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Abstract

In this paper, we study the widely considered endomorphisms and weak endomor-
phisms of a finite undirected path from monoid generators perspective. Our main aim
is to determine the ranks of the monoids wEnd P,, and End P,, of all weak endomor-
phisms and all endomorphisms of the undirected path P, with n vertices. We also
consider strong and strong weak endomorphisms of P,,.
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1 Introduction and Preliminaries

In the same way that automorphisms of graphs allow to establish natural connections
between graph theory and group theory, endomorphisms of graphs do the same between
graph theory and semigroup theory. For this reason, it is not surprising that monoids
of endomorphisms of graphs have been attracting the attention of several authors over
the last decades. In fact, from combinatorial properties to more algebraic concepts
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have been extensively studied. Regularity, in the sense of semigroup theory, is one
of the most studied notions. Regular semigroups constitute a very important class in
semigroup theory. A general solution to the problem, posed in 1988 by Marki [29], of
which graphs have a regular monoid of endomorphisms seems to be very difficult to
obtain. Nevertheless, for some special classes of graphs, various authors studied and
solved this question (for instance, see [7-9,16-18,20,21,25-28,31,32]).

In this paper, we focus our attention on a very important invariant of a semigroup
or a monoid, which has been the subject of intensive research in semigroup theory.
We are referring to the rank, i.e., to the least number of generators of a semigroup or
a monoid S, denoted by rank(S).

Let 2 be a finite set with at least 2 elements. It is well known that the full symmetric
group of 2 has rank 2 (as a semigroup, monoid or group). Furthermore, the monoid
of all transformations and the monoid of all partial transformations of 2 have ranks
3 and 4, respectively. The survey [10] presents these results and similar ones for
other classes of transformation monoids, in particular, for monoids of order-preserving
transformations and for some of their extensions. More recently, for instance, the
papers [1-3,6,11-15,23,33,34] are dedicated to the computation of the ranks of certain
(classes of transformation) semigroups or monoids.

Now, let G = (V, E) be a simple graph (i.e., undirected, without loops and without
multiple edges). Let « be a full transformation of V. We say that « is:

e an endomorphism of G if {u, v} € E implies {ucx, va} € E, forall u, v € V;

e a weak endomorphism of G if {u, v} € E and ua # vo imply {ua, va} € E, for
allu,v e V;

e a strong endomorphism of G if {u, v} € E if and only if {uc, va} € E, for all
u,v eV,

e a strong weak endomorphism of G if {u,v} € E and uae # v« if and only if
{ua,va} € E, forallu,v € V;

e an automorphism of G if « is a bijective strong endomorphism (i.e., @ is bijec-
tive and « and «~! are both endomorphisms). For finite graphs, any bijective
endomorphism is an automorphism.

Denote by:

EndG the set of all endomorphisms of G;

wEndG the set of all weak endomorphisms of G;

sEndG the set of all strong endomorphisms of G;
swEndG the set of all strong weak endomorphisms of G;
AutG the set of all automorphisms of G.

Clearly, EndG, wEndG, sEndG, swEndG and AutG are monoids under composi-
tion of maps. Moreover, AutG is also a group. It is also clear that AutG C sEndG C
EndG, [respectively, swEndG] € wEndG
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wEndG

swEndG EndG

sEndG

AutG

(these inclusions may not be strict).

Let P, be the undirected path with n vertices. The number of endomorphisms of P,
has been determined by Arworn [4] (see also the paper [30] by Michels and Knauer). In
addition, several other combinatorial and algebraic properties of P,, were also studied
in these two papers and, for instance, in [5,19].

Let N be the set of all natural numbers greater than zero and let

Po=(l,... 0}, ({i,i+ 1 |i=1,...,n—1}),

for each n € N. The paper deals with sets {S;, | n € N}, i € {1,...,5} with
S1, = wEndP,, S», = swEndP,, S3, = EndP,, S4, = sEndP, and S5, = AutP,.
It is the aim of the present paper to determine, for each i € {1, ..., 5}, an effectively
computable function F; on N such that rank(S;,) = F;(n) for each n € N. The main
results are

o rank(wEndP,) _n+2L o) =3t
e rank(swEndP,) = [ 14+1,

e rank(EndP,) = 1+ %51 + YL L=
e rank(sEndP,) = 1 forn #*3, rank(sEndP3) =3,
e rank(AutP,) =1,

foreachn e N, n > 2.

Notice that P = ({1}, ¥). Thus, for n = 1, all this monoids naturally have rank
equal to zero. Thereof, in what follows, we consider n € N\ {1}.

For general background on semigroup theory and standard notation, we refer the
reader to Howie’s book [22]. On the other hand, regarding algebraic graph theory, our
main reference is Knauer’s book [24].

2 Basic Properties and Ranks of swEndP,,, sEndP, and AutP,

For integer numbers a and b, let [a, b] be the set of all integers x such that a < x and
x < b. Let 7, be the set of all full transformations of the set [1, n].

Proposition 2.1 For each n € N\ {1}, there hold the statements:
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1. WEnd P, is the set of all « € T,, such that (i + 1)a € {ia — 1, ia, i + 1} for each
iell,n—1].

2. EndP, is the set of all @ € T, such that (i + )a € {ia — 1,ia + 1} for each
iell,n—1].

Proposition 2.2 For each n € N\ {1}, there holds the statement: If « € wEnd P, and
u,v € [1,n] then [u, vla = [a, b] for some a, b € [1, n].

Proof Let « € wEndP, and u,v € [1,n]. If [u, v] = @, then the statement holds
because [u, vlae = @, too. Now, let [u, v] # . We define sets I with k € [u, v],
recursively: I, = uw, Iy4+1 = Iy U {(k + 1)} for k € [u, v — 1]. Then, I, = [a, b,]
with a, = b, = ua and from I} = [ax, bi] (induction hypothesis) it follows that
Ix4+1 = [ak+1, bi+1] for k € [u, v — 1] as a consequence of Proposition 2.1, 1.:

— If (k 4+ Da < ag, then Ir41 = [ak+1, bk+1] with ag1 = ax — 1 and by = bi.
— If (k + Do € [ag, bil, then [y = [agi1, bes1] with agy 1 = ai and biy 1 = by.
— If by < (k+ Do, then i1 = [ag+1, bkg1] With ax1 = ax and b1 = by + 1.

Finally, [u, v]le = [a, b] witha = a,, and b = b,,. O
Next, we consider strong endomorphisms.

Theorem 2.3 AutP, = {(}::2) (n 1)} (a cyclic group of order two, for each n €
NA{1D.

Proof Leta € AutP,.Leti = la. Then 2« € {i — 1,i + 1}. Since « is a permutation
of [1,n],if2a =i+ 1then3ae¢ =i+2,..., n—i+1l)a=nandson—i+1=n
(otherwise (n — i +2)a = n — 1 = (n — i), which is a contradiction), i.e., i = 1,
whence o = ( ) On the other hand, if 20 =i — 1 then 30 =i — 2,...,ia = 1
and so1 i —) n (0therw1se i+ 1Da=2=(00— 1o, whichisa contradlctlon) whence
a=(,"). O

n--1

Theorem 2.4 rank(AutP,) = 1 for eachn € N\ {1}.

