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For n ∈ N, let Xn = {a1, a2, . . . , an} be an n-element set and let F = (Xn; <f ) be
a fence, also called a zigzag poset. As usual, we denote by In the symmetric inverse
semigroup on Xn. We say that a transformation α ∈ In is fence-preserving if x <f y
implies that xα <f yα, for all x, y in the domain of α. In this paper, we study the
semigroup PFIn of all partial fence-preserving injections of Xn and its subsemigroup

IFn = {α ∈ PFIn : α−1 ∈ PFIn}. Clearly, IFn is an inverse semigroup and contains all
regular elements of PFIn. We characterize the Green’s relations for the semigroup IFn.
Further, we prove that the semigroup IFn is generated by its elements with rank ≥ n−2.
Moreover, for n ∈ 2N, we find the least generating set and calculate the rank of IFn.
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1. Introduction and Preliminaries

For n ∈ N, let Xn = {a1, a2, . . . , an} be an n-element set. As usual, we denote by In

the symmetric inverse semigroup on Xn, i.e. the partial one-to-one transformation
semigroup on Xn under composition of mappings. The importance of In to inverse

∗Corresponding author.
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semigroup theory may be likened to that of the symmetric group Sn to group theory.
Every finite inverse semigroup S is embeddable in In, the analogue of Cayley’s
theorem for finite groups, and to the regular representation of finite semigroups.
Thus, just as the study of symmetric, alternating and dihedral groups has made a
significant contribution to group theory, so has the study of various subsemigroups
of In, see for example [1, 3, 5, 6, 13].

Let F = (Xn; <f ) be a fence, also called a zigzag poset, i.e. a partially ordered
set in which the order relation forms a path with alternating orientations:

a1 <f a2 >f a3 <f · · · an

or

a1 >f a2 <f a3 >f . . . an.

Every element of F is either maximal or minimal. A fence F is called an up-fence
(respectively a down-fence) if a1 <f a2 (respectively a1 >f a2). In this paper,
without loss of generality, we consider an up-fence.

Several authors have investigated the number of order-preserving maps from
fences to themselves, or to fences of other sizes, see for example [2, 4, 10, 11].
Recently, regular semigroups of transformations preserving a fence were character-
ized in [8, 12].

We begin by recalling some notations and definitions that will be used in the
paper. For standard concepts in semigroup and symmetric inverse semigroup theory,
see for example [7] and [9]. We denote by dom α and im α the domain and the image
(range) of α ∈ In, respectively. The natural number rank α := |im α| is called the
rank of α. The inverse element of α is denoted by α−1. For a subset Y ⊆ Xn, we
denote by id|Y the identity mapping on Y . Clearly, if Y = Xn then id|Xn =: id is the
identity mapping on Xn. For a subset A ⊆ In, we denote by 〈A〉 the subsemigroup
of In generated by A. We say that a transformation α ∈ In is fence-preserving
if x <f y implies that xα <f yα, for all x, y ∈ dom α. We denote by PFIn the
subsemigroup of In of all partial fence-preserving injections of Xn. Note that the
semigroup PFIn is not inverse. For example,

α =

(
1 2 4 5 6

3 2 6 5 4

)
∈ PFI6, but α−1 =

(
2 3 4 5 6

2 1 6 5 4

)
/∈ PFI6.

Let IFn be the set of all α ∈ PFIn such that α−1 ∈ PFIn. Clearly, IFn is the
set of all α ∈ PFIn with x <f y if and only if xα <f yα, for all x, y ∈ dom α.
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Hence, IFn is an inverse subsemigroup of PFIn and contains all regular elements
of PFIn. In Sec. 2, we characterize the Green’s relations for the inverse semigroup
IFn. Further, we prove that the semigroup IFn is generated by its elements with
rank ≥ n − 2. Moreover, for n ∈ 2N we find the least generating set and calculate
the rank of IFn.

2. Green’s Relations

In this section, we characterize the Green’s relations R, L, H and J on IFn. Since
IFn is an inverse subsemigroup of In, for α, β ∈ IFn, it holds:

(1) αLβ if and only if im α = im β.
(2) αRβ if and only if dom α = dom β.
(3) αHβ if and only if dom α = dom β and im α = im β.

It remains to describe the relation J , since this relation is different for the
semigroups In and IFn. For example, let

α =

(
1 4 5 6

2 6 5 4

)
, β =

(
1 2 5 6

5 6 1 2

)
∈ IF6.

Then rank α = rank β, but α and β are not J related.

Definition 2.1. For Y ⊆ X , let YS be the set of all subsets

{ai, ai+1, . . . , ai+r} (i, r ∈ {1, . . . , n})
of Y such that ai−1 /∈ Y (or i = 1) and ai+r+1 /∈ Y (or i + r = n).

