DE GRUYTER I\/\ofherm:ﬁcc
Slovaca

DOI: 10.1515/ms-2017-0229
Math. Slovaca 69 (2019), No. 2, 371330,

THE CLASS OF ALL SEMIGROUPS RELATED TO
SEMIHYPERGROUPS OF ORDER 2

SOMNUEK WORAWISET* ¢ — JORG KoPPITZ** — SoMcHIT CHOTCHAISTHIT*

(Communicated by Miroslav Ploic¢ica)

ABSTRACT. This paper deals with semihypergroups of order two from the point of view of the model
theory. We use basic knowledge to show that there are exactly 17 non-isomorphic semihypergroups of
order two. Each of them corresponds in a canonical way to a semigroup of order three. We classify
all of them by generalized identities a concept introduced by Lyapin. In particular, we classify all
non-group semigroups of order three by one generalized identity.
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1. Introduction

The concept of algebraic hyperstructures was introduced in 1934 by the French mathematician
F. Marty [15]. He introduced the concept of hypergroups. This has been studied in the following
decades by many mathematicians. For example, M. M. Zahedi et al. consider categories of several
hyperstructures [19]. Algebraic hyperstructures are generalized classical algebraic structures. In a
classical algebraic structure, the composition of two elements is an element of the universe of that
structure, while in an algebraic hyperstructure, the composition of two elements is a non-empty
subset of the universe, i.e., if H is the universe of a hyperstructure then the composition of two
elements is an element of the set P*(H) := {X C H : X # (}. A semihypergroup (also called
hypersemigroup or multisemigroup) was first investigated by P. Bonansinga and P. Corsini |2} /4]
and later studied by many authors, for example by B. Davvaz (see e.g. [3,[5]), De Salvo et al.
[17], D. Freni [7], K. Hila et al. [10], and V. Leoreanu [13]|. For a semihypergroup with a universe
H, we have two operations. One of them is the operation between the elements of H and the
other one is between the elements in P*(H). If we show these both operations with the same
symbol, as several authors do, a confusion can arise. We will show these both operations by two
symbols, namely o as the operation between the elements of H and % as the operation between
the elements of P*(H). The operation * is determined by the operation o in the following sense:
x: P*(H) x P*(H) — P*(H) with

Ax B := U aob.
(a,b)e AxB

We can easily see that the operation x is well defined (see also [11]). A hyperstructure (H, o) is

said to be a semihypergroup if o: H x H — P*(H) with (a0b) *{c} = {a} = (boc) or alternatively,

U zoc= | aoux,foralla,b,c € H. For convenience, we write also z instead of {x}, whenever
z€(aob) r€boc

2010 Mathematics Subject Classification: Primary 20M07; Secondary 20N20.

Keywords: semihypergroups, semigroups, identities, varieties.
The corresponding author is supported by the Thai Visiting Scholar 2017, Khon Kaen University, Thailand.

371



SOMNUEK WORAWISET — JORG KOPPITZ — SOMCHIT CHOTCHAISTHIT

{z} is a singleton subset of H. So the “associative law” has the form (aob)*c=ax*(boc). In [g],
M. Golmohamadian and M. M. Zahedi show that each deterministic finite automaton induces
an associative hyperoperation o on the set S of states. In particular (S, 0,0), where 0 is the
start state, is a so-called hyper K-algebra, a generalization of the concept of a BC K-algebra.
Two semihypergroups (Hy,01) and (Ha,0q) are called isomorphic if there is a bijection f: H; —
Hy with f(a o1 b) = f(a) o2 f(b) for all a,b € Hy, where f(a o1 b) := {f(z) : = € a oy b}.
Note that * is an associative operation on P*(H) [11], i.e., (P*(H),*) is a semigroup. In this
sense, each semihypergroup can be regarded as a semigroup. But not conversely, i.e., not each
semigroup with universe in P*(H), for a suitable set H, corresponds to a semihypergroup in the
previous mentioned sense. For example, let us consider the four-element group with the universe
{{1},{2}, {3}, {1,2}}, where {1} is the identity element and {3} the element of order 2. Assume
that the operation in this group is the operation *, which corresponds to the operation o belonging
to a semihypergroup. Then we have {1} = {2} x{1,2} =201U202 = {2} x {1} U{2} x {2} = {2, 3},
a contradiction. So the question arrises, for a given set H, which semigroups with universe in
P*(H), containing all singleton sets, correspond to a semihypergroup in the previous mentioned
sense. More generally, which semigroups correspond to semihypergroups, i.e., given a semigroup S,
is there a semihypergroup (H,o) such that S is isomorphic to P*(H) (in symbols: S = P*(H)).
Note that the existence of such a semihypergroup has not be unique, i.e., for a given semigroup 5,
different semihypergroups (H,o) with S = P*(H) can exist. Take for example, the constant
semigroup. The cardinality of the universe of a semihypergroup is denoted by the order of the
semihypergroup. For more background about semihypergroups see [11H13].

