTBO Ha TeopeMma Ha JI. B. JloGo-
auna [Jlo6oguna 1992], naBama KpuTepHii 3a BIoxuUMOCT Ha obobime-
HH NOJYrpynoBy amairamu B nonyrpynu. O6Go6umennre noayrpynoeu
aMajraMi ca BbBeleHH npes 1974 r. or E. C. Jlanun [Jlanun 1974].

Ilpes 1966 r. J. R. Stallings [Stallings 1966] BLBexka MOHATHE-
tro U-mpearpyna ( “gacruuna monyrpyna” B TepmuHomormaTa Ha J. R.
Stallings) u mokassa ocHoBHaTa Teopema 3a U-npeiarpynure. B pa-
Gorara [Dekov 1999] e maneno HOBO JOKa3aTeNCTBO Ha TA3M TeOpeMa,
KaToO e NOKa3aHo, Ye TA € CHeICTBHe Ha TeopemaTa Ha R. Baer 3a U-
npemnonyrpymure. Ifo To3m mauwmu, e NoKa3aHo, Yye TeopemaTa Ha .
R. Stallings sa U-npearpynure e yacTen cay4aili Ha OCHOBEH pPe3syaATaT
OT TEOPMATA HA CUCTEMUTe OT peayknuu. OT ToOBa ce BUXKIA, Ue ec-
TeCTBeHOTO MACTO Ha Teopemara Ha J. R. Stallings sa U-npearpynure
€ B TEOPMATA HAa CHCTEMWUTE OT peNyKIWK.

IIpes 1978 r. P. W. Bunting, J. van Leeuwen and D. Tamari [Bunting,
van Leeuwen and Tamari 1978] nacnegpaTt BAOKIMOCTTA B IOAYTPYIH HA
YACTUYHHUTE FPYNOMAM OT TpeTH pel. ChbriacHo TAXHO TBbPIEHWE, OT
262144 yacTHMYHM TPYNIOMIN OT TpeTH pel, 24733 ce Baarar B NOAyr-
pynu. P. W. Bunting, J. van Leeuwen and D. Tamari usnonsyear xKom-
NIOThEPHA TPOrpaMa 3a HM3cielBaHeTo Ha nmocodenua npobaem. Taam
NporpamMa e IPUIOKHMMA KbM BCHMUKM YACTHUHM PPYHOMIA OT TPeTH
pen, ¢ M3KNOYeHHe Ha 16 YacTHYHM Ipynonad (a c'hbllo Taka M eJuH
YacTHUYeH MPYNoum oT BTopW pen), npu xkoutro P. W. Bunting, J. van
Leeuwn and D. Tamari npospexnar wsumncnennara Ha pbka (“by hand”),
U3Mo3yBalik MeTONM OT TeopHATa HAa (POPMANHWTE €3MIM M rpamMa-
THKM M MeToj, paspaboren or Tax. Oxa3pa ce, ye BCHUKK Tesu 17
YACTUYHMY MPYNOMIM Ce BIAATAT B MOJYTPYIIH.

