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Hodge theoretic aspects
of mirror symmetry

L. Katzarkov, M. Kontsevich, and T. Pantev

ABSTRACT. We discuss the Hodge theory of algebraic non-commutative spaces
and analyze how this theory interacts with the Calabi-Yau condition and
with mirror symmetry. We develop an abstract theory of non-commutative
Hodge structures, investigate existence and variations, and propose explicit
construction and classification techniques. We study the main examples of
non-commutative Hodge structures coming from a symplectic or a complex
geometry possibly twisted by a potential. We study the interactions of the new
Hodge theoretic invariants with mirror symmetry and derive non-commutative
analogues of some of the more interesting consequences of Hodge theory such
as unobstructedness and the construction of canonical coordinates on moduli.
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1. Introduction

This paper is the first in a series aiming to develop a general procedure associ-
ating a 2-dimensional cohomological field theory in the sense of [KM94| (CohFT
for short) to a certain structure in derived algebraic geometry. More precisely, for
any Calabi-Yau A,.-category satisfying appropriate finiteness conditions (smooth-
ness and compactness), and such that a noncommutative analog of the Hodge =
de Rham spectral sequence collapses, we associate an infinite-dimensional family of
CohFTs. The additional parameters needed to specify the CohFT are of a purely
cohomological nature. Conjecturally, our procedure applied to the Fukaya category
should give (higher genus) Gromov-Witten invariants of the underlying symplectic
manifold.

This program was first outlined by the second author in several talks given
in 2003-2004, and some aspects of it were later developed in depth by K.Costello
[Cos07b, Cos05, Cos07c, Cos07a]. The whole picture turns out to be very
intricate, and in the process of writing we realized that we have to address a large
variety of problems. In this installment we do not discuss the general plan of our
approach but rather focus on those features of A,, or dg categories that can be
captured by Hodge theoretic constructions. We propose a formalism that starts
with Homological Mirror Symmetry and extrapolates a geometric picture for the
requisite categories that makes them amenable to study via old and new Hodge
theory. Our hope is that this geometric treatment will provide new invariants and
will expand the scope of possible applications in symplectic geometry and algebraic
geometry.

Mirror symmetry was introduced in physics as a special duality between two
N = 2 superconformal field theories. Traditionally a N = 2 superconformal field
theory is constructed as a quantization of a non-linear o-model with target a com-
pact Calabi-Yau manifold equipped with a Ricci-flat Kahler metric and a closed
2-form - the so called B-field. Two Calabi-Yau manifolds X and Y form a mirror
pair X|Y if the associated N = 2 superconformal field theories are mirror dual to
each other [CK99|.

Homological Mirror Symmetry was introduced in 1994 by the second author for
the case of Calabi-Yau manifolds, but today the realm of its applicability is much
broader. In particular many of our considerations in the present work are governed
by an analogue of Homological Mirror Symmetry for geometries with potentials. We
study the effect of such mirror symmetry on the associated categories of D-branes
and especially on the associated non-commutative Hodge structures on homologi-
cal invariants, i.e. on the Hochschild and cyclic homology and cohomology of such
categories. We study mirror pairs consisting of a compact manifold on one side,
and of a Landau-Ginzburg model with a proper potential on a non-compact man-
ifold having ¢; = 0 on the other. We formulate the mirror symmetry conjecture
on the Hodge theoretic level in both directions. That is, we compare the non-
commutative Hodge structures associated with a compact complex manifold and a
mirror holomorphic Landau-Ginzburg model, and also the non-commutative Hodge
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structures associated with a compact complex manifold with a chosen smooth an-
ticanonical divisor and with the mirror symplectic Landau-Ginzburg model. This
picture is clearly non-symmetric and has to be generalized. In order to completely
understand the Hodge theoretic aspect of mirror symmetry, one will have to allow
for non-trivial potentials on both sides of the duality and include the novel toric
dualities between formal Landau-Ginzburg models of Clarke [Cla08] and the new
smooth variations of non-commutative Hodge structures of Calabi-Yau type that
we attach to anticanonical Q-divisors in Section 4.3. We plan to return to such a
generalization in a future work.

Due to its foundational nature the paper comes out somewhat long-winded and
technical, for which we apologize. It is organized in three major parts:

The first part introduces and develops the abstract theory of non-commutative
(nc) Hodge structures. This theory is a variant of the formalism of semi-infinite
Hodge structures that was introduced by Barannikov [Bar01, Bar02a, Bar02b].
We discuss the general theory of nc-Hodge structures in the abstract and analyze the
various ways in which the Betti, de Rham and Hodge filtration data can be specified.
In particular we compare nc and ordinary Hodge theory and explain how nc-Hodge
theory fits within the setup of categorical non-commutative geometry. We also pay
special attention to the nc-aspect of Hodge theory and its interaction with the
classification of irregular connections on the line via topological data. One of the
most useful technical results in this part is the gluing Theorem 2.35 which allows
us to assemble nc-Hodge structures out of some simple geometric ingredients. This
theorem is used later in the paper for constructing nc-Hodge structures attached
to geometries with a potential.

The second part explains how symplectic and complex geometry give rise to nc-
Hodge structures and how these structures can be viewed as interesting invariants
of Gromov-Witten theory, projective geometry and the theory of algebraic cycles.
In particular we analyze the Betti part of the nc-Hodge theory of a projective
space (viewed as a symplectic manifold) and use this analysis to propose a general
conjecture for the integral structure on the cohomology of the Fukaya category of a
general compact symplectic manifold. The formula for the integral structure uses
only genus zero Gromov-Witten invariants and characteristic classes of the tangent
bundle. Our conjecture is in complete agreement with the recent work of Iritani
[Iri07] who made a similar proposal based on mirror symmetry for toric Fano
orbifolds. We also discuss in detail the origin of the Stokes data for holomorphic
geometries with potentials and investigate the possible categorical incarnations of
these data.

In the third part we study nc-Hodge structures and their variations under the
Calabi-Yau condition. We extend and generalize the standard treatment of the de-
formation theory of Calabi-Yau spaces in order to get a theory which works equally
well in the nc-context and to be able to properly define the canonical coordinates in
Homological Mirror Symmetry. We approach the deformation-obstruction problem
both algebraically and by Hodge theoretic means and we obtain unobstructed-
ness results, generalized pre-Frobenius structures and some interesting geometric
properties of period domains for nc-Hodge structures. We also study global and in-
finitesimal deformations and describe different constructions of Betti and de Rham
nc-Hodge data for ordinary geometry, relative geometry, geometry with potentials
and abstract nc-geometry.
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2. Non-commutative Hodge structures

In this section we will discuss the notion of a pure non-commutative (nc) Hodge
structure. The nc-Hodge structures are analogues of the classical notion of a pure
Hodge structure on a complex vector space. Both the nc-Hodge structures discussed
presently and Simpson’s non-abelian Hodge structures [Sim97a] generalize classical
Hodge theory. In Simpson’s theory, one allows for non-linearity in the substrate
of the Hodge structure: the non-abelian Hodge structures of [Sim97a| are given
by imposing Hodge and weight filtrations on non-linear topological invariants of a
Kahler space, e.g. on cohomology with non-abelian coefficients, or on the homotopy
type. In contrast the nc-Hodge structures discussed in this paper consist of a novel
filtration-type data (the twistor structure of [Sim97b, Her03, Sab05b]) which
are still specified on a vector space, e.g. on the periodic cyclic homology of an
algebra.

Similarly to ordinary Hodge theory nc-Hodge structures arise naturally on the
de Rham cohomology of non-commutative spaces of categorical origin.

2.1. Hodge structures. We will give several different descriptions of an nc-
Hodge structure in terms of local data. We begin with the notion of rational
and unpolarized nc-Hodge structures, ignoring for the time being the existence of
polarizations and integral lattices.

2.1.1. Notation. The nc-Hodge structures will be described in terms of geo-
metric data on the punctured complex line, so we fix once and for all a coordinate
v on C and the compactification C C P!. We will write C[[u]] for the algebra of
formal power series in u, and C((u)) for the field of formal Laurent series in w.
Similarly, we will write C{u} for the algebra of power series in u having positive
radius of convergence, and C{u}[u~!] for the field of meromorphic Laurent series
in v with a pole at most at u = 0.

2.1.2. Meromorphic connections on the complex line. We will need
some standard notions and facts related to meromorphic connections on Riemann
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surfaces. We briefly recall those next. More details can be found in e.g. [Sab02,
chapter II].

Let .# be a finite dimensional vector space over C{u}[u"!], and let V be
a meromorphic connection on .. Explicitly, V is given by a C-linear map
\Y PR M — A which satisfies the Leibniz rule for multiplication by elements in

(C{;;}[u_l]. A holomorphic extension of .# is a free finitely generated C{u}-
submodule J# C .#, such that

H ®cquy Clu}[u™'] = 4.

Traditionally (see e.g. [Sab02, section 0.8]) a holomorphic extension is called a
lattice. We will avoid this classical terminology since it may lead to confusion with
the integral lattice structures that we need.

