ABTOPCKA CITPABKA

ua Jlenka Kymaposa

Hacrogmara crnpaska orpazspa nyOjuKamuure OT IIPUIOKEHUS CHUCHK 33
y4acTue B KOHKypca 3a mnpodecop B objyact Ha Buciie obpazosanue 4. [lpupoau
HayKHu, MaTeMarTuka u nadopmarTuka, mpodecnonasino vanpasiaeuue 4.5 Marema-
twka, nayara crenuaanoct 01.01.04 Maremarwaecku amanus, odssen B “JIbpxa-
BeH BecTHuk”, 6p. 33 / 11.04.2014 . o1 Uncruryra no Maremaruka n undpomaru-
Ka npu BAH. Homepanusara na craTunTe B aBTOpCKaTa CIPaBKa € CIOPe. CIUChKa
Ha myOJMKanuuTe, IPEJCTAaBeHN 3a KOHKypca (24 Ha 6poit), KaTo B CKOOU B TLTb-
TeH MpudT ca AAJEHU 33, YIECHEHNe U HOMEPATa Ha Te3W CTATHH CIOPE] b THUS
CIIUCBHK Ha HY6J'[I/IKaLU/H/ITe.

[Ipes nocnenuure jBajiecer roJMHN TEOPULATA HA DaHAXOBUTE IIPOCTPAHCTBA, CE
Pa3KJIOHU B MHOT'O Hampajienus. Pesyaratu u meroau or tasu objact Gaxa mpu-
JIOYKEHW B TeOPHUATa Ha AITPOKCHMAIINNTE, ONTUMHU3ANNNATE, HeJUHENHN aHa I3,
Teopud Ha OMEPATOPUTE, MATEMATUIECKATA JIOTUKA U Ap. ToBa pazsutue Oere Cb-
O'BTCTBAHO OT MHTEH3WBHO M3YyUIaBAHE HA CTPYKTYPaTa HA cCaMuTe DAHAXOBU IIPOC-
TpaHcTBa. MHOTOOOpa3neTo Ha Te3u pe3yATaTh HeIre 0Tpa3eHo B JBaTa CKOPOIITHE
roma HapbuHuk 1m0 reoMerpus Ha OGaHAXOBUTE MPOCTPAHCTBA, PEIAKTUPAHU OT
Jlxxoucwbu u JIwrgeHpayc.

Yacr I. CtpykTypHHU cBolicTBa Ha 6aHAXOBU MTPOCTPAHCTBA

KvMm Tasm Temarwka cmamart cratunTe ¢ HoMmepa 4, 5, 6, 7, 8, 13, 15, 16 m 20
CIIOpE/I CIIUCHKA Ha IyOJUKAIIMUTE, IPUJIOXKEHNU 33 KOHKYpPCa; KaTo craruu 7, 16 u
20 HE Ca BKJIIOYBAHU B JUCCPTAIUATA 3a ITOJYyYaBaHe Ha HayYHATa CTCIIEH JOKTOD
Ha MaTeMaTWJIecKuTe HayKu. Te ce BOMCBAT B IO-IIMPOKATA PAMKa HA W3CJIE/IBa-
HETO HAa CTPYKTYPHUTE CBOWCTBAa Ha OaHAXOBU MPOCTPACTBA C IMAy/IepoB Hazuc,
zarnoynaro B Hagasgoro Ha 1990 r. or E. Oxen u T. aymopexrt, B. Muniman, H.
Tomuak-Erepman u passuto B pesyararure uHa 1. [aybpc—b. Mope n ocobeno ua
T. Taybpc B cpegara na 90-re roguun (k. vanpumep [B, OS1, T-J|); a no-kbcHo
u B pegynararn nHa C. Aprupoc n P. Xeiinbu. B cxemara wa Faybpe 3a gactnama
KJIacupuKAIng Ha 6aAHAXOBUTE IIPOCTPAHCTBA, Oa3upaHa Ha HETOBUTE JUXOTOMNAN
[G], B eqmHms Kpail nomagaT HAC/AEICTBEHO HEPA3IOKUMHUTE MIPOCTPAHCTRA, & B
apyrus ca “mobpure”’ mpoCTPaHCTBA, T.€. ¢ Oe3ycsoBen 6a3uc m B KpaifHa cMeTKa
MUHUMAJHUTE TpocTpancTBa. llonarusra, ¢ Kouto paboruMm B Te3u myOJINKAIINY,
ca OT aCHUMIITOTUYEH XapaKTep. 3a IPOCTPAHCTBO ¢ 6a3uc, aCUMIITOTHYHOCT 0O3-
HAYaBa IPAHUYHA CTAOMIM3ANNA ¢ HIKAKBO “Xy0aBo’ CBOMCTBO, KOTATO MUHUMAJI-
HAAT €JIeMEHT Ha HOCHUTEJIUTE HA PA3IJIEKIAHUTE BEKTOPHU CIPAMO (PUKCUPAHUSA
basuc, KJIOHU KbM 0e3KpPaHOCT.

Enun or riaBHUTE BBHIPOCH B CTPYKTYPHATA TEOPUs Ha HAHAXOBUTE TPOCTPAH-
CTBa € JaJi BCAKO DE3KpaifHOMEPHO MPOCTPAHCTBO MPUTEXKABA, DE3KpaAHOMEPHO
MOAITPOCTPAHCTBO, KOETO € M30MOPGQHO Ha MPOCTPAHCTBO OT HIKAKBE CIHUCHK OT
KJacoBe ¢ “nobpu” cBoiictBa. Hafi-ecrecTBeHUST IbPBU BBIPOC B Ta3W HACOKA €
JIAJIA BCAKO OaHaXOBO IIPOCTPAHCTBO ChIbPrKa N30MOPGHO KOIMe Ha o Uiu ) 3a
Hskoe p, 1 < p < co. Beuukn uzBecTHH “KJIACHYeCKH MPUMEPHU ChIbPKAT IIOJII-
POCTPaHCTBO, H30MOPhHO Ha ¢y Wk £, 1 < p < 0o. OTroBapaiikn na BBIpoc Ha B.



Munman, B. [Tupescon n3mo3sa uaest OT MaTEMaTHYECKATA JIOTUKA U TMTOCTPOSABA
npe3 1974 rogmna mpocTpancTBO ¢ He3ycaoBeH 6a3uc, KOETO HE ChIbPKA TTOMI-
POCIPAHCTBO, U30MOPQHO Ha co umu £y, 1 < p < oo. Bewmuoct, 1aka HapeueHoTo
B JINTEpATypaTa MUpeaconoBo mpocrpatctso T (or Tsirelson), e KoOHCTpyKIHsiTa
Ha Quren u JKOHCHH, a TbPBOHAYAIHOTO MPOCTPAHCTBO Ha Llupescon e Heroso-
to cupernaro T%. Hopmara ma T ce 3ajaBa wiu KaTo TPAHUIATA HA PEKYPCUBHA
pe/iniia OT HOPMH, WJIM KATO HEIBHO DPEIIeHUEe Ha eJHO ypasHenue. ToBa mpeic-
TaBJIsiBa MPEYKa 33 MpecMsiTaHe Ha HOPMAaTa Ha ITPOU3BOJIEH €JIEMEHT W BCUYKH
JI0KA3aTeJICTBA 3a [IPOCTPAHCTBA OT MOJ00EH THII Ca JO0CTA CJIOXKHH.

3a JBe HenpasHW HOAMHOMKECTBa Ha ecTecTBeHuTe wuciaa F u F ime muinem
E < F (cvorserto E < F), ako max ' < min F' (cvorBerno <). CemeiicTBOTO
ua llpaitep S 0T TOAMHO2KECTBA HA €CTECTBEHUTE YUCa ce AeduHupa xkaro S =
{A C N : |A] < minA}. Exno cemeiictso (E;)]; or mogmuoxkecrBa Ha N ce
mapuda gomnycrumo (admissible) ako By < By < -+ < E, u {min E;}' ; € S,
re.n < B < --- < E,. Hopmara wa npocrpaucrsoro 1T’ ce nedpwrupa Haii-
HATIPEJI 32 €JIEMEHTH & € coo (T.€. ¢ KpailHu HOCUTEIN) U CJIeJT TOBA Ce MOMbJIBA 110
HenpekbcHaTocT. Heka x € cqp, Torara

1 n
lll7=maxq [l2]oc, supq 5 > |IEx|rm € N, ()i, e souycrimo

=1

Crnen mocTposiBaHe Ha IUPEJICOHOBOTO TPOCTPAHCTBO, CJAEIBAIIAAT €CTECTBEH
OCHOBEH BBbIIPOC € JIaJl BCAKO [IPOCTPAHCTBO ChIbp2Ka He3ycyioBHA Ha3ucHa pejiu-
1a, T.e. MOAIPOCTPAHCTBO ¢ 6e3ycyioBeH Ha3mc.