B pab6orara [Dekov 1999] e nageHo HOBO HOKa3aTeJCTBO HA TBBP-
AeHHeTo, de 17-re wacTyuuum rpynonar va P. W. Bunting, J. van Leeuwen
and D. Tamari ce BnaraT B nonyrpynu. CLueBpeMeHHO, Te3H UACTHUHH
FPYHOMAH ca M3MOJA3YyBaHK, 3a aa 6baarT MIoCTpHpald HAKOHM KOHIEN-
muM, cpemamy ce B craruaTa [Dekov 1999]). Oxaspa ce, ue or 17-re
YacTHYHW rpynonmM, 5 ca U-npemmonyrpynu, enuMH YacTHYeH I'pYIo-
un e L-npeanonyrpyna, koaro He e U-mpeamonyrpyna, 9 yacTUdaHM
rpynouan ca R-Mpeilolyrpyny, HO He ca S-MPeanolyrpynu M ocTa-
HaJiuTe 2 YacCTHYHM IPYyNOMAM He ca FR-mpemmonyrpynu.
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IIpes 1972 r. G. R. Baird [Baird 1972] seexxa noraruero “uac-
THuel Gann”. Axo S e monyrpyna M ako MHoXecTBoTO FE(S) Ha muem-
MOTEHTHTE Ha S € HENPAa3HO, TO OTHOCUTENHHAT YACTHYEH NOArPYION]
Ha S5, onpejleieH OT MoAMHOXecTBoTo [(S) (T.e., orpannuenMeTo Ha
bunapuara onepaiya Ha S BBPXY noaMuoxecrsoTo E(S)), e uactuyen
6ann. IIpes 1974 r. A. H. Clifford [Clifford 1974] BeBeXxAa moHATHE-
To “ocuoma” (“warp”) u mokaspa, ye Bcekd yacTHueH BaHX e OCHOBa
([Clifford 1975], Theorem 1.1). IIpes 1974 r. A. H. Clifford [Clifford 1974]
nocraes BBIOpoca Aain obpaTHoTO € BAPHO, T.€., AAJM BCAKA OCHOBA
e yactuyen 6ann. B paborara [Dekuv 1999] e nameH OTroOBOp Ha TO3M
pernpoc. OrropopsT e orpunarenen. B [Dekov 1999] e mazen npocr
NpMMep Ha OCHOBa, KoATO He e yacTHued Gann. (Tosw mpumep Geme
crobmen or meH npes 1990 r. ¢ mmcmo Ha A. H. Clifford, xoiito na-
Je MOJOMUTEIHA OIEeHKa HAa MpuMepa). 3a NPHMep HA OCHOBA, KOATO
He e yacTHdeH baHn e B3eT efuH or 17-yacTHyHM rpynounau Ha P. W.
Bunting, J. van Leeuwen and D. Tamari.

Ilpes 1960 r. C. M. Ansu [Ansn 1960] nybamxyea dopmyin-
poBKaTa, a npes 1966 r. nybaukysa mokasarenctsoTo [Agan 1966] na
CBOfA M3BECTEH Pe3yATAT, CbLAACHO KOWTO aKko eHA MOAYTPYIa € 3ana-
JieHA € alMKJIWYHO 3aJaBaHe, TO TA ce Biara B rpyma. B [Agan 1966]
uma npumep (masa 2, llpumep 3), koiiTo mokasBa, Ye TOBa yCJIOBHE
He e Heobxogumo. HesaBucumo or Agpaa, mpes 1963 r. G. C. Bush
[Bush 1963] nasa npumep, ¢ KoilTo nokasea, Ye yCIOBHETO Ha AJfAH He
e Heobxommumo. (IIpumepsT Ha G. C. Bush e BrIIOUeH M B yueGHMKa
na P. M. Higgins ([Higgins 1992], p.185). Ha onmncammeTo Ha mpHMepa
cu G. C. Bush noceemara emna craTusa, ny6nukysana B Proceedings of
the American Mathematical Society, a uMenno, cratuara [Bush 1963]. B
paBorara [Dekov 1999] e manen npocT npuMmep, KOHTO NOKa3Ba, ye yc-
NOBMETO HA ANAH He e HeobBxomuMmo. 3a NeATA Ce M3NOA3YBA EIWH
or 17-te yacTwumm rpynouau Ha P. W. Bunting, J. van Leeuwen and
Tamari,a UMeHHO, YACTHUHHAT TPYNOMA OT BTOpH pel. TosM yacTudeH
rPYIOMI MMa JBa eleMeHTa: a,b u gpe ymuoxenua: aa = b, bb = a, cie-
JOBATeNHO, YHHBEPCANHATA HONYLPpYyNa HA TO3W YACTHUYEH TPYNOMA €
NoJyrpynaTa chbe 3ajapane S = sgp(a,b; aa = b, bb = a). Topa 3anaBa-
HE MMa JIAB UMK'BJ M JeceH HUKLJ, HO S BCBINHOCT € TPYyHa, a MMeHHO,
DMKIMYHATA rpyna or Tperu pen. B [Dekov 1999] e orbBensasano, ue
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Hali-NpOCTUAT NPUMED € NONYrPYNOBOTO 3amaBaHe sgp(a ; aa = a) Ha
NoJyrpynaTa ¢ eqyH el1eMeHT, KOATO C'hbIEBPEeMEHHO € M I'Pyna ¢ eJxuH
EJIeMEHT. D‘-IEEH,II,HG, TOBAa 3agaBaHe MMa JAB IMKBJA M JeceH IMELI.

