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Abstract: This paper deals with the monoid PFy of all partial transformations on N pre-
serving a zig-zag order on N. We determine the relative rank of PFy modulo a set containing
all idempotents and all surjections in PFy. Moreover, we show that all transformations in
P Fy with finite rank can be generated by the idempotents with finite rank and the full trans-

formation 7o with infinite rank, where o maps each natural number n to n + 2.
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1. Introduction

An order-preserving (or isotone) mapping (or transformation) is the most nat-
ural morphism in the class of all partially ordered sets. It plays a role of a fun-
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damental notion in some theories (e.g., the theory of fixed points). Hence, the
interest it causes seems to be not very strange. The set of all order-preserving
full (partial, respectively) transformations forms a monoid under the usual com-
position of mappings. One of the very natural questions arising in relation to
order-preserving transformations is: What are the minimal generating sets and
what is the rank (i.e. what is the minimal size of a generating set)? The rank of
the monoid of all order-preserving full transformations on an n-element chain
is n and the rank of the monoid of all order-preserving partial transformations
on an n-element chain is 2n — 1 [4].

In natural way, the interest focuses on sets which are "next” to chains with
respect to a simplicity of their structure. Such posets are fences. Fences were
first studied by J. D. Currie, T. I. Visentin, and A. Rutkowski. The exact
numbers for such order-preserving full transformations on an n-element fence,
where n is even, have been calculated (with the help of generating functions)
in [1] and in [9], the author presented the exact formulas for even as well as for
odd n. A minimal generating set as well as the rank of the monoid of all order-
preserving transformations on an n-element fence was given in [3]. Moreover,
Dimitrova and Koppitz have investigated the monoid of all order-preserving
partial injections on an n-element fence. They determined the rank, whenever
n is even [2]. Note that the monoid of all order-preserving (full) transformations
on a fence is not regular. In [10], regular elements of this monoid are determined,
whenever the fence is finite.

Fences on the countable infinite set N of the natural numbers were consid-
ered in [7]. The authors studied regular subsemigroups of the monoid of all
order-preserving partial transformations on a fence on the set N. In particular,
they presented uncountable many maximal regular subsemigroups.

In [5], the authors studied rank properties of order-preserving transforma-
tions on infinite partially ordered sets. It is clear that the rank of a semigroup
S is not of interest in the case where S is infinite. For any semigroup S with an
order k > Ny, all one can say is that the rank of S is k. Even the order of the
monoid PFy of all order-preserving partial transformations on the fence on N
is 28 So its rank is also 280, There is, however, another notation, that yields
some interesting results. For a semigroup S and a subset A of S, the relative
rank of S modulo A is the minimal size of a subset B of S such that AU B
generates S. The notion of relative rank was introduced by Ruskuc [8]. In [6],
Howie, Ruskuc and Higgins considered the relative ranks of the monoid of full
transformations on an infinite set modulo some distinguished subsets.

In the present paper, we determine the relative rank of PFy modulo a set
containing all idempotents, all surjective transformations, all transformations
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with defect {1}, and a particular set of transformations with both infinite rank
and infinite defect.

2. Preliminaries

Signs < and < denote the natural orders in the set of integers. For a finite set
A C N by max A (by min A, respectively), we mean the maximal (the minimal,
respectively) element in A with respect to <. We will write A < B (for subsets
A and B of N), whenever a < b for all @ € A and all b € B. Signs < and =<
correspond to the order in a (countable infinite) fence, i.e. a partially ordered
set with a Hasse-diagram isomorphic to that presented in the figure below.

a, da, d

al a3 as

Elements of fences are always labeled as in that figure (i.e. ”from left to
right”). The definition of the partial order < is self-explanatory. As the
matter of fact, if no misunderstanding occurs, we consider the set N of all
natural numbers as underlying set of the countable infinite fence. Under these
conditions, we observe that any natural number n > 1 is comparable with
exactly two elements in N, namely with n — 1 and n + 1, that means either
n—1l<n>=n+lorn—1>=n<n+1. But 1is only comparable with 2. We
will write A || B (for subsets A and B of N) if no element in A is comparable
with any element in B.

