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1 VYBog

XomoJtornaHaTa OrJiea Ha CAMETPUS € HOBO HAIllPaBJIeHne B MoiepHaTa MareMaTnka. OCHOB-
HaTa e Ha Tasu Jlucepramnus e pasBuBaHe Ha XOMOJOIHIHATA OIJIEIATHA CUMETPHS 33 Tie-
JINTe Ha KJIacHIecKaTa OMpalnoHAJHA IeOMEeTpHs — IIOKA3BaHeTO, Je o0Inara JeTHpUMEepHa
KyOHKa W JIpyrd MHOrooOpasms Ha Fano He ca pamuoHaTHH.

B cBog noksay Ha Mexaynapoaaus maremarndeckun konrpec npe3 1994, Kontsevich
(ocuoBen cbrpyauuk Ha Katzarkov) mskaspa xumoresara, e OriegaiHara CUMeTpHS 3a
npoiika mHoroobpasug Ha Calabi-Yau X u Y 6um morsna jga 6biae obsgcHeHA KAaTO e€KBUBAa-
JIEHTHOCT Ha TPHAHTYJIMPAHA KAaTeropHs, KOHCTPYHpaHa OT aareOpHdHaTa reoMerpus Ha X
(Ipou3BOHATA KATErOpUsT HA KOXEPEHTHH CHOMOBe BLPXY X ) M JIpyra TPHAHTYJIHpPAHA Ka-
TEropusi, KOHCTPYypPaHa OT CUMILIEKTHYHATA reoMerpus Ha Y (IPOU3BOJHATA KATErOpHUs Ha
Fukaya). Witten ommcsa tomosornaaoro "ycyksame" wa N = (2,2) cymepcuMerpudna Te-
Opus Ha TOJIETO Ype3 T. HAp. OT Hero A- m B-mMojmenn Ha TOMOJOTHYIHU CTPYHHU TEOPHH.
Tesu Momenn 3acarar m300parkeHns Ha PuMaHOBE MOBbpXHWHE BbpPXY duKcupaHa "mea" —
muoroobpazue na Calabi-Yau win muorooopasue #a Fano. IloBedero or MmaTremarudyeckure
XUIIOTE3U Ha OFJIeILaJ’IHaTa cuMeTpud Ca BJIO2KECHU B'bB CI)I/ISI/I"IGCKaTa €KBHUBAJICHTHOCT HQ A—
Mozena Bbpxy Y ¢ B-monena sbpxy "ormemamoro" X ma Y. 3a ma ce oOxBaHe W CIydasiT
HA OTBOPEHU CTPYHU, HEOOXOAMMO € Ja Ce BbBeJaT TPAHUYHHU YCJIOBHUs, 33 Jia Ce 3amasn
cynepcuMerpuara. B A-Mozesa Te3u rpaHUYHH YCJIOBHS Ce MOSIBABAT 1o (popMara Ha Jlar-
pPaHXKeBH IIOAMHOr000pas3msa Ha Y ¢ ompejeseHa IOIbJHATENIHA CTPYKTypa. B B-momena
Te3W TPAHUYHU YCJIOBHS Ce MOSBSBAT IOX (popMaTa Ha XOJOMOPQHU IMOAMHOTOOOpa3Us HA
X ¢ xosomopduu (nim aareOpUYHI) BEKTOPHE Pa3CJIOCHHs BbPXY TsiX. ToBa ca obekrure,
M3I0I3BAaHN, 34 JIa Ce TMOCTPOAT ChOTBETHHTE Kareropum. Te decro ce napuuar A m B GOpa-
HHU, ChOTBeTHO. Mopdu3mMure B KaTeropuuTe ce JAaBaT dpe3 CHeKThpa Ha OTBOPEHH CTPYHH,
O'bHATH MeKIy aBe OpaHu. B ciaydas Ha 3arBOpeHm cTpyHH, A- m B-MozmennTe obXBaimar
CaMO TOMOJIOTHYHHUSI CEKTOP — €IHa MAJKA YaCT OT I'bJIHATA Teopus Ha cTpyHHTe. [1o100HO,
OpaHHUTE B T€3W MOJIEJIH Ca CAMO NMPUOJIUZKEHHSI HA ISIJIOCTHUTE JUHAMHUYIHU OOEKTU, KOMTO
ca D-6panurte. MaremaTukara, Bb3HUKBAIA OT Ta3W MAJKa 4acT OT Teopugdra Ha CTPYHUTE,
e OCHOBHATa TeMa Ha HACTOAIIUS TE3MC.

OcHoBHaTa YacT OT JUCEPTAlMATA JaBa Jo0pe JedUHHpaHA MaTeMaTHIeCKa TEOPHUs Ha
XOMOJIOTHYIHATA OTJIEJAJHA CHMETPHS B Caydas Ha MHOroodpasmusa Ha Fano.

2 OcHoBHEI Haen

BebmuocT, ocHOBHaTA Hjes Ha Ta3u Jucepralys € 1a ce U3M0J3BaT UIeuTe Ha TeopeTudaHaTa
dusmKa ¢ 1mesr paspelaBage Ha KJIaCHIeCKH TpobaeMu Ha AnreOpudyHaTa TeOMETPHUS.

Harmure pasriexganns ce 6a3umpar Ha JABa OCHOBHH Jisja Ha Teoperndnara (PU3HKA:

1) Koudopmua teopust aa mojero — KBaHToBa TeOpHs Ha MOJIETO, KOSITO € HHBAPHAHTHA
o, jgeiicTrBreTo Ha KOHGOPMHU TpaHCHOPMAIUN.

2) Orseganna cuMeTpust — B mHTeprperanusata Ha Hori—Vafa u Heiinara kateropHa HaJ-
cTpoiika, HampapeHa or Kontsevich.



Passutuero na Kondopmuara teopus Ha 1oJeTO 3amouBa ¢ JaByMepHus caydait. To e
3aTBbp/eHo cbe crarud or 1983 r. na Belavin, Polyakov n Zamolodchikov.

B aBymepnara KBanroBa Teopus Ha mojero umame ajaredopara na Witt or uundunure3un-
MaJTHH KOHMOPMHE TPaHCHOPMAINH, KOATO € MeHTPAJTHO ITPOIbJIZKEHA, ¢ TEHTPAJICH 3aPsiT
U JAPYTH MPEHOPMAJIH3ANUOHHN 3aps/Ii — CIIEKTPU OT PAa3MEPHOCTH.