Definition 2.2. Let α ∈ IFn and let k ∈ N. Then we put

α(k) := {A ∈ (dom α)S : |A| = k},
αo(2k + 1) := {{ai, . . . , ai+2k} ∈ α(2k + 1) : i ∈ 2N − 1}.

Note that αo(2k + 1) ⊆ α(2k + 1).
For a set M of natural numbers, let maxM (let minM) be the greatest (the

least) natural number in M with respect to the natural order in N.

Proposition 2.3. Let α, β ∈ IFn. Then the following statements are equivalent:

(i) αJ β.
(ii) |α(k)| = |β(k)| and |αo(2k + 1)| = |βo(2k + 1)| for all k ∈ N.

Proof. Suppose that αJ β. Then there are γ, δ, γ1, δ1,∈ IFn such that β = γαδ

and α = γ1βδ1. We have rank α = rank β since IFn ≤ In. Then from α = γ1βδ1

and β = γαδ, we obtain |(dom α)S | = |(dom β)S |, and in particular, |α(k)| = |β(k)|
for all k ∈ N. Moreover, if k ∈ N and B ∈ β(k), then we observe Bγ ∈ (dom α)S

and thus Bγ ∈ α(k).
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Let k ∈ 2N + 1 and B := {ai, . . . , ai+k−1} ∈ βo(k) (for some i ∈ 2N − 1).
We have Bγ ∈ α(k) and we will show that Bγ ∈ αo(k). Since i is odd, we have
ai <f ai+1 >f · · · <f ai+k−2 >f ai+k−1. This implies aiγ <f ai+1γ >f · · · <f

ai+k−2γ >f ai+k−1γ and there is l ∈ {1, . . . , n} with either aiγ = al and ai+k−1γ =
al+k−1 or aiγ = al+k−1 and ai+k−1γ = al. This gives al <f al+1 and l ∈ 2N − 1,
and consequently, Bγ ∈ αo(k). This shows |βo(k)| ≤ |αo(k)|. Dually, we can verify
the converse inequation. Thus, |αo(k)| = |βo(k)|.

Conversely, let |α(k)| = |β(k)| and |αo(2k+1)| = |βo(2k+1)| for all k ∈ N. Then
for all k ∈ N, there is a bijection fk : β(k) → α(k) such that f2k+1(B) ∈ αo(2k + 1)
for all B ∈ βo(2k + 1). We define now a mapping γ : dom β → dom α. For k ∈ N,
B = {ai, . . . , ai+k−1} ∈ β(k) and fk(B) = {al, . . . , al+k−1} (with i, l ∈ {1, . . . , n})
let

ai+rγ :=

{
al+r, if k = 1 or i and l have the same parity,

al+k−(r+1), otherwise

for 0 ≤ r ≤ k − 1. The mapping γ is well defined since dom β =
⋃p

j=1 β(j), where
p := max{k ∈ N : β(k) �= ∅}.

We have to show that γ ∈ IFn. For this let again B = {ai, . . . , ai+k−1} ∈ β(k)
and {al, . . . , al+k−1} = fk(B) for some i, l, k ∈ {1, . . . , n}.

We consider here the case i ∈ 2N−1, the case i ∈ 2N can be handled in the same
matter. Suppose that k ∈ 2N+1. Then B ∈ βo(k) and fk(B) ∈ αo(k), i.e. l ∈ 2N−1.
Since i and l are odd, we have ai <f ai+1 >f · · · <f ai+k−2 >f ai+k−1 and
al <f al+1 >f · · · <f al+k−2 >f al+k−1, i.e. aiγ <f ai+1γ >f · · · <f ai+k−2γ >f

ai+k−1γ.
Now, suppose that k ∈ 2N. Since i is odd, we have ai <f ai+1 >f · · · >f

ai+k−2 <f ai+k−1. If l is odd, then al <f al+1 >f · · · >f al+k−2 <f al+k−1, i.e.
aiγ <f ai+1γ >f · · · >f ai+k−2γ <f ai+k−1γ. If l is even then al >f al+1 <f

· · · <f al+k−2 >f al+k−1, i.e. ai+k−1γ >f ai+k−2γ <f · · · <f ai+1γ >f aiγ.
This shows that γ ∈ PFIn. Let r ∈ {1, . . . , n − 1} with ar, ar+1 ∈ A for

some A ∈ (im γ)S . We observe that {Bγ : B ∈ (dom β)S} = (dom α)S . Thus,
there is B ∈ (dom β)S such that Bγ = A and there is s ∈ {1, . . . , n} with as =
arγ

−1. Then ar+1γ
−1 ∈ {as+1, as−1}. If r is odd then ar <f ar+1. Assume that

arγ
−1 >f ar+1γ

−1. Then s is even, i.e. asγ >f as+1γ (if ar+1 γ−1 = as+1 ) and
as−1γ <f asγ (if ar+1 γ−1 = as−1). This gives ar >f ar+1, a contradiction. If r is
even then ar >f ar+1 and we obtain arγ

−1 >f ar+1γ
−1 by the same arguments.