Let us remember that a (partial) transformation o : N — N is order-
preserving if it satisfies ¢ < y = za <X ya for each x and y in the domain
of a. As already mentioned, the set PFy of all these order-preserving partial
transformations on N forms a monoid with the identical mapping idy on N as
identity. We denote by dom «, im «, and d(«) := N\ im « the domain of «,
the image (or range) of «, and the defect of «, respectively. The kernel of «
is the equivalence relation ker o := {(z,y) : z,y € dom «,za = ya}. For any
set A, we denote by |A| the size (or cardinality) of A. In particular, we put
rank a := |[im a| and D(«) := |d(«)|, where rank « is said to be the rank of «.
For a set A C PFy, we mean by (A) the subsemigroup of PFy generated by A.
Using these notions,

rank (PFy : A) :==min{|B| : (AU B) = PFy}
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is the relative rank of PFy modulo A.

A transformation o € PFy is called idempotent if cae = o and let us
denote by F the family of all idempotents in PFy. It is well known that any
transformation is idempotent if and only if its restriction to its image is the
identity (on its image). By Sur*(PFy), we denote the set

Sur*(PFy) :={a € PFy: N\ {1} Cim a}.

Thus Sur*(PFy) contains all surjective partial transformations in PFy as well
as all partial transformations in PFy with defect {1}.

Recall, a subset X of N is said to be convex if a,b € ¥ and a < ¢ < b implie
c e X. For aset A CN, let f*(A) be the set of all convex subsets of N\ A
and let f(A) be the set of all maximal elements in f*(A) with respect to the
set inclusion. Then we put:

Definition 1. Let

L f3(A):={Z e f(A):[X] >3}

2. F:={a € PFy:D(a) =rank a = |{|] : £ € f(im a)}| = Ro};
3. F.:={a € F:|fs(dom )| < Xg and {1,2} Nim « # 0}.

The set F. is a particular set of transformations with infinite rank as well
as with infinite defect. From now on, whenever the capital letter A is used, it
denotes the set

A:=FEUSur*(PFy) U F_.

(123 -

Y=\ 3 4 5 ...

(i.e. zyy := x + 2 for all x € N) belongs to PFy.
We will determine the relative rank of PFy modulo A, in the next section.

It is easy to verify that

3. Relative Rank of P Fy

First, we will show that all transformations in PFy with finite rank can be
generated by the idempotents with finite rank and one full transformation with
infinite rank, namely ~.
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We observe that ~y is injective and that both 7 and ~, ! belong to PFy.
This provides (v, 1)* € PFy (for any k € N), where (7;1)* = (7§)7!. Let

E¢:={a € E :rank o € N}
be the set of all idempotents in PFy with finite rank.
Lemma 2. (Ef,7) = {a € PFy:rank o € N}U{7§ : k € N}.

Proof. Let @ € PFy with rank a =1 € N, say ima = {a1 < ag < -+ <
a;} € N. Let m := aq;. We define a partial transformation v by

[zt if x € (dom )y
S if z€im o

Since im a < (dom «)yj", the mapping v is well defined. We show that v €
PFy. For this let z,y € dom vy = im a U (dom a)y* with z < y. Since
min[(dom a)v§'] > 2m + 1 = 2a; + 1 = 2(maxim «) + 1, we obtain that
either z,y € ima or z,y € (dom a)yy’. If z,y € im «, then 2y = = <
y=yy. If 2,y € (dom a)4F*, then z(v§")ta < y(v*) ta since a, (1)1 €
PFy, i.e. oy < yvy. Altogether, we have shown that v € PFy. Clearly, ~
is idempotent and has finite rank. Therefore, v € E;. We show now that

a = fy. For this let z € dom a. Then 290"y = z70*(v") o = za.

Since dom v = im a U (dom «a)y%*, we have dom 'y = (dom ~)(y*)~ ! =
(im a U (dom o)) (7)™t = (dom a)yf*(v§*)~! = dom «. This shows that
a =y € (Ef,v0). Clearly, {7§ : k € N} = (v) C (E,7). This shows that
{a € PFy : tank o € N} U {+} : k € N} C(E, 7). The converse inclusion
follows form the fact that the product of two order-preserving transformations
is an order-preserving transformation with finite rank, whenever one of the both

transformations has a finite rank. O

Corollary 3. The relative rank of the semigroup {a € PFy : rank a €
N} U {~} : k € N} modulo Ey is 1.