Proof As an outcome of Theorem 2.3, we have that Aut P, is generated by the trans-
formation ( ) Therefore, rank (AutP,) = 1. O

Define N(u) = {v € V | {u, v} € E} (the neighbors of u), forallu € V,and a
binary relation Rg on V by (4, v) € Rg ifand only if N(#) = N(v),forallu,v € V.

Theorem 2.5 sEnd P, = AutP,, for eachn € N\ {1, 3}.

Proof Forn € N\ {1, 3}, itis easy to check that the relation R p, is the identity. Hence,
the assertion is as an immediate consequence of [24, Proposition 1.7.15]. O

Observe that sEnd Py = {(133). (331)- (131)- (21)- (232)- (523))- Whence AutPs C
sEnd P3.

Theorem 2.6 rank(sEndP,) = 1 for each n € N\ {1, 3}, rank(sEnd P3) = 3.
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Proof The first part of the statement is deduced from Theorems 2.4 and 2.5. By the
observation above and some routine calculations, we have that sEnd P3 can be gen-
erated by {(333), (131), (433)}- It is also easy to check that this set of generators have
minimal cardinality. Whence, rank (sEnd P3) = 3. O

For strong weak endomorphisms of P,, we have:

Theorem 2.7 swEndP, = {(1'""), (1'""), (%'1') e (1'"”)} (the automorphisms

1--n n--1 nen
together with the constants), for each n € N\ {1, 3}.

Proof The equality is obvious for n = 2. Then, suppose that n > 4 and let ¢ €
swEnd P, \ AutP,.

Leti, j € [1,n] besuchthati < j and i = jo (notice that, as « € swEndP, \
AutP,, such a pair of integers always exists). Let k be the largest integer such that
0O<k<i-—land[i —k,ilo = {ia}. If k <i—1theni —k —1 > 1 and
(i—k—1a=iextl=joux1,whence {(i —k — 1o, ja}is an edge of P, and so
{i —k —1, j} is also an edge of P,, which is a contradiction sincei —k — 1 < j — 1.
Hence, k =i — 1 and so [1, i]Jo = {ia}. A similar reasoning also allow us to deduce
that [, n]a = {ia}.

Now, take the largest integer i such that there exist an integer j such that 1 <i <
j <nandia = ja.Then, we have [1, i]o = {ia} = [J, n]e.

Ifi > 1thenwegetl <i—1<iand (i — 1)a = ia, whence [1,i — 1]a =
{ia} = [i, n]a and so « is a constant transformation.

Thus, suppose that i = 1. If j > 2 then, given the choice of i, we must have
20 = la = 1 = na £ 1, whence {2, na} is an edge of P, and so {2, n} is also an
edge of P,, which is a contradiction since n > 4. Therefore, j = 2 and so « is also a
constant transformation, as required. O

Theorem 2.8 rank(swEndP,) = [5] + 1, foreachn € N\ {1}.

Proof We start by noting that swEnd P3 = {(123), (ég?), (123), (ég), (g;) (;%g), (123),

123 123 123 121 111
(222)’ (333)}'

Itis a routine matter to show that swEnd P3 is generated by { (;g?), (;3) (}ﬁ) }, and

swEnd P, is generated by {(’ll'll) (i::’l'), e ([é]::ié])}, for n # 3. Furthermore, it

is easy to deduce that these sets of generators have minimal cardinality. O

2.1 Regularity

Recall that an element s of a semigroup S is called regular if there exists x € S such
that s = sxs. A semigroup is said to be regular if all its elements are regular.

Since AutG is a group, for any graph G, then it is, trivially, a regular monoid. By
the above properties and observations, it is clear that sEnd P, and swEnd P, are also
regular monoids. Regarding End P, and wEnd P,,, we have:

Proposition 2.9 Let « € WEndP, [respectively, o € EndP,]. Then « is regular in
wEnd P, [respectively, in End P, ] if and only if there exists a subinterval I of [1, n]
such that lo = Im(a) and |I| = | Im(a)].
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Proof First, we suppose that « is regular in wEnd P, [respectively, in End P,]. Then,
there exists B € wEndP, [respectively, B € EndP,] such that « = «Bwo. Let
I = Im(ap). Then, by Proposition 2.2, I is a subinterval of [1, n]. Moreover,
Ia = (Im(eB))a = Im(eBa) = Im(x). On the other hand, since o and «f

are R-related, then « and off are J-related, whence |Im(«)| = |Im(eB)| and so
1] = [Im(a)].

Conversely, admit that there exists a subinterval I of [1, n] such that /o = Im(«)
and |I| = |Im(a)|. If |[I|] = 1 then « is a constant transformation (this case does not

occur if « € EndP,), whence « is an idempotent and so « is a regular element (of
wEnd P,,). Thus, suppose that |/| > 2. Then I = [i, j], forsome | <i < j < n, and
the restriction of the transformation « to [ is injective. Hence, we have ia < - - - < jo
oria > --- > ja (by areasoning similar to the proof of Theorem 2.3). Let § be the
transformation of [1, n] defined as follows:

1. Therestriction of B to Im () is the inverse of the restriction of « to 1, i.e., Blim@) =

ia..-ja
(o)
2. Supposeia < --- < jaandletIm(a)” = [1,ia — 1] and Im(x) ™ = [jo + 1, n].
1 2 -iia—2ia—1
ii+1--- i i+1>'
1 2 ia—2ia—1
i+1i--- i i+1 )
ja+1lja+2---n—1 n )
e T A A

(a) Ifia is 0dd (and i > 3) then Bl )~ = <
(b) If i is even then By ()- = (

(¢) If n — jor is odd then Blyy )+ = (

(d) Ifn—jaiseven(andn—jo > 2)then By q)+= (jjoz_~|—11 J“Jﬂ_z ;l:} ’;) .

3. Supposeia > --- > jaandletIm(a)” =[1, ja — 1] and Im(a)™ = [ia + 1, n].

.. . 1 2 - jo—2ja—-1

(a) If]alsodd(and]az3)thenﬁ|lm(a)=<J.j_1“. i j—l)'
1 2 jo—2joa—1
Jevie j—l)‘
io+1lia+2---n—1 n
i+1 i 0 di+1)

ica+lica+2---n—1n
i+1 i «~-i+1i>

(b) If ja is even then Bl )~ = (
(¢c) If n — i is odd then ,B|1m(0,)+ = (

(d) Ifn—iaiseven(andn—ia>2)then Blmq)+= (

It is clear that 8 € End P, (and so § € wEndP,) and « = oBw. Hence, « is regular,
as required. O

It is a routine matter to check that End P, is regular for n < 5, and that wEnd P, is
regular for n < 3. On the other hand, by Proposition 2.9, it is clear that

123456--- n
123234.-.-n-2
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is not a regular element of End P, for n > 6, and
1234.-- n
1223.-.-n-—1

is not a regular element of wEnd P, for n > 4. Thus, we have:

Corollary 2.10 The monoid WEnd P, [respectively, End P,] is regular if and only if
n < 3 [respectively, n < 5].