This provides γ−1 ∈ PFIn, i.e. γ ∈ IFn.
Finally, we define δ : im α → im β by

δ := α−1γ−1β.

Since α, β, γ ∈ IFn, we have δ = α−1γ−1β ∈ IFn.
There holds β = γαδ. In fact, for a ∈ dom β, we obtain aγαδ = aγαα−1γ−1β =

aβ since dom α = im γ and dom γ = dom β.
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3. Generating Sets

For convenience, we arrange such that Xn is the set of the first positive integers n

for some n ∈ N, i.e. Xn = {1, . . . , n} with

1 <f 2 >f 3 <f · · ·n.

Clearly, the minimal elements of the fence F = (Xn, <f ) are odd and maximal
elements are even. For a, b ∈ Xn, we will write a ≡ b (mod 2) or shorter a ≡2 b if
a and b have the same parity. Further, we denote by εi the identity mapping on
Xn\{i} for i = 1, . . . , n, i.e. εi := id|Xn\{i}.

Notation 3.1. Let us put

J := {α ∈ IFn : rank α ≥ n − 2}.
The aim of this section is to show that J is a generating set for the semigroup

IFn. Note, ε−1
i = εi ∈ J for 1 ≤ i ≤ n.

Lemma 3.2. Let m, p ∈ N with m + p ≤ n and m ≡2 m + p. Then

α =

(
1 · · · m − 2 m · · · m + p m + p + 2 · · · n

1 · · · m − 2 m + p · · · m m + p + 2 · · · n

)
∈ J

and α−1 ∈ J .

Proof. By simple calculations, one can see that α ∈ IFn. Since rank α = n − 2
and α−1 = α, we obtain α, α−1 ∈ J .

Lemma 3.3. Let m, p ∈ N such that m + p + 2 ≤ n. Then

α =

(
1 · · · m − 2 m · · · m + p m + p + 4 · · · n

1 · · · m − 2 m + 2 · · · m + p + 2 m + p + 4 · · · n

)
∈ 〈J〉

and α−1 ∈ 〈J〉.

Proof. We have to consider two cases.
(1) Suppose that p is even. Then m ≡2 m + p and we consider the following

transformations with rank ≥ n − 2:

β1 =

(
1 · · · m − 2 m · · · m + p + 2 m + p + 4 · · · n

1 · · · m − 2 m + p + 2 · · · m m + p + 4 · · · n

)

and

β2 =

(
1 · · · m m + 2 · · · m + p + 2 m + p + 4 · · · n

1 · · · m m + p + 2 · · · m + 2 m + p + 4 · · · n

)
.

Clearly, β1, β2 ∈ J by Lemma 3.2 and it is easy to verify that

α = β1β2εm and α−1 = εmβ2β1,

where εm ∈ J . Thus, we obtain α, α−1 ∈ 〈J〉.
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(2) Now suppose that p is odd. Then m �≡2 m+ p and we consider the following
transformations with rank ≥ n − 2:

β3 =

(
1 · · · m − 2 m · · · m + p + 1 m + p + 3 · · · n

1 · · · m − 2 m + p + 1 · · · m m + p + 3 · · · n

)

and

β4 =

(
1 · · · m − 1 m + 1 · · · m + p + 2 m + p + 4 · · · n

1 · · · m − 1 m + p + 2 · · · m + 1 m + p + 4 · · · n

)
.

Clearly, β3, β4 ∈ J by Lemma 3.2 and it is easy to verify that

α = β3β4 and α−1 = β4β3.

Thus, α, α−1 ∈ 〈J〉.

Corollary 3.4. Let m, p, k ∈ N such that m + p + 2k ≤ n. Then

α =

(
1 · · · m − 2 m · · · m + p m + p + 2k + 2 · · · n

1 · · · m− 2 m +2k · · · m + p +2k m + p + 2k +2 · · · n

)
∈ 〈J〉

and α−1 ∈ 〈J〉.

Proof. For 0 ≤ i < k we define the transformations

βi =

(
1 · · · m + 2i − 2 m + 2i · · · m + p + 2i m + p + 2i + 4 · · · n

1 · · · m + 2i − 2 m + 2i + 2 · · · m + p + 2i + 2 m + p + 2i + 4 · · · n

)
.

Note that βi, β
−1
i ∈ 〈J〉 (0 ≤ i < k) by Lemma 3.3. It is easy to verify that

α = β0 · · ·βk−1 ∈ 〈J〉 and α−1 = β−1
k−1 · · ·β−1

0 ∈ 〈J〉.