Alexander Zamolodchikov mokassa C-teopemarta na Zamolodchikov, ciopes KosaTo moTo-
K'bT Ha MPEHOPMAJIU3AIMOHHATA TPYIIA B JIBYMEPHUS CAyYail € HeoOpaTuM.

NzuucigaBanero na 3apggure Ha KoudopMuuTe Teopuu Ha 1MOJIETO B OOIMS Cjaydail e
npean3BUKATE/HA 33/a9a. B caydast HA MAaCHBHU TEOPUU MOZKe Ja Ce M3M0/13Ba [ eomerpus
C TIeJT TAXHOTO U3YUC/IsIBAHE.

Teopusita Ha CIEKTPUTE OT OCOOEHOCTH € pa3BHUTa HapaJieJHO Ha Teopusra Ha HEeHTPAJI-
HUTe 3apsaan. BebimHoct, T e passuta B cbiusg rpald — B Mocksa or Arnold n Varchenko.
CuekTpure 0T 0COOEHOCTH ChOTBETCTBAT HA 3apsaauTe Ha KoHdopMHHTE TeOpHun Ha IOJIETO
n C-teopemara uHa Zamolodchikov e Teopemara 3a cemmuenpexkbcraTocTTa B Teopusra Ha
CIIEKTPHUTE OT OCOOEHOCTH.

[IbsIHOTO CHOTBETCTBHE MKy 3apsiauTe Ha KoHdopMHUTEe TeOpUU HA MOJIETO, CIIEKTPHU-
Te OT OCODEHOCTH W ACUMIITOTHKHTE Ha PENIeHHATA HA OOMKHOBEHHU JIH(pepeHIHATHA yPaB-
HeHus e 3abesszano or Vafa m Cecotti npes 90-re roguan Ha XX B.

B tazu ducepramnus cBbp3BaMe TOPHOTO CHOTBETCTBHE ¢ XOMOJOTHIHATA, OTJIEIATHA CH-
METpUsT — BTOPOTO (pyHIaAMEHTAJHO HalpaBienne Ha Teoperndnara Ghu3nKa, KOETO W3MOJ3-
BaMe.

OcHoBHaTa YacT OT HacTodmaTa lrcepranus e mocBeTeHa Ha XOMOJIOTHYHATA OTJIEAJTHA
cumerpust. Orjre/laTHATa CUMETPHUSI 3aII0YBa, KATO TEOPUs, ITO3BOIABAINA "OpoeHe HA KpuBH',
u e jej0 Ha ¢gusunure. 3a HAC TOBA 'Opoene Ha kpuBu — Teopusara na Gromov-Witten —
e WHCTPYMEHT, KOMTO BOJH JI0 TO-BUCIIH CTPYKTYPH, U KATO Pe3yJTaT — J0 MPUTOKEHUS OT
[IO-BHUCIII PAHI.

M3xoaHara ToUKa 3a HAC e, 4e BupanuoHajaHaTa reoMeTpust (IPOU3BOIHE KATETOPHH) €
“orstetano” na Teopusita na ocobenocrure (KATeropusiTa Ha AHYJIUPAILHA CE [UKJIN).

SanouBame ¢ Hafl-pocTHs CIydail — pannoOHAIHN TOBbPXHUHHU, K'bIeTO BupannonaHa-
Ta TeOMETpPHsl € JOCTa JiecHa. [I'bpBO pa3BuBaMe KaTeropHUTE OCHOBU HA XOMOJIOTHYHATA
orJieTajHA CUMeTpHus. YCTaHOBdABaMe (haKTa, de OMpannoOHAJTHATe TpaHCHOPMAIUU BOJAT 70
Bb3HUKBaHe HA HOBU 0COOeHOCTH BBPXY "ortenannara’ crpana. Pa3mmmpsBaMe ToBa CbOTBET-
CTBHE B 00N CJIydail — TOBA € OCHOBHOTO ChIbprKaHue Ha I'bpBaTa 4acT oT lucepranusra.

BwbB BrOpara yact pazsuame Teopusita Ha HekomyTarupaute crpykrypu na Hodge. Ilo-
Ka3BaMe ChINO, Y€ KBAHTOBOTO AM(DEPEHITNAHO YPABHEHNE W HETOBUTE ACHUMITOTHKHU ChOT-
BETCTBAT Ha CIEKTbpa 0T ocobeHocTr Ha Mojiesra Ha Landau—Ginzburgl. Tosa e Bropara gact
ot ducepramusra.

3 Crpykrypa Ha /lucepramusara

JucepramusTra € CTpYKTYPHpaHa KaKTO CJaejiBa. 3alloUBaMe C YCTaHOBSIBAHETO Ha XOMOJIO-
rugnara orienaana cumerpusi (XOC) or riegna rodka na Bupanmonannara reomerpusi —
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HOBLPXHHHU Ha Fano.

3.1 IloBbpxHumHU Ha Fano

B cayuas ma muoroobpasus na Fano, tebpaennero na xunoresara Ha XOC e ciaeaHOTO!

Xunoresa: Kareropusara na A-6pann D(FS(WW)) e exBuBajeHTHa Ha IPOU3BOAHATA
KaTeropusi Ha KOXepeHTHHU cHomnose ( B-Gpanu) Bbpxy Y.

Tyk (F'S(W)) e kareropusita Ha Fukaya—Seidel na norennuana .

Jloka3zBamMe Ta3u XUIOTE3a BbPXY PA3TUIHU TPUMEDH.

CwoimecTByBa n mapasiesino Tebpaeane na XOC, cBbp3BaIio Npou3BOIHATA KATETOPUs HA
B-6panu Bepxy W : X — C, unaro nedunaunus e npemoxkena or Kontsevich, u nmpous-
BojHaTa Kareropusg Ha Fukaya ma Y. Ilomexke MHOro MaJiko ce 3Hae 3a T€3W KaTerOpUH Ha
Fukaya, msima fga jguckyTupame jleTailJinTe Ha TOBA TBbPJeHEHE B HacTosdmara pabora. Ha-
JleKIaTa HM B TOBA HAMPABJIEHHUE €, 4e aareOpo-—TeOMeTPUIHUTE METO/IH Te HU TTO3BOJIAT J1a
norjieJineM KbM Kareropunre Ha Fukaya or pazjinuna nepcrekrusa.