Semihypergroups of order two are at the center of interest in this paper. In the next section,
we will give a complete list of all semihypergroups of order two (up to isomorphism). In the third
section, we classify all semigroups which are isomorphic to P*(H) for a suitable semihypergroup
(H, o) of order two, i.e., we will classify semigroups of order three (recall, the order of a semigroup
means the cardinality of its universe).

Algebraic structures can be classified by varieties in the sense of Birkhoff. It is known that
neither the class of all semigroups of order three nor any of its subclasses forms a variety, except
of the trivial variety. Therefore, we will use a concept, introduced by E. S. Lyapin [14] and
A. E. Evseev [0], respectively.

Let X := {1, %2, 23,...} be a countable set of variables and let X be the set of all words over
the set X. An expression u &~ v (with u,v € X 1) will be called equation and let Fg(X) be the set
of all possible equations. A subset o C Fq(X) is called disjunction of identities (for short: DI)
(see e.g. |18]). An DI o C Eq(X) is satisfied by a semigroup S (in symbols: S | o) if for all
mappings h: X — S, there is an equation v ~ v € ¢ such that h(u) = h(v), where h: X+ — §
denotes the unique determined homomorphic extension of h to the free word semigroup X . Let
Y be a set of DI's, i.e., ¥ C P(Eq(X)) is a subset of the power set of Eq(X). Then we put Mod%
as the class of all semigroups S with S |= o for all 0 € ¥. We will call such a class Mod¥ an
alternative variety. An alternative variety is a generalization of the classical concept of a variety
due to Birkhoff, namely taking ¥ being a set of singleton sets. In particular, Mod¥. is closed
under isomorphic images. For more background about alternative varieties, we refer the reader
to [18]. Recently, alternative varieties were used to describe particular classes of completely regular
semigroups [1}/16].

We will show that there are five alternative varieties such that exactly the elements of these
classes correspond to semihypergroups in the previous explained sense. In this way, we obtain a
classification of a class of semigroups of order three by DI’'s.

In the last section, we classify all non-group semigroups of order three. All of them and exactly
these have at least one two-element subsemigroup. But a two-element semigroup can be regarded
as a semihypergroup of order two, where any composition of two elements is a singleton set. Such
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a semihypergroup will be called non-proper and proper otherwise. With other words, we classify
semigroups S of order three such that there is a semihypergroup (H,o) and a subsemigroup T of
S (as usually, we write T' < S for a subsemigroup T' of S) with T' = S*(H), where S*(H) is the
subsemigroup of P*(H) generated by {{z} : x € H}. This is stronger as simply saying that S has
a subsemigroup of order two.

2. All semihypergroups of order two

The aim of this section is a complete list of all semihypergroups of order two (up to isomorphism).
As already mentioned, each semigroup of order two can be regarded as a semihypergroup of order
two, namely as a non-proper one. It is well-known that there are exactly five non-isomorphic
semigroups of order two (see also [9]).

alb -lalb - lalb - lalb -lalb
alala alalb alal|b alala alalb
blala b|bla bbb blbl|b blalb
Table S-1 Table S-2 Table S-3 Table S-4 Table S-5

It remains to determine all proper semihypergroups of order two. An element a € H of the
universe of a semihypergroup (H, o) will be called idempotent if a o a = a.