ITpes 1990 1. E. Omen mocTposiBa BbB BCIKO TPOAIPOCTPAHCTBO Ha T GasucHu
PEJIUITH ¢ J1BA PA3JIUYHN BUIA HA aCHMIITOTUYHO TIoBeaenue, ciel koero T. Hlmywm-
npext [S] mocrposiBa mpe3 1991 1. IBPBOTO MPOU3BOJHO TUCTOPIUPYEMO TPOCT-
parcTBo S. Hopmara B S Ha eleMeHT T ¢ KpaeH HOCUTEJ Ce 33/laBa C YPaBHEHUETO

'
ol = max oloos  sup =3 [Barlir €N
Ei<By<-<E, f(T) i—1

kbgero f(t) =logy(t + 1).

Tesu pesysITaTn IpeACTABIABAT OTIIPABHA TOYKA 38 N3K/IIOUNTETHI PU3YITATH
B TeopusiTa Ha H6anaxoBuTe npocrpaHcTea. CrannapTHusT 6azuc Ha S e 6Ge3yciio-
BEH, HO TOBa MPOCTPAHCTBO JIE?KW B OCHOBATA Ha 3a0€IesKUTEJHATa KOHCTPYKIINS
na T. Tayspc u B. Mope, ¢ kosito Te pemasar npes 1993 r. [GM] ussectHust Bbirpoc
3a bGesycsaoBHaTa bazucHa penunia. [lo-Touno, Te mocrposBaT mpocrpancteo GM,
KOETO He ChbAbpika be3yciioBHa 6asucHa penuma. Bebimnoct, GM nputexkasa 1mo-
CWJIHO CBOMCTBO, WMEHHO: HACIEICTBEHa HEPA3JIOKUMOCT. EIHO TPOCTPAHCTBO €
nacseacteeno mepasnoxumo (H.I.), ako Hukoe Heropo GeskpaiinomepHo (3aTBOpE-
HO) TOZMPOCTPAHCTEO HE MOXKEe Ja e TPEJCTABU KATO MpaBa CyMa Ha JBe Ge3K-
PailHOMEPHHU 3aTBOPEHH MOANPOCTPaHCTBa. ToBa CBOMCTBO Ce OKa3Ba B OCHOBATA
Ha peia BriedaTasgBamy pesyararh (BxK. kaurata #Ha Aprupoc n Tosmac [AT]).
Tpes 1994 r. Ozmen u Hlnymnpexr [OS1, OS2] pemasar npobsiema 3a JUCTOPINY-
re. B 4acTHOCT, 9pe3 npeHoc Ha MHOXKECTBa OT S Te MOKa3BaT, 4€ XUA0epTOBOTO
OPOCTPAHCTBO {9 € MPOU3BOIHO JUCTOPIAPYEMO.

[To MHeHue Ha aBTOpA, €IMH OT Hali-TJIABHUTE PE3YJITATH B IPUIOKEHUTE CTa-
THM 32 KOHKYypCa B Ta3W TeMaTHKa e HOB MeTO]] 3a MOCTPosaBaHe Ha II0IpOCTPaH-



CTBa, paBHOMepHO nm3oMmopdHu Ha (% 3a mpomssosHa paszmeprocT n. Koucrpyk-
nugara 6e magena mezasucumo oT Ileti-Ku Jlun m aBropa 3a mpocTpancTBOTO HA
Hlnymnpext, HO He De IpoBepeHa ¢ JOKA3ATEICTBO HSKOJIKO I'OJUMHU U B KpaiiHa
cMerka Oe myGauKyBaHa B CbBMecTHaTa HE crarus 8 ([45] B mbjHUS COECHK Ha
nybukarpmTe). [IbpBoTO J0Ka3aTeCTBO 32 MOMO00HA KOHCTPYKIW O€ 1a/IeHO B
cratus 5 ([42]) B MHOrO 1mO-CI0XKHMS CIydail HA ACUMITOTUYHO £ TIPOCTPAHCTBA.
Opter Hapeue HaIaTa, KOHCTPYKIUS “sapAacTuk’. Ta3u KOHCTPYKIUS MO3BOJIABA 4
ce pazbepe 110-1106pe JIOKATHATA CTPYKTYPa Ha ACUMIITOTHYHO {1 TTPOCTPAHCTBATA;
a CBITIO TaKa Ja Ce BbBee U PA3TPAHUYIN eUH HOB TIOIK/IAC HA Te3U IPOCTPAHCTBA
B cratust 5 ([42]), no-rouno wa cusHo acumnrornynute {1 npocrpancrsa. Craru-
ara 8 ([45]) e yurupana 15 nubru, 5 ([42]) e nurupana 17 wbrn, BKIIOYUTETHO HA
ceeroeen korrpec ICM 1998 [T-J|. Hackopo @epenru u HlaymopexT usmoassaxa
pe3ysITaTa HU 33 “apAcTuk’ 13 JO0KarKaT HOBO M JOHSKbIE HEOIAKBAHO CBOMCTBO
Ha, mpocTpancTtBoro Ha [aybpc-Mope.

B teopusara ma GaHaxoBWTE MPOCTPAHCTBA CE M3MOI3BAT HAKOJIKO BHUA MOHS-
THSI, KOUTO OTPAZABAT PASIUIHU ACTEKTH Ha ACHMITOTHYHOTO TOBEIEHNUE Ha JTa-
JIEHO TIPOCTPAHCTBO W TIOMATaT 33 M3YIaBAHETO HA HETOBHUTE CBOWCTBA, HAIIPHMED
cipequnar mozen (Bbeenen or Bpymnen n Cyuecron), acumnrornden momen (Xas-
Gaiicen nu Ogen), acumnroruuna crpykrypa (Mope, Munman, Tomuak-Erepman).
Karo npunoxenne Ha KOHCTPYKINATA “SIpACTUK 33 {1 B ILUIyMIPEXTOBOTO IIPOCT-
panctso, II. K. Jlun u aBropbT naBar ororoeop Ha Bbipoc Ha Ojen u lHlinymipexT,
a UMEHHO, ue S C¢babprKa 6JI0K-6a3UC ChC crpeannr Mogea noMopden Ha, 1.

Hackopo cien nedpurupanero ma mepencoroBoTo mpocrpanctso 1, JxoncbH
[J] BBBEXK 1A TaKa HApeueHOTO “MOIUMUITIPAHO” TIMPETICOHOBO TPOCTPAHCTBO Ty,
KAaTO 3aMeHsT B ONpejieieHneTo Ha T cynpeMyMa BbpXy JOMYyCTHMHATE MHOMKECTBA
OT €CTeCTBEHU YUCIIA ChC CYIPEMyMa BbPXY MO-00TaTHsa KJIAC Ha HEIPECUIAITNTE
ce (me menpemenno nocneposarennun) paspertern (allowable) muOXkecTBa. Thy 1O
JepuHUIIS TPUTEeX)kana, mo-100pu cBoiicTea oT ', HO HACKOPO ciiex ToBa Kaszaza u
Opest mokassat, ue JBeTe MPOCTPAHCTBA Ca W30MOP(MHU, MO-TOYHO JIOPU TEXHUTE
cragjapTHy 6a3ucu ca ekpuBajenTHU. OTHAYAIO TOBA € HEOYAKBAHO, HO C BPEMETO
ce TIpueMa KaTo ectecTBeH (dpakT.

Crenpaiiku CcBOfCTBaTa Ha MUPEICOHOBOTO MpocTpancTso, B. Mugman u H.
Tomuax-Erepman gedurnpar K1aca Ha aCHMITOTHYIHO £, TIPOCTPaHCTBaTa. bana-
XOBO IPOCTPAHCTBO ¢ 6azuc (e;) (nmm camuar 6a3uc (e;)) ce HapuIa ACUMIITOTHIHO
{p, axo cbIiecTByBa KoHcTanTa C' < 00 Takapa, Ye BCEKH HOpMUpPaH 0J10K-Oaznc
(z:)f—, 3a koitTo n < supp 1, e C-eKBUBaJICHTeH Ha CTaHjapTHUA Oasuc Ha ().