Lemma 3.5. Let m, p ∈ N such that p is odd and m + p + 1 ≤ n. Then

α =

(
1 · · · m − 2 m · · · m + p m + p + 3 · · · n

1 · · · m − 2 m + p + 1 · · · m + 1 m + p + 3 · · · n

)
∈ 〈J〉

and α−1 ∈ 〈J〉.

Proof. We define a transformation

β1 =

(
1 · · · m − 2 m · · · m + p + 1 m + p + 3 · · · n

1 · · · m − 2 m + p + 1 · · · m m + p + 3 · · · n

)
.

Clearly, β1 ∈ J by Lemma 3.2. Then we can verify that α = β1εm ∈ 〈J〉 and
α−1 = εmβ1 ∈ 〈J〉.

Corollary 3.6. Let m, p, k ∈ N such that p is odd and m + p + 2k − 1 ≤ n. Then

α =

(
1 · · · m − 2 m · · · m + p m + p + 2k + 1 · · · n

1 · · · m − 2 m + p + 2k − 1 · · · m + 2k − 1 m + p + 2k + 1 · · · n

)
∈ 〈J〉

and α−1 ∈ 〈J〉.
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Proof. Let

β1 =

(
1 · · · m − 2 m · · · m + p m + p + 2k · · · n

1 · · · m − 2 m + 2k − 2 · · · m + p + 2k − 2 m + p + 2k · · · n

)

and

β2 =(
1 · · · m + 2k − 4 m + 2k − 2 · · · m + p + 2k − 2 m + p + 2k + 1 · · · n

1 · · · m + 2k − 4 m + p + 2k − 1 · · · m + 2k − 1 m + p + 2k + 1 · · · n

)
.

Note that β1 ∈ 〈J〉 (by Corollary 3.4) and β2 ∈ 〈J〉 (by Lemma 3.5). It is easy to
verify that α = β1β2 and α−1 = β−1

2 β−1
1 , and thus α, α−1 ∈ 〈J〉.

Lemma 3.7. Let m, p, k ∈ N such that p is even and m + p + 2k ≤ n. Then

α =

(
1 · · · m − 2 m · · · m + p m + p + 2k + 2 · · · n

1 · · · m − 2 m + p + 2k · · · m + 2k m + p + 2k + 2 · · · n

)
∈ 〈J〉

and α−1 ∈ 〈J〉.

Proof. Let

β1 =

(
1 · · · m − 2 m · · · m + p m + p + 2k + 2 · · · n

1 · · · m − 2 m + 2k · · · m + p + 2k m + p + 2k + 2 · · · n

)

and

β2 =

(
1 · · · m + 2k − 2 m + 2k · · · m + p + 2k m + p + 2k + 2 · · · n

1 · · · m + 2k − 2 m + p + 2k · · · m + 2k m + p + 2k + 2 · · · n

)
.

Note that β1 ∈ 〈J〉 (by Corollary 3.4) and β2 ∈ J (by Lemma 3.2). It is easy to
verify that α = β1β2 and α−1 = β2β

−1
1 , and thus α, α−1 ∈ 〈J〉.

Lemma 3.8. Let Y ⊆ Xn. Then id|Xn\Y ∈ 〈J〉.

Proof. If Y = ∅, i.e. Xn\Y = Xn, then id|Xn = id ∈ J . Let ∅ �= Y := {i1, . . . , ik} ⊆
Xn with k ∈ {1, . . . , n}. Then it is easy to verify that id|Xn\Y = εi1 · · · εik

∈ 〈J〉.

Proposition 3.9. Let α ∈ IFn. Then there are transformations η1, . . . , ηk,

ηk+1, . . . , ηl ∈ J (k < l ∈ N) such that η−1
1 , . . . , η−1

k , η−1
k+1, . . . , η

−1
l ∈ J, dom α ⊆

im (η1 · · · ηk), im α ⊆ dom (ηk+1 · · · ηl) and x(η1 . . . ηkαηk+1 . . . ηl) ≡2 x for all
x ∈ dom (η1 . . . ηkαηk+1 . . . ηl).

Proof. If a ≡2 aα for all a ∈ dom α then id|dom αα id|im α = α. This shows the
assertion, since id|dom α, id|im α ∈ 〈J〉 by Lemma 3.8.

Let a ∈ dom α such that a �≡2 aα. Then it is clear that a − 1, a + 1 /∈ dom α.
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If a is even then we put

η =

(
1 3 · · · a a + 2 · · · n

a 1 · · · a − 2 a + 2 · · · n

)
∈ J.