2.2 Cardinality

It is clear that |AutP;| = [sEndP;| = |sSWEndP;| = |EndP;| = |wEndP;| = 1;
|AutP,| = |sEndP,| = 2, forn =2 and n > 4; [swEndP,| = n + 2, forn = 2 and
n > 4; |AutP3| = 2, |[sEnd P3| = 6 and |swEnd P3| = 9.

A formula for |[End P, | was given by Arworn [4] in 2009. Regarding |WEnd P, |, we
give a formula below.

First, we recursively define a family a(r, i), with1 <r <n—2and1 <i <n-—1,
of integers:

e a(l,1)=a(l,2) =1,
e a(l,p)=0,for3 <p<n-—1;
e For2 <k<n-2,

atk,)=ak —1,1) +a(k —1,2), and
atk,p)y=ak—1,p—1)4atk—1,p)+atk—1,p+1),for2 < p <n-—2;

e alk,n—1)=0,for2 <k <n-3;
ean—2,n—1)=1.

Next, let b(r) = 23" a(r, i), for 1 <r <n —2.
Then, we have:

n—2
Theorem 2.11 |WEndP,| = 3" 2(3n — 2) — 23”—’—2b(r) for each n € N\ {1},

r=1

|WEndPy| = 1.

Proof Let @ € wEndP,. We will mainly use the fact that (i + )« € {ia, i + 1} if
ia=1,(+Da elia—1,ia,ia+1}ific € [2,n—1],and (i + D € {icr, i — 1}
ifio« =n,fori € [1,n—1].Fori € [1,n — 1], let c¢(i) be the number of possibilities
for a|[1,i+17. Observe that c(n — 1) = |[WEnd P,|.

First, we calculate c(1). If 1o € [2,n — 1] then we have three possibilities for
2¢. On the other hand, if 1o € {1, n} then we only have two possibilities for 2c.
This shows that ¢(1) = 3(n —2) +2 -2 = 3n — 2. Now, let i € [1,n — 2] and
suppose that ¢(7) is known. We will show that c(i 4+ 1) = 3c¢(i) — b(i), where b(i)
denotes the number of possibilities for (i + 1)a € {1, n}. In fact, if (i + Do €
[2,n — 1] then we have three possibilities for (i 4+ 2)a and, on the other hand, if
(i + Da € {1, n} then we have only two possibilities for (i + 2)«. This shows that
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ci +1) = 3(c(@@) — b)) + 2b(i) = 3c(i) — b(i). In this setting, we deduce that
c(n—1) = 3"’2(311—2)—2:!;% 3"="=2p(r), by performing successive replacements.

It remains to calculate b(r), forr € [1,n — 2].

Fork, p € [1,n—1],leta(k, p) denote the number of possibilities for (k+ 1o = 1
and la = p. We will prove that a(k, p) can be defined as above. Clearly, a(1, 1) =
a(l,2)=1anda(l, p) =0, for p € [3,n — 1]. Now, let k € [2, n — 2] and suppose
that a(k — 1, p) is known, for p € [2,n — 2]. If la = 1 then 2« € {1, 2} and a(k, 1)
is the number of all possibilities for ke = 1, whenever la = 1 or la = 2, i.e.,
ak,)=atk—1,1)4+atk—1,2).If la € [2,n —2] then 2« € {la — 1, la, la + 1}
and a(k, p) is the number of possibilities that ke = 1, whenever la = p—1lorla = p
orla = p+1,ie,ak,p)=atk—1,p—1)+atk—1, p)+ak—1, p+1).Clearly,
a(k,n — 1) = 0, whenever k < n — 2. Notice that la = n —1and (n — o = 1
impliesra =n —1—r+1,for 1 <r <n — 1. Hence, there is only one possibility
forle =n—1and (n — o = 1,i.e.,a(n —2,n — 1) = 1. Moreover, it is clear that
ka # 1, whenever la = n and k < n.

Hence, for a(r, i) as defined above, we have that Zl’-’;]l a(r, i) is the number of
possibilities for (r 4+ 1)a = 1. Dually, Z'C]l a(r, i) is also the number of possibilities

1

for (r + 1)a = n. Therefore, b(r) = 2 Z?;ll a(r,i), as required. m]

The table below gives us an idea of the size of wEnd P,,.

n [WEnd P, |
1 1

2 4

3 17

4 68

5 259

6 950

7 3387

8 11814

9 40503

10 136946
11 457795
12 1515926
13 4979777
14 16246924
15 52694573
16 170028792

The formula given by Theorem 2.11 allows us to calculate the cardinal of wEnd P,,
even for larger n. For instance, we have [WEnd P1og| = 1511688983575150470936107
7940682197429012095346416.
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3 The Ranks of EndP,, and wEndP,,
Let
(1 2 ---n—1n
=\un-1.-- 2 1)
o 12 sl i il 2 e n
SR (A [ A 3 2 1 2 n—i—1 n—i)’
fori =1,...,n—2,and
P 102 o i 4l e 4 i+l P42 e P42 i+2j+1 i+2j+2 - n
A N T S A N L 0 I Iy Ny ey P42 i1 i+2 n—2j
forj=1,....%5 andi=1,...,n—3j — 2. Let

A =t Uw |i=1,...,n—=2}

_3
u{@ﬁ|j=1“.qL"3 J,i—lpn,n—3j—2}

Also, let

A" ={t}U{o |i=1,...,n—=2}.

Lemma3.1 Let o € EndP,. Then, {o’ € EndP, | Ker(a’) = Ker(a)} C (A", ).
Proof Let us suppose that

<X1 X2"'Xk)
a=\| . . . ,
1 1 - I

< iy} and X; = e~ fort = 1,...,k, for some
1 < k < n. Since Im(«) is a subinterval of [1, n], by Proposition 2.2, then we have
ii=ii+t—1,fort=2,... k.

Since xa; = x — i, forall x € [i + 1, n], we obtain

X X, -+ X
ozot,-:(. ra2 . k.)e(A",a),
1 —iip—1---Iip—1
with Im(aw;) = {i1 —i <ip—i < --- < ip—i},fori =1,2,...,i1 — 1. Next,
consider the transformation

with Im(a) = {i] < iz < -

o 1 2 n—i—1 n—i n—i+1 --- n "
Talr_<1+i 240 .- n—1 n n—1 . n—i>e<A)’
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fori =1,2,...,n —2. Asx(ta;t) = x + i, forall x € [1,n — i], we also get
o X1 X - Xi p
“’“”_(z‘1+ii2+i...,~k+i>G(Av‘x)s

with Im(ata;t) ={i1 +i<ir+i<---<iy+i},fori=1,2,...,n—i.
Thus, so far we proved that o’ € (A”, a), for all

/ X1 Xy -0 Xi
JUoj2 -k

. ) € End P,

such that Im(a) = {j1 < jo < -+ < ji} (and X; = jia= ', fort =1,...,k).
Now, take

o = X1 Xy - Xi
JUoJ2 ok

. ) € EndP,

such that Ker(a) = Ker(«) (with X, = jtoc_l, fort =1,...,k).