C. Aprupoc u . Henusau [AD] maBat orrosop Ha BbIpoc Ha [aybpc Karo
[OCTPOSBAT ACUMIITOTHYHO {1 HACJIE/ICTBEHO HEPA3JIOKUMO npocTpancTeo. KakTo
H.I. mpocrpancrsoro Ha [aybpc-Mope ce 6a3upa Ha NLIyMIPEXTOBOTO TPOCTPAH-
CTBO, KOETO € ¢ De3ycyioBeH 06a3uc; Taka M KOHCTpyKnmara Ha Aprupoc-/lemusan
ce OCHOBaBA Ha €MH KJAC OT ACUMITOTHYHO {1 TPOCTPAHCTBa ¢ Oe3yciaoBeH Oa-
guc. [lo-Touno, Te geduHEpAT KIaca Ha CMECEHHTE MUPEJICOHOBU MPOCTPAHCTBA.
IIpu BBLBEXRIAHETO HA aCUMIITOTUYHO 1 MPOCTPAHCTBATA CE € MPENoIaraao, Jde
TEXHUTE KPANHOMEPHU MOAMPOCTPAHCTBA (JOKAJHA CTPYKTypa) Ouxa mMaam Xy-
6asu cpoiicTBa. ToBa odakBaHe € TOPOJEHO OT (haKkTa, Ye OCHOBHUAT MTPUMED HA
ACUMIOTOTHIHO £1 TIPOCTPAHCTBO JI0 TO3W MOMEHT € MUPEICOHOBOTO TPOCTPAHCTBO
T, koero, Giarojilapenre Ha eKBUBAJIEHTHOCTTA ¢ Mojuduiupanoro Ty, yaoBiaeT-
BOPSIBA JI0JIHA @-OIeHKa 3a q > 1.



OxkasBa ue, 0bade, Ue MOJOKEHNETO Ce MPOMEHs B OOIIHUS CJIyvail Ha CMeCeHu
MUPETCOHOBY MPOCTPAHCTBA. KaTo m3moa3BaMe MeToa “apAcTuK’ HIe JOKa3BaMe
B 5 ([42]), 1e 3a penunure or koedurmentn (0)72 ;, 3a kouro Aprupoc u demusanu
MOKA3BAT MPON3BOJIHA JUCTOPIIIPYEMOCT Ha CMECEHH TIHPEJICOHOBH MPOCTPAHCTBRA,
Te3W IPOCTPAHCTBA Ca HACUTEHU ¢ paBHOMepHU Konus Ha (. T'bit Karo (o € yHU-
BEPCAJTHO 32 cemapabeHuTe TPOCTPAHCTBA, OT TOBA CJIEIBA, U TE3H ACUMITOTHY-
HO /1 IPOCTPAHCTBA ChIIbPKAT PABHOMEPHO BCUUYKKM KPANHOMEPHHU ITPOCTPAHCTBA,
T.e. TAXHATA JOKAJHA CTPYKTYpPa € MaKCHMAJHO HoTaTa.

Karo crensame momudukanusta uHa xxoncsu Ty, aue BbBexame B 5 ([42])
MOUDUITIPAHT CMECEHH TTHPEICOHOBH MPOCTPAHCTBA. | OpHATA TeopeMa MOKa3Ba,
3a pasymka or ¢iaydast Ha 1 u Ty, TP ONpeIeieHo OB IeHre Ha KOe(DUITNEHTHTE,
CMECEHUTE U MOTU(MHUIUPAHUTE CMECEHH TUPEICOHOBU TTPOCTPAHCTBA Ca HAITHJTHO
mecpasaumu. C Ipyru JyME Te He caMo He ¢a M30MOP(MHHU, HO ¥ HUKOE TOIPOC-
TPAHCTBO Ha IIbPBUTE HE € M30MOP(MHO Ha MOJIMPOCTPAHCTBO Ha BTOpuTe. Taka
MOIMDUITIPAHUTE TTPOCTPAHCTBA MPEJACTABIIBAT HOB KJIAC C MO-CUJIHO ACHMIITO-
TUYHO {1 CBONCTBO.

Hedunnms. Enno 6arnaxoBo mpoctpancTso ¢ 6asuc (e;) (nmu camMusar 6a3uc
(€i)) ce mapmYa CUIHO ACKMOTOTHYHO {p, aKO ChInecTByBa KorcTanTa C' < 00 Taka-
Ba, Y€ BCsAKa HOpMupana peuua (x;)! ; or exementu or [(e;)5°, ], anuro nocure/iun
ca B3aMMHO Henpecwdany ce, € C-eKBUBaJeHTHa Ha CTaHIapTHAA Oasuc Ha £y,

Karo msnomsBame Mopmdurnmpanure mpocrpancrsa, B cratus 7 ([44], He e
BKJIIOYEHA 33 JI.M.H.) HUE JaBaMe HOBU MTPUMEPH Ha CIab0-XUI0epTOBM POCTPaH-
crBa (Kaac oT nmpocTpaHcTBa, aedbwurupan ot [Tusune).

B ckopomna cratus B. @epenmu n K. PozeHpan ma3mossBaT HAIIUTE MOIU-
bunMpann TpOCTPAHCTRA, 33 JTa KOHCTPYHUPAT HEOOXOIUMHU MPUMEPH 38 TSIXHOTO
CUJTHO pa3IIUpeHne Ha JaCTUIHATA KIacuuKamsa Ha 6GaHaxOBUTe TPOCTPAHCTBA,
nagena ot layspc.

[MousiTneTro 3a MUHUMAJIHO ITPOCTPAHCTBO € BbBeieHo or X. Pozenran. Exno
H6aHaxoBO TMPOCTPAHCTBO X ce HAPUIA MUHWMAJIHO, aKO BCSIKO HETOBO OE3KpafHo-
MEpPHO MOJAIPOCTPAHCTBO Y ChbIbPKa MIOAIPOCTPAHCTBO 4, KATO Z € H30MOP(HO
Ha X. /Ibaro BpemMe eqWHCTBEHUTE W3BECTHW MWUHWMAJIHU MPOCTPAHCTBA Ca OMIn
co, lp, 1 < p < 00, CHIIO TaKa I'bPBOHAYAIHOTO IpocTpancTBo Ha Ilupescon T
(pesynrar ma Kazasza, xoucor n Hadpupn), KaKTO U BCHUKE TeXHU Oe3Kpaii-
HOMEepHHU ToAmpocTpancTsa. [ILTyMIpexT mokassa, 9e HerOBOTO TTPOCTPAHCTBO S €
JIOTIbJTHEMO MUHUMAJTHO. S e pedhIeKCHBHO, HO He e cyneppediekcuBro. B my6iu-
kaiys 4 ([39]) nue jokazsame, e cbiiecTByBar CyneppedIeKCUBHY JOIbIHIEMO
MHUHUMAJIHI TPOCTPAHCTBA, He ChAbpKaIu £y, 1 < p < 0o. 3apaan HaJIXYINETO HA
{2 B S, KOeTo cnoMeHaxMe M0-TOpe, He € BL3MOXKHO J1a Ce TOIYYIH cyneppedIeKch-
BEH BapuaHT Ha S ¢ OOMKHOBEHA KOHBEKCU(DUKAIINS W 3aTOBA B JOKA3ATEJICTBOTO
Ha Ta3u TeopeMa M3MOJA3BaAMe MeTOa Ha KOMIIeKcaHaTa naTeproianud. [loraru-
€TO 33 MIUHUMAJHOCT CTaBa MEeHTPpaJHO, caef KaTo T. Faybpce ro BKIOUBA B CBOSITA
gacTHuyHa Kjaacudukaius Ha 6anaxoBure npocrpaHcTBa. Kakro orbesnsizsa Bosio-
Gamr [B] B 0630pa cu Bbpxy pesysrarure Ha [aybpc, cieaBaino HanpapjieHne om
6o j1a ce kaacudunupar camure MuHIManHu npocrparcTsa. Craruara 4 ([39])
e utupana ot bosobarr.