We observe that η−1 ∈ 〈J〉. Moreover, it is easy to see that im α = im (ηα),
xα−1 ≡2 x(ηα)−1 for all x ∈ im α\{aα} and aαα−1 = a �≡2 1 = aη−1 = aα(ηα)−1.
This shows that

|{x ∈ im α : x �≡2 x(ηα)−1}| = |{x ∈ im α : x �≡2 xα−1}| − 1.

If a is odd, then aα is even and we put

η =

(
1 · · · aα − 2 aα aα + 2 · · · n

3 · · · aα 1 aα + 2 · · · n

)
∈ J

with η−1 ∈ 〈J〉. By dual arguments, we obtain

|{x ∈ dom α : x �≡2 x(αη)}| = |{x ∈ dom α : x �≡2 xα}| − 1.

Continuing in this way, starting with the even cases, we obtain transformations
η1, . . . , ηk, ηk+1, . . . , ηl ∈ J (k < l ∈ N) such that η−1

1 , . . . , η−1
k , η−1

k+1, . . . , η
−1
l ∈ J

and x(η1 . . . ηkαηk+1 . . . ηl) ≡2 x for all x ∈ dom (η1 . . . ηkαηk+1 . . . ηl).

Notation 3.10. Let α ∈ PFIn and let A, B ∈ (dom α)S (or A, B ∈ (im α)S).
Then we write A < B if all elements in A are less than any element in B with
respect to the natural order of N. Further, we write

A ≺ B

if A < B and for each C ∈ (dom α)S (for each C ∈ (im α)S , respectively) the
following implication holds: A ≤ C ≤ B ⇒ A = C or B = C.

Any transformation α ∈ IFn with a ≡2 aα for all a ∈ dom α can be written in
the following form:

Notation 3.11. Let

α =

(
A1 ≺ · · · ≺ Ai−1 ≺ Ai ≺ · · · ≺ Ap

A1 ≺ · · · ≺ Ai−1 < Bi · · · Bp

)
∈ IFn

with i ≤ p ∈ {1, . . . , n}, and a ≡2 aα for all a ∈ dom α such that i = 1 or

(i) aα = a for all a ∈ A1 ∪ · · · ∪ Ai−1 and
(ii) Ai−1 < Bl for all l ∈ {i, . . . , p}.
Further, let

rj := minAj , sj := maxAj , tj := minBj , uj := maxBj

for 1 ≤ j ≤ p.

1750223-8



September 23, 2017 9:31 WSPC/S0219-4988 171-JAA 1750223

On the semigroup of all partial fence-preserving injections on a finite set

Proposition 3.12. Let α be as in Notation 3.11. Then there exist ω1, ω2 ∈ 〈J〉
with ω−1

1 , ω−1
2 ∈ 〈J〉, dom α ⊆ im ω1, im α ⊆ dom ω2 such that ω1αω2 has the

form

ω1αω2 =

(
A1 ≺ · · · ≺ Ai−1 ≺ A′

i ≺ A′
i+1 ≺ · · · ≺ A′

p

A1 ≺ · · · ≺ Ai−1 ≺ B′
i < B′

i+1 · · · B′
p

)
∈ IFn

with a ≡2 a(ω1αω2) for all a ∈ dom (ω1αω2), and B′
i < B′

l for all l ∈ {i + 1, . . . , p}
such that i = 1 or a(ω1αω2) = a for all a ∈ A1 ∪ · · · ∪ Ai−1.

Proof. We will define the transformations ω1 and ω2 with dom α ⊆ im ω1 and
im α ⊆ dom ω2 such that ω1αω2 is the required mapping of our assertion. The
concrete calculations we leave to the reader.

Let k ∈ {i, . . . , p} such that Ai−1 ≺ Bk if i > 1, and Bk < Bl for all
l ∈ {1, . . . , p}\{k} if i = 1, respectively. Note that if k = i then ω1 = ω2 = id ∈ J .
Thus, let k > i. Then we consider the following seven cases. Note that the cases are
not mutually exclusive (i.e. the transformation α can satisfy more than one case),
but cover all the possibilities.

(1) If ri ≡2 sk, then we put ω2 = id and

ω1 =

(
1 · · · ri − 2 ri · · · sk sk + 2 · · · n

1 · · · ri − 2 sk · · · ri sk + 2 · · · n

)
.

(2) If ri �≡2 sk and ri − 2 /∈ dom α (or ri − 1 = 1), then we put ω2 = id and

ω1 =

(
1 · · · ri − 3 ri − 1 · · · sk sk + 2 · · · n

1 · · · ri − 3 sk · · · ri − 1 sk + 2 · · · n

)
.

(3) If ri �≡2 sk and sk + 2 /∈ dom α (or sk + 1 = n), then we put ω2 = id and

ω1 =

(
1 · · · ri − 2 ri · · · sk + 1 sk + 3 · · · n

1 · · · ri − 2 sk + 1 · · · ri sk + 3 · · · n

)
.