Suppose there exists p € [1,k — 1] such that |j, — j,4+1] > 1. Let X~ =
U {X.,' | j < p}. Then, as p < k, we have X~ C [1, n] and so there exists x € X~
suchthat x + 1 € [1,n]\ X~ orx — 1 € [1,n]\ X™. Let us admit, without loss
of generality, that x + 1 € [1,n]\ X™. Let j € [1, p] be such that x € X ;. Since
o € EndP, is such that X; = i,oz_l andi; = i1 +t—1,fort = 1,...,k, we can
conclude that x +1 € X; jUX; (withX; | =0,if j =1). Asx+1¢ X, it
follows that x+1 € Xy and j+1 > p. Therefore j = p and so, by Proposition 2.1,

we have 1 < |j, — jp+1l = |xa’ — (x + 1’| = 1, which is a contradiction.
Thus, |j; — ji41| = 1, for all £ € [1, kK — 1]. This provides j; < j» < -+ < jik
or jir < jr—1 < --- < j1.If j1 < jo < --- < Jjx then, as proved above, we have

o € (A”, a). On the other hand, suppose that ji < ji—1 < --- < ji and consider

o't = <X1 }.(2 Xk) € EndP,.
NT T - kT
Then, as 7 is a permutation of [1, n], we obtain Ker(a't) = Ker(a') = Ker(a).
Furthermore, we also have Im(a’7) = {jit < jot < --- < jr7}. Hence, again as
proved above, we have o't € (A”, a). Since @’ = (a’t)7, it follows thata’ € (A", ).
Thus, we proved that {&’ € End P, | Ker(a') = Ker(a)} € (A”, ), as required. O

Let « € wEndP,. We say thati € [2,n — 1] is an inversion of « if (i — 1) =
(i + D)o # ia. Denote by Inv(w) the set of all inversions of « and by inv(«) the
number of elements of Inv(«). Notice that, if « € EndP, theni € [2,n — 1] is an
inversion of « if and only if (i — Do = (i 4+ De.

For elements of End P,,, we have:

Lemma3.2 Leta, B € EndP,. Then Ker(a) = Ker(B) if and only if Inv(a) = Inv(pB).
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Proof Clearly, Ker(«) = Ker(8) implies Inv(e) = Inv(B). Conversely, admit that
Inv(e) = Inv(B). If Inv(e) = Inv(B) = @thenc, B € {1, 7} andso Ker(«) = Ker(8).
Otherwise, let Inv(«) = {i; < --- < ig}, for some k € [1,n — 2], and define ig = 1
and ix+1 = n.Forany x € [1,n], let p(x) € [0, k] and r(x) € [0, ip)+1 —ipe) — 1]
be such that x =i, +r(x). Since [xa — (x + Dea| =[x — (x + 1)B| = 1, for all
x € [1,n — 1], and Inv(a) = Inv(pB), there exist ay, ag € {1, 2} such that

px)—1
xa=la+ Y (=D (i — i)+ (=)POer(x)
j=0

and

px)—1
XB=1B+ Y (DI — i)+ (DO ).
Jj=0

Therefore, (x, y) € Ker(x) if and only if xo = yo if and only if

p(x)—1
Lo+ Y (=) — i) + (=P (x)
j=0
r(»-1
=lo+ Y (D (i —ip) + (=DPOHer(y)
j=0

if and only if (by multiplication with (—1) |aa—a| and addition of 18—(1la)(—1) laa—ag| )

p)—1
1B+ Y D — i) + (= DP ()
Jj=0
p)-1
=16+ ) (DTG =i + (DO (y)
j=0

if and only if x = yp if and only if (x, y) € Ker(B). Thus, Ker(e) = Ker(8), as
required. o

Lemma3.3 Let «, B € End P, be such that Inv(a) = Inv(B). Then o € (A”) if and
only if B € (A”). Moreover, a € (A') if and only if B € (A').

Proof Let o, B € EndP, be such that Inv(e) = Inv(8). By Lemma 3.2, we have
Ker(a) = Ker(8). Using Lemma 3.1, we deduce 8 € (A”,a) and @ € (A", B).
Therefore, « € (A”) if and only if 8 € (A”). Moreover, if 8 € (A’) then o €
(A", B) C (A’) and so o € (A’). The same reasoning can be applied if ¢ € (A"). O
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Now, we can prove:
Lemma3.4 EndP, = (A').

Proof Let o € End P,. We will proceed by induction on inv(c).

Ifinvie) =0thena =7 € A ora = 1 = 12 € (A)).

If inv(a) = 1 then Inv(a) = Inv(;), for some i € [1,n — 2], and so o € (A’), by
Lemma 3.3.

Now, let » > 1 and suppose, by induction hypothesis, that & € (A’), for all & €
End P, with inv(x) <r.

Let o € End P, be such that inv(«) = r + 1. By (the proof of) Lemma 3.1, we can
assume, without loss of generality, that 1 € Im(«). Let Inv(e) = {i] < iz < -+ <
ir+1} and define ip = 1 and i,4p = n. Let b = max Im(«). Notice that » > 2 and,
as Im(«x) = [1, b] (by Proposition 2.2) and inv(e) =r +1 > 2, we getb < n — 2.
Clearly, we have la™!, ba™! C {i; | £ € [0, r + 2]}.

We will consider three cases: (1) there exists k € [1, r 4+ 1] such that iya = 1; (2)
there exists k € [1,r + 1] such that iy = b; (3) la = 1 and na = b (or la = b and
no = 1)and xa ¢ {1, b}, forall x € [2,n — 1].

Case 1 Suppose that there exists k € [1, r 4+ 1] such that iy = 1. Let a = max{x« |
ir <x < n} and define a transformation g of [1, n] by

B = xa+a—1, x <ig
T la+1—xa, x>i.

Then 8 € EndP,. In fact, since « € EndP,, we have |[x8 — (x + 1)B| = 1, for
all x € [1,n — 1]\ {ix — 1}. Moreover, from (iy — DB = (ix — Do +a —1 =
hoxtl+a—-1=1f1l4a—-1=axlandizfB=a+1—ira=a+1—-1=a
(since irae = 1), it follows that |(iy — 1) — ix 8| = 1.

Next, we show that Inv(8) = Inv(«) \ {ix}. Clearly, if x € [1, ix — 2] U [ix + 1, n]
then x € Inv(B) if and only if x € Inv(x). Also

ir —1 elnv(B) & (ix —2)B8 = (ix)B
S ((r—2a+a—1=a+1—ia
& (i —2a=1=ix
< iy — 1 € Inv(a).