Citygasar, KOHTO OCHOBHO IIie 3aCerHEM TYK, € TO3U Ha MPeTerjieHaTa NPOeKTUBHA PAaBHUHA
P?(a,b,c) (kbaero a,b,c ca B3amMHO IPOCTH ecTecTBeHu uucia). Heitnoro “orsenano” e
adpunnara xunepnopbpxanna X = {x%’2¢ = 1} C (C*)3, cuabaena ¢ ToYHA CHMILIEKTHYHA
dopma w u cyneprnoreniuas W = x 4+ y + z. Hamara ocnoBHa Teopema e:

Teopema 1 XOC e 6 cuna 3a P?(a,b,c) u netinu nexomymamusehu dedopmaruis.

MenHo, TOKa3BaMe, 4e MPOU3BOJHATA KATErOPUsl HA KOXepeHTHH cHomobe (B-Opamu)
BbPXY IperersienaTa npoekTusHa pasuuna P%(a,b, c) e ekBuBaJeHTHA Ha TPOM3BOHATA Ka-
Teropus Ha anyaupaiy ce nuku (A-6pann) Bbpxy adbunnarta xuneprnosbpxauna X C (C*)3.
OcBeH TOBa, MOKa3BaMe, e TOBA OIJIETATHO ChOTBETCTBHE MEYKIY HPOU3BOIHU KATETOPUU
MOZKe J1a ObJIe TIPOIBJIZKEHO 10 TOPHIHH HeKOMyTaTusHHA aedopmaimn va P?(a, b, ¢), KbaeTo
ce 3acarar B-OpaHu, U TeXHU OIJIEIATHU ChOTBETCTBUS, HETOUHU JedOopManu Ha CUMILIEK-
TuIHATA CTPYKTYypa Ha X, Kbiero ce 3acarar A-Opanu.

Babenga3BaMe, de MpeTErieHHTe MPOEKTHBHU PAaBHUHU Ca "HEO'bBaeMH' B CMHCHJA Ha
KOMYTATUBHY JIe(DOPMAITUU, HO UMAT €THOMEPHO MOJYJIHO TPOCTPAHCTBO OT TOPUYHH HEKO-
MyTaTushu gecopManuu (P? uMa cbIno ApyTd HeKoMyTaTuBHY gedopManun ). OdakBaMe Ha-
JUYUETO Ha MOoH00eH (heHOMEH B MHOTO CJIYYau, K'bJAETO € MPUIOKUM TOPUIHO—OTJIeTATHUST
noaxo/l. Murepecen Bbipoc 6u OUJI J1a ce IPOIbJZKHA TOBA ChOTBETCTBHE B Cjy4das Ha 00OIu
HEKOMYTATUBHHU TOPUYHU MHOTOOOpasugd. Hue 1mie ce BbpHEM K'bM TO3U BBHIPOC B pasjiena 3
na /lucepramusara.

[lle pasrsiesame CcbINO W HAKOU APYTH HPUMEDHU, OCBEH Te3W HA MpeTeryieHn TPOeKTHBHU
PaBHWHM, C TeJT JIa MMOKayKeM MupokaTa mpuiaokuMoct Ha XOC:

e Karo "moarpasam" npumMep maBame enHo mokasaresncTBo Ha XOC 3a mpeTersieHn Ipo-
eKTUBHU JINHUU.

e JIuckytupame cbino XOC 3a nobpxuunu na Hirzebruch F,,. 3a n > 3 kanonmauusT
kiac ve e Bede orpunaresen (F, ne e Fano), u XOC He e JupekTHO B CHIA, HOHEXKE
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ca HeOOXOIUMHU HAKOU MOJUDUKAINE HA TOPUIHO—OTJIEJATHUS MOAX0A. AupekTHoTo
HPUJIOZKEHUe Ha, MoAx0aa npoaynupa mojen va Landau—Ginzburg, qusto npousBoHa
KaTeropus Ha aHyJIUPAIN Ce IMUK/IM € WIeHTHYHA Ha Tasu Ha "ormemanoro" Ha mpe-
Terjienara npoektusna pasauna P2(1,1,n). C nen na nanpasum xunorezara na XOC
HPUJIOKUMA B TO3U CJIydail, HYKHO € Jla ¢€ OTPAHUIUM BbPXY OTBOPEHU HOIMHOKECTBA
Ha "meseBoro" mpocrpancTBo X Ha To3u Mozen Ha Landau—Ginzburg.

e [lle ckunupame cbio enHa ujes 3a gokasaresnctso Ha XOC (u3myckaiiku caMo Hsl-
kou aprymeHTH oT Teopusara Ha Floer oTHOCHO ompeiesieHn MOTYTHU TPOCTPAHCTBA OT
MCEBI0—X0JOMOPMhHE JHUCKOBE) 3a HAKOM MHOrooOpasusi Ha Fano ot BHCcOKa pasmep-
Hoct, Hamp. P3.

3.2 PazayBane

[IpenunmauTe pasrekIaHus TpeanoaaraT odmo pa3bupane Ha OrJieIaTHUTe OUPAITMOHATHA
TpanchopMaliu.

3.3 @PopMyaupoBKa Ha Pe3yJITATUTE

Hamuar ocHoBeH pesyaTaTr B Tperara dacT Ha Jlucepramuara Moxke na Obie (opMmyaupan
KAaKTO CJIe/IBA.

Hexa H = f!(0) e riajka nouTu TponudHa XUIEPHOBLPXHUHA B (JOMYCTHMO HEKOM-
MTAKTHO) TOPUIHO MHOr0O0Opasue V' or pasmeproct n, u Heka X e pasaysanero Ha V' x C mo
H x 0, cnabueno ¢ S'-unpapuantia Keseposa dopma w,, 3a KOeTo cjoeBeTe Ha H3KJIIOUL-
TeJIHUS JMBU30D UMAT JOCTATHIHO MaJIKa 1ol € > 0.