LEMMA 2.1. Let (H,o) be a proper semihypergroup with an idempotent element. Then (H,o) is
isomorphic to one of the following semihypergroups:

ol al|b -la|b - lal|b - lal| b -la|b
ala|a ala b ala | H alal| a ala | a
bl H|Db b|HI|b b|H| b blal| H b|H|H
Table A; Table Ao Table Az Table A4 Table As
olal b -la|b - lal b - lal| b -l a b
alal b ala|b alal| H alal| H al a | H
blb|H b | H|H bla|H b|b| H blaH | H
Table Ag Table A7 Table Ag Table Ag Table A1g

Proof. Let H = {a,b} be the universe of the semihypergroup and let a be the idempotent element.
Ifaob=H then H = (aob)*b=ax (bob). This implies that bob # a, i.e., (H,o) is isomorphic
to one of the semigroups A}, A3, As, Ag, Ag, and A;g, where

olal| b olal| b
alal| H alal| H
blb| b blal| b
Table AT Table A3

If boa = H then we obtain again bo b # a and (H, o) is isomorphic to one of the semigroups
Ay, Ay, Az, A7, and Ajg. It is easy to verify that A, and A5 are isomorphic. Likewise, A; and A3
are isomorphic. The remaining semigroups are pairwise non-isomorphic.

Suppose that aob # H and boa # H. Then bob = H and (boa) xb = b= (aob) implies
aob=boa,ie. (H,o) is isomorphic to A4 or Ag.

We leave the reader to verify that all the listed structures are semihypergroups. |

LEMMA 2.2. Let (H,o) be a proper semihypergroup with the universe H = {a, b} such that aca = b.
Then (H, o) is isomorphic to the semihypergroup.
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ol al|b
al b | H
b| H|H
Table A11

Proof. Wehave axb=ax(aoa)=(aoa)xa=bxaand bxb=(aoa)*b=ax(aob). This
shows that bob # H if and only if a x b =bxa # H. Hence, (H, o) is isomorphic to Ay1, which is
obviously a semihypergroup. O

LEMMA 2.3. Let (H,o) be a proper semihypergroup with the universe H = {a, b} such that aca =
bob= H. Then (H,o) is isomorphic to the semihypergroup

ol al|b
a| H|H
b| H|H
Table A12

Proof. Wehave H = H b= (aoa)+b=ax(aob). This implies aob # b. Likely, H = ax H =
(aob)xbimplies aob # a, i.e., aob = H. Dually, we can show boa = H and hence, (H,o) is
isomorphic to Ay, which is obviously a semihypergroup. O

Summarizing the previous lemmas, we obtain the complete list of semihypergroups of order two.
PROPOSITION 2.1. There are exactly 17 semihypergroups of order two up to isomorphism.

Proof. There are five semihypergroups which are non-proper. By Lemma there are 10
pairwise non-isomorphic proper semihypergroups with at least one idempotent element. Let (H, o)
be a proper semihypergroup without an idempotent element and with the universe H = {a, b}.
Then aca=borbob=aoraoa=>bob= H. Thus, Lemmaand Lemmashow that there
are exactly two non-isomorphic semihypergroups without idempotent elements. O

3. Classification by DI’s

In this section, we consider the class SH of all all semigroups S such that there is a semihyper-
group (H,o) with S = P*(H). Of course, the class SH is neither a variety nor a finite union of
varieties. But we can show that SH is the union of five alternative varieties. All the semigroups in
SH have order at most three, i.e., less than four elements. This can be realized by following DI:

o ={r;mz;:1<i<j<A4}
LEMMA 3.1. Let S be a semigroup satisfying o1. Then S has at most three elements.
Proof. Assume that |S| > 4. Then let aq,as,as, and as be pairwise different elements in S.
Further, let h: X — S be a mapping with h(z;) = a; for i € {1,2,3,4} and h(z) = a1 otherwise.

Since S | o1, we have h(x;) = h(x;) for some i,5 € {1,2,3,4} with i < j. This gives a; = a;, a
contradiction. 0

In the same matter, one can prove that a semigroup S has at most n elements (for a natural
number n) if S E={z; = z;:1<i<j<n+1} So, Mod{{z; ~x; :1<i<j<n-+1}}isthe
class of all semigroups with order n or less.

