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1. Introduction

In 1927 Schreier [26] showed that a proup amalgam is always embeddable
in a group. A new approach to the embeddability of group amalgams, based on
partial groupoids, is due to R. Baer [1]-[3]. R. Bacr's approach yields a new proof
af Schreter's theorem.

Let {5 :i € I} be a family of semigroups, let U be a subsemigroup
of S; forall e € I, and let 5,05 = U forall 1.7 € I with ¢ # j. The
semigroup amalgam A = [{5;:1 € 1 U] determines a partial groupeid Ga,
and the amalgam is said to be embeddable in & semigroup if G4 is embeddable
in & semigroup {[4], Section 9.4).

In 1857 N. Kitnura ([17]; see also [4]) showed that a semigroup amalgam
cannot always he embedded in a semigroup. Semigroup amalpgams were first
extensively studied by I. M. Howie ([10]-[15]; see also [4], [16]). In 1962 J. M.
Howie [10] showed that if 7 is an almast unitary subsemigroup of & forall 1 € 1,
then the amalgam is embeddable. In particular, if 7 is a unitary subsemigroup
of 5; for &ll ¢ £ I, then the amalgam is embeddable. New proofs of J. M.
Howie's result concerning amalgamation over unitary subsemigroups are due to
G. B. Preston [23], T. E. Hall [9], G. Lallement [18], [19] and D. Dekav [3].

In 1975 T. E. Hall [8] showed that Schreier’s theorem extends to the class
of inverse semigroups.

The purpose of the present paper is to extend R, Baer's method o the
case of semigroup amalgams.

If 4 =[{5:+el}U] is a group amalgam, then in its free product
amalgamating L7 equivalent reduced words have the same length. In the present
paper we deseribe semiproup amalpams having the above property, le., semi-
group amalgams embeddable in & semigroup and such that in the free produets
amalgamating the common subsemigroups equivalent reduced words have the
same length, A particular case is the following result {[5], Theorem 2): Let A be
a semigroup amalgam. If I7 is unitary in 5} for all 7 € T, then A is embeddable
and in its free product amalgamating U equivalent reduced words have the same
length.

Let {5;:i & I} he a family of groups (or semigroups). Then in the free
product of the 5, § € T equivalent reduced words are equal. A description of
semigroup amalgams, having the above property, i.e., semigroup amalgams such
that in the free products amalgamating the common subsemigroups equivalent
reduced words are equal, is due to E. 5. Lyapin [20)-[{22] {for the case |I| = 2). In
the present paper we give & new proof of E. 8. Lyapin’s theorem. J.-C. Spehner
(28], using R. Daer's approach has proved the following particular case: Let A4
be o semigroup amalgam. If G4 is associative, and if [V iz an ideal of 5; for all
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¢ £ I, then A is embeddable and in its free product amalgamating U equivalent
reduced words are equal, A particular case is P. A, Grillet and M. Detrich’s result
[7]: Let A be a semigroup amalgam. If G4 is associative and if U is an ideal of
§; for all i € I, then the amalgam is embeddable.

2. Preliminaries

In this section we review some of . Baer's results on partial sermigroups.
A partial groupeid is a triple G = (&, D, ) where  is a non-empty set,
DCGxGoand p: D — @ is a mapping. We use these notations {[29]):

Ty = plz,y)
(z.v}p i (v,y)ED.
Let & = (G,D,pu) be a partial groupoid and let F{F) be the free
semigroup on the set &, Let X = (xy,...,2a) € F{G). Then X is called a word

of length n. A word (21,...,u,) is said to be reduced, if for i = 1,2.....n — 1,
(#i, Tipr) & D. We will use the following notation ( [24, [25]):

(1, . xalo ff (xqzip)p for 1=1,2,....,n—1.

Let & be a partial groupoid and let f; be the relation on F(G) defined
as follows: (zy,(z,y)) € &y iff (x,9)p. Let £ be the congruence on (=)
generated by &, Then U(G) = F(G)/€ is the universal semigroup of . The
words X and 1 are equivalent, if X ~V  (mod §),

Definition 1.  (J.-C. Spehner [27]) A partial groupoid @ is said to be a pariinl
semagroup if it is embeddable in a semigroup,

Theorem 1. (R Baer [1]) 4 partia! groupoid G ia @ partial semigroup if and
only if z ~y  (mod 8) tmplies ¥ =y, for all z,y € G.