As usual the data (.#,V) or (5,V) should be viewed as local models for
geometric data on a Riemann surface: (.#,V) is the local model of a germ of a
meromorphic bundle with connection on a Riemann surface, and (4#,V) is the
local model of a holomorphic bundle with meromorphic connection on a Riemann
surface.

Suppose (#,V) is a meromorphic bundle with connection over C{u}[u"!] and
let ## C .# be a holomorphic extension. We say that 7 is logarithmic with
respect to V if V() C % We say that (.#, V) has at most a regular singu-
larity at 0 if we can find a holomorphic extension ¢ C .# which is logarithmic
with respect to V.

REMARK 2.1. The Riemann-Hilbert correspondence implies (see e.g. [Sab02,
11.3.7]) that the functor of taking the germ at 0 € P!:

dles with connections on A! — {0} vector spaces with meromor-

finite rank algebraic vector bun- finite dimensional C{u}[u=1]-
( 0
with a regular singularity at oo phic connections

is an equivalence of categories. For future reference we choose once and for all an
inverse By of 3. We will call B, the algebraization functor or the Birkhoff
extension functor.

Suppose S is a holomorphic bundle over C{u} equipped with a meromorphic
connection V. Let # = 5 Qcyy C{u}[u™"] and let (M, V) = Bo(#,V) be the
corresponding Birkhoff extension. The algebraic bundle M on A! — {0} admits a
natural extension to a holomorphic bundle H on A': on a small punctured disc
centered at 0 € A!, the bundle M is analytically isomorphic to .#, and so J# gives
us an extension to the full disc. In particular &y and B¢ can be promoted to a pair
of inverse equivalences

finite rank algebraic vector bun-

dles on A! equipped with a mero- &, finite rank free C{u}-modules
. . . _— . . .
morphic connection with poles at equipped with a meromorphic
most at 0 and oo, and a regular Bo connection

singularity at oo

which we will denote again by &, and B.
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2.1.3. Stokes data. Let (#,V) be a holomorphic bundle with meromorphic
connection over C{u}. We will need the Deligne-Malgrange description of the asso-
ciated meromorphic connection (.#, V) via a filtered sheaf on the circle. We briefly
recall this description next. More details can be found in [Mal83] and [BV85].
Let (M,V) := Bo((.#,V)) be the Birkhoff extension of (.#,V) to P'. Consider
the circle S* := C* /RZ. The sheaf of local V-horizontal sections of M?" on C*
is a locally constant sheaf on C*, which by contractibility of R induces a locally
constant sheaf S of C-vector spaces on S'.

The sheaf S is equipped with a natural local filtration by subsheaves {S<,, }.cpel,
where

(i) Del is the complex local system on S' for which for every open U C S*
the space of sections Del(U) is defined to be the space of all holomorphic
one-forms w on the sector

Sec(U) := {re'’|r > 0,0 € U}

which are of the form

w= E cqu® | du,

a€cQ
a<l—1

where at most finitely many c, # 0 and the branches u® are chosen arbi-
trarily.

Note that the germs of sections of Del are naturally ordered: if
W w" e Del(U), p € U, and if

/ !

w =W’ =cu® + (hlgher ) ,

order terms
then one sets

W <,w” < Re w <0
# a+1 ’

(ii) For every ¢ € S' and every w € Del,, the stalk
(SSW)(p C S‘p
is defined to be the subspace

e~ J“s has moderate growth in
the direction ¢, i.e.

‘e_fwsHlRieiao =0 (r_N> ’

when » — 0, N > 0.

(S<w) = S € S(p =T (Rieiw,Man)v

Here || @ || is the Hermitian norm of a section of M computed in some
(any) meromorphic trivialization of M®" near u = 0.

DEFINITION 2.2. The filtration we just defined is the Deligne-Malgrange-
Stokes filtration, and the Del-filtered sheaf S is called the Stokes structure
associated to (M, V).
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REMARK 2.3. The Deligne-Malgrange-Stokes filtration satisfies the following
property. First of all, there exists a covariantly local system of finite sets Del(_4 vy C
Del canonically associated with (.#, V) such that the filtration by all of Del is deter-
mined by a filtration by all Del(_4 v)(U) and all consecutive factors are non-trivial
at all points of S except finitely many (called the directions of the Stokes rays).
Outside the Stokes rays the set Del 4 v(¢) is totally ordered. Tt is easy to see that
when we cross a Stokes ray then the order changes by flipping the order on several
disjoint intervals (e.g. {1,2,3,4,5,6} — {2,1,3,6,5,4}). Moreover, on the sub-
quotients corresponding to these intervals, the two filtrations coming from the left
and from the right of the anti-Stokes ray are opposed to each other. This implies
that the graded pieces with respect to the Deligne-Malgrange-Stokes filtration are
locally constant systems of vector spaces on the total space of stalks of the sheaf
Del( 4 v) (which is a disjoint union of finite coverings of S 1).

REMARK 2.4. A fundamental theorem of Deligne and Malgrange [Mal83,
Theorem 4.2], [BV85, Theorem 4.7.3] asserts that the functor (.#,V) — (S,
{S<u}, EDd) is an equivalence between the category of meromorphic connections

over C{u}[u~!] and the category of Del-filtered local systems on S’ satisfying the
conditions described in Remark 2.3. We will use this equivalence to define the Betti
part of an nc-Hodge structure.

2.1.4. The definition of an nc-Hodge structure. After these preliminaries
we are now ready to define nc-Hodge structures.

DEFINITION 2.5. A rational pure nc-Hodge structure consists of the data
(H, &p,is0), where

e H is a Z/2-graded algebraic vector bundle on Al.
e &5 is a local system of finite dimensional Z/2-graded Q-vector spaces on
Al —{0}.

e iso is an analytic isomorphism of holomorphic vector bundles on A* —{0}:

iSO : &g ® OAI_{O} =, H|A1—{O}-

Note: The isomorphism iso induces a natural flat holomorphic connection V on
H|A1—{O}'

These data have to satisfy the following axrioms:

(nc-filtration axiom) V is a meromorphic connection on H with a pole of
order < 2 at uw = 0 and a regqular singularity at oc. More precisely, there
exist:

e a holomorphic frame of H near u = 0 in which

V=d+ Z Aru® | du

k>—2

with A € Mat, . (C), r =rank H.
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e a meromorphic frame of H near u = oo in which

V=d+ Z Byu™F | d(u™1)

k>—1

and By € Mat,. . (C).

(Q-structure axiom) The Q-structure &g on (H, V) is compatible with the
Stokes data. More precisely, let (S,{S<u} cpa) be the Stokes structure
corresponding to the germ (#,V) := Go(H,V), and let Sg C S be the
Q-structure on S induced from &g via the isomorphism iso. We require
that the Deligne-Malgrange-Stokes filtration on S is defined over Q, i.e.

(Sgw NSp) ®g C = S<,,

for all local sections w € Del.

(opposedness axiom) The Q-structure Sg induces a real structure on S
and hence a compler conjugation T :' S — S. Let H be the holomorphic

bundle on P! obtained as the gluing of Hfa{lﬁqq} and (V*Halg)l{l o1 via

7, where v : P! — P! is the real structure on P! which fizes the unit circle,
i.e. y(u):=1/a. Then we require that H be holomorphically trivial, i.e.
H=>0Og".
A morphism f : (H1,6p,1,is01) — (Hz, B 2,i502) of nc-Hodge structures is a pair
f = (f,fB), where f : Hi — Hy is an algebraic map of vector bundles which
intertwines the connections, and fp : &1 — &2 15 a map of Q-local systems,
such that f oiso, = isoz o( fp @ idp). We will write (Q-ncHS) for the category of
pure nc-Hodge structures.

REMARK 2.6. The meromorphic connection (M, V) where M = H®cjy Clu, u ™!
can be thought of as the de Rham data of the nc-Hodge structure, the local system
Sp of rational vector spaces over S' endowed with the rational Stokes filtration
(see Q-structure axiom) can be thought of as the Betti data, and the holomorphic
extension H of M can be thought of as the analogue of the Hodge filtration.

2.1.5. Variations of nc-Hodge structures. One can also define variations
of nc-Hodge structures:

DEFINITION 2.7. Let S be a complex manifold. A wvariation of pure nc-
Hodge structures over S is a triple (H, &g, is0), where

e H is a holomorphic Z/2-graded vector bundle on A' x S which is algebraic
in the A'-direction.

e &g is a local system of Z./2-graded Q-vector spaces on (A! — {0}) x S.

e iso is an analytic isomorphism of holomorphic vector bundles

150 : & ® O(a1_{0})xs e Hiar—{o})xs-

Let V be the induced meromorphic connection on H. The data (H, &g, is0) should
satisfy:
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(nc-filtration axiom) The connection V has a regular singularity along
{oo} x S and Poincaré rank <1 along {0} x S, i.e.

w- Vo :H—H

Bu
18 a holomorphic differential operator on H of order < 1.

(Griffiths transversality axiom) For every locally defined vector field £ €
Ts we have that
w-Ve: H— H,

1s a holomorphic differential operator on H of order < 1.