We need the following nine DI ’s in this section:

09 := {x129 & T34 };

o3 := {x129 & Tow1 };
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04 = {1173 = 11,7172 X Ta};

o5 = {x129 = 71 };

o6 = {T129 = X2 };

or i ={wiz; ~ w0, 5,k € {1,2,3},i £ k,j # k}U{z1 = x9, 21 &= 23,22 = x3};
o8 = oy U{2? = 1,22 = 29, 300 & 1120, 11 X T2}

og = {a} ~ ot wiry ~ a0t~ xy, 2 &)

010 1= 04 U{m 129 = 2}, 0700 ~ 2120}

A semigroup S which is isomorphic to P*(H) for a non-proper semihypergroup (H, o) of order
two has rank less than and equals 2 or rank 3, where the rank of S (in symbols: rank S) is the least
size of a generating set for S.

LEMMA 3.2. Let S be a semigroup with rank 3, isomorphic to a subsemigroup of P*(H), for a
semihypergroup (H,o) of order two. Then S € Mod{o1,02} or S € Mod{o1,05,04} or S €
Mod{oy1,05} or S € Mod{o1,06}.

Proof. Let H = {a,b}. Since rank S = 3, the set H € P*(H) is not a composition of elements
from P*(H), i.e., (H,o) is a non-proper semihypergroup. Thus, (H,o) is a left-zero or right-zero
semigroup or (H, o) is the constant semigroup or it is the two-element band with zero-element. But,
(H, o) cannot be the two-element group since otherwise the non-identity element and H generates
P*(H), i.e., rank P*(H) < 2 and thus rank S < 2, a contradiction.

If (H,o) is a left-zero or right-zero semigroup then P*(H) is also a left-zero semigroup and a
right-zero semigroup, respectively. Since z «* H = xoa Uz ob =z for all z € H, whenever (H, o)
is a left-zero semigroup, we can calculate that P*(H) = o3, i.e., S € Mod{o1,05}. Dually, we can
conclude that S € Mod{o1,06}, whenever (H, o) is a right-zero semigroup. By similar reasons, we
can verify that S € Mod{o1,02}, whenever (H, o) is the constant semigroup.

If (H, o) is the two-element band with zero 0 then 0x H =0ocaUOob=0and H =H =+ H =
x* H = H * x for the non-zero element = in H. This shows that P*(H) satisfies both o3 and oy,
ie., S e Mod{o1,05,04}. O

LEMMA 3.3. Let S be a semigroup with rank < 2 such that S is isomorphic to a subsemigroup
of P*(H) for some semihypergroup (H,o) of order two. Then S € Mod{o1,07,08,09} or S €
Mod{o1,05,04}.

Proof. First, we suppose that (H,o) is a proper semihypergroup and we want to show that o7,
os, and og are satisfied in P*(H). We have to replace both the variables 1 and z2 by elements in
P*(H), where H = {a,b} is assumed.

We start with og. If we replace both variables z; and xo by the same element, say x, then the
equation z; = xo provides the equality x = x. Let us replace x; and zo by different elements
but not by H, say x1 by a and x5 by b. If we suppose that x1x2 = x1, T12x2 = T2, x% ~ x1, and
12 &~ x5 do not provide an equality then we can conclude that aob = H and aoa = H. This gives
(aca)xb=Hxb=aobUbob=H = aob,ie., we have the equality (a o a) *b = a o b, which
is given by the equation x%xz ~ x1T9. Let us replace x1 by a and zo by H and let us assume that
T1To R X1, L1T2 = Ta, :r% ~ x1, and :r% ~ x5 do not provide an equality. Then we have a * H = b
and aoa = b. From a x H, we conclude that aoa =aob=>5. Thus, ax(axH) =aob=b=axH,
i.e., we have the equality (aoa)* H = ax H = b, which is given by the equation x?zy ~ x1x5.
Dually, the equation 23wy ~ x122 provides an equality if we replace z1 by b (instead by a). Finally,
let us replace z; by H. Note that H x H = H because at least one of the compositions of the
elements in H gives H (since (H, o) is a proper semihypergroup), i.e., the equation 2% ~ z gives
the equality H * H = H. Next, we verify that S |= 09. If we replace both variables x1 and x5 by
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the same element x of P*(H) then the equation 125 ~ 27 provides the equality ¥? = x2. Let us
replace z1 and xo by different elements, but different from H, say x; by a and x5 by b. Suppose
that z1zo ~ ac%, T1To R x% x% ~ x1, and x% =~ x5 do not provide an equality. Then we have
aob= H? and aoa = H which leads us to (aoa)*a = H*a =aoaUboa= HUboa = H = aoa.
So, we have the equality (a0 a)* a = a o a, which is given by the equation x5 ~ x2. Let us replace
71 by a and 29 by H. Admit that 22 ~ x1, and 2?7 ~ x5 does not provide an equality. Then we get
aca=b,ie., b’ =axH =aoa U aob # a. If ax H = b, then we conclude that aob = b and obtain
the equality aoaoa = aoca given by the equation 3 ~ 3. If ax H = H then we consider two cases.
Admit that boa € {a, H}. Using H?> = H, we can conclude H?xa = H+*a = aoaUboa = H = H>.
Admit now that boa =b. Then H xa = b and thus H x (H xa) = Hxb=aoaUbob= H = H?.
Thus, we have the equality H? x a = H?, given by the equation z3z; ~ x3. Dually, we can argue,
whenever we replace z; by b instead by a. Finally, we replace z; by H. Since H? = H (since
(H, o) is a proper semihypergroup), the equation x3 ~ 2% provides the equality H® = H?2.

