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1. Personal data.
Konstantin Delchev graduated in mathematics at Sofia University "St. Kliment
Ohridski” in 2015. The same year he was enrolled in the PhD program in Informatics and
Computer Science at the Department of Mathematical Foundations of Informatics of Institute
of Mathematics and Informatics. He is very active in the project activity, as well as in the
organization of competitions for pupils and students. Konstantin Delchev is the deputy
national organizer of the national competition "Young Talents". He has been responsible for
the training of the Bulgarian team for the EUCYS international competition since 2011. He
himself participated in the European competition in 2003. Unfortunately, the CV he presented

does not contain information about other competitions and contests in which the dissertation
participated as a student..
2. Relevance of the topic.
The dissertation of Konstantin Delchev is devoted to research in Algebraic Coding
Theory, related to the construction of different types of codes, as well as to the study and
improvement of bounds for some basic parameters of these codes. Basically, two large
families of codes are considered, namely spherical codes and block codes with two distances.
Spherical codes are sets of points in the unit sphere in the n-dimensional Euclidean
space. The author's research is devoted to antipodal codes (i.e. codes C for which 𝐶 = −𝐶)
with a small number of distances (Chapter 2), as well as to spherical designs with relatively
small cardinality (Chapter 3). There is a group of mathematicians in Bulgaria who do research
on spherical codes and designs. Several dissertations have already been defended in this field,
the first of which is by Prof. Boyvalenkov, and the others are under his supervision.
The codes with two distances considered in the dissertation are block codes over an
alphabet with q elements. The motivation is to consider a family of codes that have good
characteristics and useful structure (for practical and theoretical applications) and optimal
values of the considered parameters, having in mind the very detailed research on codes with
a fixed distance between every two codewords (equidistant codes). The author proposes
constructions and methods to prove upper bounds for the cardinality of codes with two
distances 𝑑 and 𝑑 + 𝛿, 𝛿 ≥ 1, as a special attention in Chapter 4 is paid to the case 𝛿 = 1.

3. General characterization of the dissertation.
The dissertation consists of 84 pages and is structured in five chapters and references
of 100 titles. The first chapter called “Introduction” presents basic notions and classical
results about spherical codes and designs, obtained by the linear programming. In my opinion,
it would be better if Chapter 1 has another title, but before that to have a real introduction to
the dissertation that gives a general idea of its content and structure.
Chapter 2 is devoted to the antipodal spherical codes, and the results are obtained by
examining their derivative codes. Techniques related to linear programming are used, as well
as some combinatorial properties of these codes. Bounds for antipodal spherical codes with
several possible distances are obtained. Theorems on the maximal possible cardinality of such
codes in the cases when the different inner products are (1) − 1 and ±𝑠; (2) − 1, 0 and ±𝑠;
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and (3) − 1, ±𝑠1 and ±𝑠2 , are proved. The spherical codes consists of points (vectors) in the
Euclidean space ℝ𝑛 , so there is a relationship between the distance and the inner product,
namely 𝑑(𝑥, 𝑦) = √2(1 − 〈𝑥, 𝑦〉), 𝑥, 𝑦 ∈ ℝ𝑛 . It is more convenient for the researchers to use
the inner product due to its relation with the theory of orthogonal polynomials. This chapter
follows the publication of Konstantin Delchev with his advisor in the scientific journal
Electronic Notes in Discrete Mathematics from 2017.
In Chapter 3 the author considers bounds on the energies of spherical designs with
relatively small cardinality. The spherical designs are a special class of spherical codes that
can be applied in approximation theory, in statistics for experimental design, in combinatorics,
etc. The author has given three equivalent definitions but here I present the following taken

from R. H. Hardin and N. J. A. Sloane: A set of M points is called a spherical 𝜏 -design if the
integral of any polynomial of degree at most 𝜏 over the sphere is equal to the average value of
the polynomial over the set of M points. Given a value of M, one wishes to choose
the M points so as to maximize 𝜏. Gegenbauer polynomials are very important in the research
on spherical designs. They can be defined recursively as follows:
(𝑛)
(𝑛)
(𝑖 + 𝑛 − 2)𝑃𝑖+1
(𝑡) = (2𝑖 + 𝑛 − 2)𝑡𝑃𝑖(𝑛) − 𝑖𝑃𝑖−1
,

(𝑛)
(𝑛)
𝑃0 (𝑡) = 1, 𝑃1 (𝑡) = 𝑡.

The h-energy of a spherical code (in particular a 𝜏 − design) С is defined as
𝐸(𝑛, 𝐶; ℎ) =