Heka Y e TopuunoTo MHOr0oGpasue, nedbunupano upes noiurona {(&,n) € R* x R|n >
©(&)}, kbaero ¢ e rponukanmszanuara Ha f. Heka wy = —T° + Tvy € O(Y), kpaero T
e napamerbpbr Ha Novikov u vy e Topuaauar monom ¢ tersio (0,...,0,1), n ga mosoKIM
YO =Y\ wy'(0). Hakpas, nexka Wy = wo+w; +- - +w, € O(Y) e TIaBHAAT <ITeH, TMEHHO,
cymara Ha wo ¥ enH Topuded MoHOM w; (1 < i < ) 3a BCeKH HEPA3JIOKUM TOPUIEH JTHBU30D
Ha V. [Ipeanonarame:

IIpeanonoxkenne 1 ¢;(V)-C > max(0, H - C) sa scaxa payuonaana xpusa C ~ P! 6z6 V.

Tosa BkJIIOUBa BakKHWS CleNHaJeH ciaydaii, korato V e aduHHO TOPUYHO MHOTI0OOOpasue.
[Tpuemaiiku TOBa MPEJIIOJIOKEHIE, HANTUSIT OCHOBEH PE3YJITAT € CJIETHUST:

Teopema 2 Axo npednonosicenuemo e 6 cuaa, moeasa Landau-Ginzburg modeasm (YO, Wy)
om B-cmpanama e SYZ oenedaro na X.

B o6imus cayuait, orieganoro na X ce pasiuuasa ot (YO, W) ¢ ejun kopurupai e,
KOWTO e OT MO-BUCOK PeJji 110 OTHOIIeHne Ha nmapamerbpa Ha Novikov.

CrabmgBaneTo Ha X ¢ TMOIXOISIN CYNEPIOTEHIINA, AaJIeH Upe3 adpuHHATA KOODINHATA
Ha C—wvuOoKuTENs, Biaede Landau—Ginzburg momen or A-cTpaHara, YUiiTO 0OCOOEHOCTH Ca OT



tun Ha Morse-Bott. C Tounoct mo "ycyksame" upes kaac or H?*(X,Z/2), Tosu Landau—-
Ginzburg momen or A-crpanara Moxke j1a ObJle PA3IVIEXKIAH KATO CTAOM/IM3ANUs HA CHIMA
MozensT ¢ "men" H.

Teopema 3 Ilpednorazame, ue V e agunno, u neka WH = —vg +wy + -+ +w, € O(Y).
Tozasa Landau—Ginzburg modeasm (Y, WFH) om B-cmpanama e 0606weno SYZ ozaedano na
H.

Landau—Ginzburg mozen

3a paszjuka Or JApyrure pesyararu, (hOpMyJHPAHU B TOBA BbBEJICHHUE, TA3W TEOPEMa,
CTPOTO Ka3aHO, Cé OCHOBaBA Ha IPEII0/I0KeHneTo, 1e Kareropunte Ha Fukaya Ha momennre
Ha Landau-Ginzburg yaoBierBopsiBaT onpejesenn CBOWCTBA, 32 KOUTO HIMA Jia MPEI0CTa-
BdMe II'bJTHU JTIOKa3aTescTBa. /laBaMe cxeMu Ha JI0Ka3aTescTBATA Ha Te3U PE3YJITATH, KAKTO
U MOCOYBaMe CT'BIIKUTE, JUICBAIA B HAITUS apTyMeHT.

Exun pesyirar, 10j00en na Teopemara, Moxke jia Objie 1HOJIydeH OT IJieJHA TOYKA Ha
orjeaaHaTa ayaaHoctT mexay topudnan Landau—Ginzburg momenu. Boeupexkn toBa, Topud-
HUAT IMOJAXOJ € MHOI'O ITO-MaJIKO OCBETJIABAIIL, ITOHEXKE I'eOMEeTPUIHO TOM pa6OTI/I Ha HUBOTO
Ha OTBOPEHU TOPUYHU CTPATH B CbOTBETHUTE TOPHIHE MHOIrOOGPa3us (TOTATHOTO TIPOCTPAH-
crBo Ha O(—H) — V or eqna crpana, u Y — OT Apyra), JOKATO UHTEPECHUTE FeOMeTPHIHE
XapaKTEePUCTUKU HA Te3W MPOCTPAHCTBA C€ HAMUPAT W3IAJ0 B TOPUYHUTE JTUBUIOPH.

OcHoBHaTa Teopema Ha Ta3w dact OT Jlucepramusita ce OCHOBaBa HA €/IHO TBbPJEHHE OT
Ornenannara cuMmerpus 3a oTBOpeHn MHOTOOOpa3ms Ha Calabi-Yau, koeto camo mo cebe cu
e WHTepecHO. Pa3rieknamMe KOHHIHOTO Pa3CIOeHHe

X0 ={(x,y,2) e V' x C?|yz = f(x)}

HaJ, orBopena crpara VO ~ (C*)" na V, kbaero f € 0THOBO JepUHUNMONHOTO ypABHEHHE HA
xunepnopbpxaunara H. Konnanoro pascioenne X ce aBsSBa 0TBOPEHO I'bCTO MOIMHOMKEC-
B0 Ha X. Torasa mmame:

Teopema 4 Omeopenomo mrozoobpasue na Calabi-Yau Y° e SYZ oznedano na X°.

B ropuuTe TBBpAEHNS, KAKTO U B ITO-TOJIsSIMaTa 9acT OT Ta3W TyaBa, pasriaexjaMe X MiIn
X0 kato cummIeKTHYHO MHOrooOpasme, 1 KoHcrpyupame SYZ orieganoro YO (cbe cynep-
MOTEHIINAT) KATO aIreOpUIHO MOJYJIHO MPOCTPAHCTBO OT 00EKTH B KaTeropusita Ha Fukaya
na X mm X°. Tesn pasruexxjanus ca B eJHO U CbINo Haupasienue. Obaue, MOxKe J1a ce
paboTy U B 0OPATHOTO HAMpAaBJEHUe, 3aM0YBaiiKi OT CHMILUIEKTHIHATA TeoMeTpns Ha YO u
nokaszpaiiku, de To jonycka X° (cera pasriexaHO KaTo KOMILIEKCHO MHOroobpasue) KaTo
SYZ ornenaJio. 3a bJAHOTA ONKMCBaMe Ta3u 00OpaTHA KOHCTPYKIIMS B CJIEIBAILUS pa3Ie.