(Q-structure axiom) The Stokes structure on the local system S on S' x S
1s well defined, i.e. the steps in the Deligne-Malgrange-Stokes filtration on
S are sheaves on S' x S. Furthermore the Q-structure &g is compatible
with the Stokes data as in Definition 2.5.

(opposedness axiom) The relative version of the gluing construction for
nc-Hodge structures gives a globally defined complex vector bundle H on
P! x S, which is holomorphically trivial in the P! direction. Moreover,
with respect to the extension H the connection V is meromorphic with
Poincaré rank one along ({0} x S)U ({00} x §).

2.1.6. Relation to other definitions. Various special cases and partial ver-

sions of our notion of an nc-Hodge structure have been studied before in slightly
different but related setups. We list a few of the relevant notions and references
without going into detailed comparisons:

e A version of (Z-graded) nc-Hodge structures appears in the fundamental

work of K. Saito (see [Sai83, Sai98b, Sai98a] and references therein) on
the Hodge theoretic invariants of quasi-homogeneous hypersurface singu-
larities under the name weight system.

A version of the notion of a variation of (complex) nc-Hodge structure
appears in the work of Cecotti-Vafa in Conformal Field Theory [CV91,
CV93a, CV93b, BCOV94| under the name tt*-geometry.

Various versions of the notion of a (complex, polarized) nc-Hodge struc-
ture appear in algebraic geometry and non-abelian Hodge theory in the
works of C. Simpson [Sim97a, Sim97b]| and T. Mochizuki [MocO06a,
Moc06b, Moc07a, Moc07b] under the names of (tame or wild) har-
monic bundle or pure twistor structure, and in the work of C. Sabbah
[Sab05b] under the name integrable pure twistor D-module.

The analytic germ of a (complex) variation of nc-Hodge structures ap-
pears in mirror symmetry in the work of Barannikov [Bar01, Bar02a,
Bar02b] and Barannikov and the second author [BK98] under the name
semi-infinite Hodge structure. The integral structures on semi-infinite
Hodge structure were recently introduced and studied in the work of Iri-
tani [Iri07].

A version of the notion of a (real) nc-Hodge structure appears in singular-
ity theory in the work of Hertling [Her03, Her06] and Hertling-Sevenheck
[HSO07] under the name TER structure. Hertling and Sevenheck also
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consider polarized and mixed nc-Hodge structures. Those appear under
the names TERP structure and mixed TERP structure, respectively.
In particular in [HSO7] Hertling and Sevenheck study the degenerations of
TERP structures and prove a version of Schmid’s nilpotent orbit theorem
which gives rise to the notion of a limiting mixed TERP structure. De-
generations of variants of nc-Hodge structures, as well as limiting mixed
nc-Hodge structures appear also in the works of C. Sabbah [Sab05a] and
S. Szabo [Sza07].

2.1.7. Relation to usual Hodge theory. Recall (see e.g. [Del71]) that a
pure rational Hodge structure of weight w is a triple (V, F*V, Vy) where:

e V is a complex vector space,

o Vg C V is a (Q-subspace such that V = Vg ®¢ C, and

e ['*V is a Hodge filtration of weight w on V, i.e. F*V is a decreasing
finite exhaustive filtration by complex subspaces which satisfies FPV @
Fw+t1-pV =V where the complex conjugation on V is the one given by
the real structure Vg = Vg @ R C V.

A pure Hodge structure is a direct sum of pure Hodge structures of various
weights, and a morphism of pure Hodge structures is a linear map of complex vector
spaces which maps the rational structures into each other and is strictly compatible
with the filtrations. We will write (Q-HS) for the category of pure rational Hodge
structures. It is well known [Del71] that (Q-HS) is an abelian Q-linear tensor
category. For every w € Z we have a ®-invertible object in (Q-HS) of pure weight
2w: the Tate Hodge structure Q(w) given by Q(w) := (C, F*,Q), where F* = C
for 1 < w and F* = {0} for i > w.

It turns out that pure Hodge structures can be viewed as nc-Hodge struc-
tures. This is achieved through a version of the Rees module construction (see e.g.
[Sim97a]) which converts a filtered vector space into a bundle over the affine line
Al. Specifically, given a pure Hodge structure (V, F'*V, V) of weight w we consider
the rank one meromorphic bundle with connection

7y = (clupua- ¥ 2)

U

and we set
o H = v med2 = S =iV {u} viewed as a C{u}-submodule in
C{u}[u™!] ®c V. Clearly, this submodule is preserved by the operator
Vud for the connection V := (d — % - %”) ® idy, i.e. (J7,V) is a loga-
rithmic holomorphic extension of the meromorphic bundle with connection
T% ®cV.
Note: Consider the algebraization (H,V) = Bq (€, V) of (#,V). The
fiber Hy := H/(u—1)H of H at 1 € A! is canonically identified with V.
By definition the connection V on H has monodromy (—1)*idy and so
preserves any rational subspace in V.

o &z := &Y M4 2_ the Q-local system on A! — {0} defined as the subsheaf
&p C H consisting of sections whose value at 1isin Vo C V = H/(u—1)H.
In other words &5 is the locally constant sheaf on A! — {0} with fiber Vg
and monodromy (—1)" idy,.
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e iso is the isomorphism of complex local systems, corresponding to the
embedding &5 C H.

REMARK 2.8. On every simply connected open (in the analytic topology) subset
U c A — {0} the bundle with connection 7= has a horizontal section u®/2. In

particular on such opens we have Hy;y = ). w2y R ).

The data (H, &g, is0) satisfy tautologically the (Q-structure axiom) and the (op-

posedness axiom) from Definition 2.5. Indeed, the (Q-structure axiom) is satisfied

since by definition V has a regular singularity at 0 and so S<,, =S or 0 for all w.

The (opposedness axiom) is satisfied as it is equivalent in the case of regular singu-

larities to the oposedness property in the definition of the usual Hodge structures.
Thus, the assignment (V, F*V, Vy) — (H, &p,is0) gives a functor

n: (Q-HS) — (Q-ncHS)

which by definition factors through the orbit category (see e.g. [Kel05] for the
definition of an orbit category)

m: (Q-HS) — (Q-HS)/(e ® Q(1)),

i.e we have 91 = n o 7 for a functor

M : (Q-HS)/(e ® Q(1)) — (Q-ncHS).

The proof of the following statement is an immediate consequence of the definition.

LEMMA 2.9. The functor N s fully faithful and its essential image consists of
all nc-Hodge structures that have regular singularities and monodromy = id on H°
and = —id on H'.

REMARK 2.10. It is straightforward to check that the functor 2 can also be de-
fined in families and embeds the category of variations of Hodge structures (modulo
the Tate twist) into the category of variations of nc-Hodge structures.

2.1.8. nc-Hodge structures of exponential type. As we saw in Section
2.1.7 the usual Hodge structures give rise to special nc-Hodge structures with reg-
ular singularities. The nc-Hodge structures with regular singularities are also im-
portant because they can serve as building blocks of general nc-Hodge structures.
Let (H,&p,is0) be an nc-Hodge structure, let (#,V) = &o((H,V)) be the germ
of (H,V) at zero, and assume that A_5 # 0, i.e. V has a second order pole. Ac-
cording to the Turrittin-Levelt formal decomposition theorem (see e.g. [Mal79],
[BV85], [Sab02, I1.5.7 and I1.5.9]) we can find a finite base change py : C — C,
pn(t) ==tV = u, so that p} (2, V)[t™!] is formally isomorphic to a direct sum of
regular singular connections on meromorphic bundles multiplied by exponents of
Laurent polynomials. More precisely we can find polynomial tails g;(t) € Clt1],
C{t}[t~!]-vector spaces %Z; and meromorphic connections

(Vz‘)% . %i - %i,
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each with at most a regular singularity at 0, so that we have an isomorphism of
formal meromorphic connections over C((t)):

Vipn(£,V) R C) = [Pt R @] R ).

C{e}[t—] =1 C{e}[e—1] C{e}e 1]

Here £/ denotes the rank one holomorphic bundle with meromorphic connection
(C{t},d — df), and (Z%;,V;) denote meromorphic bundles with connections having
regular singularities.

REMARK 2.11. The bundle £/ has a non-vanishing horizontal section, namely
ef. In particular the multivalued flat sections of £% ® (%;, V;) are given by multi-
plying multivalued flat sections of (%;, V,) by e9:.

In the examples coming from Mirror Symmetry that we are interested in, the
base change py is not needed for the decomposition to work. In this case we can take
gi(u) = ¢;/u where ¢y, ..., ¢, € C denote the distinct eigenvalues of A_5. Because
of this we introduce the following definition (see also [HS07, Definition 8.1]):

DEFINITION 2.12. We say that an nc-Hodge structure (H, &p,is0) is of expo-
nential type if there exists a formal isomorphism

U : (A Qcuy Cl[u]], V) = @ <gcz'/u ® (%, Vz)) ®c{uy Cllul]

=1

where (%;,V;) are meromorphic bundles with connections with regular singularities
and ci,...,c, € C denote the distinct eigenvalues of A_.