B ny6iukamms 15 ([57]) moxassame ciegans pe3yaTar 3a MEHEMAIHU IPOCT-
pamcTsa.

Teopema. Hexka X e 6amaxoBo HPOCTPAHCTBO CBHC CHIHO ACHMITOTHYCH /)



basuc, 1 < p < 00. Ako X e MurnmMano, T0 X e m30MOPhHO Ha MOATPOCTPAHCTBO
aa {p.

B crarus 13 ([54]) pbbexmame acuMuToruaHoO cumerpudHu npocrpascrsa. [lo-
HATHETO € MOTHBHPAHO OT U3CJIEABAHUA HAa HEKOMYTATHBHHUTE L, IPOCTPaHCTBA.
Huwe moxazsame, de cbIecTBYBAT pedpIeKCUBHE TPOCTPAHCTBA, 38 KOUTO BCUYUKI
CIIPEJIUHT MOJIEJIN €A PABHOMEPHO CHUMETPUYHH (J0PH PABHOMEPHO €KBHUBAJIEHTHU
Ha, cTaHJIapTHUs 6A3UC HA Zp, l<p< Oo), HO IIPDOCTPAHCTBATA HE Ca ACUMHITOTHI-
o cumerpuann. Korato p = 1 wim p = 0o, moaydaBaMe JaCTUIHH TOJOKATETHN
pesysrTaTu, T.e. 33 eJHO MPOCTPAHCTBO € KBUBAJECHTHO BCHIKY CIPEIUHT MOJETN
12 ca paBHOMEPHO {1 (nm {oo) U 12 € B CHJTa HAKAK'LB BADUAHT HA ACUMIITOTHYHA
CAMETPUYIHOCT. Ba Pa3rpainvaBaHETO Ha PA3JIUYIHU BapHUaHTHU Ha TOBa IIOHATHUE,
HUe JIoOKa3BaMe, e mpocrpaHcTBoTo Ha lladprpn Y cbabpxka paBHOMepHO /.
Koncrpykimsara na €2, B Y e oT Tuna “apacTuk’, HO JOKa3aTeJCTBOTO € 110 Heob-
XOJUMOCT PA3IUYHO OT TOBA 38 ILIYMIIPEXTOBOTO TPOCTPAHCTBO MOPAINA PA3JINU-
HOTO IIOBEACHUEC Ha KOQd)I/I]_[I/IeHTI/ITe7 KOE€TO BOAM A0 PA3JIUYHA I'€OMETPUA Ha S n
Y.

B cbmara nybaukamnusa gaBaMe JTOCTATHLIHO YCAOBHE 38 CBHIMECTBYBAHETO HA
ACUMIITOTUYHO Ep 6&3HCHI/I peannn B TEPDMUHUTE Ha IMOHATHUETO 3a aCUMIITOTUYHA
CTPYKTYypa Ha 0aHaxOBO MPOCTPAHCTBO, BbBemeno ot Mope, Munvan u Tomuak-
Erepman. Karo ciencreue Ha moc/ienHns pe3y/iTaT MojaydaBaMe, de MPOCTPAHCT-
soro Ha Ladpupn Y (3a pasmuka ot S) He € MUHUMAIHO.

B wactuunara cu kiracudukanng Ha 6anaxoBuTe npocTpancTsa [aybspce gedu-
HUPa U IOHATUETO KBA3U-MUHNMAJIHO IIPOCTPaHCTBO. E,Z[HO IIPOCTPAHCTBO € KBa3u-
MHUHUMAJIHO, KO BCEKN JIBE HETOBU OE3KPANHOMEPHU TOAIPOCTPAHCTBA ChIbPKAT
HOJITPOCTPAHCTBA, KOUTO ca m3oMopdHn moMexay cu. B nybaukarmm 16 ([58]) u
20 (|62]) msmosBame MomuduUIUpaHUTE CMECEHN TIMPEJICOHOBH [IPOCTPAHCTBA, 32
ITOCTPOABAaHE Ha HOBU IIPUMEPH Ha KBASU-MUHUMAJIHA IIPOCTPAHCTBA. HpOCTpaHC—
tBara B 16 ([58]) upurexxasar u 110-CHIHO CBOHCTBO, HO-TOYHO T€ €A LOAPEIUIHO
MuHUMaJIHU. Te3n pe3yaTaT ca MOJIyUYeHU Cjie/l TPUI00UBaHe HA CTEIEHTA /I.M.H.

[Iy6smkanus 6 ([43]) mpegcrasigBa KpaTKO IPUIOKEHIE HA TPOCTPAHCTBOTO
Ha [aybpc-Mope GM; pesyararsr e 3abesiekKa OT HAKOJKO Pefa, KOgTO JIaBa
OTTOBOp Ha BbIpoc oT 1968 rogmua. Peabpdop mocTtass BBIIpOca Jaan BCSIKO Ce-
napabenHo 6aHaAX0BO TPOCTPAHCTBO TPUTEKABA TIAYIEPOBO pasiarane. 11o-KbeHo
TO3W BbIOpOC € nuTupaH B kuurata Ha M. Bumrep [Si| karo Bbmpoc 15.1. Karo
KoMbuHUpamMe KOHCTpyKimgara Ha laybpc-Mope 3a HAC/IEACTBEHO HEPABTIOKIMO
OPOCTPAHCTBO € KOHCTPYKIuUd OT Tunl End/o Ha mpocTpaHcTBO 6€3 onpemneseH
BUJT allPOKCHMAIIMOHHN CBOMCTBA, HUE TOIyYaBaMe, Ue ChIMeCTBYBa cermapabesTHo
6anaxoBo mpocrpaHcTBO X (BCBIMHOCT, X € MOMIPOCTPAHCTBO HA TPOCTPAHCTBO-
to Ha [aybpc-Mope), KoeTo He mpuTe)aBa Ay epoBO paszitarane. Pe3yararsT e
M3IOJI3BAH TO-KbCHO 0T Aprupoc u Homoc, a ¢biio Taka e mutupad B Hapbunuka
0 TeOMeTPUs Ha OAHAXOBUTE TPOCTPAHCTBA.

Yacr II. 'eomeTpuyHu CBOIICTBA U IPUJIOXKEHUS B HeJIMHETHIA aHAJIN3

[Tybnukarmuure ¢ Homepa 1, 2, 3, 22 u 24 oT cnucbKa 3a yIacTue B KOHKYPCa
M3ydaBaT TeOMETPUYHK CBOMCTBA HA U3IBKHAJIOCT U [VIAJKOCT HAa HAHAXOBU IIPOC-
rpanctea. Cratum 1, 2 u 3 Gaxa BKIIOUEHW B JOKyMeHTHTE 33 AomneHT (cr.H.c. I1
CTeneH) W 3a J.M.H.; craruu 22 m 24 ca muCaHW CJIeJ] MOJIy9YaBAaHE HA CTEIeHTa



Mezxny pedaekCuBHATE TPOCTPAHCTBA HAl- 00D CBOICTBA MMa, TIOAKIACHT HA
cyneppediekcuHuTe NpocTpaHcTsa. Biaromapenue Ha aba00K pesynrar Ha En-
10, TE CE XapaKTEPHU3UPAT KATO IPOCTPAHCTBATA, KOUTO JOIYCKAT €KBUBAJIEHTHA
PABHOMEPHO M3I'bKHAJA HOPMA, & CbI0 Taka U eKBUBAJEHTHA PABHOMEDHA TJIaIKa
HOpMa. 3a JiBe CBOMCTBA Ha HAHAXOBU MPOCTPAHCTBA Ie Ka3BaMe, de Ca W30MeT-
PUYHO PA3JIMYHU, AKO T€ HE CbBIAJIAT 33 KOHKPETHATa HOpMa. MHOro 1o-cujiHo
pasrpaHuYenne e Jia He CbBIAJAT U 3a IMPOM3BOJIHA eKBUBAIEHTHA HOPMA, T.e. ja
ObaaT n30MOPGHO PATHIHMA.