B pa6orara [Dekov 1999] eann yacTuden rpynoni, ynato tabiuna
Ha YMHOXEHMATAE MoKe fa ObJe HomMbiHeHA A0 TAbiMma Ha yMHOXKe-
HUATaA Ha MOJXYrpyna, ce Hapwda “T-npemnoayrpyna’. Orbensazano e,
4ye enquH oT 17-Te yacTMuad rpynonau Ha P. W. Bunting, J. van Leeuwen
and D. Tamari e T-npeanoayrpyna ¥ e mokasaHo Kak TabaWoaTta Ha
YMHOMEHMATA HAa TO3M YACTHUEH MPYNOMI MoOXe Ha Obae DOonbLIHEHA
Ao Tabavia Ha YMHOMEHMATA HA NOAYrpyna. 3a ChLIMA YacTU4deH
rpynounn P. W. Bunting, J. van Leeuwen and Tamari respaar ([Bunting,
van Leeuwen and Tamari 1978], p. 598) ue KoMmOTHLpHaTa MpOrpama,
M3MN0J3yBaHa OT TAX, e NOoKasaja, Ue TO3M YacTUUYeH TPYNOMH, He e
T-npemnonyrpyna. CnenopaTelHo, KOMOIOT'LPHATA NporpaMa, W3I0J-
sypana B [Bunting, van Leeuwen and Tamari 1978] e nagesna morpemso
TB'LPAEHWE, KOETO NMOKa3Ba, Ye Ta3d KOMIIOThLPHA mporpaMa MMa Jle-
pexr. Twii kaTo pesyiaTarTuTe B CHOMEHATATA CTATHA C& MOJYUYEHH C
Ta3¥ KOMOIOTHLPHA NporpaMa, Te CTABAT HeBalIWMIHWU, a npobieMbT 33
CHLINECTBYBAHE Ha AlrOPHUTHM, KOMTO Ja MOKA3Ba 3a NPOM3BOJNEH yac-
TUYEH I'PYNOMI OT TPeTH pell, JalM TO3M YACTHYEH I'PYINOMA Ce Biara
B NMONYrpyna Wi He, 3a Koiito P. W. Bunting, J. van Leeuwen and D.
Tamari TBspAAT, Ue e pemieH, ocraBa oTkpuT. Toba Habilonenne Ge-
me cbobmeno mpes 1997 r. ¢ nucMo Ha npod. J. van Leeuwen, xoilito
OIEHK MONMOXWUTEJIHO ToBa Habniogeane ¥ oTbendsa, Ye KOMIIOTHPHATA
nporpamMa e HanucaHna ot P. W. Bunting.

Mpoueaypara 3a nonbasane Ha Knuth u Bendix mrpae uenrpan-
Ha pONf B TEOPHATa HA CHCTeMHUTe 0T peaykmuu. B paborarta [Dekov
1999] ce npeanara olge eAHO NPUIOKEHNHE Ha IPOLelypPaTa 3a NONbJIBa-
He Ha Knuth u Bendix, a mMenno, nperara ce M3nojIsyBaHeTo Ha TasH
npouenypa 3a pemasBaHe Ha npobjeMa 3a BAOKMMOCTTa HAa YaCTHYHM
IpPYNouay B NOAYTpynu.

HisnonsyeaneTo Ha npoUeaypaTra 3a nonsiasane Ha Knuth 1 Bendix
ce MIIOCTPUPA € ABa NPHMEpPA.

HWapectHo e, ye kpailna rpymoBa amanraMa BMHard ce Bjara B
kpaiina rpyna. Ilpes 1964 r. J. M. Howie [Howie 1964a] mocraps BbIpo-
Ca Jal CBINECTEYB A KpalHa MoAyrpynoBa aMalraMa, KOATO € BIOKN-
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Ma B MOJYLpYyNa, HO He & BHOKMMa B Kpalina nonyrpyna. OTroBopsT e
manex npea 1975 r. or T. E. Hall [Hall 1975], koiiTo naBa npumep (npu-
mucan ot T. E. Hall na C. 1. Ash), c koiiro nokassa, ue Takapa KpaitHa
NONYTpyNoOBa amMajiraMa chbilecTByBa. B craruara [Dekov 1999], kaTo
ce M3NON3YBa Npolelypara 3a nonbiasane Ha Knuth u Bendix, ce naBa
NpoCTO JOKa3aTelCTBO Ha TB'bPAEHMETO, Ue MONYIpyNOBaTa aMajiraMma
Aa Ash ce Bnara B nonyrpyna, Ho He ce Biara B Kpalina nonyrpyna.