Kareropusa na Fukaya

MeTO,ZLI/ITe, KOUTO U3IOJI3BaMe, Ca MTPUJIOZKUMU U B IMTO-TMMUPOK KOHTEKCT. B JaCTHOCT, IIPpeI-
HOJIOYKEHUETO, 4e V' € TOPUIHO MHOrooOpasme He € CTPOro HeoOXOJIUMO — JOCTATHIHO € SY 7
orjeJaaHaTa cuMeTpus 3a V' 1ma Obje JocTaTbiHo 100pe paszbpana. Karo wioctpanus pas-
[JIe2K1aMe [IoBede MPUMEPH.



Ocranajgara 9acT OT Ta3H IJIaBa € OPraHU3UpPaHa KAKTO CJIEIBA.

[IsupBo, HakpaTko pasriexgame SYZ moaxomabr kbMm Oregainara cumerpus. Torasa
BbBEXKJaMe O3HAYCHHATA 1 OIINCBaMe OCHOBHUTEC O6eKTI/I Ha INIaBHHA HHU PE3yJaTaT, UMEHHO,
npocrpanctBara X u Y u cynepnorennuaia Wy.

Cren ToBa KoHcTpynpaMe Jlarpamzkesa Topmana dubpanusg Bbpxy X, Hog00Ha Ha Te3H,
pasrieganu npeau or Gross. Ilocite m3yuaBame JlarpanzkeBara teopusd na Floer 3a Topuy-
HUTE CJI0eBe, KOUTO M3IMOI3BaMe, 3a Ja JOKaXKeM OCHOBHATA TeopeMa. Torasa pasriiexiaaMe
qacTranaTa KomnakTudgukanusa na X 10 X, n JoKazBaMe OCHOBHATA TEOPEMA.

Hakparko pasriexjgave obparTHaTa KOHCTPYKIIHs, UMEHHO, 3amouBame or Jlarpankesa
TopudHa Gudpanusa pbpxy Y u noaydasame X° kato neroso SYZ orienaso.

Hakpas ca gajeHu HAKOW NMPUMEPH, WIIOCTPHPAIIA OCHOBHUTE HU PE3YJITATH, B KOUTO
00IIO MMa Pa3ayBaHUs, BOJAEIIN He J0 APYTro, a JI0 Bb3HUKBAHETO Ha HOB OCODEH CJIOM.

Kakro cieapa, HyXK/1aeM ce oT pa3BuBaHe Ha Teopusi Ha OCODEHHUTE CJIOEBE, KOUTO HE
npou3xokKaaT OT pazayBanud. C 1es Ja HANMPABUM TOBA, HEOOXOMUMO € /14 PA3BUEM:

1) HekomyrartupHa Teopus Ha Hodge u Teopusi HAa KBaHTOBUTE CIEKTPH — COOCTBEHH
CTONHOCTH Ha KBAHTOBOTO YMHOXKEHHE ¢ KAHOHUYEH KJIac.

2) Teopust Ha HEKOMYTATUBHUTE CIIEKTPH.

3.4 HexomyraTuBHa Teopusa Ha Hodge

3apaJim OCHOBOTIOJIATAIIATA MPUPO/IA HA Ta3W IviaBa or /lucepramusra, Td e J0cTa O0SCHU-
TeJIHA W TeXHU4YecKa. 1 e opranmsupaHa B TPU OCHOBHU YaCTH:

[I'bpBaTa "acT BbBexkKIa U pas3BuBa abcrpakTHaTa Teopus Ha HEKOMYTATUBHUTE CTPYK-
typu Ha Hodge. Ta3u Teopug e BapuanT Ha ¢opmajn3Ma Ha ceMHOe3KpailHuTe CTPYKTYpH
Ha Hodge, kouto ca BwBesenn or Barannikov. /luckyrupame Ob6miara Teopust Ha HEKOMYTa-
TuBHUTe CTPYKTYpu Ha Hodge B pe3toMero m amamm3mpame pa3indHUTE HAYHHH, IO KOUTO
durrpanuonnute nanaud Ha Betti, de Rham u Hodge morar ma 6baar cnenumdunupanu.
B uacrnoct, cpaBusBame Hekomyrarusuara reopusi Ha Hodge n obuknosenara Teopusi Ha
Hodge, kakTo u obsicnsiBame kak Hekomyrarusuara Teopusd na Hodge macsa kbm Karerop-
HATa HEKOMYTATUBHA T€OMETPHUS.

3amouBaMe ¢ JUCKYTHPAHETO HA MOHATHETO CHIMMHCKA HEKOMYTATHWBHA CTPYKTypa Ha
Hodge. Hekomyratusaure crpykrypu Ha Hodge ca anayio3n Ha KJIaCHIECKOTO HOHSATHE Cb-
muHCcKa cTpyKTypa Ha Hodge BHpXy KOMILIEKCHO BEKTOPHO TpocTpaHcTBO. HekomyTaTuBHUT-
Te CTPYKTYPH, JUCKYTUPAHU TYK, u Heabenesure ctpykTypu Ha Hodge ma Simpson 3aeaHo
obobmasar kiracudeckarta Teopus na Hodge. B Teopugara wa Simpson ce monycka HewHed-
HOCT B OCHOBaTa Ha cTpyKTyparta Ha Hodge: neabesreBure crpykrypu Ha Hodge ca manenn
Jpe3 HaJaranero Ha duirrpanun Ha Hodge m Ha TeryioBn duntpanum BbPXY HeJUHEHHN
TONOJIOTHYHY WHBApUAHTH Ha KeaepoBo MpOCTPaHCTBO, HANPUMED BBPXY KOXOMOJOTHSI C
HeabesieBu KOCDUITMEHTH, UJIH BbPXY XOMOTOIMMYHUS THII. 3a PA3JUKA OT TOPHOTO, HEKOMY-
TATUBHUTE CTPYKTYPH, PA3rJIeKIAHU B Ta3W IJaBa, CbhIbPKAT HOBU JIAHHU OT (DUATPAIUO-
HeH THI (TBHCTOPHUTE CTPYKTYPH Ha KOWUTO ca Bce olle crenudunnpani BbpXy BEKTOPHO
IPOCTPAHCTBO, HAIPUMED BbPXY MEPUOIUIHATA MUKJINIHA XOMOJIOTHS Ha airebpa).