REMARK 2.13. e There are various sufficient conditions that will guarantee
that a given nc-Hodge structure is decomposable without base change. For in-
stance, this will be the case if A_, has distinct eigenvalues, or if A_; = 0. More
generally, it suffices to require that we can find holomorphic functions ¢;(u) € C{u}
so that £;(0) = ¢; for i = 1,...,m and the characteristic polynomial of u2A(u) is
det (c-id —u?A(u)) = [[\%, (e — ).

e Not every irregular connection with a pole of order two is of exponential type.
Indeed, the rank two connection

-2
Vzd—( 91 Z)
u 2

o4
e—2u” 2

1 -1 ’
uze 2% 2

and so one needs a quadratic base change for the formal decomposition to work for
this connection.

has a horizontal section

e If an nc-Hodge structure (H, &p,is0) is of exponential type, then one can check
(see [HSO7, Lemma 8.2]) that for each i = 1,...,m we can find a unique holomor-
phic extension J#.. C R; in which the connection has a second order pole and so
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that ¥ induces a formal isomorphism of holomorphic bundles with meromorphic
connections

m

U (2,V)Cllu)] = | Pe/" Q) (e, V) | @ Cllu]l,
i=1 C{u}

over Cl[u]].

The nc-Hodge structures with regular singularities or the nc-Hodge structures of
exponential type comprise full subcategories

(Q-ncHS)™& C (Q-ncHS)*® C (Q-ncHS)

in (@Q-ncHS). In fact, in the exponential type case one can state the nc-Hodge struc-
ture axioms in an easier way. The simplification comes from the fact that in this case
the Deligne-Malgrange-Stokes filtration is given by subsheaves S<) of S that are la-

beled by A € R and consisting of solutions decaying faster than O (exp (M)),

-
r = |ul. Indeed, tracing through the definition one sees that in the exponential
case for a ray defined by ¢ the jumps of the steps of the Deligne-Malgrange-Stokes
filtration occur exactly at the numbers Re(c;e™*?). Furthermore, the associated
graded pieces for the filtration are local systems on the circle and in fact coincide
with the regular pieces (%;,V;) that appear in the formal decomposition of the
connection. Hence one arrives at the following

DEFINITION 2.14. A rational pure nc-Hodge structure of exponential
type consists of the data (H, &p,is0), where

o H is a 7Z/2-graded algebraic vector bundle on A'.
e &g is a local system of finite dimensional 7./2-graded Q-vector spaces on
Al —{0}.

e iso is an analytic isomorphism of holomorphic vector bundies on A' —{0}
iSO : € ® OAl_{O} =, H|A1—{O}-

These data have to satisfy the following axioms:

(nc-filtration axiom)®*® The connection V induced from iso is a meromor-
phic connection of exponential type on H with a pole of order < 2 atu =0
and a reqular singularity at oo. More precisely, there exist:

e a holomorphic frame of 7 near u = 0 in which

with Ay, € Mat,(C), r = rankcy,) 7.
e a holomorphic frame of 7€ near u = oo in which

V=d+ Z Biu™F | d(u™1)
k>—1

and By € Mat,.-(C).
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e a formal isomorphism over C((u)):
m
(A, V) = Pe® (%, V)
i=1
where (%;,V;) are meromorphic bundles with connections with reg-
ular singularities and ¢, . ..,c,, € C denote the distinct eigenvalues

Of A_2.
(Q-structure axiom)®*® The Q-structure &g on (H,V) is compatible with

Stokes data in the following sense. The filtration {S<x}ier of S by the
subsheaves S<), whose stalk at ¢ € S is given by

ray Riei‘p, for which

(59)¢ — ls €S, =T (R}e*, H) ”8 (rei‘p)” -0 (eXp (M@))

J s is a V-horizontal section of H over the

r

when r — 0.
is defined over Q, i.e.

(SS)\ ﬂSB) ®QC = SS)\
for all X € R.

(opposedness axiom)®*® = (opposedness axiom)

REMARK 2.15. It is instructive to understand more explicitly the behavior of
the Deligne-Malgrange-Stokes filtration for nc-Hodge structures (or more generally
irregular connections) of exponential type. As before we denote by S the complex
local system on the circle S' corresponding to an nc-Hodge structure for which
A_5 has distinct eigenvalues cy,...,c,,.

By definition, for every ¢, the steps in the Deligne-Malgrange-Stokes filtration
(S<x), jump exactly when A crosses one of the numbers Re(c,e™*¢). More invari-
antly, the assignment ¢ € S — {Re(cie™%),...,Re(cxe™)} C R is a sheaf A of
finite sets of real numbers (possibly with repetitions) on S*. For a general value of
¢, the real numbers {Re(cie™*?),...,Re(cre )} are all distinct but for finitely
many special values of ¢ some of Re(cie™ %), ..., Re(cre™®) will coalesce. More
precisely we have the Stokes rays R~ g-i(c, —¢,) and the associated set SD C [0, 27)
of Stokes directions: i.e. ¢ € SD if and only if there is some pair a # b such that

Co —Cp = rei(8+%) for some r > 0. Clearly for every open arc U C S' which
does not intersect SD, the restriction Ay is a local system of finite sets of cardi-
nality m. Moreover the values ¢ € SD are precisely the ones for which some of
Re(cie™*),...,Re(cre ) become equal to each other.

Now recall that for any given ¢ € S*, the subspaces (S<r)y C Sy, do not change
if we move A € R continuously without passing through some element of A,. In
other words, we can label the steps of the Deligne-Malgrange-Stokes filtration by
local sections of A, and so that at each ¢ € S' the steps are ordered according to
the order on A, induced from the embedding A, C R. The finite set SD C S Lof
Stokes directions breaks the circle into disjoint arcs. Over each such arc U we have
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that Ay is a local system of finite sets of real numbers with m linearly ordered flat
sections, and the steps of the Deligne-Malgrange-Stokes filtration of S,y are labeled
naturally by these sections. If we move from U to an adjacent arc U’ by passing
across a Stokes direction ¢ € SD, then some of the elements in the labelling set get
identified at ¢ and get reordered when we cross over to U’ (see Figure 1).

Stokes \‘\"/
direction \/\ & \ gl

FIGURE 1. The system of labels for the Deligne-Malgrange-Stokes filtration.

In fact, if A\; < ... < Ay, are the ordered flat sections of Ay, and A} < ... < A,
are the ordered flat sections of Ay, then the transition from the A’s to the \"’s
is always such that certain groups of consecutive \’s are totally reordered into
groups of consecutive \"’s. For instance in Figure 1 the passage from {1, A2, Az, A4}
to {A], A5, A5, Ay} across the Stokes point ¢ € SD has the effect of relabelling:
)\1 — )\/1, )\2 — )\2, )\3 — /\g, and /\4 — )\I2

This behavior of the labelling set and the behavior of the associated filtration can
be systematized in the following:

DEFINITION 2.16. Let S be a finite dimensional local system of Z/2-graded com-
plez vector spaces over S*. Let ey, ..., em be distinct complex numbers, let A be the
sheaf of finite sets of real numbers on S* given by p — {Re(cie™™*),...,Re(cie )},
and let SD C S* be the associated set of Stokes directions.

An abstract Deligne-Malgrange-Stokes filtration of S of exponential
type and exponents (ci,...,¢,,) is a filtration by subsheaves S< such that:

o Sc) is labelled by local continuous sections A of A and is locally constant
on any arc which does not intersect SD.

e Suppose p € SD, and let U, U’ C S! — SD be the two arcs adjacent at .
Let Ay < --- < Ay and X} < --- < A}, be the ordered flat sections of Ay
and Ay, respectively. Trivialize S on UUU' U{p} by identifying the flat
sections with the elements of the fiber Sy, and let

0C Fex, C---CFey,, CSy, and 0C FLy, C - CFLy CSy
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be the filtrations corresponding to this trivialization and the filtrations S<y
on U and U’, respectively, i.e.
For = lim (<), and  Foy o= S, (S<x),,
Y-y Y-

Let 1 <11 < j1 <ig < Jog < -+ <ig < jx < m be the sequence of integers
such that Ay = A, for a & [i1,71] U [i2,72] U -+ U [ik, Jk|, and for each
interval [is, js] we have that N = A, Nj,—1 = Ai,41, ... A;, = Aj,. Then
we requare that:

— for each a & [i1,71] U [i2, j2] U --- U [ig, jk| we have F<y, = F}, ;

— foreachs=1,...,k, F<), = FS'\QS and the filtrations )

FSMS /Fﬁz\is—1 C FSMS-H/FS/\is—l c - C FS)\jS /FSA‘L'S—I

! / / / /
o Fax,, © Foy MFoy < oo Foy [Foy

are (js — is)-opposed.

REMARK 2.17. The above discussion generalizes immediately from connections
of exponential type to arbitrary meromorphic connections (see remark 2.3). One
gets a collection of curves drawn on the boundary of the cylinder which can be
interpreted as a projection to O-jets of a Legendrian link in the contact manifold of
1-jets of functions on S*.

