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Ahsrraet

By wsing the lechnigue of rewriting, we give a new prool of Bourbakis theorem on [ree
praducts with amalgamution of monoids. @ 1998 Blsevier Science 13V,

F Mark, S, Clase,: 20506, GRC2

1. Introduction

Bourbaki [27 has proved the following theorem (we follow 1he notadon of Serre
[12, Ch. 1, Theorem L)

Thenrem (Bourbaki [2, Proposition 3, § 7. p. 1 817 Let G, iel. be a family of
menoids, ler A be a submoncid of G for all {2 1, and ler GGy = A for all i f 2 1 with
i Ler 1 denoie the identity element of A, ler u-e denote the pradoct of u, v £ G and
ler s, Gy denoie the free pradoct with amalaamation of the G, Assunre thar for geery i 1
there exists o suhser 5, of G; comtaining | and such thal the mapping (o, 5] — a5
Srom A xS into Gy is a bifection, Theevery g € G canr e writeenr uniguely in the jform
=08y ... 8 where o g A,

SlESI'|_':.]}-‘"'-"\-'I'Eh'-l'.._: _-;' rI.'.ll'_-"Ejlr.'--lr 1 =m=n-—-1L

It is well lknown that the main special case of the ubove Bourbaki's theorem is the
thearcm of Schreier T11] an free products with amalgamalion of groups (see also
(12, Ch. [ Theorem 1], ar [97, ar [5]).

In 19735, Lullement [6] zave a new proal of Booarbaki's (heorem,

In 1930, a new approach to free products with amalgamation of groups is due 1o
Evans [4]. Evans’ approach is hased on the rewriting technigue.

In the present paper we give a new prood of Bourbakis theorem, We use Evang
method [4, § 3] with two changes, We define a new rewriting system R in order 1o
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prove the confuence of B easily, and lurther, we use o reduction ordering in order (o
prove the termination of B,

2, Preliminaries

[ Lhis section we review some husic faets aboul rewriling syslems,

We reler the reader to [3] ar [1] for a swrvey on rewriling sysiems,

Lel X be o oset and let X% be the [eee monoid on X, the empty word of which is
denoted by 2.0 A rewriring system (oF @ sering-rewriiing spsien?) on X i a subset
R X¥= X% An element (1 vy R, also written { —r, is called a rele of R The
stngle-sten rednetion relation on X* induced by R, which by abuse of notation will also
be denoted by —. is delined as follows:

u—r il A,y XY J—=risfiu=xly and r=axr

Ns refexive transitive elosore — 45 the reductfion relation induced by R,
Aorewriling system B oon X s called

— terminaiing il for any word x £ X% there is no infinite chain of single-siep reductions
Ny =Ny = oeel

- confluent if for any reductions x —2s v and x ~*- 7 there exists 2 w e X* such that
2w and 12w

- eorigalere 1010 15 both werminating and conluent.
Fleneelortl we call an irceflexive and transitve binary relation an ordering,
Let = be an orderiog on X* This ordering 15 called

— monatonie A0 10 15 compalible wille the operation of caneatenation. i, [or all
oo e XNEiT = e then alse xue = e
well-founded i Tor any word x & X* there does nol cxist an infinite descending chain
N ) me Mg ol

reduactian 1111 15 Tolh monolonie ancd well-lfounded.

Theorem A (Lanklocd [T A rewritiog sysiem B oon X0 i terminadfg i ond ety i
there oxists o reduetion aedering = on X% suely thar 1z r for eoch rde (1= r)e B

A function @ X — B satislyving gia) = 0 for all o e X s called o welghi-function. 1t
can uniquely be extended to a homoemorphism from X% intoe &, which by abuse of
notatien will also be denoted by i,

Let w02 X% et @ be a weight-function, let [» be a well-founded ordering on X,
called o precedence om X et =, be the lexicoaraphic erdering from the left on X
induced by the precedence [, and let = denote the usual ardering on B Define Lhe
welght-plus-lexicographic ordering lrom the left (WLO-L. for short) as lallows:

wmwpor o U1 either  ofn) = wlel or @lul = glel and o= e

[1 iz easy Lo verily that the WLO-L = a reduction ordering,
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Let{iw — sy = K, (ow —1) e Band w o, w e noncmply words, Then the word g 1s
called an orerfop ambiguity ol B Let{e — 512 R {uew — ) Rand lety = 2and w = 4
imply s &=t Then the word vew is called an inelnsion aoihigiire of B The pair of words
(v athor (s, ), respectively, is called o erftical pale ol R A critical pair {p. g) of R 15
rescfved i there is & word 22 X' such that p—2- - and g—2 =

Theorem B [(Mewman [10]L Let B be o cerminating rewriting systen. Then Boix
eanifluent I and only i all eritical pairs of R ore resolved.