B Tazm Temarwka ce paszriexkIarT W JAPYTH CBOWCTBA HA W3MbKHAJJIOCT, KOU-
TO ca MEXy cyneppedieKCuBHOCT U PedIeKCUBHOCT. Xbd AedUHUPA TOHITHETO
3a MouTH paBHOMepHa m3mbKHagocT (NUC) u mokassa, ¥e HOpMarTa Ha €JHO Oa-
HaxoBo npocrpancreo € NUC ToraBa M caMoO TOraBa, KOraTO MIPOCTPAHCTBOTO €
pediekcuBHO M HOpMaTa WMa pasHOMepHOTO CBOcTBO Ha Kamen-Kmm (UK K).
CroiicTBa, CPOJHU [0 AyX HA MOYTH PABHOMEPHATA M3IMbKHAIOCT U HA TOYTH PaB-
soMmepHaata rragkoct (NUS) (suxk. Ilpyc [P]), HO B mo-mmpok kirac, obxBarmarr
1 HepedIEKCUBHE IIPOCTPAHCTBA, ca OuIu pasriexgann or B. MuiMaH, a HacKo-
po u ot Hxoucwu, Jlunnenmpayc, Ipaiic u Ilexman n ca HapedeHn CHOTBETHO
ACHMIITOTHYIHA PaBHOMEPHA M3ITbKHAJIOCT U AaCHUMIITOTHYIHA PAaBHOMEPHA TVIaJKOCT.

Hexa X e 6anaxoBo IPOCTPAHCTBO CbC 3aTBOPEHO eMHNIHO K'bjb0o B. Kamka-
ta, onpenesnena or ¢ € X \ B u B ce nedunupa karo D(z, B) = conv({z} U B).
C. PoneBnu BbLBEXKA CBOMCTBOTO Ha Kamkara 3a HOpMara (T.e. 33 3aTBOPEHO-
TO eMHUYIHO Kbja00 B) Ha GaHAX0BO MPOCTPAHCTBO. MOHTECHHOC XapaKTepusu-
pa M30METPHUYHO CBOWCTBOTO Ha KalKaTa KaTo pedJIeKCUBHOCT W CBOHNCTBOTO HA
Kaznen-Kmu. B cratus 2 ([17]) aue o6obrmaBaMe CBOCTBOTO Ha KallKaTa OT CJIy-
Jasi Ha eJUHIIHOTO K'bjI0O 32 IPOM3BOJIHO 3aTBOPEHO U3IIbKHAIO0 MHOKeCTBO (|
T.e. C' mMa CBONCTBOTO HA KalKaTa, aKo 34 BCAKO HEIPA3HO 32TBOPEHO MHOMKECTBO
A, ANC =0, cvmecrsyBa a € A taka, ae D(a,C)N A = {a}. Hue nokassame, ge
ako C mMa CBOHCTBOTO Ha Kankara, To C' e WK J0CTa MAJIKO, WK JOCTa TOJISIMO.

Teopema. Heka C' e 3aTBOPEHO U3ITbKHAIO MHOXKECTBO B HAHAXOBO MIPOCTPAH-
ctBo X. Ako C mpurexkaBa CBOHCTBOTO Ha Kamkarta, 70 C e WM KOMIAKTHO B
HOPpMUDPAHATA TOIIOJIOTHUA, NJIN UMad HEeIIpPpa3Ha BbTPEIIHOCT.

CBoiiCTBOTO Ha KalKaTa € CBbP3aHO C BhIPOCca 3a J100pa MOCTABEHOCT Ha, OIITH-
MU3AIUOHHN 3a7a4u U PoJIeBrY BKJIIOYH TOPHUS HU CbBMECTEH PE3Y/ITaT B CBOSTA
kuura ¢ [Magamke o onrnvusanuu [PR.

C. PosieBuu sedunupa cbiio raka u csoiicrsoro (3) [R] u nokassa, ye pasHo-
MepHaTa n3mbKHAIOCT Bede (), a ot cos crpana () sirede NUC. Toit ompeesist
cpoiictBoro () 3a 6aHAX0BO MPOCTPAHCTBO X TIO CJICIHUS HAYUH: 33 BCIKO £ > ()
cobiectByBa 0 > 0 Taka, 4e or 1 < |[z|| < 14 6 crensa a(R(z, B)) < €, kKbaero «
O3HAYABA MAPKATA 33 HEKOMNAKTHOCT Ha KyparoBckw.

B ny6nmkanus 1 ([16]) aue moryaasame usomopdHa XapakTepu3aIysi Ha CBOIic-
TBOTO (/3), OTK'BJIETO B YACTHOCT CJIE/IBa, Ue CBOHCTBOTO () e m3oMOodpHO pa3ind-
HO OT paBHOMepHaTa u3mbkHaaocT u o1 NUC, koeTo Jasa 0TTOBOP Ha BBIIPOC HA
Posiesnu. 3a neara usnoassame ujes va C. Ilpyc [P| 3a nzomodna xapakrepu-
3aI1Ms HAa MOYTH paBHOMepHaTa u3mbKHaMoCT (NUC) n 3a movYTH paBHOMepHATA
raagroct (NUS) 3a npoctpaHcTBa ¢ 6a3uc B TEPMUHUTE HA KDAXHOMEDHH pasJia-
ranus (FDD) ¢ (p,q)-onenku. Ilo-rouno, Hie moka3Bame:

Teopema. Heka X e 6anaxopo npocrpancrso ¢ 6asuc (ey,). Torasa ciegaure



TBBPACHUA Ca €KBUBAJICHTHN:

(i) X npurekaBa eKBUBAJIEHTHA HOpMa CbC CBOficTBOTO ().

(ii) CoiecrByBar koucrantu p > g > 1, C, ¢ > 0 Takusa, ue BCsika 6a3ucHa
peauna (x,) B X npure)apa rpyIupaHe B PE/IAIA OT KPAHOMEPHH TTOIPOCTPaH-
crsa (Xy,), KOeTo yI0BIeTBOPABA (P, ¢)-OIeHKH ¢ KoHCTaHTH ¢, C.

(iii) X npuTexaBa ekBUBaIeHTHA HOpMa, KostTa € ennopemernro NUS u NUC.

B crarus 3 ([20]) cbmo raka BbBEeKJaME JABE HOBH II0CJIEJOBATEIHOCTH OT
cBoiicTBa 3a m3mbKHATOCT Mexkay () u NUC, no-touno k-G, k > 1 u k-NUC,
k> 2. [la orbenexnm, de 1-5 cbBOaga cbe cBoiicTBoro (). 3a HIKOH CTORHOCTH
Ha k > 2 Te3u CBOICTBA Ca HE CAMO W3OMETPUYHO, HO U M30MOP(MHO PABIUIHE OT
cpoiicrara () u NUC.

[Ipu paborara cbC CBOWCTBOTO () HHE CH CIyKUM C €KBUBAJCHTHA JedUHU-
nust, u3BeeHa B mybsmkanms 3 ([20]).

Teopema. Banaxoso npocrpancrso X mwma cpoiicrsoro () roraBa m camo
TOraBa, Koraro 3a Bcako € > 0 cbmectByBa 0, 0 < § < 1 Taka, ue 3a BCAKO
x € B u Beska e-pasnenena peauna (r,) C B, cbimecTByBa HHIEKC 4, 32 KOWTO
|l 4+ ]| /2 < 1—6.

Tasu exBuBaenTHA (POPMYIUPOBKA O M3MOJI3BAHA U Ce 0KA3a CHIMECTBEHA 33
pesyarara Ha Jluma u Pannpuanapusonu [LR] or 2012 1., B KOiiTO Te gaBar pere-
e Ha 10-ronumien Bbapoc Ha Beiite, [IxxoncsH, JIuanenmpayc, Ilpaiic m Hlexman
[BJLPS]. JIuma u PanapranapiBoHu JOKa3BaT, Ue¢ aKO €THO HAHAXOBO MPOCTPAHC-
TBO € PABHOMEPHO (METPUYHO, HE HEMNPEMEHHO JIMHEHHO) (DaKTOPIPOCTPAHCTRO HA
lp3a 1 < p < 2, TO IPOCTPAHCTBOTO € BCHITHOCT JHHEHHO H30MOPMHO Ha, JIHHEHHO
dakTopnpocTpaHcTBO Ha ). 3a OCTaHAJINTE CTOMHOCTH Ha MapaMeTbpa aHAJIOTH-
ueH pegyJrar belle u3BecTeH or pesyararu Ha Jxkoncbr, Jlunnenmpayc, [paiic u
lexman; a ¢ Apyra TexHUKa (M3MbKHATIOCT 110 MapkoB) u ot pesyarar na Mengen
n Haop. Heka na or6enexum, 9e B OCA€IHUTE TOAMHYE HETWHEHHATA (METPUYHA )
TEOpWsl Ce Pa3BUBA MHOTO MHTEH3WBHO, 0cobeHO B Tpymose na A. Haop.