Note that S | o7. In fact, there are z,y € H with x oy = H since (H,o0) is a proper
semihypergroup. If we replace the variables x1, 2, and z3 by different elements then there are
i,j,k € {1,2,3} with ¢ # k and j # k such that x; is mapped to x, x; is mapped to y, and xy is
mapped to H. The equation z;x; ~ xj provides the equality z oy = H. But if we replace two
variables of x1, 2, and x3 by the same element = then one of the equations x1 ~ x5, x1 ~ z3 and
o & x3 provides the equality x = x.

It remains to consider the case that (H, o) is a non-proper semihypergroup. In this case, (H, o)
cannot be a band because rank P*(H) = 2. Thus, (H, o) is the two-element group and we get x *
H = Hxx = H for all z € H. This shows that P*(H) € Mod{o1,05,04},1.e., S € Mod{o1,05,04}.

|

LEMMA 3.4. Let S be a semigroup such that S = P*(H) for some semihypergroup (H,o) of order
two. Then S |= o19.

Proof. Let H = {a,b}. If we replace both variables 21 and zs by the same element, say = €
P*(H), then we get the equality 22 = 22 by the equation x1x5 ~ x2. Let us replace z; by a and
xo by b (if we replace 1 by b and z2 by a the we will have the same argumentation). Suppose
that 122 ~ 1 and 179 & =2 give no equality. Then aob=H and ax H =aoaUaob=H,
ie,a*(aob) =a*xH = H = aob. Thus, the equation 225 ~ 175 provides the equality
ax(aob) =aob. Let us replace x1 by a and x5 by H (if we replace 1 by b then we can follow the
same argumentation). If we admit that x129 ~ 21 and z129 = x5 give no equality then we obtain
axH = b, i.e., aob=aoa = b. This shows that ax H = aoa, i.e., the equation 122 ~ % provides
equality. Finally, we replace x1 by H and xs by a (if we replace x5 by b then we can follow the
same argumentation). Admit that zqzs ~ x%, r1To &~ x1, and x1T9 & To give no equality. Then we
conclude that H * a = b and either H? = H or H? = a. The latter case is not possible. Otherwise
we have a o a = a. This gives a € aoaUboa = H xa = b, a contradiction. Hence, H?> = H, i.e.,
H? % a = H * a, which is given by the equation l‘%.ﬁl}g X T1Ta.

Altogether, we have shown that S |= 019, i.e., S € Mod{c10}. O

Remark 1. It is easy to verify that the three-element group does not satisfy o1g. In order to see
this, we replace x; and x5 by the both non-identity elements in the group. Since the composition
of the both non-identity elements gives the identity element, we can easy verify that non of the
four equations in o1¢ will give an equality in the group.