Cnen ToBa nponenypaTa 3a nontnpane Ha Knuth u Bendix ce us-
Noa3ypa, 3a Aa ce Jajke BTOPO JOKA3ATeJICTBO Ha TBBbPJAECHHETO, 4e
17-te wacTuuaM rpynougu Ha P. W. Bunting, J. van Leeuwen and D.
Tamari ce paaraTt B noayrpyna. IlokasaHo e c'bll0 Taka, 4ye KpaHHUTE
N'LEAHY CHCTEMM OT PeAYKIMH, KOUTO Ce MOJNYYaBaT NpH NpUIaraHe Ha
npouesypara sa pnonbisade Ha Knuth m Bendix, Morar na ce usmon-
3YBAT 38 M3yuaBaHe Ha YHMBEPCAJNHUTE MOAYIPYNIM Ha Te3M YACTHUHH
rpynouau. IlokasaHo e, ye YHMBEPCAJHUTE MOJAYrpynu Ha 5 ot 17-Te
yacTuyuM rpynouam Ha P. W. Bunting, J. van Leeuwen and D. Tamari ca
BesxkpailEy NoAyrpynM, TabiumMTe HA YMHOXEHWATA Ha YHUBEpPCaJHM-
TE NONYTPYNHM HA OCTAHANHTEe 12 YACTHUHM IPYNOMAM ca naleHH.

Ilo-rope beme orGenasano, ye mpobaeMbT 3a ChlleCTBYBaHe Ha
aJropuThHM, KOWTO fa AaBa OTrOBOP HA BBOPOCA JHalM elWH YacTH-
yeH IPYNOHI OT TPeTH pel ce Bjara B NOJAYIpyNa MM He, OCTaBa
OTKpHUT, npeipuy Ha orbenssanuar B [Dekov 1999] medext B kommio-
THpPHATA Oporpama, uanonsyeaHa B [Bunting, van Leeuwen and Taman
1978]. Ot paborara [Dekov 1999] ce Bmxma, ue NpoUelypaTa 3a MO-
neapaide Ha Knuth u Bendix e mpunoxkmma KbM BCHUKM 17 gacTHUHH
rpynonau Ha P. W. Bunting, J. van Leeuwen and D. Tamari. Toea naBa
OCHOBaHHE Ja Ce NpelmoJIoKH, Ue TA3HM NPOoHeNypPa € NPHIOKHMAa KbM
BCHMYKHM YACTHUYHW IPYNOMOM OT BTOPH M TPeTH pejl, T.e., MOXe Jla ce
npeanoIokn, Ye NponeaypaTa 3a nonbapade Ha Knuth u Bendix e an-
FOPUTHEM, C KOWTO MOXe Ja ce MoKae HANM elWH YacTHYeH TPYyHoni
OT BTOPYM WAM TPETH Pej € BAOKNUM B noayrpyna. Topa npennojoxe-
HHME JIECHO MOXe Ja Ce NPOBEePH C HOMOMITa HAa KOMIIOTBDP 38 BCHYKHM
262144 yacTUuHM IPYNOMIM OT TPeTH pel, Npelpuj Ha mMuOrobpoii-
HUTE MMPOKO M3N0J3YBAHM KOMIIOTHPHHU MPOrpaMM 3a NON'bABaHE IO
Knuth u Bendix. ITo To3u maums 6u Morso ga ce Noiydu pelleHMe Ha
npobiema, npeaMeT Ha MaydyabBaHe B [Bunting, van Leeuwen and Taman
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1978).

EcrecTBeno BL3HMKBa BLnpoca: Koe e Haill-MankoTo ecTecTBe-
HO 4HMCHO 7, TAKOBa dYe npobiieMbT 3a BAOGKMMOCTTA 338 YACTHYHHTE
rpyNnoMOM OT pel # € paspemyuM, Ho NpobaeMbT 3a BIOKMMOCTTA 3a
YACTHYHMTE I'DYNOMAM OT pel n + 1 e Hepaspemum. ToBa e egMH OT
npobieMuTe B MaTeMaTHKaTa, KOUTO ce Je¢pUHMpPAT MO TPUBMAJIEH Ha-
YMH, HO 3a KOMTO HAMAa Hajexaa Ja Obhe NonxyueH OTTOBOP.
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