B craruga 24 (|66], cien 1.M.H.) HEE MOKa3BaMe, T€ aKO e€HO GAHAXOBO IPOCT-
paHCTBO Y € paBHOMEpHO (HeJIMHEHHO) (DAKTOPIPOCTPAHCTBO Ha GAHAXOBO MPOC-
TpaHcTBO X, TO MOAYABT 3 Ha mpocTpancTBoTo X (6asupan ja eKBUBAJEHTHATA
nedunnnms or 3 ([20])) ce ouensiBa orrope (¢ TOYHOCT 10 KOHCTAHTA) OT MOJLyJIa
Ha ACHMITOTHIHA PABHOMEPHA TJIAJIKOCT Ha MpOoCcTpaHcTBOTo Y. Tasw onenka e B
U3BECTEH CMHUCHJ OTTTHMAHA.

Hackopo Pesancku n 7?Kuekos [RZ| pasriexgar HoHATHETO KOMIAKTHA DaB-
HOMEPHA, U3IIbKHAJIOCT BbB BPBH3KA C BBIPOCH 334 METPUIECKHU TPOEKIiuu. B mybh-
aukanmst 22 (|64], cien 1.M.H.) HEe TOKa3BaMe, e KOMIAKTHATA PDABHOMEDHA M3~
I'BbKHAJIOCT BCBITHOCT C'hBIAJIA N30METPHIHO ¢bC cBoiicTBOTO () Ha PoseBud.

Yact III. 'puan 6a3ucu 1 aaropuTMu

[Ty6nukarmuure 9, 10, 11, 12, 14, 17, 21 u 23 B HOMepaIus Cropes COUChbKa 3a
KOHKYpCa (0T KOUTO MOCJTEHATE YeTHPHU He €A BKIIOUBAHU 34 JI.M.H.) PA3TJIezKIaT
rpunu 6a3ucu u rpunu aaroputmvu. Te ca 00ycaoBeHN OT B3aNMOILEACTBUETO MEXK-
Iy TeopugTa HA AIPOKCHMAIMUTE U TeOpusTa Ha DaHaxoBuTe mpocrpancTsa. Hue
mpujiaraMe MeToqu OT (PYHKIIMOHATHUS aHAIM3 33 W3yUaBaHe Ha MOHSTHsI, KOUTO
UABAT OT IPUJIA ANPOKCUMAIIMUTE, MOTUBUPAHHU OT 33Ja4YU 3a MPEHOC U Bb3CTa-
HOBsIBaHE Ha cuUrHam. Hakow pe3yararu, KaTo TEOPEMH 33 CXOAWUMOCT Ha, TPUIN



AJTOPUTMHA, Ca HACOUYEHN K'bM MPUJIOKEHNATA; & APYTH UMAT CAMOCTOSITETHO 3Ha-
YCHHEC B TEOPHUATa Ha 6aHaXOBI/ITe IPOCTPAHCTBA.

B cnaydasi na HesuHeiiHA anpOKCMMATlMs, €JMH €IeMEHT He ce NpubJnKasa C
BEKTOPH OT (DUKCHPAHO JMHEHHO MOANPOCTPAHCTBO, & ¢ BEKTOPHU OT MHOYKECTBO,
KOETO MOYKe J1a, 3aBUCH OT NpubamzKkaBanus eneMent. Mcropuueckn, mHaii-nampes
€ pasIyIek/IaH BBIPOCHT 33 MPUOIMKABAHe HA JAJCH €JeMEHT ¢ JUHeHH KoMOu-
HAIIAW HA N eJIEMEHTa 0T (hbUKCHpaH 6a3uc Ha mpocTpancTBoTo. [lo-kbeHO, BMECTO
6a3nc ce pasraeKIaT MO-00IIKM MHOKECTBA OT €JeMEeHTH, HampuMep pedrunn. Te-
30 CHCTEMHU ca OOWKHOBEHO C MBJIUIILK (T.e. MPEICTaBAHETO HA €JIEMEHTUTE Upes3
TAX HE € €JHO3HAYHO) M TOBA € OOYCJOBEHO OT TPAKTHKATA, 3a Ja He ce Tybu
nadOpMAIs IPU IIPEIaBaHe HA CUTHAJIN.

B ny6smkanus 10 ([50]) aue noxazBamMe TBBPIEHUS 38 CXOIUMOCT Ha PA3JIHTHE
AJTOPUTMU B GAHAXOBU TPOCTPAHCTBA crpaMo obmn peanuiin. OCHOBHUAT Pe3yJi-
TAT B Ta3M cTaTusd e 3a ciaabus uebumes rpuau aaropurbm (WCGA). JTa nosicanm,
ge TepMuHbT “‘ciad’ He ce OTHACH [0 cadara TOMOJOTHS, & MABA OT IapaMeTbp
(wm mo-0061II0 peIuiia 0T mapaMeTpH) Ha ¢J1abocT, KOWTO ce M3MoJ3Ba B IIPOIeca
Ha U300p Ha aIPOKCHMHUPAIIATE €JIEMEHTH.

[Tpu obobrraBame Ha pe3yaTaTn 33 CXOAUMOCT HA TPUIU AJTOPUTMEU OT CJIydast
Ha, XuI0EPTOBO TPOCTPAHCTBO 33 CAydas HA HAHAXOBO MPOCTPAHCTBO, ODMKHOBEHO
ce M3UCKBa YCJIOBHETO HOpMATa Ja € PaBHOMepHO riajka (pasHoMepHo Pperre),
KOETO 03HaYaBa, Je MPOCTPAHCTBOTO e cyneppedtercusro. 3a WCGA moxkeMm 1a
m3JIe3eM W3BHH KJaca Ha CymeppedIeKTUBHUTE MTPOCTPAHCTRA.

Ilpennoxkenne. Heka X e pedpiekcuBHO 6aHAXOBO MPOCTPAHCTBO, TUATO HOP-
Ma uMa ceoiicteo Ha Kamer-Kiu u e rmagka mo ®pemte. Torapa WGCA e cxomsr,
3a BCeKHU pedHuk D m 3a Bceku enement f € X.

Kato m3monzBaMe m3BECTHE pe3y/ITaTh 33 IPEHOPMUpAHe Ha GAHAXOBU POCT-
PAHCTBA, TOIydaBaMe:

Teopema. Heka X e cenapabenno pediekcnBHO 0aHAX0BO TPOCTPAHCTBO. TO-
raBa 3a Besiko € > 0 cbmiectByBa (1 + €)-eKBuBajieHTHA HOpMa Ha X, 33 KOATO
WCGA e cxomamt 3a Bcekn pednuk D u Bearo f € X.

B ny6sukanusa 14 ([56], ne e Br/ouBana 3a J.M.H.) HHE JOKA3BaMe CXOJUMOCT
Ha C.Ha6I/IH LIe6I/H_HeB rpun aJropuTbM 3a IMUPOK KJjaC OT peaJJiHu U KOMILJIEKCHU
H6aHaXOBU TTPOCTPAHCTBA W PEYHUITH, B YACTHOCT 3a MpOCTpaHcTBaTa Ha BeprMmar.

B crartus 17 ([59], He e BkIOUBaHA 32 [1.M.H.) BbBEXKJIaMe HOBO T€OMETPHUTIHO
CBOTICTBO Ha HOpMaTa (C1abo HyJIeBO CBOMCTBO) M MOKa3BaMe Caaba CXOAMMOCT 3a
obIM pevHWIM HA TAKa HAapedeHusd X-TPUIN aJTOPUTHbM B PABHOMEDHO TJIAJIKW
H6aHaXOBU MPOCTPAHCTBA ¢ TOBA CBOWCTBO.

Cratun 11 ([52]) u 12(]|53]) ca mocBerenn Ha KBa3u-Ipuan 6A3UCH U PA3IATHN
TEXHW BapWaHTH B HAHAXOBHW MPOCTPAHCTBA. 1a3u TeMaTHKa BOIM HATATIOTO CH OT
crarusra Ha C. Kousrun n B. Temaskos [KT).