The only surjective transformation generated by 7y and elements of E is
the identity idy. In fact, take a surjective @ € PFy \ {idy}. Then there are
a1, 9, .., 0, € {7} U (F\ {idy}) such that & = ajay---«,. This implies
im a, =N, i.e. a, € F. But the only idempotent surjective transformation is
idy, a contradiction.

Now, we will show that all transformations in PFy with finite defect as well
as all @ € F with |f3(dom «)| = R can be generated by the full transformation
70, by elements of the set F of all idempotents, and by elements of the set

Sur(PFy) := {a € PFy :im a = N}.
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For this let
Dy :={a € PFy: D(f) is finite}

and
FNO = {Oé eF: ’f3(d0m Oé)’ = No}

Lemma 4. Fy, UD; C (Sur(PFy),E, ).
Proof. First, let a € Dy. Then there is n € N with max(d(c)) = n. Let

B : ={r€ima:z <n}and
B : ={zeN:x>n}.

It is easy to see that im o = B U B. We define a partial transformation ~ by

[ x(y)ra if z € BaTlyy
R if € BUBa .

Clearly, dom v = B U (dom a)y%. Since B < Ba™l4% < Ba~!4{, the par-
tial transformation v is well defined. Let # € Ba~!4%. Then z(y})~! €
Ba 4p(vi)~! = Ba~tand 2(7})"'a € Ba~la = B. Hence, 2y = z(7}) o €
B. This shows that im o = BU Ba !4, i.e. a is idempotent.

Now we show that v € PFy. For this let z,y € dom v = B U (dom a)~y
with < y. Since 19y = 2n + 1, we calculate that either z,y € B or
z,y € (dom o)y} = Ba 148 U Ba '4%. Since B < {n} < B, we have
Ba~! || Ba~! and thus Ba~ 149 || Ba=!4¢ since (v§)~!,a € PFy. This pro-
vides z,y € Borx,y € Ba 'yl orz,y € Eoflfyg. Ifx,y e Bora,y € Eofl'yg
then zy = x <y = yvy. Suppose now that z,y € Ba~!4%. Note, z < y and
o, (#)~t € PFy implies () ta < y(4%) e, ie. 2y < yy. Altogether, we
have shown that v € E.

Now we define a partial transformation § by

o5t if ze{l,....n}
T z(y) e if @ € Balqg.

Since {1,...,n} < (dom )y, the partial transformation ¢ is well defined. We
show that § € PFy. For this let z,y € dom § = {1,...,n} U Ba™ 'y} with
x < y. We observe that n + 1 ¢ dom §. Thus, either z,y € {1,...,n} or
z,y € Ba™4%. Ifz,y € {1,...,n} then 26 =z <y = yd. If x,y € Ba™ 1}
then 26 = (%) ta < y(1%)~La = yé since o, (7)) ! € PFy.

Now we show that § is surjective. We have
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imé = {1,...,n}0 U(Ba )6 ={1,...,n}d U Ba '4i(d) o
={1,...,n} U Bidyp o ={1,...,n}UB =N,

since B C im . Thus, § € Sur(PFy).

It remains to show that a = 4776. Let * € dom a = Ba~! U Ba™t. If
r € Ba™l then 29370 = 293 (v)tad = zad = xa since za € Ba la =
B C{l,...,n}. If v € Ba~! then 27§vd = 2930 = 2y (%) 'a = za. From
dom 7 = (dom ) U B, we obtain dom v§vd C dom Ay = (dom ~)(v§) "t =
((dom a)v¢ U B)(v%)~! = dom «a.

Altogether, we have shown that o = yvd € (Sur(PFy), E, ).

Let now o € Fy,. Then D(a) = |f3(dom a)| = Ry and there is a bijection
g:d(a) = f3(dom «).
Since |X| > 3 for all ¥ € f3(dom «), there is an injection
h: fs(dom o) — N\ dom «

with A(X) + 1, h(X),h(X) — 1 € X for all ¥ € f3(dom «). We define a partial
transformation 3 by

[ za if € dom «
zf = { g h~Yx)) if =z € h(g(d(a))).