The categories of nc-Hodge structures, of nc-Hodge structures of exponential type,
or of nc-Hodge structures with regular singularities all behave similarly to ordinary
Hodge structures. For instance one can introduce the notion of polarization on
nc-Hodge structures, which specializes to the usual notion in the case of ordinary
Hodge structures. (This will not be needed for our discussion so we will not spell it
out here. The interested reader may wish to consult [Her06, HS07, Kon08] for
the details of the definition.) In fact we have the following

LEMMA 2.18. The categories (Q-ncHS)™8 C (Q-ncHS)**P C (Q-ncHS) are Q-
linear abelian categories. The respective categories of polarizable nc-Hodge struc-
tures are semi-simple.

Proof: The statement is a manifestation of Simpson’s Meta-Theorem from
[Sim97b]. The opposedness axiom implies that the respective categories are abelian
and the existence of polarizations implies the semi-simplicity. The proofs follow
verbatim the argument in usual Hodge theory or the argument in [Sim97b]. Al-
ternatively one can use the comparison statement [HS07, Lemma 3.9] identifying
the nc-Hodge structures with pure twistor structures and then invoke [Sim97b,
Lemma 1.3 and Lemma 3.1]. O

The bundles with connections (#%.,,V;) can be thought of as the regular singular
constituents of the nc-Hodge structure (H, &p,is0). The (#,, V;)’s are invariants
of the nc-Hodge structure but of course they do not give a complete set of invariants
(see the third point in 2.13). As usual we need additional Stokes data (see e.g.
[Sab02]) in order to reconstruct the pair (¢, V) from its regular constituents. To
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understand how the rest of nc-Hodge structure arises from the constituents we need
to understand how the rational structure &g interacts with the Stokes data. This
process is very similar to the interaction between Betti, de Rham and Dolbeault
cohomology in ordinary Hodge theory and we will describe it in detail in section 2.3.

The nc-Hodge structures one finds in geometric examples are very often regular (e.g.
in the case of ordinary Hodge structures) or at worst have exponential type. It is
also expected that the nc-Hodge structures arising in mirror symmetry will always
be of exponential type but at the moment this is only supported by experimental
evidence.

We will discuss in detail some of this evidence in the subsequent sections. Before
we get to the examples however, it will be instructive to comment on the reason for
introducing the nc-Hodge structures at the first place. The geometric significance of
these structures stems from the fact that they appear naturally on the cohomology
of non-commutative spaces of categorical nature.

2.2. Hodge structures in nc geometry. The version of non-commutative
geometry that is most relevant to nc-Hodge structures is the one in which a proxy
for the notion of a non-commutative space (nc-space) is a category, thought of as
the (unbounded) derived category of quasi-coherent sheaves on that space.

2.2.1. Categorical nc-geometry. The basic notion here is:

DEFINITION 2.19. A graded complex nc-space (respectively a complex nc-
space) s a C-linear differential graded (respectively Z/2-graded) category C' which
is homotopy complete and cocomplete.

Notation: We will often write C'x for the category to signify that it describes the
sheaf theory of some nc-space X, even when we do not have a geometric construction
of X.

The categorical point of view on non-commutative geometry goes back to the works
of Bondal [Bon93], Bondal-Orlov [BO01, BO02| with many non-trivial exam-
ples computed in the later works of Orlov [Orl04, Orl05b, Orl05a], Caldero-
Keller [CKO05, CKO06|, Auroux, Orlov, and the first author, [AKO04, AKOO06],
Kuznetsov [Kuz05b, Kuz05a, Kuz06], etc. More recently this approach to nc-
geometry became the central part of a long term research program initiated by the
second author and was studied systematically in the works of the second author
and Soibelman [KS06b, Kon08|, Toén [To€07a], and Toén-Vaquie [TV05].

REMARK 2.20. (i) We do not spell out here the notions of homotopy com-
pleteness and cocompleteness in dg categories since on the one hand they are quite
technical and on the other hand they will not be used later in the paper. It is
worth mentioning though that some effort is required to define these notions. In
the original approach of the second author described in his 2005 [AS lectures and in
his 2007 course at the University of Miami the homotopy completeness and cocom-
pletness in C was defined by a universal property for homotopy coherent diagrams
of objects in the dg category labeled by simplicial sets. Alternatively [To&07c], one
may use the model category (C°P — mod) of C°P-dg modules, whose equivalences
are the quasi-isomorphisms, and whose fibrations are the epimorphisms. In these
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terms one says that C is homotopy complete if the full subcategory of (C°P — mod)
consisting of quasi-representable objects is preserved by all small homotopy lim-
its (defined via the given model structure). Similarly we say that C is homotopy
cocomplete if C°P is homotopy complete.

(ii) Note that in the above definition the category C' is automatically triangulated
as follows already from the existence of finite homotopy limits, and Karoubi closed
by the standard mapping telescope construction [BN93].

EXAMPLE 2.21. The two main types of nc-spaces are the following;:

usual schemes: Usual complex schemes can be viewed as (graded) nc-
spaces. Given a scheme X over C, the corresponding category Cx is
the derived category D(Qcoh(X)w) of quasi-coherent sheaves on X taken
with an appropriate dg enhancement (see [BK91]). In particular, the
closed point pt = Spec(C) corresponds to the category Cpt of complexes
of C-vector spaces.

modules over an algebra: If A is a differential graded (or Z/2-graded)
unital associative algebra over C, then we get an nc-space ncSpec(A)
such that Cpcspec(a) = (A — mod) is the category of dg modules over A
which admit an exhaustive increasing filtration whose associated graded
are sums of shifts of A.

To illustrate how the above notion of an nc-space fits with the ncHodge structures
we will concentrate on the case of nc-affine spaces, i.e. nc-spaces equivalent to
ncSpec(A) for some differential Z/2-graded algebra A over C. Note that because
of derived Morita equivalences an affine nc-space X does not determine an algebra
A uniquely, i.e. different algebras can give rise to the same nc-space.

REMARK 2.22. The condition is not as restrictive as it appears at first glance.
In fact almost all nc-spaces that one encounters in practice are affine. For instance
usual quasi-compact quasi-separated schemes of finite type over C are affine when
viewed as nc-spaces. This follows from a deep theorem of Bondal and van den Bergh
[BvdBO03] which asserts that for such a scheme X the category Cx = D(Qcoh(X))
has a compact generator £. That is, we can find an object £ € Cx so that

Hom(& ) : Cx — Cpy

commutes with homotopy colimits and has a zero kernel. In particular the dg
algebra computing the category Cx is given in terms of the generator &, i.e.

Cx = (Hom(&, £)°P — mod).

Suppose now that X = ncSpec(A). Recall that an object £ € Cx = (A — mod) is
perfect if Hom(E, e) preserves small homotopy colimits. We will write Perfy for
the full subcategory of perfect objects in Cx. We now have the following definition
(see e.g. [KS06b, Kon08] or [TV05)):

DEFINITION 2.23. A complex differential Z/2-graded algebra is called
smooth: if A € Perfcspec(agacr);
compact: if dim¢ H*(A,da) < +0o or equivalently if A € Perfy.

Note: One can check (see e.g. [KS06b] or [TVO05]) that the properties of X being
smooth and compact do not depend on the choice of the algebra A which computes



106 L. KATZARKOV, M. KONTSEVICH, AND T. PANTEV

Cx. Also, for a usual scheme X of finite type over C, smoothness and compactness
in the scheme-theoretic sense are equivalent to smoothness and compactness in the
nc-sense.

2.2.2. The main conjecture. The analogy with commutative geometry sug-
gests that one should look for pure nc-Hodge structures on the cohomology of
smooth and proper nc-spaces. More precisely we have the following basic conjec-
ture

CONJECTURE 2.24. Let X be a smooth and compact nc-space over C. Then
the periodic cyclic homology HP,(Cx) of Cx carries a natural functorial pure Q-
nc-Hodge structure with reqular singularities.

Furthermore, if the Z/2-grading on X can be refined to a Z-grading, then the
nc-Hodge structure on HP,(Cx) is an ordinary pure Hodge structure, i.e. belongs
to the essential tmage of the functor N.

2.2.3. Cyclic homology. There are some natural candidates for the various
ingredients of the conjectural nc-Hodge structure on HP,(Cx). Assuming that
X = ncSpec(A) is nc-affine, we can compute HP,(Cx) in terms of A. Namely

HP,(Cx) = HP,(A) = HP, (CFY(A, A)((v)),0 +u - B),

where
e u is an even formal variable (of degree 2 in the Z-graded case);
o O (A, A)((u)) = A® (A/C-14)®* @ C((u)), for all k > 0;
e 0=>0b+ 4, where
n—1
b(ao R---® an) = Z(_l)deg(m)@...@ai)ao R ®ai0it1 @ D an
i=0
+ (_1)deg(ao®---®an)(deg(an)+1)+1ana0 Q@ an_1,

is the Hochschild differential, and
§ag® - Ray) := Z(_l)deg(ao@"@az’—l)ao R QRdaa; @ Q an
i=0
is the differential induced by d4 via the Leibniz rule;

Blag®- - ®@ap) = Y (—1)ldealws ea)=hdelain® @)=l
i=0
'1A®az’+1®"'®an®a0®"‘®ai

is Connes’ cyclic differential.