Given a semigroup 5, o rewriling system B on X s called o rewriting sysrem for 5 ff
seplAsl=rwhere [l =11 e B)
iz 8 presentation for 5. A word v e A 15 culled R-jrreducible il there 15 no single-slep

reduction ;= ¢ for some ¢ X%,

Theorem C {MNewman L1070 17 R is o complete reweiting systein for a semigronp 5, then
there is exactly oue Refrreducible word vepresenting eoel element of 8.

3. An example

We give an example of an ordering which is nol a reduction ardering,
Let X = o b el Deline a weight-function by @fa) = 1, q{h) =3, oic) = 5 Far
W=y xsoox e X we sel
# (b, u) = card{ (L i i <f X, =b x;=al).
E.g, #iho boal = 1 and # (b, bhaa) = 4. We use the notalion £ w). where
powE XF from [§]
Define the ordering =, on X% ux lollows:

w=pe A0 either i) = @ley or i) =plel and  #iba, o) = # b, o)

The ordering =g is ool monolonic. [ndeed, let v = eha and ¢ = &b, Then v =0
since o) = wiv) =9 and &b, w) =1 = = # {ba, v). Bul ug = chadg Fpra = bbba,
since winag) = oiea) = [0 and # (0o wa) = 2 < 2 = £ (he va). Since the ocdering =g
is nol monotonic, it is nol o redoction ordering (el 4, p 98]0

4. Proof of the theorem

Let ¢ =1 J{Giied ) Then

Pe=wG, =spplGiur=uw-owhere v, ve G ief
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Since i is a bijection, the subsets 4, 5; — {1} and G, — (A wS,), 7 e £, form a partition
of G. Denote 5, =5, — {1} and G; = G; — (408}, i e £, Define the rewriting systems

Ry=lmos—waa.medand a6, = e},
Ri=ixi=uassned el xeliand a5, = 5,
spSip—aas A s sne 5 and 5 -5, =0
S 8 = s 0 g A s s sme 5oand Sipc S = 4 3
s = daidy. a2 A, 525 and 50y = aa;

Sty = flaliat ity da €A Sy S5 E .":_',- und sy iy =il 5',-3; .

b

R=R,u (U IRi:ie f}) .

It is routine (o verify that B is 4 rewriting system [or the semigroun P.

The rewriting system R is terminating. Indeed, let =y o denote the weight-plus-
lexicographic ardering from the left on GF defined by the weight-function gla) = 1, for
alla e A, gls) = 2, lor all 5, 2 5. @(x)) = 4, for all x; e &; and the precedence s; [ o for
all ¢ e A, 525, Thea | =wioar for all (f—=# e R, Since =wiop 5 a reduction
prdering, by Theoram A, R is terminating.

The rewriting system R is confluent, Indeed, the only overlap ambiguities are of the
[armm s, where 1, vow belong 1e the same monoid. The rewsiting svstem R does not
have any mclusion ambizuities. Clearly, all critical pairs ol & are resalved, Hence, by
Theorem B, R is canfluant,

R is complete, since il is terminating and confluent.

The R-irreducible words (distinet from £} are of the [orm

By ves S

whereas A s e 88,88 Ly B L =m=n— 1

Since R is a complete rewriting syslem lor P, by Thearem C, thers is exactly ane
Retrreducible word representing each element of P This completes the proof of the
Theorem.

Note: If 4 and &y, 7 e f. are groups, Lthen the definition of the R; can be slightly
simplified, since the subsets {50, — est og.op 2 4, 52 S;and 5,00, = g ) wre empty.
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