Clearly, S is well defined. We show that 8 € PFy. For this let z,y € dom § =
dom aUh(g(d(«))) with z < y. We observe that z+1, z—1 ¢ dom aUh(g(d(a)))
for any z € h(g(d(«))). Hence, z,y € dom « and we have 8 = za < ya = yf
since a € PFy. Moreover, we have im = (dom aUh(g(d(«))))8 = (dom a)BU
(h(g(d(e))))B = (dom a)ar U g~ ! (h™"(h(g(d(a))))) = im a Ud(er) = N. This
shows that 8 € Sur(PFy).

Finally, we note that the identity idiy, o on im « is idempotent and order-
preserving. It is easy to verify

a = Pidiy o € <S’U,’I”(PFN),E> - <Su?”(PFN),E,’yo>. ]

We have to note that F. N (Sur*(PFy), E, o) # 0, but not all elements in
F- can be generated by elements of the set Sur*(PFy)UEU{vy}. For example,
let us take the partial transformation 7 with dom n = 2N and (2i)n := i?
for ¢ € N. In order to check that 1 can not be generated by elements of
Sur*(PFy) U E U {7}, we note that if {a; : i € N} is a subset of N such that
{la;i — aij+1] : © € N} is finite then {|a;a — aj41¢| : @ € N} is finite, whenever
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a € Sur*(PFy) U E U {y}. On the other hand, we have {|2i —2(i + 1) :
i € N} is a singleton set but {|(2i)n — (2(: +1))n| : i € N} is infinite. We
will show that the remaining elements in PFyy can be generated by elements in
FoUSur*(PFy) UEU{v} =AU{}.

Lemma 5. F C (A, 7).
Proof. Let v € F. If | f3(dom «)| = Xy then a € Fy,, i.e.
[OS <SUT(PFN)7E7’YO> - <A7’YO>

by Lemma 4. Suppose that |fs(dom «)| < Ng. If {1,2} Nim o # O then o €
F. C (A,7). Admit now that {1,2}Nim « = (). Then n := min(im «) > 2 and
there is k € N with 2k € {n —1,n —2}. We consider the partial transformation

vi=a(yf)h

We have dom v = dom « since dom (y§) ' ={zeN:2>2k+1} D {z e N:
x > n} O im «a. Further, we have 2y = xa — 2k for all x € im «. Using this
fact, we can argue that D(a) = rank o = |{|¥] : ¥ € f(im «)}| = xo provides
D(vy) =rank v = {|X] : £ € f(im v)}| = xo0. Hence, v € F and it is easy to
verify that |f3(dom 7)| < Rg. Let y € na™!. Then yy = ya — 2k =n — 2k €
{n—(n—-1),n—(n—2)} = {1,2}. Therefore, v € F- and we can conclude
a=a(y5) g =716 € (F<,0) C (4,70)- O

Finally, we will show that A together with ~ generate the set
Inf(PFy) := {a € PFy : rank a = D(a) = Np}.
Lemma 6. Inf(PFy) C (A,7).

Proof. Let o € Inf(PFy). If « € F, then o € (A, ) by Lemma 5.
Admit now that o ¢ F. Then {|X]| : ¥ € f(im «)} is finite and let m :=
max{|X|: ¥ € f(im «)}. Since rank a = D(a) = Ny, there is a partition

{AZZEN}

of im « such that A; is a finite convex set with A; < A;y1 and max A; +
1,min A; — 1 ¢ im « for all i € N. We put

a; = max A; and b; := min A4;
for all ¢ € N. Let 8 be the partial transformation defined recursively by

B :=za for x € Aja~!
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and
T = 4mmaX(Ai,1a715) +zaforz € Ao, 2<ieN.

We put

co:=0and ¢; := maX(Aioz_lﬁ)
for all i € N. We observe that 0 < ¢; < ¢;41 for i € N.
First, we check that 8 € PFy. For this let z,y € dom = dom « with z < y.
Then there is i € N such that x,y € A;a~"! since Ay || 4; and thus Aga™! ||
Aja!, whenever k <1 € N. From = < y, a € PFy, and 4mc;_1 € 2N U {0}, it
follows that za < ya and 4mce;_1 + ra < dme;—1 + ya, i.e. x8 < ypB.
Now we show that § € F. It is easy to verify that rank § = rank a = Ng. We
define sets

Dy : ={reN:z<b}and
D; : ={xeN:¢ <z <4me; +bjp1} fori € N.