3a x € X nmedunupame rpuju Hapeada 3a x kato mzobpaxkenuero p 1 N — N
takoBa, de p(N) D {j : €j(z) # 0} n axo j < k 10 mm |e;(j)(x)| > |e;(k) ()]
i |e;‘)(j)(:c)| = ]e;(k) (x)| m p(4) < p(k). Toraa rpuan ampoKCHMANus HA T C 1M
esleMenTa ce AedpuHmpa KaTo

m
Gm(x) =Y ehy(@)ei)-

J=1



Hue BbBexkmame rpuan napeadara 3a ygo0CTBO, 3a 13 n3beraeM HeemaHO3HA-
HOCT Ha O3HAYEHUETO.

Konsirun u Temasakos Hapudar eaud 6a3uc rpuu, akKo IPUIU alIPOKCUMAIIAA T,
Gm(z) To cbiecTBo JaBa Hafi-706pOTO MpHOIMKEHWE ¢ M ejeMeHTa. basuchr
(en) ce mapwva KBa3u-rpuau, ako cbitectByBa C Taka, de |G (x)| < C||z| 3a
BcgkO € X u Bcgko ecrectseno m. Boiiramruk |[W]| mokassa, de KBasu-rpuau e
eKBUBAJIEHTHO Ha cxoauMocT lim Gy, (x) = = 3a Besiko .

Bceknu 6esycioBen 6a3nuc € KBasu-Ipuad, HO oOpaTHOTO HE € BApHO. Ilo To-
31 HAYWH, KBA3U-TPUAN DA3NCUTE U TEXHUTE BAPHUAIINN Ca €CTECTBEHO 0000IIeHme
Ha QYyHIAMEHTATHOTO TOHATHE 33 6e3ycsoBHOCT. CBOMCTBO OT MOmOGeH XapakTep
e buno BBBemeHO or EaTon mpes 1978 1. B Heromara jaucepraind MO DAHAXOBU
MPOCTPAHCTEA OT YUCTO TEOPETHUHA TJIETHA TOYKA. VICTUHCKOTO pa3BUTHE Ha Ta-
3W TEMATHKA 3aI0YBA, CJIe/T KATO TEOPUATA HA AMPOKCUMAIINTE MOTHBAPA TAKUBA
CBOiICTBA.

B nybsamkanusa 11 ([52]) Hue bBexkjame n xapakTepu3npame HIKOM MeXK/[HH-
HU TPUIN CBOMCTBA Ha OazwcHn peanrin. OCHOBHUSAT BBLIIPOC, PA3LIETAH B CTATH-
sITa, € KOra HAKOe OT Te3W TDHJIN CBOWCTBA Ha eJuH Oasuc (e,) B X ce mpeHACAT
BLPXY jyananara (6uoproronanna) peanna (ef) B X*. Ba na usbernem rexandec-
KUTe JOCTATHIHU YCJOBUMA, 1€ MPpUBEIEM CaMO HAKOU CJACACTBUA B TEDMUHUTE HaA
[ITTPOKO M3BECTHU TTOHATHS.

Teopema. Heka (e,) e rpuan 6asuc Ha 6aHAXOBO TPOCTPAHCTBO X ¢ HETPU-
suajex tui. Torasa (e)) e rpuan 6asuc Ha X*.

Teopema. Heka X e 6aHaxoBO NpOCTPAHCTBO ¢ HeTpuBHaIEH THI. AKO (€,,) e
noutn rpuan 6aszuc Ha X, 10 (€)) e mourn rpuan 6asucHa pexnmna B X .

CoImo Taka, HHE JaBaMe TOIXOJAIIN TPUMEPH, KOUTO TTOKA3BAT, 9€ JTOCTATHI-
HUTE YCJOBUS Ca CHINECTBEHU. EINHUAT OT IpUMEpUTe U3MOI3BA [THPETICOHOBOTO
MPOCTPAHCTBO.

B. Temuskos Br/roun asere cbsmectau ¢ mero crarum 10 ([50]) u 11 ([52])
B JIOKJIafa cu Ha cBeToBHUA KOoHrpec ICM 2006 [T| Bbpxy rpuam ampokcumanuu
crpsiMo 6asmc.

B ny6sukanusa 12 ([53]) usywasBame BbIpoca 3a ChIiecTByBaHe Ha Ha3ucu uim
Da3uCHU PeuIy C HIKOe CBOWCTBO OT poja Ha KBasu-rpugu. Or pesyiarar Ha A.
[Mesamncku e m3sectro, e Lq[0, 1] He npurexkasa Gesyciosen 6asuc. Cbio Taka, B
9 ([49]) uue orbenssBame, ge GasucwyT Ha Xap He € KBasu-rpuau 6asuc 3a Lq[0, 1].
Hue noxazsame, ue HaKOM JIAKYHAPHN TOAPEIUIN HA Xap €4 KBA3U-TPUIA DAZUCHA
penutu. Tozu pe3yrrar 6e nporb/keH HO-KbCHO OT [orsH.

Ennu or ocnosauTe pesyararu B 12 ([53]) e gocTarsaHo yesoBue 33 CHINECTBY-
BaHe Ha KBasu-rpuan 6asuc. B gacruoct, L0, 1] npurexasa KBasu-rpuiu Gasuc.

DakTbT, Ue HIMA CHOTBETEH PE3Y/ITAT 33 g Ce OOICHSBA OT CEIHUS HU pe-
BYJITAT.

Teopema. ¢y € eAHCTBEHOTO C TOYHOCT 10 B30MOPMU3bM Oe3KpaitHoMepHO L oo-
MPOCTPAHCTEO, KOETO TIPUTEXRKABA KBa3u-rpuan Gasnc. OCBeH TOBa ¢g WMa, eTUHCT-
BEH C TOYHOCT JO €KBUBAJIEHTHOCT KBa3U-T'PUIN 6&31/1(:‘, T.€. TOBa € CTaAaHIAPTHUAT
basuc Ha .

NzsecTHaTa Teopema Ha JIMHAEHIIpayc-3UNUH TBHP/IN, 9 aKO OAHAXOBO TPOC-
TpaHCTBO X WMa €IMHCTBEH C TOYHOCT 10 €KBUBATECHTHOCT HE3yCa0BeH 6a3muc, To
X e m3omopdmo Ha cg, {1 win la.

Twit kaTo €1 u fo TPUTERKABAT YCIOBEH KBA3U-TPUIH DA3UC, KATO KOMOHHUpaMe



HAIUTE PE3YATATH C TeopeMarTa Ha, JIMHIEHIIPpayC-3UMH, TTOLyIaBaMe CJIeIHOTO
061110 TBBLpIeHTE.

Teopema. Heka X e bazkpaitHomepHo 6aHaX0BO IPOCTPAHCTBO. X [IPUTE)KABA
eINHCTBEH (C TOYHOCT 10 €KBUBAJEHTHOCT) KBAa3W-TPUAM OA3UC TOTABA U CAMO
ToraBa, koraro X e m30MOp(dHO HA Cg.

Kaxkro Beue orbesnsizaxme, 6azucsr va Xap B L]0, 1] #e e kBasu-rpuu Gazuc.
C. Torsn [Gog| ycusiBa jsa 110CTPOM €AuH BUJL I'PUJM aJIlOPUTbM BbPXY 6a3uca Ha
Xap B L1[0, 1], xoiiTo e cxozsrir.

B crarus 23 ([65], cren m.m.H.) ycranoBsBame, de (HOPMaJHUAT AHATIOT HA
aaropuThMa Ha [OTSIH He e CXOI4II 33 MHOTOMepHnud ba3mc Ha Xap 3a MpoCcTpaH-
crsoro L1[0,1]¢ 3a pasmeprocr d > 1. Hue jnasame nojxojsuy MoudbuKamupan
IPUIU AJITOPUTHM, KOHTO € cxousit u 3a d > 1. Jla orbesiexkuM, 9e IByMEpHUSIT
fasnc Ha Xap HAMHpA IMHPOKO IIPUIOKEHHE [IPU KOMIIPECHPAHETO Ha 0Opasn.