If T is a two-element semigroup then 7' can be regarded as a non-proper semihypergroup (7, o)
of order two and T is isomorphic to a proper subsemigroup of P*(T'). So, we are interested in
semigroups S which are isomorphic to P*(H) for a suitable semihypergroup (H,o) of order two.
A classification of these semigroups will provide the following theorem, the main result of this
section.
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THEOREM 3.1. Let S be a non-trivial semigroup. Then the following statements are equivalent:

(i) There is a semihypergroup (H,o) of order two such that S is isomorphic to a subsemigroup
of P*(H).

(ii) S € Mod{o1,02} or S € Mod{oy1,05,04} or S € Mod{o1,05} or S € Mod{c1,06} or
S e MOd{O’l, 07,08,09, 0'10}.

Proof. If S is a semigroup of order two then S satisfies both conditions (i) and (ii). In fact,
we have already mentioned that (i) is satisfied. In order to see (ii), we have to mention that a
two-element semigroup satisfies o;. Moreover, we can observe that S satisfies both DI’s o3 and
o4 or one of the DI's o5, 05, and og.

Let us now admit that S has exactly three elements. The direction (i) = (ii) is given by
Lemma until Lemma We consider the converse direction and will show that for any
semigroup S in the list below of all three-element semigroups, there is a semihypergroup (H, o) of
order two such that S is isomorphic to a subsemigroup of P*(H), whenever S satisfies (ii).

T|y |z T|y| =z Ty |~z |y |z
Tl x|yl =2 Tl lylz|y |z |22 Tz |z|z
ylylz|lx y|lz |yl =z y|lz|z|z ylz|ly| 2
zlx|x|y zlylzly z|lzl|z|z z|lzl|z|z
Table T} Table Ty Table T3 Table T4
T|y|=z Ty |~z T|y |z T|y| =z
rT|lx|lx|=2 Tl lylz|ly r|x|lx|x T|lx|y|lx
Yl lylyl= Yyl cly|~= Yl lylyly Yyl|xlyly
z|lz|z|=z zZlyl|lzly zlx|y |z Zlx|y| 2
Table T5 Table Tg Table T7 Table Ty
T|y| =z sl |y |z T|ly| =z T|yY| =z
Tl ly|lz|=z T|lz|y|T |z |z|z x|z |z|%2
y|lz|z|z ylylyly y|lz|z|z y|lz|ly| =z
z|lzl|z|z zlx |yl =z z|lzl|z|z z|lzl|z|=z
Table S Table Ss Table S3 Table Sy
Ty |z T|y|=z |y |z T|ly| =z
T|lz|y| =z Tz |x|=2 Tz |z|z T|lz|y| =z
Yl lylyly y|xlyl|=z Yl lylyly Yyl zlYy|~*
zlz|lyl|=z z|lz|z|=z z|lzl|z]|z zlz|ylz
Table S5 Table Se Table S~ Table Ss
T|ly| =z x|y |z x|y |z T|y| =%
Tz |z|z Tz |lx|=2 z|lT|y| =2 r|lx|z|z
y|xlyl|= Yyl zlYy|=* Yl lylyl~z Yyl clYy|~=
z|lzl|z|z z|lz|z|z z|lzl|z|z z|lzl|z|z
Table Sg Table SIO Table Su Table 512
T|y |z T|y| =z T|y |z T|ly| =z
rT|lx|x|T T|lx|y|T rT|lx|x|T Tl lxl|y| =2
Yyl lylyly y|zlyl|x Yyl lylyly Yyl xlylz
Table 513 Table 514 Table 515 Table Slg
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First, we show that Ty,7T5,T5,Ty,T5,T6, T7, and Ts do not satisfy (ii). Clearly, non of them is
a constant semigroup or a left-zero semigroup or a right-zero semigroup. All the four semigroups
Ts,Ts,T7, and Ty are not commutative. If T is a semigroup isomorphic to 17 or Ty or T3 or Ty
then there are a,b € T such that aob ¢ {a,b}. This shows that T' [~ 4. It remains to show that
all the eight semigroups do not belong to Mod{o1,07,08,09,010}. By Remark |1} we know that
Ty - 019. Assume that Ty |= 0g. Then replacing x; by x and z3 by z, we obtain zz = z or 2z = z
or 22 =z or 2 = z or 2%z = zz. But it holds zz =y, 22 = y, and yz = 2z in T, a contradiction.