[Togo6no na obukHoBenata Teopusi na Hodge, mekomyraruBuute crpykrypu nHa Hodge
Bb3HUKBaT €CTeCTBEHO BbPXY KOXOMOJIOT'HATA HA de Rham Ha HEKOMYTAaTHBHU IIPOCTPAHC-
TBa OT KaTe€TopeH IPOU3XOI. Hle JdaJeM HAKOJKO Pa3JINYHKU OIMMUCaHUA Ha HEKOMYTaTHBHa
CTPYKTYpa B TepMUHUTE Ha JIOKaJHUN JaHHU. BaHOqBaMe C MOATHUATa palliOHaJIHA W HEIO-
JSIPU3Upana HeKOMyTaTuBHA cTpykTypa Ha Hodge, urnopupaiiku 3a MOMEHT HAJIUYUETO HA
HOJSIPU3AINME U UHTEIPAJIHU PEIIeTKH.

HekomyTtaTuauTEe CTPYKTYpH Tie ObJIAT ONUCAHU B TEPMUHUTE HA T€OMETPUYHH JTaHHU
Bbpxy "nmpoburara" KoMILIeKCHA paBa; Taka, pUKCHUPAMe BEJIHbK 3aBUHAIM KOOPIMHATA U
Bbpxy C u komnakruduxanuara C C PL. Ile oznauasame ¢ C[[u]] anrebpara na dpopmai-
nuTe cremnennn pegose Ha u, u ¢ C((u)) — mosero na dpopmannnte pegose na Laurent ma wu.
[Tomo6Ho, e o3nauBame ¢ C{u} anrefpara Ha creneHHUTe pejoBe HA U, UMAIIH MOJOKHUTE-
Jer paaayc Ha exomumoct, u ¢ C{u}[u~'] — mosero na MepomopduuTe pegose na Laurent na
U € TIOJIOC Hali-MHOTO B u = ().

Tosa Bogun 1o KBanros D-mojys n Heropure acuMnToTuku — HeKOMyTaTUBHUS CIIEKTHP.

OOpbITaMe ChINO CHEMUAJTHO BHUMAHUE HA HEKOMYTATHBHUTE ACMEKTH Ha leopusara Ha
Hodge u neitrHOTO B3amMoeiicTBHe ¢ KiacupuKanudaTa Ha HEPETYIAPHA CBbP3aHOCTH BbPXY
npaBaTa MOCPeICTBOM TOMOJOTHYHN JaHHU. EINH OT HAl-TI0OJe3HUTe TeEXHUIEeCKH Pe3yJITaTh
B Ta3u 4acT e Teopemara “3a JierneHe”’, KOITO HU IO3BOJISIBA JIa CIVIOOsiBAME HEKOMYTATHB-
HU CTPYKTYPH OT OLPEJIEIEHN MPOCTU TeOMETPUYHH ejieMeHTr. Ta3u TeopemMa € m3Imo/I3BaHa
M0-K'bCHO B TJIaBaTa 33 KOHCTPYHPAHE HA HEKOMYTATUBHU CTPYKTYPH, TPUKPEIEHN K'bM Te-
OMETPHUU C TOTEHITHA.

Broparta dact 00sicHsIBa KaK CHMILIEKTHYHATA W KOMILJIEKCHATA T€OMETPUU IMOPAaKIAT
HEKOMYTATUBHU cTPYKTYpH Ha Hodge m Kak Te3m cTpyKTypu MoraT Ja ObJIAT pasriiekIann
kaTo nnrepecun napapuanTu Ha Teopusita Ha Gromov-Witten, [IpoekTuBrara reomerpust u
Teopusra na ajqredpuynurte nmukau. B vactaoct, ananusupame Betti — vacrra na Hekomyra-
tuBHaTa Teopus Ha Hodge Ha MPOEKTUBHO MPOCTPAHCTBO (PA3IIEKIAHO KATO CHMILIEKTHIHO
MHOroo6Opasue) 1 W3M0JI3BaMe TO3M aHATH3, 32 /14 IPeJIOKAM 00IIa XUIIOTe3a 33 HHTerPAJ-
HaTa CTPYKTYpa BBPXY KOXOMOJOTHsATAa Ha Kareropudara Ha Fukaya mHa 0010 KOMIAKTHO
CUMILJIEKTUYHO MHOroobpasue. Popmysiara 3a nHTErpajHATa CTPYKTYPA M3MOJI3BA CAMO MH-
Bapuantu Ha Gromov-Witten or posa Hy/la u XapaKTepPUCTUIHU KJIACOBE HA JOMUPATETHOTO
pascoenne. Hamara xumoresa e B IbJIHO ChOTBETCTBUE ChC CKOpOITHA pabora wa Iritani,
KOUTO MpaBU MOJOOHO Mpe/IJIOXKEeHNe, OCHOBABAINO ce Ha OrJieflaJlHa CUMEeTPHUd 33 TOPUYHU
opbuTasHr MHOroobpasus Ha Fano. uckyTupame cbimo JeTallsIHO U MPOU3X0/1a HA TAHHUTE
Ha Stokes 3a xostoMopdHI reoMeTpPUN ¢ MOTEHITHATHA U W3CJIeIBaMe Bb3MOKHUTE KATETOPHU
BBILIBINEHUS] HA, TE3HW JTAHHHU.

B Tperara wact u3ydaBame HekoMyTaTuBHEU CTpPyKTypu Ha Hodge m Texmu Bapmarum,
npeanonaraifiku Calabi-Yau ycinosue. PasmupgaBame u obodimaBaMe cranjgaprHara Teopus
Ha gedopmanuuTe Ha npocTpaHcTBa Ha Calabi-Yau ¢ mes ga moaydum teopus, paboTera
eTHAKBO JT0Ope B HEKOMYTATHBEH KOHTEKCT, W Ja JaBa BBH3MOXKHOCT 3a TPABWIHO Jedu-
HUPaHe HA KAHOHUYHU KOOPJAMHATH B XOMOJOIHYHATA OTjiefaHa cumerpus. [loaxoxaame
KbM JehopMannoHHO—00CTPYKTUBHUS TTPOOJIEM eHOBPEMEHHO ajreOpudno u upe3 Teopusd-



ta Ha Hodge, n nmoiaygyaBame HeOOCTPYKTUBHE pe3yaTaTu, obodmasaiiy npe—PpobeHnycoBu

CTPYKTYPH, KAKTO M HSKOW MHTEPECHU MeOMETPUYHHU CBOICTBA HA MEPUOIUIHU 00JIACTH 32

HEeKOMYTaTuBHE CTPYKTypHu Ha Hodge. V3yuyaBame cbino riobasnn 1 mH(PUHUTE3UMAJTHE J1e-

dopmanuu u onncBamMe pa3audHU KOHCTPYKINW HA JaHHW OT TN Ha Betti m or Tun Ha de

Rham B HekomyraTtuBnarta Teopus na Hodge 3a obuknoBeHaTa reoMeTpus, pejaTuBHATA I'e-

OMETPHSI, FTEOMETPHUSTA C MOTEHIIUAIH, KAKTO U 33 abCTpaKTHATA HEKOMYTATHUBHA I'€OMETPHUS.
Haxkpas BbBekIaMe MOHATUATA KBAHTOB W HEKOMYTATUBEH CHEKTH.