∑

ℎ(〈𝑥, 𝑦〉),

𝑥,𝑦∈𝐶,𝑥≠𝑦

where ℎ: [−1,1] → [0, +∞]. The author derives upper bounds for the potential energy of
spherical designs of cardinality close to the Delsarte–Goethals–Seidel bound. These bounds
are obtained by linear programming with use of the Hermite interpolating polynomial of the
potential function in suitable nodes. Numerical computations show that the results are quite
close to certain lower energy bounds confirming that spherical designs are, in a sense, energy
efficient.
The last two chapters are devoted to another type of codes, namely block codes over
an alphabet with q elements. They are based on the joint research of the author with his
supervisor prof. Boyvalenkov and the colleagues from Russian Academy of Sciences V.
Zinoviev and D. Zinoviev. Without loss of generality, we can take the alphabet to be 𝑄 =
{0,1, … , 𝑞 − 1}. These codes are subsets of 𝑄 𝑛 for a given length п. I have the following
remark to the author: If we want 𝑄 𝑛 to be a linear space, it is necessary for the alphabet Q to
be a field. If we consider nonlinear codes, this is not necessary but for linear codes q must be
a prime power and the considered alphabet must be a field. In the literature linear codes over
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rings are also studied (for example 𝑄 = ℤ𝑞 for an arbitrary positive integer 𝑞), but if such a
ring is not a field, 𝑄 𝑛 is not a linear space and then the definition for a linear code is a little
bit different.
In Chapter 4 the author considers block codes with two distances d and d+1. Several
constructions of such codes are given. Upper bounds for the maximum cardinality of such
codes are derived. Tables of lower and upper bounds for small q and n are presented. I did not
understand why linear codes are denoted by [𝑛, 𝑀, 𝑑] instead of [𝑛, 𝑘, 𝑑] (𝑀 = 𝑞 𝑘 ). In the
paper [34] the standard notation is used. I noticed that the author did not include in the
dissertation the statements for linear codes obtained by constructions 4, 5 and 6, as well as the
results from Section 4 of [34], related to linear codes. I suppose that this part of the research
has been done by the Russian coauthors. If so, it would be better not to address the issue of
linearity in the dissertation at all.
In Section 4.3 upper bounds for the cardinality of codes with two distances are
presented. This section has a title Upper bounds for codes with two distances, as the option
for two consecutive distances is presented in Subsection 4.3.1. This does not seem to me to be
well thought out, because in practice only the case of two consecutive distances is considered
in this section. Constructions for codes of the considered type are derived in Section 4.5.
Section 4.6 presents tables with upper and lower bounds for the cardinality of codes with two
consecutive distances over alphabets with 2, 3, 4 and 5 elements for 𝑛 ≤ 18, 𝑑 ≤ 13. The
table for 𝑞 = 2 is not complete as it is in [34].
Chapter 5 is a kind of extension of the previous chapter, as the author considers again
block codes with two distances but these distances are d and 𝑑 + 𝛿 for different natural
numbers 𝛿.
The dissertation is well balanced in content and follows the papers published during
the doctoral program. I have already mentioned my remark on the introduction. The text is
relatively well formed, but there are some inaccuracies in the terminology. The references of
100 titles shows a very good knowledge of Konstantin Delchev about spherical codes and the
combinatorial structures used.

4. Contributions and importance of the results obtained
I accept and approve the submitted contributions, indicated by the author. I would
highlight the following contributions:
•

About the spherical codes:
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o New bounds for the antipodal spherical codes with few distances are
derived.
o Upper bounds for the potential energy of spherical designs with a given
cardinality are proved.
•

About the block codes with two distances:
o Several constructions of codes with two distances are given.
o Upper bounds for the maximum cardinality of codes with two consecutive
distances are proved.
o Necessary conditions for existence of codes with two given distances are
derived.

5. Publications and citations
Konstantin Delchev's dissertation is based on 6 publications. All of them are written in
English and published in international scientific journals and in proceedings of international
conferences. Four of the articles are with SJR, and three of them have a JCR-IF from Web of
Science.
The first serious scientific paper of Delchev is co-authored with his supervisor. The
two publications in the proceedings from the international conferences ACCT in 2018 and
2020, as well as two of the journal papers, are co-authored by P. Boyvalenkov, V. Zinoviev
and D. Zinoviev. The latest paper, published in 2021, has two co-authors - P. Boyvalenkov
and the graduate student Matthieu Jourdain, who was an intern at IMI. My opinion is that the
contribution of Konstantin Delchev in the joint publications is equal.
The results of this dissertation were reported at two conferences on algebraic and
combinatorial coding theory ACCT’2018 in Russia and ACCT’2020, held online. Konstantin
Delchev has presented a list of four citations.

6. The author’s summary
The author's summary is made in accordance with the rules and accurately and
completely assesses the main results obtained in the thesis.
7. Personal impressions
I have known Konstantin Delchev for about ten years, since he participated in the
annual seminar on Coding Theory. About 4-5 years ago I had to work with him on the
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preparation of a project documents for the Bulgarian Science Fund. I was impressed by his
paperwork skills and his responsiveness. Delchev is an intelligent young man with diverse
interests, who has already gained experience in organizing various events, preparing young
people to participate in Olympiads and competitions, as well as in applying for research and
educational projects.
8. Comments and Recommendations
The dissertation follows the papers published by Delchev, as the first chapter presents
the main definitions, theorems and classical results related to spherical codes. The title also
suggests that the original idea was for the entire dissertation to be devoted to spherical codes,
but the topic of codes with two distances was later developed. Therefore, the introduction to
this topic is only in Chapter 4 and does not present the classic results for this type of codes.
I have already made a few remarks on terminology and notations. I could add to the
list of such remarks, for example on page 43 in the definition of weight should be written
"non-zero coordinates", on the same page instead of "codes over Q" it says "codes over 𝑄 𝑛 “,
it is said about points in a code instead of codewords, etc.

9. Conclusion
The presented dissertation satisfies all the criteria and indicators of the law and the
regulations in Bulgaria. After I familiarized myself with the presented dissertation, the
importance of the research and the scientific and applied contributions contained therein, I
give an overall positive assessment to the applicant Konstantin Vassilev Delchev to obtain
the scientific degree "Doctor" in
Research area:

4. Natural Sciences, Mathematics and Informatics,

Professional field: 4.6 Informatics and Computer Science.

17.05.2021 г.

Reviewer:
/Prof. Stefka Bouyuklieva/
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