On the other hand, since iy = 1, we have (i — 1)a = (ix + 1)a = 2. Then

r—DB=G(r—Da+a—-1=2+a—-1=a+1,
WB=a+l—ira=a+1—-1=a

and
e+ 1D)B=a+1—-(Gx+1DHa=a+1—-2=a—1,
whence iy ¢ Inv(B). Therefore, inv(B) = r and so, by induction, we have 8 € (A’).
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Finally, within this case, we prove that Inv(a) = Inv(Ba,—1). Leti € Inv(x) N
[1,ix — 2]. Then

(i —DBag—1 =0+ DBas—1 & (( — Da+a—Dog—1=(( + Da+a — Dag—1
& (—Da=(G+Da

(by the definition of «,_ restricted to [a, n]). Leti € Inv(«) N [ix + 1, n]. Then

(i — DBag—1=0 +DBag—1 & (a+1—-(0—-Da)ag_1=(a+1—({+ Da)ag1
& (i — Da=(i + Da

(by the definition of «,_ restricted to [1, a]). Moreover, we have
(ix = 2)Bag—1 = (ir)Bag—1 & ((k —2)a+a— Dag—1 = (a@a+1— ((r)a)og—1.

Thereby, if iy — 1 € Inv(w) then (ix — 2)a = iro = 1, whence (iy —2)a+a — 1 =
a =a+1—irxand so (iy —2)Bog—1 = ixfog—1, i.e., iy — 1 € Inv(Bag—1).
Conversely, if iy — 1 ¢ Inv(x) then (iy — 2)a # ixa and, as (i — 1)o = 2, we have
(ix —2)a = 3, from which follows (ix —2)Bas—1 = (@a+2)ay—1 =3 # 1 = i Bag—1
and so iy — 1 ¢ Inv(Ba,—1). It remains to show that iy € Inv(Ba,—1). In fact, since
a € Inv(ag—1) and (ixy — Do = 2 = (ix + 1), we obtain

(ix — DBoy—1 = ((ix — Da+a—1Dag_1 = (a+ Dag—1 = (a— Doy_1
=(a+1— >+ Do)ag_1 = (ix + DPag_1.

Thus, we have Inv(a) = Inv(Ba,_1). Since B € (A’), then Ba,_| € (A’) and so, by
Lemma 3.3, we have o € (A').
Case 2 Suppose now that there exists k € [1,r + 1] such that iya = b. Recall
that Im(«) = [1, b]. Consider the transformation ata,_p, € EndP,. Since T is a
permutation of [1, n] and «,,—p is injective in [n — b + 1, n] = Im(w)t = Im(x7),
then Ker(atwo,—p) = Ker(a), i.e., Inv(eta,—p) = Inv(e), by Lemma 3.2. Hence,
o € (A'yifand only if eter,_p € (A’), by Lemma 3.3. Observe also that iy € ba™! =
1(atan—p)~'andso,in particular, we also have i (¢t —p) = 1,1.e.,aTo,_p satisfies
the condition of case 1. Therefore, ata,_;, € (A’) and so we have o € (A’).
Case 3 Next, we suppose that {1, b}of1 = {1, n}. Without loss of generality, let
le = 1land ne = b (if lo = b and nae = 1 then It = 1, ntae = b and, by
Lemma 3.3, o € (A’) if and only if Tz € (A")).

First, let us admit that r = 1, i.e., Inv(a) = {i1, i2}. Let j =iy —ij and i = 2ij —
ip—1.Asla = landna = b,thenija = iy andirax = i1 —(ir—i1) = 2i1—ip = i+1.
In addition, from b — ira = n — i, we obtain

b=n+ia—ir=n+ Qi1 —ix) —ip=n+2i1 —2ir =n—2j.
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As?2 <ia <ijoa <b—1,wehaveb =n—2j > ija +1 = i; + 1, whence
i1<n—2j—1,andijo —ipax < b — 3. Thus,

i=2i1—ih—1<n—2j—1+(@G —i))—1=n—3j—2

and

—3
jmiy—i=ija—iza <b—3=n—2j-3 = 3j<n-3 = jgv3 J

Therefore, we may consider 8 ; € A’ and, clearly, we have @ = Bj,i-Hencea € (A7)

Now, suppose that » > 1. Define ¢ = max{ij«, ..., i,«} and let k € [1,r] be
such that iy = c. Since i,4+1¢ < b = na, we have i, 10 < i, < c. Also,
define d = min{if4+¢, ..., i,+1a} and let £ € [k + 1, r 4+ 1] be such that iy = d.
Furthermore, we define a transformation y of [1, n] by

xo, X <y
xy =14 2¢c — xa, r<x<iy
xa+2c—2d, x>iy.

Then y € EndP,. In fact, since « € EndP,, we have [xy — (x + 1)y| = 1, for all
x € [l,n — 1]\ {ix — 1,i¢}. Moreover, from (iy — 1)y = (ix — Do = iy — 1 =
¢ — 1 (notice that, if (i — o = ira + 1 = (ix + D« then, as la = 1, it would
exist € [1,k — 1] such that i;a > ¢, which contradicts the definition of i;) and
ixy = 2c — ixa = c, it follows that |(ix — 1)y — ixy| = 1. On the other hand,
since we must have (iy + )ao = iy + 1, from iyy = 2¢ — iy = 2¢ — d and
Ge+ Dy =(>(r+Da+2c—2d =igax+1+4+2c—2d =2c —d+ 1, it follows that
ligy — (¢ + Dyl=1.

Next, we show that Inv(y) = Inv(a) \ {ig, i¢}.

Clearly, if x € [1,ix — 2] U [ix + 1,i¢ — 1] U [ig + 2, n] then x € Inv(y) if and
only if x € Inv(a). Also

ik —1elnv(y) & (ik —2)y =ixy
& (i —2)a =2¢ — i
& (i —2a=c =iy
< iy — 1 € Inv(a).
On the other hand, since iy = ¢ and (i — 1)a = (ix + 1)a = ¢ — 1, we have
(r—Dy=>Gr—Da=c—1,ixy =2c—ira =c
and

(xr+ D)y =2c—(x+1Da=2c—(c—1)=c+1,

@ Springer



Ranks of Monoids of Endomorphisms of a Finite Undirected Path 1637

whence iy ¢ Inv(y). Moreover,

ir+1elnv(y) iy =@ +2)y
& 2c—ipa = (ig +2)aa +2¢ — 2d
& 2c—d=(ig+2)a+2c—2d
S (ip+2)a=d =i
&g+ 1 €lnv(w).