Assume that T3 = 09. Then replacing x1 by x and x9 by y, we obtain xy = 22 or zy = y? or

=22orylr=y?ora?=xora? =y Butwehavezy =z, 22 =2, y> =y, 2> = 2z =z, and
y*r = yx = z in T3, a contradiction. Assume that Ty = 9. Then replacing z1 by x and 3 by ¥,
we obtain again xy = 22 or 2y = y? or > = 22 or y?r = y? or 22 = x or 22 = y. But in Ty, it

holds 22 = y?2 = 2, xy = z, and zz = z, a contradiction. The semigroups T, T, T%, and Ts do not
satisfy the DI o7. We will show it for T5. The argumentation for the remaining ones is similarly.
Assume that T5 |= o7. Replacing 1 by x, x5 by y, and x3 by 2z, we obtain zy = z or or yx = z or
yz=xorzy=mxorazz=yorzy=uxorx’ € {y,z}ory® e {2} or2% e {x,y},ie, rankTs < 2,
a contradiction.

In the remaining part of this proof, we will verify that for the other three-element semigroups
S, there is a semihypergroup (H,o) of order two such that S = P*(H). Let us consider the
semihypergroup Aj;. Then aob =boa = H, i.e., all compositions of elements from P*(H) are
H, except of aoa =b. This shows that P*(H) = S;. If (H, o) is the semihypergroup Ajo then we
obtain by almost the same arguments that P*(H) = Sy and if (H, o) is the semihypergroup Az then
P*(H) = S12. If (H, o) is the two-element group S —2 then aocaUboa = aobUbob =aoaUaob =
boaUbob= H = H?. This shows that P*(H) = Sy, where {z,2} is the subgroup of S. Sj is
the constant semigroup. It is isomorphic to P*(H), where (H, o) is the semihypergroup Ajs since
all compositions give H. If (H,o) is the semihypergroup A4 then a is the zero-element in P*(H)
and the remaining compositions give H since bo b = H. Hence, P*(H) = S5, where y is the zero-
element. If (H, o) is the semihypergroup Ag then bob = H and acalUaob = aocaUboa = H implies
that any compositions of H with any other element from P*(H) gives H. Thus, P*(H) = Sg. If
(H, o) is the semihypergroup As then a is a left-zero from P*(H) and the remaining compositions
of elements in P*(H) give H. This shows that P*(H) = S7, where y is the left-zero element
in S7. Dually, we obtain P*(H) = Sg, where (H,o) is the semihypergroup Ag. If (H,o) is the
semihypergroup A7 then ax H =aoaUaob= H and all the remaining compositions of elements
from P*(H) give also H. Hence, P*(H) = Sg. Dually, we have P*(H) = Sy, where (H,o) is
the semihypergroup Ag. If (H,o) is the semihypergroup S; than a is the zero-element in P*(H)
and the remaining three compositions b * H, H b, and H « H give H since bo b = b. Hence,
P*(H) = S11, where z is the zero-element. If (H, o) is the semihypergroup As then b is a right-zero
in P*(H) and since ax H = aoaUaob = H as well as boa = H, we can calculate that the
remaining compositions of elements from P*(H) give H. Thus, P*(H) = Si3. Dually, we obtain
P*(H) = Si4, where (H, o) is the semihypergroup A;.

It is easy to verify that P*(H) is a left-zero semigroup, whenever (H, o) is left-zero semigroup,
ie., P*(H) = Si5. Dually, P*(H) = S16, whenever P*(H) is a right-zero semigroup. O

The proof of Theorem 3.I]shows which semigroups of order three corresponds to semihypergroups
of order two explicitly. A description of semihypergroups of order 3 and more in the setting of
Theorem is a still open problem. Its solution requires another but more complex approach as
in the proof of Theorem as initial attempts have already shown.