2.2.4. The degeneration conjecture and the vector bundle part of the
nc-Hodge structure. Note that by construction HP,(Cx) is a module over
C((u)). We can also look at the negative cyclic homology HC, (Cx) of Cx. By
definition HC, (Cx) is the cohomology of the complex

(Ce(A, A)[[u]},0+u- B),
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and so is a module over C[[u]]. The specialization
HC,; (Cx)/uHC, (Cx)
of this module at ©w = 0 maps to the cohomology of the complex
(C(A, A),9)

of reduced Hochschild chains for A which by definition is the Hochschild homology
HH,(A) of A. The Hochschild-to-cyclic spectral sequence implies that

(2.2.1) dimc((u)) HP.(A) S dim(c HH.(A)

If X is a smooth and compact nc-space, the Hochschild chain complex of C'x is the
derived tensor product over A @ A°P of a perfect complex with finite dimensional
cohomology with itself. In particular HHe(Cx) := HH4(A) is a finite dimensional
C-vector space, and so by (2.2.1) we have that HP,(Cx) is finite dimensional over
C((u)). Thus the C[[u]]-module HC; (Cx) is finitely generated and so corresponds
to the formal germ at u = 0 of an algebraic Z/2-graded coherent sheaf on Aé. The
fiber of this sheaf at u = 0 is HH,(Cx) and the generic fiber is HP,(Cx). In
[KS06b, Kon08| the second author proposed the so called degeneration con-
jecture asserting that for a smooth and compact nc-space X = ncSpec(A4) we
have an equality of dimensions in (2.2.1). In other words the degeneration conjec-
ture asserts that for a smooth and compact nc-space the C[[u]]-module HC, (Cx)
is free of finite rank and thus corresponds to an algebraic vector bundle on the
one-dimensional formal disc D := Spf(C[[u]}).

REMARK 2.25. There is a lot of evidence supporting the validity of this con-
jecture. The work of Weibel [Wei96] shows that if X is a usual quasi-compact and
quasi-separated complex scheme the Hochschild and periodic cyclic homology of X
viewed as a nc-spaces can be identified with the algebraic de Rham and Dolbeault
cohomology of X, respectively. Combined with the degeneration of the Hodge-to-de
Rham spectral sequence in the smooth proper case this shows that the degeneration
conjecture holds true for usual schemes. Also recently in a very exciting sequence
of papers [Kal07a, Kal06] Kaledin proved the degeneration conjecture for graded
nc-spaces X = ncSpec(A) for which A is concentrated in non-negative degrees.
The case of graded nc-spaces X = ncSpec(A) for which A is concentrated in non-
positive degrees was also settled by Shklyarov [ShkO8|. The general graded case
and the Z/2-graded case are still wide open.

2.2.5. The meromorphic connection in the u-direction. The next ob-
servation is that the C{u}[u~']-module HP,(Cx) comes equipped with a natural
meromorphic connection. Indeed, recall that by the work of Getzler [Get93| there
is a version of the Gauss-Manin connection which exists on the periodic cyclic ho-
mology of any flat family of differential graded algebras (see also [Tsy07, Kal07b]).
An analogous statement holds in the Z/2-graded case as explained e.g. in [KS06b,
Section 11.5]. The Gauss-Manin connection for any family of dg algebras A, over
the formal disc Spf C[[x]] with a formal parameter x is an operator

Vfdg  H*(C™ Ay, Ag) (1, 7]}, 04, +u- Ba,)
— H'(Cred(Az,Az)[[u,m]],BAx +u-By,)
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satisfying the Leibniz rule with respect to the multiplications by u and x (com-
pare this with the (Griffiths transversality axiom) in Definition 2.7 from Sec-
tion 2.1.5).

Suppose now that A is a differential Z/2-graded (d (Z/2)g) algebra with product
m 4, differential d4, and a strict unit 14. Then we can form a flat family 4 —
A! — {0} of differential Z/2-graded algebras parameterized by the punctured affine
line A' — {0}. The fiber A; of A over a point ¢t € Al — {0} is the d(Z/2)g algebra
for which the underlying 7 /2-graded vector space is A and

ma, =1t -ma,
da, =1 -da,
14, = t1 1.

Looking at the scaling properties of 9 and B we see that the identity morphism on
the level of cochains induces a natural isomorphism
(2.2.2)

H* (C( Ay, A [[ul], a, + u- Ba,)—>H*(C*4(A, A)[[u]],d + ut~2 - B).

This isomorphism does not come from a quasi-isomorphism of complexes, as the
identity map is not a morphism of complexes: the differentials do not coincide but
differ by the factor t. If A is smooth and compact, then the negative cyclic homology

of the family of algebras A; gives rise to an algebraic vector bundle HC on the
product (A! — {0}) x D. Here D := Spf C|[[u]] denotes the one-dimensional formal
disc. We will write (¢,u) for the coordinates on (A —{0}) xD. We will be interested
in fact only in the formal neighborhood of the point ¢ = 1 where we can choose
as a local coordinate = := log(t). The Getzler-Gauss-Manin connection can then

be viewed as a relative holomorphic connection VEM on HC  which differentiates
only along AL — {0}. On the other hand the formal completion of the group C*
at 1 acts on (A{ — {0}) x D by (t,u) — (ut, u?u) for p € C*. The isomorphism

(2.2.2) gives rise to a C*-equivariant structure on the vector bundle HC and
the infinitesimal action of d/du associated with this equivariant structure gives a
holomorphic differential operator A € Diff 51(1?6’ - HC ) with symbol equal to

0 0\ .
(ta + 2Ua—> . 1d1?6’_

Vs =5 A=V,

U” ou 2 2 Ot

Hence

is a first order differential operator on HC with symbol

0
2 .
u 8_@[, . ldI/:I‘—é—

and so after restricting HC to {1} x D this operator gives a meromorphic connec-
tion V on the C[[u]]-module HC; (Cx) with at most a second order pole at u = 0.
Note also that if the algebra A is Z-graded, then the family A; is easily seen to be

trivial and the connection V has a first order pole at v = 0 with monodromy equal
to (_1)pa,rity.
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2.2.6. The Q-structure. The categorical origin of the rational (or integral)
structure of the conjectural nc-Hodge structure is more mysterious. Conceptually,
the correct rational structure should come from the Betti cohomology or, say, the
topological K-theory of the nc-space. There are two natural approaches to con-
structing the rational structure &g C HP,(Cx):

(a) The soft algebra approach ([Kon08]). Let again X = ncSpec(A4) be an
affine nc-space, and assume X is compact. By analogy with the classical geometric
case one expects that there should exist a nuclear Fréchet d(Z/2)g algebra Ac so
that

e The K-theory of Ac satisfies Bott periodicity, i.e. K;(Ac~) = K;42(Ac) for
all s > 0.

e There is a homomorphism ¢ : A — Ag~ of d(Z/2)g algebras for which ¢, :
HP,(A) — HP4(Acs) is an isomorphism, and the image of the Chern character
map

ch: K¢(Ac., ) — HPy(Ac)

is an integral lattice, and hence gives a rational structure &g C HP,(A).

Note: If X is a smooth and compact complex variety and if £ € Perf(X) is a vector
bundle generating Cx, then one may take

A= A% (X, EV @ €),D)
Aps = AO’O(X,EV ®E).

Note that the algebra Ac= is Morita equivalent to C°°(X).

(b) The semi-topological K-theory approach (Bondal, Toén, [To€07b}).
Assume again that X = ncSpec(A) is a smooth and compact graded nc-affine
nc-space. Consider the moduli stack .#x of all objects in Perfyx. This is an oo-
stack which by a theorem of Toén and Vaquie [TVO05] is locally geometric and

locally of finite presentation. Moreover, for any a,b € N the substack .# )[? e X
consisting of objects of amplitude in the interval [a, b] is a geometric (b — a + 1)-
stack. The functor sending a complex scheme to the underlying topological space in
the analytic topology gives rise by a left Kan extension to a topological realization
functor

| @ | : Ho (Stacks/C) — Ho(Top)

from the homotopy category of stacks to the homotopy category of complex spaces.
Following Friedlander-Walker [FWO05]| we define the semi-topological K-group of
the nc-space X to be

K§'(X) = mo(|Ax])-
The group structure here is induced by the direct sum & of A-modules: the monoid

(mo(|#x|), ®) is actually a group. To see this note that for any A-module E we
have that [E @ F[1]] = 0 in mo(|.#x|). Indeed we have distinguished triangles

E 0 E1] E[1]

E—— E®E[] E[1] E[l]
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the first of which corresponds to id € Ext!(E[1], E) = Hom(E, E), and the second
of which corresponds to 0 € Ext'(E[1], E) = Hom(E, E). Since Ext'(E[1],E) =
Hom(E, FE) is a vector space, it follows that id deforms to 0 continuously and so
the second terms in the above triangles represent the same point in mo(|.Zx|).

More generally & makes |.# x| into an H-space K*'(X) which is the degree zero
part of a natural spectrum. Using this one can define K*(X) for all : > 0.