On the other hand, since iy = d and (iy — 1)a = (ig + 1)a = d + 1, we have
(g —1Dy=2c—(G(¢—Da=2c—(d+1)=2c—d—1,iyy =2c —ijga =2c—d
and

e+ Dy=>G(Ge+Da+2c—2d=d+1+2c—2d =2c—d+1,

whence iy ¢ Inv(y).
Therefore, inv(y) = r — 1 and so, by induction, we have y € (A’).
Finally, we prove that Inv(«) = Inv(yB.—q.a—1)-
Leti € Inv() N[1, i — 2]. Then

(i = DyBe—aa—1 =0+ DyBe—aa-1 & (i — DaBe—ga—1 =0+ Dafe_qga-1
S ((—Da=>G0+ o

(by the definition of B._4 4—1 restricted to [1, c]).
Leti € Inv(x) N [ix + 1,i¢; — 1]. Then

(i = DyBe—d.da—1 = (i + DyBe—d.a—1
& 2c—( — Da)Be—d,a-1 = 2c — ( + Da)Be—d,a-1
& (c+ (=G —Da)Be—d.a—1 = (c+ (c— ( + Da)Be—a.d-1
S (i—Da=(0+a

(by the definition of B._; 41 restricted to [c, 2¢ — d]).
Leti € Inv(a) N [ig + 2, n]. Then

(i — DyBe—da—1 =0+ DyYPe—aa-1
& (( —Da+2c—2d)Be—g,a—1 = ((( + Da +2c —2d)Be—q,a—1
& 2c—d+(( —Da—d)Be—dga—1=Q2c—d+ (( + Da—d))Be—d,a-1
& (i —Da=(+Da

(by the definition of B._4 4—1 restricted to [2c — d, n]).

Moreover, if i — 1 € Inv(e) then (ix —2)a = iro = c¢. Thus, (ix —2)yBe—d.a—1 =
ik —2)aBe—d,d—1 = cBe—d,d—1 = Qc—ira)Be—d.d—1 = ixyBe—d,d—1andsoir—1 €
Inv(yBe—d.a—1). Conversely, if iy — 1 ¢ Inv(x) then (ix — 2)a # iroe = c and, as
(ix —Da =ira—1=c—1,wehave (iy —2)a = c—2.Hence (ix —2)yBe—d.a—1 =
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(ix=2)aBe—d,d—1 = (¢=2)Be—d,d—1 = =2 # ¢ = cBe—d,d—1 = (2c—C)Be—d,d—1
(2c — ix@)Be—d,d—1 = ixYBe—d,d—1 and so iy — 1 ¢ Inv(yBe—d,d—1).

Analogously, if iy + 1 € Inv(«) then ijor = (ip +2)a = d, whence ipyBe—d.a—1 =
2c —iga)Be—d,a—1 = 2c = d)Be—d,a—1 = d = ((ig + Da + 2¢ — 2d)Be—q,a-1 =
(i¢e+2)yBe—d.a—1andsoip+1 € Inv(yB.—q.4—1). Conversely, if iy +1 ¢ Inv(x) then
d=1ipax # (i +2)a.As (ig+ 1) =iga+1 =d+1,then (i +2)o = d+2, whence
ieyBe—dd—1 =d #d+2 = 2c—d+2)Be—dg.a-1 = (it +2)a+2c—2d)Be—d,a-1 =
(i¢ +2)yBe—d,a—1and so iy + 1 ¢ Inv(yBe—g.a—1)-

It remains to show that iy, iy € Inv(yBe—g.,a—1)- As c,2c —d € Inv(Be—ag,a—1),
iy —Da=c—1=(x+Daand (iy — D)aa =d+1 = (iy + 1), we have
(ix — DyBe—da-1 = (ix — Dafe—ga—1 = (¢ = Dfe—ga—1 = c—1 = (c +
DBe—da—1 = 2c — (g + De)Be—a,a—1 = (k + D)yBe—d.da—1, as well as (ip —
DyBe—dg.a—1 = (2c — (ie — Da)Be—d.a-1 = 2c —d — Dfe—ga—1 =d+1 =
Qc—d+ Dfe—ga—1 = (g + Do+ 2¢ = 2d)Be—g,a—1 = (i + DyYBe—d,a—1-

Thus, we showed that Inv(«) = Inv(yBc—q.4—1).Since y € (A’),thenyBc_qg.4-1 €
(A’y and so, by Lemma 3.3, we have o € (A’), as required. O

Now, let us consider

A Z{T}U{aili:l,...,Ln;lJ}
- n—31| . n—3j—1
NPVl B L T ]

The next two lemmas together with the previous one show that A is a generating
set of EndP,,.

Lemma3.5 {o; |i=1,2,...,n—2} C (A).

Proof Ifi =1, ..., L%J then o; € A and so «; € (A). On the other hand, we have

aLEJH = taLLIJ’l’ e, O3 =TOR, Ay = TO],
2 2

if n 1s odd, and

QL%J‘H = TQL%;]J, e, O3 =TOp, Oy =T,
if n is even. Hence, we also have «; € (A), fori = L%J +1,...,n—2,asrequired.
[m}
Lemma3.6 {B;;|j=1...., L%J,i: I,...,n—=3j =2} C(A).
Proof Letj =1,..., [ 3. 0fi = 1,..., "3~ |thenB;; € Aandso f;; € (A).

On the other hand, it is a routine matter to verify that
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e (8 o) = (0 o))
Ko (8 i) = (4 )

Ker (Bj.n-3j-3) = Ker (tB) 2) , Ker (Bj.n-3j-2) = Ker (zB;.1),

if n —3j — 2 is even, and

e (8 ) = ()
e (8 ) =K (4 ) -

Ker(Bj n—3j-3) = Ker(r8;2), Ker(B;,-3;-2) = Ker(zB;1),

if n —3j — 2 is odd. Thus, in view of Lemmas 3.1 and 3.5, for i = L%J -

I,...,n—3j —2, we conclude that also 8; ; € (A), as required. O

Proposition 3.7 The set A generates EndP,. Moreover, |A] = 1 + L"—;lJ +

o=

Proof The assertion is an immediate consequence of Lemmas 3.4, 3.5 and 3.6. O
Let

o (leii4li42- n
i=\1.i i i41le-n—1)
fori =1,..., 5] Let

B:AUly,-|i=1,...,L%”.

Leta € wEndP,,. We say thati € [1, n — 1] is a repetition of o if (i) = (i + ).
Denote by rep(«) the number of repetitions of «. This notion will be used in our next
result. Observe that, clearly, o« € End P, if and only if rep(a) = 0.

Proposition 3.8 The set B generates wEnd P,,.

1--vi i i+1---n—1
Then, it is easy to check that y,_; = ty;ty, foralli = 1,..., L%J. Hence
Y1, -- -, Yn—1 belong to the monoid generated by B.

Now, in order to show that any « € wEnd P, belongs to the monoid generated by
B, we proceed by induction on rep(«).

Proof First,fori:L%J—i—l, ...,n—1,consideralso y;= (1 o bidliA2 e n )
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Let « € wEnd P, be such that rep(e) = 0. Then, as observed above, « € EndP,
and so, by Proposition 3.7, we may conclude that & belongs to the monoid generated
by B.

Let £ > 0 and, by induction hypothesis, admit that o belongs to the monoid gener-
ated by B, for all « € wEnd P, such that rep(«) = k (notice that, for such « to exist,
we must have k <n — 1).