(4) If ui ≡2 tk, then we put ω1 = id and

ω2 =

(
1 · · · tk − 2 tk · · · ui ui + 2 · · · n

1 · · · tk − 2 ui · · · tk ui + 2 · · · n

)
.

(5) If ui �≡2 tk and tk − 2 /∈ im α (or tk − 1 = 1), then we put ω1 = id and

ω2 =

(
1 · · · tk − 3 tk − 1 · · · ui ui + 2 · · · n

1 · · · tk − 3 ui · · · tk − 1 ui + 2 · · · n

)
.

(6) If ui �≡2 tk and ui + 2 /∈ im α (or ui + 1 = n), then we put ω1 = id and

ω2 =

(
1 · · · tk − 2 tk · · · ui + 1 ui + 3 · · · n

1 · · · tk − 2 ui + 1 · · · tk ui + 3 · · · n

)
.
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Clearly, dom α ⊆ im ω1, im α ⊆ dom ω2, and ω1, ω2 ∈ J (by Lemma 3.2) for
all cases 1–6.

(7) It remains the case ri �≡2 sk and ui �≡2 tk and ri − 2, sk + 2 ∈ dom α and
tk − 2, ui + 2 ∈ im α, where 1 = r1 ∈ dom α and 1 = tk ∈ im α in the case
i = 1.

(7.1) Let k = i + 1. First, we will show that ri = ti+1. In the case i = 1, it
is clear. For the case i > 1, we have that ti+1 = ui−1 + 2 (since Ai−1 ≺ Bi+1

and ti+1 − 2 ∈ im α), ri = si−1 + 2 (since Ai−1 < Ai and ri − 2 ∈ dom α) and
ui−1 + 2 = si−1 + 2 (since aα = a for all a ∈ A1 ∪ · · · ∪ Ai−1). Altogether, we
obtain ri = ti+1. Since ri �≡2 si+1, we have ri = ti+1 = ri+1α ≡2 ri+1. Thus, we
get ri+1 �≡2 si+1 and we put ω1 = η1η2 and ω2 = id, where

η1 =

(
1 · · · ri − 2 ri · · · si+1 − 1 si+1 + 1 · · · n

1 · · · ri − 2 si+1 − 1 · · · ri si+1 + 1 · · · n

)

η2 =

(
1 · · · ri+1 − 3 ri+1 − 1 · · · si+1 − 1 si+1 + 2 · · · n

1 · · · ri+1 − 3 si+1 · · · ri+1 si+1 + 2 · · · n

)
.

Clearly, η1 ∈ J by Lemma 3.2 and η2 ∈ 〈J〉 by Lemma 3.5. Note that ri+1 − 2 /∈
dom α, since otherwise si = ri+1 − 2 ≡2 ri+1 ≡2 ri implies ui ≡2 ri = ti+1 which is
a contradiction. Thus, it is easy to verify that dom α ⊆ im ω1.

(7.2) Let k > i + 1. We define a transformation τ as following:
(a) If ri+1 ≡2 sk, then we put

τ =

(
1 · · · ri+1 − 2 ri+1 · · · sk sk + 2 · · · n

1 · · · ri+1 − 2 sk · · · ri+1 sk + 2 · · · n

)
.

(b) If ri+1 �≡2 sk, i.e. ri ≡2 ri+1, then we put

τ =

(
1 · · · ri+1 − 3 ri+1 − 1 · · · sk sk + 2 · · · n

1 · · · ri+1 − 3 sk · · · ri+1 − 1 sk + 2 · · · n

)
.

By Lemma 3.2, we have τ, τ−1 ∈ J . We have to verify that ri+1 − 2 /∈ dom α.
Assume the opposite that ri+1 − 2 ∈ dom α. Then si = ri+1 − 2 and thus si =
ri+1 − 2 ≡2 ri+1 ≡2 ri. Therefore, we have ri ≡2 si ≡2 ti ≡2 ui. Moreover, we
have ri = tk = 1 in the case i = 1. If i > 1 then ui−1 = si−1 = ri − 2 ≡2 ri and
ui−1 ≡2 ui−1 + 2 = tk implies ri ≡2 tk. Thus, we obtain ui ≡2 tk, a contradiction.
Hence, dom α ⊆ im τ .