Next note that since C'x is triangulated it is a module over the category Perfy
of complexes of C-vector spaces with finite dimensional total cohomology. In par-
ticular K5*(X) is a graded module over K$*(pt). It can be checked that

K**(pt) = BU = K"*P(pt),

and so KZ'(X) is a graded Z[u]-module (degu = 2).
Now we can define

KPP (X) := KN X)u™' = K3H(X) ®zp0) Zlu,u™".
Again one expects that there is a Chern character map
ch: K°(X) — HP,(Cx)

whose image gives a rational structure &g on HP,(Cx).

Note: If X is a smooth and compact complex variety, then the Friedlander-Walker
comparison theorem [FW01] implies that K*°P(D(QCoh(X))) = K*™P(X'P), where
X P is the topological space underlying X.

2.2.7. Questions. Even though we have some good candidates for the ingre-
dients H, V, &p of the conjectural nc-Hodge structure associated with an nc-space,
there are several important problems that need to be addressed before one can prove
Conjecture 2.24:

e show that the connection V has regular singularities (this is automatically
true in the Z-graded case);

e show that V preserves the rational structure;

e show that the opposedness axiom holds.

One can show that for a smooth compact nc-space the coefficient A_5 in the u-
connection is a nilpotent operator, which gives some evidence in favor of the regular
singularity question.

In fact Conjecture 2.24 and the above questions are special cases of a general con-
jecture which predicts the existence of a general nc-Hodge structure on the periodic
cyclic homology of a curved d(Z/2)g category which is formally smooth and com-
pact. We will not discuss the general conjecture or the relevant constructions here
but we will revisit these questions in some interesting geometric examples in Sec-
tion 3.

2.3. Gluing data. In this section we discuss how general nc-Hodge structures
of exponential type can be glued together out of nc-Hodge structures with regular
singularities and additional gluing data.
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2.3.1. nc-de Rham data. The de Rhamn part of an nc-Hodge structure of
exponential type can be prescribed in three equivalent ways:

ncdR(i) A pair (#,V), where .# is a finite dimensional vector space over
C{u}[u™!] and V is a meromorphic connection. These data should satisfy the
following

Property ncdR(i): There exist:

e a frame e = (ey,...,e,) of .4 over C{u}[u"'] in which

V=d+ | Y At |du
k>—2
with A € Mat,«,(C), » = rankg(y}[u-1] 4. In other words, there is a

holomorphic extension J# = C{u}e; & --- ® C{u}e, in which V has at
most a second order pole.

e a formal isomorphism over C((u)):

m

(A, V) Bcpuyu- Cl(w) = P E" ® (2, V1)
i=1
where (%;,V;) are meromorphic bundles with connections with regular
singularities and ¢y, ..., ¢, € C denote the distinct eigenvalues of A_.
ncdR(ii) A pair (M, V), where M is an algebraic vector bundle on A! — {0} and
V is a connection on M. These data should satisfy the following

Property ncdR(ii): M can be extended to an algebraic vector bundle M
on P!, and

e with respect to this extension and appropriate local trivializations at
zero and infinity we must have

V=d+ Z Agu® | du near 0,
k>—2

V=d+ Z Byu* | d(u™h) near oo.
k>—1

In other words V : M — M@opl Q31 (2 - {0} + {o0}).
e There is a formal isomorphism over C((u)):
(M, V) @cpuu-1 C(w) = P E“ ® (%:, V)
i=1

where (%;,V;) are meromorphic bundles with connections with regular
singularities and ¢, ..., ¢, € C denote the distinct eigenvalues of A_s.

ncdR(iii) An algebraic holonomic D-module M on A'. The D-module M should
also satisfy the following
Property ncdR(iii): M has regular singularities and Hyy (Al, M) = 0.
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The nc-de Rham data of types ncdR(i), ncdR(ii), and ncdR(iii) form obvious
full subcategories in the categories of meromorphic connections over C{u}[u™!],
algebraic vector bundles with connections on A! — {0}, and coherent algebraic D-
modules on A!, respectively. We have the following

LEMMA 2.26. The categories of nc-de Rham data of types ncdR (i), ncdR(ii),
and ncdR(iii) are all equivalent.

Proof. In essence we have already discussed the equivalence ncdR(i)
<= ncdR(ii) in Remark 2.1. Explicitly we have (#,V) = &4((M,V)) =
(M OC[u,u—1] C{u}[u_l]v V) |

We define a functor § : (data (iii)) — (data (ii)) as follows. Let M be a
regular holonomic algebraic D-module on A! with trivial de Rham cohomology.
Denote the coordinate on A! by v. The vanishing of de Rham cohomology means
that the action % : M — M is an invertible operator. Consider the algebraic
Fourier transform ®M which is the same vector space as M endowed with an
action of the Weyl algebra defined by

§im o
T dv

d [—

dv 7

where ¥ is the coordinate on the dual line. By our assumptions ® M is a holonomic
D-module on which 7 acts invertibly. Hence ® M is the direct image of a holonomic
D-module #M’ on A — {0} under the embedding

(A" — {0}) — A’ = Spec(C[?])

Finally, making the change of coordinates u = 1/9 we obtain a D-module M on
A' — {0} with coordinate wu.

We claim that §(M) := M obtained in this way satisfies the property ncdR(ii),
and that by this construction one obtains all such modules. It follows from the well-
known properties of the Fourier transform that ® M has no singularities in A' —{0}
and that its singularity at o = 0 is regular. Hence M is a vector bundle on A! — {0}
endowed with a connection with regular singularity at co. It only remains to use the
well-known fact (see e.g. [Mal91, Chapters IX-XI| or [Kat90, Theorem 2.10.16])
that the exponential type property for M is equivalent to the property of M to
have only regular singularities. ad

REMARK 2.27. The characterization of the exponential type property in terms
of the Fourier transform can be stated more precisely (see [Mal91, Chapters IX-
XI] or [Kat90, Theorem 2.10.16]): For an algebraic holonomic D-module M on the
complex affine line, the following two conditions are equivalent:

1) M has regular singularities;

2) the Fourier transform ®M of M has no singularities outside 0, its sin-
gularity at 0 is regular, and its singularity at infinity is of exponential
type.

Explicitly ® M being of exponential type at infinity means that if x is a coordi-
nate on A' centered at 0, then after passing to the formal completion
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(®M) ®c[z) C((z71)) the resulting module will be isomorphic to a finite sum
De @ (%, V)
i=1

where (%;,V;) are D-modules with a regular singularity at infinity.

REMARK 2.28. Note that the de Rham data ncdR(i) are analytic in nature,
whereas ncdR(ii) and ncdR(iii) are algebraic. In fact from the proof it is clear
that ncdR(ii) and ncdR(iii) and their equivalence still make sense if we replace
C with any field of characteristic zero.

2.3.2. nc-Betti data. The (rational) Betti part of an nc-Hodge structure of
exponential type can be prescribed in four ways:

ncB(i) A (middle perversity) perverse sheaf 4* of Q-vector spaces on the Riemann
surface C (taken with the analytic topology) satisfying the following

Property ncB(i): R['(C,94°) = 0.

ncB(ii) A constructible sheaf % of Q-vector spaces on the Riemann surface C
(taken with the analytic topology) satisfying the following

Property ncB(ii): RI'(C, #) =0.

ncB(iii) A finite collection of distinct points S = {ey,...,e,} C C, and
e a collection Uy, Us,...,U, of finite dimensional non-zero Q-vector spaces,
e a collection of linear maps T;; : U; — U;, for all 4,5 =1,...,n,

satisfying the following
Property ncB(iii): T;; € GL(U;).

ncB(iv) A local system S of Q-vector spaces on S 1 equipped with a filtration
{S<a}rer by subsheaves of Q-vector spaces, satisfying the following
Property ncB(iv): The filtration {S<y ® C} er of S ® C is a Deligne-
Malgrange-Stokes filtration of exponential type. In other words, there
exist complex numbers cq,...,c, € C so that:
e For every p € 8, the filtration {(S<x®C),, }acr of the stalk (S®C),,
jumps exactly at the real numbers {Re (cke_i“")}zzl.
e The associated graded sheaves of S® C with respect to {S<x®@C}ier
are local systems on S'.

Again there are natural equivalences of the different types of Betti data (for ncB(iii)
the equivalence depends on certain choices of paths as one can see from the proof
of Theorem 2.29 and the statement of Lemma 2.30). Consider the full subcate-
gories (ncB(i)) and (ncB(ii)) of nc-Betti data of types ncB(i) and ncB(ii) in
the category of perverse sheaves of Q-vector spaces on C and in the category of
constructible sheaves of Q-vector spaces on C, respectively. We have the following

THEOREM 2.29. The categories of nc-Betti data of types ncB(i) and ncB(ii)
are naturally equivalent. More precisely, the natural functors

H: Db (C,Q) — Constr(C,Q) and [1]: Constr(C,Q) — D’ . (C,Q)

constr
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induce mutually inverse equivalences of the full subcategories (ncB(i)) C

DY ..(C,Q) and (neB(ii)) C Constr(C, Q).