B ny6aukanuns 21 ([63], cien ga.m.1.) nedunnpamve u nsygasame “branch greedy
AJTOPUTMHA OT THUIA Ha ['OrgH B Hal-001a abCcTpakTHa mocTaHoBka. MoTwBaiims-
Ta 34 TOBA MOHATHE UABA OT (PAKTa, 9€¢ IPUANA AJICOPATHMBT FeHEPHPa IbHPBO OT
BBL3MOKHE n360pH Ha KOSUIUEHTH W TO3HM THII AJrOPUTMHA IPENCTABIASIBAT IIPO-
neAypa 3a m300p Ha MOJOXOIAI, KJIOH OT TOBA, JIHPBO.
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Yacr V. dBHU KOHCTPYKIIMYM HA MAaTPUIX 32 KOMIPECUPAIIO OTIYNTAHE

Crarunre 18 ([60]) n 19 ([61]), nucann csiex a.M.H., ca B Taka HapedeHaTa Te-
mMaTuka “kKoMipecupaiio oryntane” (compressed/compressive sensing). IIbpsara
nyOmMKanyus CbrbP2Ka OCHOBHUTE MATEMATUIECKHU JIOKA3ATENCTEA U UJIEHU, JIOKATO
BTOpaTa MOJ00PSIBa U3YUCAEHUATA KATO KOHCTAHTHTE B OCHOBHHS PE3YJITaT Ca B
I'bTU 10-700pH 0T CHOTBETHUTE HapaMeTpu B IrbpsaTa. Bropara crarus e my6im-
KyBaHa B MaTEPpUAJIUTE Ha €AHad OT Haﬁ—ﬂpeCTI/I)KHI/ITe KOH(l)epeH]_[I/H/I II0 KOMIIIO-
rbpuu Hayku, STOC. IIepBara cratus Bede e murupana 20 nbTy.

CbImHOCTTA HA KOMOPECUPANIOTO OTIYATAHE CE ChCTOM BbB Bb3MOKHOCTTa IIPU
OIIpeJIeSIeHN YCJIOBHUS Jla C€ Bb3CTAHOBSBAT CUTHAIU C MHOIO IO-MaJIKO U3MepBa-
Hust. 3a meaTa curHasuTe TpabBa fa Obaar (wam ga ce anpokcuMmpar aobpe oT
CHUrHAJ €) MarbK OpOit HeHysieBr KOeDUIIMEHTH, T.€. Te ¢a paspejeHu (sparse) cur-
wau. Kassame, ue eiun curnag e k-paspejieH, ako Toil uMa He mosede 0T k HeHyJe-
Bu KoedpurmerTa. OCBEH TOBa, MaTPUIlATa, C KOSITO Ce U3BbLPIIBAT W3MEPBAHUSITA,
TpabBa, Ja MPUTEXABA ONPEJEJIeHN CBOHCTBA. EJHO OT HAH-9eCTO M3MOI3BAHUTE
JOCTATHIHM YCJAOBHUS 33 TOYHA PEKOHCTPYKIWHA € TaKa HAPEIEHOTO ‘OrpaHUuvIeHO
m3omerpuaHo cBoiicTBo” (“Restricted Isometry Property” wim (RIP)).

Kaszpame, ge egna Mmarpuia ¢ ¢ pamepHocT n X N ©Ma OTPaHUIEHO N30METPHI-
Ho croiicreo (RIP) ot pen k ¢ koucTanTa §, KO 38 BCUYKU k-Pa3pPEJIEeHN BEKTOPH
T € U3ILIAHEHO

(1= )zl <[5 < (1 + 8)||13.

TemaTnkara KOMITPECHPAIIIO OTYNTAHE CE PA3BU TIPE3 MMOCJIEIHUTE JIECET TOANHY
caies paborn Ha Kangec, Pom6bpr u Tao [CT, CRT|, kouro nedurnpaxa cpoict-
soro (RIP) n ycranosuxa, de 10 OCUI'YPsiBa TOYHO Bb3CTAHOBSIBAHE HA PA3PE/IeHN
curHain. BebImHOCT, MbPBUTE MATPHUITH OT TAK'bB THUI Ca IIOCTPOEHU JIOCTA, TTO-PAHO
or B. Kammu |[Ka| or uncro reopernyen muTepec, 6€3 Bpb3Ka ¢ PEKOHCTPYKIIHS
ma curaaan. OCHOBHUTE METOIN 3a MOCTPOABAHE HA MATPHUIM C TOBA CBOMCTBO Cca
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BEPOSTTHOCTHW, HATTPUMEDP KOTaTO eJIEMEHTUTE Ha MaTPUIIATA Ca HOPMAJHO pasiipe-
JejieHu caydaiitau Beuunnu. EcrecTBeno, meara e mpu dhukcupanu n u N, KbIeTo
n < N, ga ce nocrou RIP marpura ¢ makcumasen pej va paspeaenocr k (uiu ¢b-
OTBETHO, 3a (DUKCHPAHO k 1a Ia ce MUHUMU3HUPA n). 3a MUPOK KJIAC OT CJIyJaiiHu
MaTpUIIU CE OCTUTA ONTUMAJHUAT Bb3MOKEH MMOPAIbK HA k, 3 UMEHHO

log(2N/n)’

OTz1e1HO CTOM OTBOPEH BBIPOCHT Ja Ce HaMepsaT J00pu gBHU (JerepMuHuc-
tiaHu) KoHCTpyKImn Ha RIP marpunm (Bx. 6iora wa Tao [Tao]). Benukw sasan
KOHCTDPYKIIMU IPEJIU HalllaTa CTaThs ce 0a3upar Ha HOCTPOSIBAHETO HA CUCTEMHU OT
equHUIHE B {o-HOPMAa BEKTOPU (KOWTO TIPEICTABIABAT CThIOOBETE HA MATPHIIA-
Ta) ¢ Majaka koxepenTHocT. KoxepentHoct p Ha dbamuns 0T eguanaan Bekropu
{u1,...,un} C C" ce necdbunupa KaTo

W= max | (uy, ug)|.
r#£s
CucremMure 0T BEKTOPU € MaJIKa KOXEPEHTHOCT Ca, U3BECTHM 110 UMeTo “cdhepuynn
KOIOBe”.
dAsau (nerepmunucTHaHn) KoHCTpyKimu Ha RIP marpurm, qwuro crbiabose
MMaT MaJjKa KOXepeHTHOCT, ca pajenn or Kammwmn; Ason, Donapaiix, Xacran u
Ilepanta; TeBop; Hencor u Temaakos. Beuuku T€3m KOHCTPYKIIMM TOCTUTAT 110~

pSIbK Ha k
Vnlogn
logN ’

T.e. HUTO €JJHA OT T€3U KOHCTPYKIIUK HE JIaBa 10-100bp Nopsiabk Ha k ot /n. Ilpu-
IUHATA 33 TOBA €, 9e OT TeopeMa Ha JIeBeHmaitu ciaenBa, e ako J0Ka3aTeICTBOTO
na cgoiicrBoro (RIP) ¢ korcranra § < 1 ce 6asmpa HA KOXEPEHTHOCT, TO HE MOXKE
J1a 13J1e TOPSTbK Ha Kk TO-T0IM 0T /1.

B crarusa 18 (|60]) e gaBame HOBa siBHA KOCTPYKIHSI HA MATPHIH C Pa3-
meproct 1 X N, mpurexasaimu (RIP). Ilo-rouno, 3a #skoe € > 0, rosemu N u
BCsIKO M, ynoiersopssaino N1 7€ < n < N, ume nocrpossame RIP marpuru or
pen k > n'/2t€ y koncranta & = n . Tosa npeogonsiBa ecrecTBEHATa GapUepa
k = O(n'/?) ma moxaszare/cTBaTa, OCHOBAHN HAa KOXEPEHTHOCT. TA31 KOHCTPYKIIST
e IbpBAaTa U 3acera eINHCTBEHA OT TMOA0OEH PO

Hait-mampen #me moxkaszBame, g€ C TOTHOCT [0 JOMbIHATENEH JOTAPUTHM MO-
JKEM J1a CBEJIEM DPa3IVIEXKIAHUATA 10 BekTopu ¢ koopauaatu () m 1 (onenkara e
noso0HA Ha JOKA3aTeICTBA 3a KBasu-rpuan Gasmcn). OCHOBHATA YacT HA JOKa-
3ATEJCTBOTO Ce& OCHOBABA Ha TOJIYYEHHW HOBU OIEHKW B 00/acTTa Ha aIATHBHATA
KOMOWHATOPUKA.
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