Definition 2. A partial semigroup G is said to be an independent partial
semagroup if it satisfies the following property:

(L7} Equivalent reduced words are equal.

Deflnition 3. A partial semigroup & is said to be a presemnigroup if it satisfes
the following property:

(L) Equivalent reduced words have the same length.
We introduce the following conditions on a partial groupeid:

{A) Forall w,y,z € @, if (z,y,2)p, (z,yz)p and (zy, z)p, then z{yz) =
{xy)=.

(8) Forall z,y,2 € G, if (z,y,2)p, then: (z,yz)p if and only if (zy,2)o.

(C) Forall 4,2z € G, if (z,y,2)p, then {zy,2) € I} implies zy = 7, and
(z,yz) & D implies yzr = =.
(D.1) Torall w,z,y,z € G, if (w,z,y,2)p, then either (w,ay)p or (zy,2)p.
(D.2) Forall w,z,y,2 € G, if (z,y,2)p and (w,xy}p, then either (w,z)p ar
(2v,2)p.
(D.3) For all w,a,y,2z € G, if (w,z,y)p and {(zy,z)p, then either (w,zy)p
or (3, 2)p.
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Theorem 2. (B. Baer [3], §3, Theorem 1) A pariial groupsid & i an

independent partiel semigroup o and only if it safizfies azioms (A), () and
(.

Theorem 3. (R. Bacr, [3], §1, Theorem 1} A pertial groupeid G is o presemi-
group if and only if i setisfies azioms (A), (BY, (D.1), (D.2) and (D.3).

3. Quasi-unitary subsemigroups

In order to give sufficient conditions under which a semigroup amalgan
can be embedded in a semigroup, J. M. Howie ([10]; see also [4], [16]) has
generalized the coneept of a unitary subsemigroup to the concept of an almost
unitary subsemigroup.

In arder to deseribe semigroup amalgams which ave embeddable and have
the property that in the free products amalgamating the eommeon subsemigroups,
equivalent reduced words have the same length, we will generalize the concepts
of a unitary subsemigroup, an ideal and a separable unit ideal subsemigroup, and
mitroduce the concept of a quasi-unitary subsemigroup.

These two generalizations are independent, neither implies the other.

Definition 4. {P. Dubreil [6]) A subsemigroup U7 of a semigroup & is said to
be wnitary in § if, forall u e ll, s € 5,
{i) us e =35l
(1} suel=sel.
Let 5 be a semigroup and let U be a subsemigroup of 5. We define

LSy ={uelU:¥VseS\U,sucl},
LiSy={uelU:¥ase S\U su=s},
Sy={uel :¥se S\ sueS\U},
RS ={uclU:¥se s\ usel'},
RS ={uel:¥seS\Uus=3s},
R'iS)=fuel:Vse S\ use S\U}.
These sets are empty or subsemigroups of U, Moveover, L(5) [R(5)] is
empty or a left [right] ideal of §. Clearly,
LSynL (S =0, LISINL"(S) =0, RS NR(5)=0, RSINR"5) =0,
LE{S} c LH{S}I .FI'.J{SII C H”ES] )

Definition 5. (E. 5. Lyapin [21]) A subsemigroup U’ of a semigroup 5 is said
to be a separable untt ddealin & if U = L{5YU L'(5) = R(S) U R'(S5).

Definition 6. A subsemigroup U of a semigroup 5 is said to be guasi-unitery
in §if U = L(S)1UL"(5) = R{5)U R"(S5).

Let 17 be a quasi-unitary subsemigroup of &§. Clearly,

I is wnitary in 5 if and only if L{5) = R(5) = &;

[V is an ideal in 5 if and only if L5} = B"(§) =&,

U is a separable unit ideal in § if and only f L(5) = L"(S) and
R(5)y= R"(5).

In the next section we will use the following
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Lemma 1. Let U7 be o proper subsemigroup of a aumgmup 5. Lel s € S\U
and w £ U, The following conditions are equivaleni:

(1) s{suc )= ¥ s(sucl}.

(2) Fs{sue S\U) =V s{suc S\U).

(3) U=L(S)ul"(s).
Likewise the following duel condifions are equivalent:

(1) FsfusceU)=V s{us L),

(2) 3 s(us € SWU) = ¥ s(us € 5\07).