Clearly, f(im 8) = {Do} U{D; : i € N} and we calculate
|D;| = [4me; 4+ b1 —¢; — 1| = |(4m — )¢ + bipy — 1] <

< |(4m - 1)Ci+1 + bi+2 - 1| == |4mci+1 + bi+2 — Cj+1 — 1| = |Di+1|

since ¢; < ¢j+1 and bj11 < bito, for all i € N. This shows that {|D;| : 7 € N} is
infinite and D() = Rg. Together with rank § = Xy, we obtain 5 € F.

Let k € N such that w := 2(k — 1) € {by — 1,b; — 2}. Note that f(im «)
is countable infinite and Dy € f(im «), say f(im «) = {Do} U{B; : i € N},
whenever Dy # () (and f(im «) = {B; : i € N} otherwise). For i € N, let

Ci={ci+2p:1<p<|Bl}.

Since ¢; + 2 |B;| < ¢;+2m < 2me; +2me; + b1 = 4me; + biy1, we can conclude
that C; C D; and ¢; + 2|B;| +1 ¢ im 8. For « € By, it holds u < by < z, i.e.
r —u € N. We put

Bi—u:={x—u:x € B;}.

Since |C;| = |B;| = |B; — ul, there is a bijection
f'i : CZ — B; —u.
We define now a partial transformation ~ by

zfy = xza—u for z &€ dom a=dom f;
xy = fix) for xzeC;ieN.
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Since im SNC; = () for all i € N, v is well defined. We verify that v € PFy. For
this let z,y € dom v =1im fU(J{C; : i € N} with 2 < y. Since z — 1,2+ 1 ¢
im BUUJ{C; : i € N} for any z € [J{C; : i € N}, we obtain that z,y € im f.
Clearly, there is i € N with x,y € A;a~!3. Thus, there are zg,70 € A;a~ ' with
rof = x and yof = y. From x < y, it follows 4mc; + xoa < 4dme; + yoa, i.e.
roa < Yoo and zoar — u < Yoo — u since both 4me; and u are even. Therefore,
Yy = 2oy = xopax — u < Yoo — u = Yoy = y7y. This shows that v € PFy.
Now we show that v € Sur*(PFy). For thislet z € Nwith z > 2. if v +u €
im «, then there is z € dom o = dom § with za = x 4+ u and z8y = zaa — u =
(r+u)—u=z Ifr+ud¢gima,thenz+u>2+u> by, ie x+u¢ Dy
Hence, there is i € N with x +uv € B;, ie. *x =z +u—u € B; —u and
7 @)y = fi(f7 H(z)) = x. Altogether, we have N\ {1} C im 7.

Finally, we show that « = v if Kk =1 and a = B’y’ygfl if k> 2 Letax e
dom o = dom 5. If £ = 1 then u = 0, i.e. zfy = xa. If &k > 2 then
2By = (za—uy T = (za—2(k— 1)y = za—2(k—1)+2(k—1) = za.
Since dom S~ (dom ﬁ’y’y(])“*l, respectively) is contained in dom 8 = dom «a, we
have shown that o = gy and a = 5776‘3_1, respectively. O

Now, we can prove the main result of the paper.

Theorem 7. PFIy = (A4,70).

Proof. Clearly, (A,~y) C PFy. Conversely, let o € PFy. If rank « is finite
then o € (Ef,v) € (A,7) by Lemma 2. If rank o = Xy and D(a) < Rg

then a« € Dy C (A,7) by Lemma 4. If rank o = Xy and D(a) = ¥ then
a € Inf(PFy) C (A,7) by Lemma 6. O

In fact, 70 ¢ (A). Otherwise, there are oy, aa,...,a, € A\ {idy} (for some
n € N) such that 79 = aqas---«a,. Clearly, the kernel of oy is the diagonal,
ie. zay # yai, whenever z # y and z,y € dom ay = N. Thus, oy ¢ F-, ie.
ay € Sur*(PFy) U E. But an idempotent with the diagonal on N as kernel is
the identity. Hence, oy € Sur*(PFy), i.e. im oy = N or im a3 = N\ {1}. But
this dives oy = idy and lay = 2«7, respectively, a contradiction. Because of
Y0 ¢ (A), Theorem 7 provides immediately:

Corollary 8. rank (PFy: A) = 1.
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