Let « € wEnd P, be such that rep() = k + 1 (by supposing that k < n — 2). Let

1 i i+1 ---n—ln)
laa ---ia i +2)a--- nae b))’
where b = na — 1, if na > 2, or b = na + 1, otherwise. It is clear that 8 € wEnd P,
and rep(B) = rep(o) — 1 = k, whence B belongs to the monoid generated by B, by
induction hypothesis. On the other hand, it is a routine matter to check that « = y; 8
and so we may conclude that o belongs to the monoid generated by B, as required. O

i € [1,n — 1] be a repetition of « and take § =

n=3 .
Observe that |[B| = n + 25:1 ! L#J.
In order to compute the ranks of End P, and wEnd P,,, we start by proving a series

of lemmas involving the notion of inversion.

Lemma3.9 Let o, B € WEnd P, be such that af € End P,,. Then, we have:

I. « € EndP,;
2. Inv(a) C Inv(apB);
3. {ie2,n—1]]ix € Inv(B)} C Inv(ap).

Proof 1.1f « € wEnd P, \ EndP, thenio = (i + 1), for some i € [1,n — 1], and so
iaf = (i + 1)aB, whence af ¢ EndP,, which is a contradiction. Thus, « € EndP,,.

2.Leti € Inv(x). Theni € [2,n—1]and (i — 1)a = (i + ). Hence (i — Do =
i+ DaBandsoi € Inv(ep).

3. Leti € [2,n — 1] be such that i € Inv(B). Then, 2 < i < n — 1 and
(fa =D = (ia + DB.

If(@—1Da=G+ Dathen i — )aB = (i + 1)aB and soi € Inv(apf).

Let us suppose that (i — 1)a # (i + 1)«. Then, either (i — 1) = i — 1 and
i+Da=ia+1lor(i—1a=ia+1and (i + 1)a = i — 1, from which follows
that ( — B = (o F1)B = (o £ 1) = ({ + Daf and so i € Inv(eB), as
required. O

Lemma3.10 Let o, B € WEndP,. Let i € Inv(ap) be such thati ¢ Inv(x). Then
ia € Inv(B).

Proof Asi € Inv(aB),wehave2 <i <n—1land (i — DaB = (i + DaB # iaB.In
addition,as2 <i <n—1andi ¢ Inv(x), wehave (i — )ax = (i + Daor (i — Do =
i+ Da=ia.lf((—1a=>G+Da =iathen (i — o = i+ Daf =iap,
which is a contradiction. Hence (i — 1)a # (i + 1)a. Moreover, if (i — 1)o = i« or
(i+1Da =iathen (i—1)af =iafor (i+1)af = iaf, which also is a contradiction.
Thus, either ( — 1)aa =i — land (( + )a =i+ 1or (i — o = i + 1 and
(i + Da = ia — 1 (and, in both cases, we must have 2 < ia < n — 1), whence
faFDB=>G—DaB =G+ DaB = ({ax1)Bandso (ic — 1) = (ia + 1)B.
Since (i + 1)af # iaB, we have (i — 1) = (i + 1)B #iaf,ie., ia € Inv(B), as
required. O
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Lemma3.11 Let « € WEndP, andi € [2,n — 1]. Then i € Inv(x) if and only if
n—i+1elnv(rta).

Proof First, notice that2 <i <n — lifandonlyif2 <n—i+1 <n — 1. Then

iehvie) e (i — Da=(>0+ Do #ia
Sh—i+Dra=m—-DHrta#n—i+ Dt
S(mn—i+DH)+Dra=(n—i+1)—Drta#nm—i+ DTt
< n—i+1¢€lnv(ra),

as required. O
The next lemma is clear.
Lemma 3.12 Let C be a generating set of End P, or of WEndP,,. Then t € C.

Recall that Inv(t) = @. Moreover, for « € End P,, we have Inv(«) = ¢ if and only
ife=1lora=r.

Lemma 3.13 For each n € N\ {1}, there holds the statement: If C is a generating set
of End P, or of WEnd P,, then L"z;lj < |{a € C | inv(a) = 1}].

Proof If n = 2 then |{@ € C | inv(e) = 1} = 0 and s0o 0 = L J < {ax € C |
inv(a) = 1}|. Thereof, let n > 3. In order to obtain a contradiction, let us assume that
{o € C |inv(er) = 1}| < |5 | forann € N.Asn > 3,wehavethat[2, L] # 0.
Then, there exists i e [2, |41 ]] such that {i,n —i + 1} NInv(er) = @, foralla € C.
Asl<i—-1< |_ J we may consider the transformation o;_1 € A.

Let &y, ..., & e C \ {1} be such that ;| = & ---& and {§;,&;41} # {7}, for
j=1,. ..,k — 1. Notice that Inv(«;—1) = {i}, whence oj_1 ¢ C and so k > 2.
Moreover, as «;—; € EndP,, by Lemma 3.9, we have & € EndP, and Inv(§;) C
Inv(é;--- &) = Inv(oj—1) = {i}. Then Inv(&;) = @, since & € C,andso & =1
(since &1 € End P, and &1 # 1).

Applying Lemma 3.9 again, we obtain Inv(t&;) = Inv(§1&) C Inv(§;--- &) =
Inv(ej—1) = {i} and t&; € EndP,. Hence, Inv(t&;) = @ or Inv(t&;) = {i}.

Suppose that Inv(t&) = (. Then t&, = l or 7& = 7, and so & = 1 or
& = 1, which is not possible since {&1, &} # {r} and & ## 1. Thus, we must
have Inv(7§;) = {i} and so, by Lemma 3.11, it follows that Inv(&) = {n — i + 1},
which is a contradiction, since & € C.

Therefore, C must contain at least | “5~ L | distinct transformations & with inv(e) =
1, as required. O

Lemma3.14 Letn e N,n > 6, j € [1, %53 ]] andi € [1, L#J]. Then

2<i4+1<n-2, 4<i+4+2j+1<n—-2 and 5<i+3j+1<n-1.

Proof Wehave2 <i+1 < = 3] !

hand,4§i+2j+1§i+]+1+1<

+1<23=141=2-1<n—1.0nthe other
n3]1+3+J+1 5n3]9+1<
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5n—63—9—|—1 = %”—1 <n—1.Finally,5 <i+3j+1<?2
n43j+l _ n+3-133 41
2 2

=3j—1
2

+3j+1=

=n — 1, as required. O

Lemma 3.15 For each n € N\ {1}, there holds the statement: If C is a generating set

of EndP, or of WENdP, then Y°" 3 | "=4=1| < |{o € C | inv(e) = 2}].

Proof If n € [2,5] then 0 = |[{¢ € C | inv(e) = 2}|. Consider then n > 6. Let
j € [1, L%J] andi € [1, L"_32]_1J].Inorderto obtain a contradiction, let us assume
thatInv(a) # {i+j+1,i4+2j+1}andInv(a) # {(n—(G+j+D+1, n—G+2j+1)+1},
foralla € C.

Let us consider the transformation g; ; € EndP,. Observe thatInv(B; ;) = {i +j+
1,i+2j+1}, whence B;; ¢ C.Letéy,...,& € C\{l}besuchthatB;; =& ---&
and {&¢,&¢11} # {t},for £ = 1,...,k — 1. Notice that k > 2, since B;; ¢ C. As
Bj.i € EndP,, by Lemma 3.9, we have & € EndP, and Inv(§1) C Inv(§;---&) =
Inv(B;i)=1{i+j+1,i+2j+1}. Since §; € C, theninv(§;) =0orinv(§) = 1.