(3 U = R{&)U R'(5).
Proof. (1}==(2). Let 3 sa{san € S\U'). Suppose that I si(s1u € V).
Then by (1}, spu € U7, a contradiction.

Similarly, (2y=-(1}.

(1) and {2)==(3). I the antecedent of (1} holds, then v € L{5). If
the antecedent of {2) holds, then u € L"(S). Since 7 is a proper subsemigroup
af S, either the antecedent of (1) holds or the antecedent of (2) holds. Hence
we L(S) or u e LY(S), Le, U =L(S)UL"(S).

{3}==(1). Suppose that 3 s(su € U). Then u & L"(5). By (3],
ue LS}, ie ¥Velsuell

Similarly, conditions (1%}, (2') and (3') are equivalent. Lemma 1 is
proved.

Using Lemma 1 we see that a proper subsemigroup I of a semigroup 5
is quasi-unitary in 5 if and only if both (1) and {1') hold, or equivalently, both
{2) and {2") hold.

4. Semigroup amalgams whose partial groupoids are presemigroups

A semigroup amalgam consists of a semigroup U together with a family
{5 : i € It of semigroups and a family {p; : { € I} of monomorphisms
@it U0 — 5. We denote the semigroup amalgam by

A=[{Si:iel}U{gi:iel}].

The semigroup amalgam determines a partial groupoid G4 and the
amalgam is said to be embeddeble in a semigroup if G4 is a partial semigroup ([4],
Section 0.4). Asin [4], write U; = Up;, S = (SAUUU and G = U{5; i € T}.
We denote G4 = (G, D) and L; = L{S“j L! = ['{§!) and so on. We suppose
S5in& =0 forall i,j €I with 3 ;. Without loss of generality we assume
that U7 is a proper subsermiproup of 57 forall §{ € 1.

Lemma 2. ([8])} For any semigroup amalgam A = [{5;:ie I U {gi 11 € 11,
the paréial groupoid Ga sofisfies axioms (D.1), (D.2) and (D.3).

The following theorem gives a description of semigroup amalgams which
are embeddable and have the property that in the free products amalgamating
the common subsemigroups, equivalent reduced words have the same length.

Theorem 4.  Let A= [{Si:ie THI {l,c-, i€ I} be o semigroup amalgam.
The partial growpoid G4 is a presemigroup of and only of it satisfies the following
eondifions:

(1) T7 s o quasi-unitery subsemigroup of S for all 2 € 1.

(i) Li=R; ferall 1,7 €1 with i # 3.
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(ii1) si(ws;) = {s;u)s; forall s; € S/, s; € SANU, v e Ly, and ell 4, j €1
willy 1 :_"5 i :
Proof. By Theorem 3, {4 is a presemiproup If and only if it satisfies axioms
{A), (B}, (D.1), (D.2) and (D.3). By Lemma 2, G4 satisfies (D.1), (D.2) and
(D03}, We will show that G4 satisifes (A) and (B) il and only if it satisfies the
conditions (1), (31} and (ui)

Let m,y7 € G and {z,y,2)p. Then =,y and = belong to the same
semigroup, except for the case when ¢ € SAU, y €U and = € 5;—"-..[.’_ for some
i,7 €1 with i # 7. So that il is enough to consider only the above case.

Let i,5 & I with ¢ 3 j. We will denote by s; an arbitrary element
in SADT, by w oan arbitrary element in U7, and by &; an arbitrary element in
S_Jr-".l[-'_, Clearly, (s;u,8;ln <= s € U7, and (s, u8;)p <= us; € . The
partial groupoid G4 satisfies axiom (B) if and only if it satisfies the following
conditions:

A i [(s5u,35)p) = ¥ s; (55, us5)D] ,
d & [(si,us;)p) = ¥ 3¢ [{siu,35)0] ,
or equivalently, the conditions:
Jsi(ssueU) =¥ s;{us; €0,
dsj{us; ey =¥ si{s;uecll),

or equivalently, the conditions:

{n) TafsuEel) =¥ (s ell),
() Jsj{us; V)=V s;(us; €U)
{e] Wosisju EU) =¥ si{us; € U7)

Chanping the roles of ¢ and j, we see that (b) is equivalent to the condition
{5 Jsplus; e U) =¥ s;{us; e T7) .

By Lemma 1, G4 salisfies (a) and (3} if and only if it satisfies (i).
Condition (e) is equivalent to the condition

ueE L +=uclih;,
L.,
Li=R;.