COROLLARY 3.1.1. Let S be a semigroup of order three. There is a semihypergroup (H,o) of order
two such that P*(H) = S if and only if S = S; for some i € {1,2,...,16}.
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4. All (non-group) semigroups of order three

In this section, we consider the subsemigroup ﬁ*(H ) of P*(H) generated by the elements
{2}, x € H. Note that P*(H) is a proper subsemigroup of P*(H), whenever (H,o) is a non-
proper semihypergroup. All semigroups of order three, except of the group, have a two-element
subsemigroup. So in the following theorem, all (non-group) semigroups of order 3 are classified by
an alternative variety, determined by the following DI:

- ~ 2 ~ 2 ~ 2 .2 o ~ ~
=04 U{x129 & 2}, 2179 R X{Xo, T1T9 N T1T5,X5 N T3, L] N T3y, T N T3}

THEOREM 4.1. Let S be a semigroup with three elements. Then the following statements are
equivalent:

(i) There is a semihypergroup (H,o) of order two such that ]3*(H) is isomorphic to a subsemi-
group of S.
(ii) S € Mod{o}.

Proof. (i) = (ii): Let (H,o) be the semihypergroup with H = {a,b} and let T' < S be such that
T = P*(H). Then there is an isomorphism f: ﬁ*(H) — T. Let us put a := f(a), g := f(b), and
let v be the remaining element in S. Note that v = f(H), whenever S = T. Let us now replace
the variables x1, x5, and z3 by elements of S. If we replace both variables z; and x5 by the same
element = then the equation 115 ~ 22 provides the equality z? = x2.

Let us replace z1 by « and xzo by 8. Admit that z1z9 = x1, T129 = 2o, and x 22 ~ :c% give
no equality, i.e., aff # o, af # 3, and a8 # o®>. Then a3 = 7, i.e., v € T. We observe that
flaob) = fla)f(b) = aBf # o? = f(a)f(a) = f(aoa), ie., aob # aoa and thus a * H =
{aob,aoa} = H. Therefore, we have o’ = a(af) = ay = f(a)f(H) = f(ax H) = f(H) = v =
af, i.e., ¥3wy ~ 1122 gives the equality a2 = af.

Let us replace z1 by a and xs by v and admit that x12s ~ x1, 122 = z3, and 125 =~ x%
give no equality, i.e., ay # o, ay # v, and oy # a?. Then we have ay = 3. Suppose that
v ¢ T, ie, a®> = aor a®> = . The latter is not possible because of 3 = a7y # a?. Hence,
a? = q, i.e., we have the equality a®y = a7y, given by the equation z3z9 ~ r122. Suppose that
v €T. Then oy = § implies f(a)f(H) = f(b), i.e., ax H = b and thus a o b = b. This provides
af = f(a)f(b) = f(aob) = f(b) = B and hence oy = a(ay) = aff = B = a7, i.e., the equation
1239 ~ 1179 gives the equality a?y = ary.

Finally, let us replace x1 by v and x5 by . Admit that x12x2 ~ x1, T172 = x2, and T1T2 = 33% give
no equality, i.e., ya # v, ya # «, and ya # 2. This provides ya = 5. But 8 = ya # v? implies
7% =7 or 42 = a. If we have v2 = v, then the equation 2?25 ~ 175 gives the equality y?a = ya.
Suppose now that 42 = a. Then v ¢ T. Otherwise a = 2> = f(H)? = f(H* H) = f(H) =~
(since at least one composition of the elements in H gives H), a contradiction. Note that x3 is
replaced by an element x of S. If © € {«a, v} then x; ~ x3 or x2 &~ x3 provides the equality x = x.
Admit now that = 3 and that 22 ~ 23 gives no equality, i.e., @*> # 3. Then a® = a since v ¢ T
and the equation z123 ~ 2115 gives the equality ya? = ya.

Note that if we replace the variables by S instead by « and conversely, then there is again an
equation in o which gives an equality in S. Altogether, we have shown that S = o.

(ii) = (i): Assume that S has non two-element subsemigroup. This means that S is a group,
say with the elements e (the identity in S), a, and b. In S, it holds ab = e,a? = b, and b2 = a.
Hence, ab # a, ab # b, ab # a?, ab # a®b, ab # ab?, and b*> # e. This contradicts S |= o by the
replacement x1 — a,z2 — b, and x3 — e. Hence there is a two-element subsemigroup 7' < S. We
can regard T as a non-proper semihypergroup (H,o) of order two with the universe H = T and

zoy = {axy} for all z,y € H. Then, P*(H) is isomorphic to T < §. O
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