3.5 Cnektpn

OcHoBHaTa wjesd Ha CHEKTPHUTE € UHTEePIpeTalus Ha KJIACHIECKUS CHEeKTbP HA 0CODEHOCTH-
te B Megenure Ha Landau—-Ginzburg (LG). Msnoassame teopusita na LG momennte KaTo
00ob1eHa Teopust Ha 0COOEHOCTHUTE.

lopuuTte pasriiexkaanus BoaaT a0 OupanuoHa Hu naBapuanTh. [Ile ocHoBaBame HaluTe
OMpaNMOHAHI PA3IVIeKIaHUs Ha CJACTHATE OCHOBHU IMOHATHLA U UJIECH:

1. KBanToB cuekTbp. ledunupan e KBaHTOBHUAT crieKTbp. Heka K- e KBAHTOBOTO yM-
HOXKEeHHe ¢ KaHOHUYeH KJjac. To jgedunupa ciaeaHoTo pasarane Ha KOXOMOJOTHS:

H = @y, H,y,.

Tyk \; ca cobcTBenuTe croitHocTu Ha K -. Hapudyame Te3u coOCTBEHH CTONHOCTHU K6aH-
moe cnexmasp. OcHOBHATA TeOpeMa €:

OCHOBHA TEOPEMA: Pa3zsiaranero ‘H = @), [, e bupannoHajHa WHBapNaHTA.

2. HekomyTaTtuBeH crieKThp. /lechunupan e HEKOMyTaTUBHUAT CIIEKTHDP.
PazmupsaBamve Te3n uien u gaBaMe HIKOW MPHMEPH.

A) TlocTposiBame aHATIO3M ¢ HUCKOpPA3MepHA TOMOJIOTHS U JaBaMe HIKOJKO HOBU HAIIPAB-
JIEHUSI 38 W3CJIe/IBaHe.

B) PasmupsiBame jeduHANNATA HA HEKOMYTATHBEH CHEKTHD JI0 MYJITUCIEKTPH. Bb3MOK-
HYU TPUJIOXKEHUS Ca JTUCKYTUPAHU.

Harmure pasriexkaanus ca caMo BbpXbT Ha aiicoepra. [Ipeamarame ¢boTBETCTBHE MEXKITY
HEPAIMOHAJTHOCTTA HaJI aJreOpruyHO HEe3ATBOPEHHU 110J1eTa U KOMILIEKCHOCTTa Ha JIMCKPUMU-
HAHTHHATE JIOKYCH Ha MOIYJIHOTO TpocTparcTBo Ha LG momenn. Pasriexkaame HsaKon apuT-
MEeTHUYHU HpUJIoKeHusd. BebiHoer, Mmoxe ja ce jjebuHupar HAKOJIKO PAa3JIUIHU CIEKTPH.

B no6aBka KbM KBAHTOBHUS CHEKTHLP, CIIOMEHAT MO-TOpe, MOZKe ce 1e(DUuHupAT CJIeIHATE
CIIEKTPU:



e HekomyTaTuBeH CIIEKTHP,

JnebuHIpal Ipe3 aCUMITOTHKHTE Ha KBAHTOBOTO ypaBHEHHE.

e Cnekrbp Ha Givental,

nedbuHUpaH Ype3 pereHnsaTa Ha ypaBHeruneTo Ha (Givental.

e CnekTbp Ha LG Momesn — MyJITUIIJIMKATOPEH CHONI OT MAeaJi,

nedbuHrpaH KaTo cuekTbp Ha Steenbrink ma moa Teopus Ha ocobenocrure Ha LG
MOJIe1a.

¢ ACUMIITOTHKH HA YCJIOBHUSA 32 CTAOMJIHOCT — CHEKTbP HA CTAOUJIHOCT,

,Je(bI/IHI/IpaH KaTO aCUMITOTHKH Ha I'PAaHHYIHH YCJIOBHA 34 CTaOUTHOCT.

e Paszmepnoct Ha Serre Ha kommoHeHTaTta Ha Kuznetsov,

JedbuHrpaHa KaTo KaTeropHa pa3MepHOCT.

e CnekTbp Ha Arnold-Varchenko-Steenbrink Ha acdpuaHUS KOHYC,

JiebuHUpaH KaTo KJIACHYECKHUd CIeKThp Ha apuHHA KOHUYHA CUHTYJIAPHOCT HAT X .

e R-zapgaam — acumnrorukure Ha RG-IOTOK — ¢'BIMOTO KATO aCUMITOTUKK Ha IMOTOK Ha,
Kahler-Ricei.

4 3aKJaiounuTeJHN OeJjiexkKKM 1 O'bJIeln HAnpPaBJICHUS

lopuure pasriexkjganust BOAAT JI0 KOMOMHUDAHE HA JIBETE CTPAHU HA XOMOJIOIMYHATA OIJIe-
JlaJIHa CUMEeTpHUs U OTKPUBaHE Ha HOBU OMparuoHa/j nu nHBapuanTu. Hakoako 3abeiexurei-
HU TPUJIOYKEHUS €& JIUCKYTUPAHU HAKPas.

KakBo cme nmocturnanu ¢ ta3u Jucepramusa?

BbBexmamMe n3noa3BaneTo Ha XOMOJOTHIHATA OTJIEIaIHA CHMETPHS 33 PellleHue Ha IbJI-
6oku npobyiemu Ha BupamuoHaanaTa reoMeTpust — BLIPOCH 3a HepalumoHaanocT. Eauncrse-
oure aJ’IF€6pO*FeOMeTpI/ILIHI/I HPUJIOZKECHU A Ha XOMOJIOFI/I‘{HaTa orjielaJiia CUMeTpusd OoTIpeau
ca cBbp3aHu ¢ 'OpoeHe HA KPUBU .