Now, we consider the transformation

τα =

(
A1 · · · Ai−1 Ai A∗

i+1 · · · A∗
k Ak+1 · · · Ap

A1 · · · Ai−1 Bi B∗
i+1 · · · B∗

k Bk+1 · · · Bp

)
∈ IFn

with Ai−1 ≺ B∗
i+1. For this transformation, we have the case 7.1. with corresponding

transformations η1, η2 ∈ 〈J〉. Then we put ω1 = η1η2τ and ω2 = id with ω−1
1 , ω−1

2 ∈
〈J〉, dom α ⊆ im ω1 and im α ⊆ dom ω2.
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Proposition 3.13. Let α be as in Notation 3.11 with Ai−1 ≺ Bi. Then there exist
ω1, ω2 ∈ 〈J〉 such that ω−1

1 , ω−1
2 ∈ 〈J〉, dom α ⊆ im ω1, im α ⊆ dom ω2, and

ω1αω2 =

(
A1 ≺ · · · ≺ Ai−1 ≺ A′

i ≺ A′
i+1 ≺ · · · ≺ A′

p

A1 ≺ · · · ≺ Ai−1 ≺ A′
i < B′

i+1 · · · B′
p

)
∈ IFn

with a(ω1αω2) = a for all a ∈ (A1 ∪ · · · ∪ Ai−1 ∪ A′
i).

Proof. If aα = a for all a ∈ Ai, then ω1 = ω2 = id. Let aα �= a for some a ∈ Ai.
Then we put

η1 =

(
1 · · · ti − 2 riα · · · siα si + 2 · · · n

1 · · · ti − 2 ri · · · si si + 2 · · · n

)
, if ri ≥ ti

and

η2 =

(
1 · · · ri − 2 riα · · · siα ui + 2 · · · n

1 · · · ri − 2 ri · · · si ui + 2 · · · n

)
, if ri ≤ ti.

Clearly, η1, η2, η
−1
1 , η−1

2 ∈ 〈J〉 by Corollary 3.4 (if riα = ti) or Corollary 3.6 (if
riα = ui and ri �≡2 si) or Lemma 3.7 (if riα = ui and ri ≡2 si). If ri ≥ ti then
dom α ⊆ im η1 and we put ω1 = η1 and ω2 = id. If ri ≤ ti then im α ⊆ dom η2

and we put ω1 = id and ω2 = η2.

From Propositions 3.9, 3.12 and 3.13 (frequently used), we obtain

Corollary 3.14. Let α ∈ IFn. Then there exist ω1, ω2 ∈ 〈J〉 such that ω−1
1 , ω−1

2 ∈
〈J〉, dom α ⊆ im ω1, im α ⊆ dom ω2, and a(ω1αω2) = a for all a ∈ dom (ω1αω2).

Theorem 3.15. IFn = 〈J〉.

Proof. Let α ∈ IFn. Then by Corollary 3.14, there exist ω1, ω2 ∈ 〈J〉 such that
ω−1

1 , ω−1
2 ∈ 〈J〉, dom α ⊆ im ω1, im α ⊆ dom ω2, and a(ω1αω2) = a for all a ∈

dom (ω1αω2). Therefore, we have

ω1αω2 = εi1 · · · εik
∈ 〈J〉

(by Lemma 3.8), where {i1, . . . , ik} = Xn\dom (ω1αω2), k ∈ {1, . . . , n}.
Finally, we obtain α ∈ 〈J〉, since α = ω−1

1 ω1αω2ω
−1
2 .

4. Rank of the Semigroup IFn for Even n

Let n ∈ 2N+1. Using the GAP software, we have observed that IFn is not generated
by the set {α ∈ IFn : rank α ≥ n−1}. Moreover, there is no least generating set for
IFn. But, in the case n is even the situation is different. There is a least generating
set and all its elements have rank ≥ n − 1.
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Throughout this section, let n ∈ 2N and let Xn be again the up-fence 1 <f

2 >f · · · <f n. We describe the least generating set and calculate the rank of the
semigroup IFn.

Notation 4.1. We put

σ1 :=

(
1 3 · · · n

n 1 · · · n − 2

)
;

σ2 := σ−1
1 =

(
1 · · · n − 2 n

3 · · · n 1

)
;

γi :=

(
1 · · · i − 1 i + 1 · · · n

i − 1 · · · 1 i + 1 · · · n

)
for i ∈ 2N, 4 ≤ i ≤ n;

δi :=

(
1 · · · i − 1 i + 1 · · · n

1 · · · i − 1 n · · · i + 1

)
for i ∈ 2N − 1, 1 ≤ i ≤ n − 3;

G := {id} ∪ {σ1, σ2} ∪ {γi : i ∈ 2N, 4 ≤ i ≤ n} ∪ {δi : i ∈ 2N − 1, 1 ≤ i ≤ n − 3}.

Note that σ−1
2 = σ1, γ−1

i = γi, and δ−1
i = δi.

Theorem 4.2. IFn = 〈G〉.