Ifinv(é) =1thenInv(é) e (i +j+ 1}, i +2j + 1}}.

On the other hand, suppose thatinv(é1) = 0. As §; € End P, (and &1 # 1), then we
must have §; = 7. By Lemma 3.9, we get Inv(t&) = Inv(§1&) C Inv(§)--- &) =
Inv(B;;) ={i +j+1,i +2j+ 1} and & € EndP,. It follows that & € EndP,
and, by Lemma 3.11, that Inv(§$)) € {n -G+ j+ D+ 1L,n -G +2j+ 1)+ 1}
As & € C, we obtain inv(§&) = O orinv(§é) = 1. Ifinv(&) = Othen & = ¢
(since & # 1 and & € EndP,) and so {&, &} = {r}, which is a contradiction. Thus
Invi&)e{in—G+j+ D+ 1}, {n—(@G+2j+ 1)+ 1}}. Also, notice that, in this
case, k > 3 (since k = 2 would imply & = tf8;; and so inv(§) = 2, which is a
contradiction).

Therefore, we have four cases to consider.

Case 1 Inv(&)) = {i + j + 1}. Then, as &; € EndP,, we must have (i +2j + 1)& =
(i + 1)&1. On the other hand, since i +2j + 1 € Inv(B;;) = Inv(§1(&2 - - - &)) and
i+2j+1 ¢ Inv(&), by Lemma 3.10, we obtain (i +2j 4+ 1)1 € Inv(&; - - - &). Thus
i+ 1)& €Inv(é---&). Now,as 2 <i+ 1 <n—2(by Lemma 3.14), it follows by
Lemma 3.9 thati + 1 € Inv(§1(§2 - - - &)) = Inv(B; ;), which is a contradiction.
Case 2 Inv(§;) = {i +2j + 1}. Notice that 5 <i +3j+ 1 <n — 1, by Lemma 3.14.
As & € EndP,, in this case, wehave (i +3j+ 1) = (i+j+ 1)&;.Sincei+j+1 €
Inv(B;;) = Inv(§1(&2---&)) and i + j + 1 ¢ Inv(§;), by Lemma 3.10, we obtain
(i+j+1Dé& elnv(& ---&),ie.,(+3j+1)§ € Inv(& - - - &). Hence, by Lemma 3.9,
we geti +3j+ 1 elInv(é (& ---&)) = Inv(B;,;), which is a contradiction.

Before considering the next case, we observe that Inv(t8; ;) ={n—( +j+ 1)+

1,n—(G+2j+ 1)+ 1}, by Lemma 3.11.
Case3& =tandInv(&) = {n— (i +j+ 1)+ 1}. Since & € End P, we deduce that
m—G+D+DE=m—(G+2j+ 1)+ Dé&. Moreover,asn — (i +2j+ 1)+ 1 €
Inv(zB;i),n — (G +2j+ 1)+ 1 ¢ Inv(§) and t8;,; = £2&3 -- - & (notice that, in
this case, k > 3), by Lemma 3.10, we have (n — (i +2j + 1) + 1)& € Inv(&3 - - - &).
Thus,(n— (i +1)+1)& € Inv(&3-- - &). From2 <i+1 <n—2 (by Lemma 3.14),
we obtain 3 < n—(+ 1)+ 1 < n —1 and so, by Lemma 3.9, it follows that
n—(G{+1+1e€Inv( (s ---&)) =Inv(rB;;), which is a contradiction.

@ Springer



Ranks of Monoids of Endomorphisms of a Finite Undirected Path 1643

Case4& = randInv(§) = {n— (G +2j+ 1)+ 1}. Once again since & € EndP,, we
concludethat(m — (i +j+ 1)+ 1) = (n— (i +3j+ 1)+ 1)&. On the other hand, as
n—G+j+D+1elv@p;)n—Gi+j+D)+1 ¢ IvE) and 0 ; = £r&s - &
(k > 3, also in this case), by Lemma 3.10, we have (n — (i + j + 1) + 1) €
Inv(é&3---&)andso(n — (@ +3j+ 1)+ D& € Inv(&z - - - &). By Lemma 3.14, we
have 5 <i+3j+4+1<n—1,whence2 <n—(i+3j+ 1)+ 1 <n—4. Hence, by
Lemma 3.9, we obtainn — (i +3j + 1) +1 € Inv(§2(&3 - - - &)) = Inv(tB; ;), which
is a contradiction.

Since we obtained a contradiction in all possible cases, it follows that Inv(x) =
{i+j+1, i+2j+1}orInV(oz):{n—(l+]+1)+1 n—@G+2j+1)+ 1},

for some o € C. Therefore C has at least ZL = MJ distinct transformations

o with inv(a) = 2, as required. O

Theorem 3.16 rank(EndP,) = 1 + |“5 L —i—ZL <) | 2= 3] 1301 | for eachn € N\ {1}.

Proof The assertion is an immediate consequence of Proposition 3.7 and Lem-
mas 3.12, 3.13 and 3.15. O

To calculate the rank of wEnd P,,, we still need the following lemma.

Lemma 3.17 For each n € N\ {1}, there holds the statement: If C is a generating set
of WEnd P,, then L%J < |{e € C N (WEndP, \ EndP,) | inv(e) = 0}|.

Proof leti € [1, I_%J] (asn # 1 we have [1, I_%J] #0). Leté&y, ..., & € C\ {1} be
such that y; =& ---§and {§;,&; 1} # {r},for j =1,...,k— 1. Then

Ker(&)) € Ker(y;) =id, U{(G,i + 1), (( + 1,1)},
whence & is a permutation of [1, n] or Ker(&1) = Ker(y;) andso,as &) # 1, & =71
or Ker(&1) = Ker(y;).
Suppose that §; = t. Thenk > 2 and 7y; =&, - - - &. Hence
Ker(&) C Ker(ty;) =id, U{n—i,n—i+1),n—i+1,n—1)}.
Since {&1, &} # {7}, then & # 7 and so
Ker(&) = Ker(ty;) =id, U{(n—i,n—i+1),n—i+1,n—1)}.
Therefore, C possesses at least | 5] (distinct) transformations o« such that
Ker(a) =1id, U{(i,i + 1), (G + 1,1)},

for some i € [1,n — 1]. Clearly, « € wEndP, \ EndP, and inv(ex) = 0, for all
transformations o with this type of kernel. This completes the proof of the lemma. O

Recall that, for a semigroup (or a monoid) S and a set X C S, the relative rank of
S modulo X, denoted by rank (S : X), is the minimum cardinality of aset Y C § such
that § is generated by X U Y.
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n=3 ,
Theorem 3.18 For each n € N\ {1}, rank(wEndP,) = n + Z]L':S] JL#J and
rank(WEnd P, : EndP,) = |5].

Proof The statement is the result of Proposition 3.8 together with Lemmas 3.12, 3.13,
3.15 and 3.17. O
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