Bupanunonannara reomerpusi € IEeHTPAJIHO HalpaBjieHne B AjarebpudHara reoMeTpus —
TpAOBa Ja IpUeMeM, de BCe OIlle He 3HAeM HAII'bJIHO 33 HepalMoHAIHOCTTA HAa KyOHKHTE.

IIspBaTa cTbIKa B Ta3W MOCOKA e HampaBeHa oT Riemann — TeopusaTa Ha eJUNTHIHATE
HHTerpan J0Ka3Ba HEePaIHOHATHOCTTA HA eIHOMEpHATa IJ1ajIKa KyOHKa.

B pasmepnocT nBe BbIIpOCH 3a PanoHAIHOCT ca pa3driexganu or Enriques, Castelnuovo,
Zariski.

Hsakon 3abene:kuTeIHA pe3yJITaTd B Pa3MEPHOCT TPU U B IO-BUCOKH PA3MEPHOCTHU Ca
ycranoBenu ot Clemens, Griffiths, Voisin, Kollar, Tschinkel.
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JucepramusTa npejjara Hall'bJIHO PA3JInYeH MeTo I, Oa3upall ce Ha XOMOJOTHIHATA, OTJIe-
JlaJTHA, CHMETPUSI.

XomoJtoruaHaTA OT/IeJa/IHA CHMETPHS € HAyKa C MHOTO JINTA, OTPA3€HN B PA3/JIUIHA APYTH
HayKu, oT Jlormkara 10 ApuTMmerukara.

B macrosgmara /Iucepranus ce KOHIEHTpUpaMe BbpPXY Bpb3Kara # ¢ bupanuonaJinara
reomerpus u Teopusgara na Hodge.

[Ipuuunara 3a TOBa € MPUIOKEHUETO i K'HM BBIIPOCH 32 HEPAIMOHATHOCT, KOUTO UMaMe
peIBu/I.

3amouBame ¢ eJUH MPOCT TPUMEP, CBbP3aH ¢ PAIMOHAIHU MOBbPXHWHE, K'bJIETO € JIECHO
J1a ce u3caeasa "oregasHara crpana Ha BupanmonasrHaTa reoMeTrpus.

B nmbpBara gact Ha To3u Te3nc nokazBaMe XOMOJOIHYHATA OIJIENAIHA CEMETPHS 38 MPO-
eKTHUBHATA paBHUHA U 3a nopbpxaunuTe Ha Del Pezzo — Bxx. Theorem 1.2 u Theorem 1.4.

B Te3u aBa npumepa craBa sCHO, 4e OupalmOHAJTHUTE TpaHChOpMaluu BOJAT j10 Teopus
Ha ocobeHocTuTe B "oryiemanHaTa crpana'.

B tperara yacT pasmimpsBaMe TOBa HaOJIIOeHUE 0 IPOU3BOIHA pa3MepHocT. CTaBa sc-
HO, Ye OUpaluOHAJIHUTE TPpaHchOPMAIUU He ca HUIIO JPYro, OCBEH HOBU OCOOCHH CJIOEBE B
mosenuTe Ha Landau-Ginzburg — B:xx. Theorem 1.7.

C nes ga oTuaeM no-uaIbJI00KO B OMPAIMOHAIHATE TPAHCHOPMAINT, HYKHO € JIa Pa3IIii-
pum naBapuantuTe o Teopusara va Hodge — B:x. pazmen Non-commutative Hodge Structure.
[IpaBum TOBa BHLB BrOpata 4yact Ha Tezuca. Boeexmame HekomyraTtusna teopus na Hodge
— Teopusa Ha KBaHTOBHTE D-MOIYIH.

Tosa Boau 10 ABa cueKTbpa — BxK. pasaen Interpretation of spectra:

1. CobcrBeHnuTe CTOMHOCTH HA KBAHTOBOTO YMHOXKEHHE C KAHOHUYEH K/IAC — KBAHTOB
CIIEKTBD.

2. AcuMOTOTHKATE HA PEIIeHUATa Ha KBAHTOBHU JIM(DEPEHITHATHN YPABHEHNUS.

[Tocneanara gact or Te3uca nmpegcraBs Kak Te3H JiBa CIEKTbPa BOIAT JI0 3a0eIeKUTeTHI
OMpAIMOHATHU TPUTOXKECHHUSI.

B aeiicrBuresinocT, MOXKeM jia U3MOJI3BAME TE3H CIEKTPH, 33 [ OKAXKEM HEPAINOHAI-
HOCT Ha 00IaTa YeTupuMepHa KyOuka — mpodsemM B bupairmonajinara reoMeTpus, JaTHPAIIL
oTpeau morede oT 60 roguHM.

Mmuoro apyru muoroobpasus Ha Fano ca pasrienanu. Pazbupa ce, ToBa € caMO BbpPX'bT
Ha aiicbepra. OdyakBame MO-HATATBITHE ITPUIOKEHUS B CJCIHUTE HAIPABJICHUS:

e [IpuioxkeHne Ha TOPHUS METOJ KbM BBIPOCH 33 HEPAIUOHAJHOCT 3a MHOTOOOPA3HS
HaJ|, aJIreOPUYHO HE3aTBOPEHU I0JIETA.

e MokeM Ja pasiImpuM MeTojIa JIO CIydasd Ha OPOUTAJIHE MHOTOOOPA3Hs.
e B uacTHOCT, 1UCKpeTHaTa TOp3ud 0T K—Teopusdra craBa OupalnuoHaIHA HHBAPUAHTA.

e Meroabr Moxke f1a ObJe pa3IupeH 10 BHIPOCH 33 HEPAIMOHATHOCT 38 OCOOEHH MHO-
roobpasusi.
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® BC'I)HIHOCT, OTHUBa ce MHOTI'O HO—H&,IL’]:JI6OKO gpes npeacTaBAHeTO Ha HEKOMYTaTUBEH MO-
TUB KaTO AUPEKTHA CyMa Ha aTOMH — KaTe€ropuu C TexHure yCJIOBud 3a CTAOMIIHOCT.

® ,HI/IHaMI/IKaTa Ha JpyruTe 4YHucCJia OT CIEKTbpa IIe AJoBede IO HOBU OI'DaHHYEHHA 3a
PanmuOHaJIHOCT.
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