Proof. From Theorem 3.15, we have IFn = 〈J〉. It remains to show that J ⊆ 〈G〉.
For this, we have to show that all transformations εi for i ∈ {1, . . . , n} as well as all
transformations which are used in Propositions 3.9, 3.12 and 3.13 belong to 〈G〉.

We observe that εi = γiγi for i ∈ 2N, 4 ≤ i ≤ n and εi = δiδi for i ∈ 2N − 1,
1 ≤ i ≤ n − 3 as well as ε2 = σ1σ2 and εn−1 = σ2σ1.

For the transformations in Proposition 3.9, we have

η =

(
1 3 · · · i i + 2 · · · n

i 1 · · · i − 2 i + 2 · · · n

)
= δi+1σ1δi−1 ∈ 〈G〉

if i = a is even and i < n. If i = n then η = σ1. Further, we have

η =

(
1 · · · i − 2 i i + 2 · · · n

3 · · · i 1 i + 2 · · · n

)
= δi−1σ2δi+1 ∈ 〈G〉

if i = aα is even.
For the transformations in Proposition 3.12, we put

βi,j :=

(
1 · · · i − 1 i + 1 · · · j − 1 j + 1 · · · n

1 · · · i − 1 j − 1 · · · i + 1 j + 1 · · · n

)
= β−1

i,j
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for 1 ≤ i < j ≤ n and i ≡2 j. Clearly, βi,j ∈ 〈G〉 since

βi,j =

{
δiδn−j+i+1δi, if i and j are odd;

γjγj−iγj , if i and j are even.

It is easy to verify that ω1, ω2, η1 and τ are all of the form βi,j for suitable i and j.
Further, we have

η2 =

(
1 · · · i − 1 i + 1 · · · j − 2 j + 1 · · · n

1 · · · i − 1 j − 1 · · · i + 2 j + 1 · · · n

)

for suitable i and j, and i + 1 �≡2 j − 2. Clearly, η2 ∈ 〈G〉 since η2 = βi,jεi+1.
For the transformations in Proposition 3.13, we have η1, η2 ∈ 〈J〉 by Corol-

lary 3.4 (if riα = ti) or Corollary 3.6 (if riα = ui and ri �≡2 si) or Lemma 3.7 (if
riα = ui and ri ≡2 si).

For the transformation α in Corollary 3.4, we have

α =

(
1 . . . i − 1 i + 1 . . . j − 1 − 2k j + 1 . . . n

1 . . . i − 1 i + 1 + 2k . . . j − 1 j + 1 . . . n

)

with m = i + 1 and m + p = j − 1 − 2k. Hence, we obtain α ∈ 〈G〉 since

α =

{
βi,jβi+2k,jεi+1 . . . εi+2k−1, if i ≡2 j;

βi,j−1βi+2k−1,jεi+1 . . . εi+2k−2, if i �≡2 j.

For the transformation α in Corollary 3.6, we have

α =

(
1 . . . i − 1 i + 1 . . . j − 2k j + 1 . . . n

1 . . . i − 1 j − 1 . . . i + 2k j + 1 . . . n

)

with m = i + 1 and m + p = j − 2k. Then we can verify that α ∈ 〈G〉 since
α = βi,jεi+1 . . . εi+2k−1.

For the transformation α in Lemma 3.7, we have

α =

(
1 . . . i − 1 i + 1 . . . j − 2k − 1 j + 1 . . . n

1 . . . i − 1 j − 1 . . . i + 2k + 1 j + 1 . . . n

)

with m = i+1 and m+p = j−2k−1. We have α ∈ 〈G〉 since α = βi,jεi+1 . . . εi+2k.

Proposition 4.3. The set G is the least generating set for IFn.

Proof. Theorem 4.2 shows that G is a generating set for IFn. Let α, β ∈ G with
α �= β and {α, β} �= {σ1, σ2}. It is easy to verify that rank αβ = n − 2. Moreover,
we observe rank σ2

1 = rank σ2
2 = n − 2. Let α = α1 · · ·αm with α1, . . . , αm ∈ IFn,

2 ≤ m ∈ N, such that rank α = n − 1. Without loss of generality, we can assume
that αi �= id for 1 ≤ i ≤ m. Then α1, . . . , αm ∈ {β ∈ IFn : rank β = n − 1}.
Since G is a generating set for {β ∈ IFn : rank β = n − 1}, there is ρ ∈ G
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such that α1, . . . , αm ∈ {ρj : j ∈ N} or α1, . . . , αm ∈ {σ1, σ2} with αi �= αi+1 for
1 ≤ i ≤ m−1. This shows that any α ∈ G cannot be generated by a set without this
α. Thus, each generating set of IFn has to contain G and the assertion is shown.

Since |G| = n + 1 from Theorem 4.2 and Proposition 4.3, we obtain

Theorem 4.4. Let n ∈ 2N. Then rank IFn = n + 1.
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