We have proved that G4 satisfies (B) if and only if it satisfies (1) and
{ii). Next we prove that if G, satisfies (i), then G4 satisfies {A) if and only if
it satisfles (iii). We have (sqe, 5;1p = v € L;, and (s, u8;)p = u € fi;. By
(i), L; = H;, so that both (s;u,5;)p and (s, ws;)p hold if and only if u € L;.
Hence G4 satisfies (A) if and only if it satisfies (iii}). This completes the proof
of Thevrem 4.

Remark 1. If G4 is a presemigroup, then the case L; # R; is possible for
some ¢ il and ooly if [I] = 2. Indeed, suppose that || = 3. Then there exist
kel with 1527, 7k, 15 k. Condition (i) implies

Lg = R_r"- Lj,. = R.ii .E-,l_. = .R.,' .
Hence Li = Ry,
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Remark 2. If §4 satisifies (1), then, obviously, (ii) is equivalent to the condi-
tion :

{1} L{ =R} forall i,jel with i#7j.
Setting in Theorem 4 Ly = R; = @ for all i € T, we obtain

Corollary 1. ([58]) Let A = [{Si:i eI} {pi:ie T} be o semigroup
amalgam. If U is o wnitery subsemigroup of S for all i € I, then G4 is a
PTESEMIGTOUP.

5. Semigroup amalgams whose partial groupoids are independent
partial semigroups

A description of semigroup amalgams such that in the free products
amalgamating the cormon subsemigroups, equivalent reduced words are equal,
is due to E. 5. Lyapin.

Theorem 5 below was praved by E. 8. Lyapin [20]-[22] (for the case
|[T] = 2). Here we will give a new proaf of E. §. Lyapin’s theorem. Theorem
3 can be proved in the same way as Theorem 4. Here we will give a proof of
Theorem § as a corollary to Theorem 4.

Theorem 5.  Let A=[{5:1€IhU;{pi:i€T}] be g semigroup amalgam.
The partial groupotd Ga s an independent partial semigroup if and only if i
satigfes the following condifiona:

(i} U is a separable unet ideal subsemigroup of S; forall i1,

(1) Li=R; forall i, €1 with 1.

(i) si(us;) = (siu)s; for all 5; € ST, 55 € SAU, ue L, and all

i, €1 with i 7.

Prool. By Theorem 2, G4 is an independent partial semigroup if and only
if it satisfies axioms (A), (B) and (C). Let G4 be a presemigroup. Then Ga
is an independent partial semigroup if and only if it satisfies axiom (C). We
will prove that G4 satisfies axiom () if and only if it satisfies the following
condition:

(i") Li=L{ and R:=R! forall icI.

As in the proof of Theorem 4, suppose that i,j € T, i # 7, 55 € S\U,
s; € S\U, v € U, We have (s;,u,s;)p. Clearly, (siu,s;) ¢ D = su €
SNV = v e LY, and (si,us;) @ D 4= us; € SAU < u € R]. The
partial groupoid G4 satisfies axiom (C) if and only if it satisfies the following
condilions:
(sity ;) € D = s = 55 ,

(siyus;) @ D = usj = s; ,
or equivalently, the conditicns:
su € S\ = sju=s; ,

4
usy € S\ = us; =5, ,
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or equivalently, the conditions:
e L =uel,
WER = uER,,

Changing the roles of { and j, we see that the above conditions are equivalent
te the conditions: L © L) and R C I, or equivalently, to (i'). Sinee I7 is a
quasi-unitary subsemigroup of 5, i € I', (1') is equivalent to (i). (See Section 3.
Hence G satisfies axiom {C') if and only if it satisfies (i). We see that Theorem
515 a corollary to Theorem 4. This completes the proof of Theorem 5.

Setting LI = LY and R} = B! in Remarks to Theorem 4, we obtain the
corresponding remarks to Theorem 5.

Corollary 2 below was proved by I.-C. Spehner [28] by using R. Baer's
results on independent partial semigroups. Setting in Theorem 5, L] = R} = @&,
for all § € T, we obtain:

Corollary 2.  (].-C. Spehner [28]) Let A= [{Si:i e [0 {pi:iel}] bea
semigroup amalyam., If Ga satisfies (A) and if U is an ideal of S} foralli €1,
then G4 1 an independent pariinl semigroup.
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