Proof. First we look at the data ncB(i) more closely. Suppose X is a com-
plex analytic space underlying a complex quasi-projective variety. Recall (see e.g.
[BBD82, KS94, Dim04]) that a bounded complex ¥* of sheaves of C-vector
spaces on X is called a (middle perversity) perverse sheaf if it has constructible
cohomology sheaves H*(%4*) and if

o for all k € Z, we have dimg{z € X| H~*(iX%*) # 0} < 2k,
e for all k € Z, we have dimg{z € X| H*(i,9*) # 0} < 2k.

Here i, : x — X denotes the inclusion of the point x in X.

For future reference we will write D% . (X, Q) for the derived category of
complexes of Q-vector spaces on X with constructible cohomology, Perv(X,Q) C
Db (X,Q) for the full subcategory of middle perversity perverse sheaves, and

constr
Constr(X, Q) C D’ ...(X,Q) for the full subcategory of constructible sheaves.
From the definition it is clear that if ¢*® is a perverse sheaf on C, then ¥4* has
at most two non-trivial cohomology sheaves H~1(¥4*) and H°(¥4*). Moreover the
support of H°(%*) has dimension < 0. Now the cohomology RI'*(¢°*) = H*(C,¥*)

can be computed via the hypercohomology spectral sequence
E¥? = H?(C,HY(¥9°)) = HPT4(C,¥*).

Since ¢° has only two cohomology sheaves, the Fy level of this spectral sequence is

-1 HO(C,H~Y(%*)) Hl(C,Hl(%))W---
0 1 2

By Artin’s vanishing theorem for constructible sheaves [Art73, Corollary 3.2] we
have H?(C,H9(%*)) = 0 for all ¢ and all p > 1. Furthermore, since H%(%*) has
at most zero-dimensional support we have H!(C,H%(%*)) = 0. In particular the
spectral sequence degenerates at F and the only potentially non-trivial cohomology
groups of 4°* are

H~(C,9°) = H°(C,H *(¢")), and
HO(C,9°*) = H'(C,H*(¥4*)) @ H°(C,H*(¥"*)).

Thus under the assumption that RI'(4°) = 0 we get that H°(C, H°(%*)) = 0, i.e.
that H(4*) = 0. In other words ¥* = .#[1] for some constructible sheaf .# with
RI(%) =0.

To finish the proof of the theorem we need to show that for every constructible
sheaf .# with RI'(#) = 0, the object #[1] will be perverse (for the middle per-
versity). For this we will have to look more closely at constructible sheaves on the
complex line.



HODGE THEORETIC ASPECTS OF MIRROR SYMMETRY 115

Suppose &% is a constructible sheaf of Q-vector spaces on C. Then there is a
finite set S = {¢1,...,¢,} of points in C so that C — S is the maximal open set on
which % restricts to a local system. Let F := #c_g denote this local system. Let

C— S <& C <& S be the natural inclusions and let ¢ : F — j,j*F = j.F be the
adjunction homomorphism.

Before we can describe F and % via the quiver-like data of type ncB(iii) we
will need to make some rigidifying choices. First we fix a base point ¢y € C — S.
For ¢ = 1,...,n we choose a collection of small disjoint discs D; C C, each D,
centered at ¢;. For each disc we fix a point 0; € 9D, and denote by [; the loop
starting and ending at o; and tracing dD; once in the counterclockwise direction.
We fix an ordered system of non-intersecting paths {a;}?" ; C C— (U, D;) which
connect the base point ¢g with each of the o; as in Figure 2.

FIGURE 2. A system of paths for S C C.

Let mony, : Fo, — Fo, be the monodromy operator associated with the local
system F and the loop I;. The stalk (j,F)e, of the constructible sheaf j,F at
¢; can be naturally identified with the subspace Fo. ¢ of invariants for the local
monodromy. Taking stalks at each ¢; € S we get Q-vector spaces %#., and the
adjunction map ¢ : # — j_FF induces linear maps

mone,

e, : Fe; = Fo, * CF,,.

T

Note that, by descent, specifying the constructible sheaf .% is equivalent to speci-
fying the collection of points S C C, the local system IF on C — S, the collection of
vector spaces {Z., }i_; and the collection of linear maps {p¢, }i;. In particular,
the compactly supported pullback of %#[1] via the inclusion 4., : {¢;} — C can
be computed in terms of these linear algebraic data and is given explicitly by the

complex

Ye; l—mon;i

( Fo, Fo, |-
~1 0 1
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By definition .#[1] is a perverse sheaf iff for all ¢; € S the complex of vector spaces
z'c (Z[1]) has no cohomology in strictly negative degrees, i.e. iff ., is injective for
all:=1,...,n.

Next we rewrite the condition RI'(C,.#) = 0 in terms of the descent data
(F,{Zc.}, {¥c,})- To simplify notation let U := F,,, V; = %, fori =1,...,n.
Let T; : U — U be the monodromy operator for the local system F and the cg-based
loop ~; obtained by first tracing the path a; from ¢y to o;, then tracing the loop [;,
and then tracing back a; in the opposite direction. Similarly we have linear maps
Y; + V; — UTi C U obtained by conjugating ¢, : Vi — F,, with the operator of
parallel transport in F along the path a;.

The descent data for .# with respect to the open cover C = (C—S)U (U™, D;)
are now completely encoded in the linear algebraic data (U,{Vi}",,{Ti},
{i}™_ ;). Cover C by the two opens C — S and U ; D;. The intersection of these
two opens is the disjoint union of punctured discs [[;_;(D; — ¢;). The Mayer-
Vietoris sequence for .% and this cover identifies RT'(C,.%#) with the complex:

©i_1¥i &= (1-T3)

n . ©®n ®n
@’Lzl ‘/z idgn U _ ldgn U
dn
i T u
0 1 2

In other words we have a quasi-isomorphism of complexes of Q-vector spaces:

RI(C, ) =

The acyclicity of this complex is equivalent to the conditions

a) the maps y; : V; — U are Injective for all 2 = 1,...,n, an
h ;o V U injective for all 7 = 1 d
b) the map U — &7 _,U/V; is an isomorphism.

=1

Thus the acyclicity of RT'(C,.%#) implies the perversity of .#[1]. The theorem
is proven. O

The conditions (a) and (b) from the proof of Theorem 2.29 suggest a better way of
recording the linear algebraic content of .%#. Namely, if we set U; := U/V;, then we
can use (b) to identify U with ®]_,U;, V; with ©;%;U; and the map v, : V; — U
with the natural inclusion ®;%;U; C ®;_,U;. The only thing left is the data of the
monodromy operators T; € GL(U), i = 1,...,n. However for each i we have the
embedding

V. Y Ker [U (1=T%) U]
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and so under the decomposition U = @], U; the automorphism T; has a block form

/1 o --- 0 Ty, 0o .- 0\
0 1 ... 0 Ts; 0O -+ 0
T.=1] 0 0 .- 0 T;; o .- 0
0 0 0 Tiyas 1 - 0
\0 0 --- 0 T,; 0o ... 1)

where T}y, = Z;.Lzl Tj;, and T}; : Uy — U;. The linear maps T}; are unconstrained
except for the obvious condition that for all : the map T; should be invertible, which
is equivalent to T;; : U; — U, being invertible for all i = 1,...,n. Also since S was
chosen to be such that C — S is the maximal open on which % is a local system, it
follows that U; # {0} for alli =1,...,n.

In other words we have proven the following

LEMMA 2.30. Fiz the set of points S = {c1,...,¢,} and choose the discs
{D;}" | and the system of paths {a;}7—,. The functor assigning to a constructible
sheaf F with singularities at S the data ({U;}]—,,{Ti;}) establishes an equivalence
between the groupoid of all data of type ncB(ii) with singularities exactly at S and
all data of type ncB(iii) with the given S.

The bridge between the nc- de Rham and Betti data is provided as usual by the
Riemann-Hilbert correspondence. This is tautological but we record it for future
reference:

LEMMA 2.31. The de Rham functor:
0
M — cone (M R [u] (’)‘Z?&M Qc|u] OK‘})

establishes an equivalence between the categories (ncdR(iii)) and (ncB(i))®C.

Finally, note that Theorem 2.29, together with Lemma 2.31, and Deligne’s classifi-
cation [BV85, Theorem 4.7.3] of germs of irregular connections give immediately:

LEMMA 2.32. The data (ncB(ii)) and (ncB(iv)) are equivalent.

Proof. Let .% be a constructible sheaf of Q-vector spaces on C. Define a local
system S of Q-vector spaces on S as the restriction of .Z to the circle “at infinity”,
i.e. define the stalk of S at ¢ € S to be

S, = lim %, ..
%2 400 ret¥

Next, for any A € R and any ¢ € S* consider the half-plane
N, = (A4 {u € C| Re(u) > 0}) - €'¥,

as shown in Figure 3.

Now suppose that RT'(C, #) = 0. By the long exact sequence for the cohomology
of the pair ), x» C C we get that H*(C, H,.;.%) = 0 unless ¢ = 1. The Deligne-
Malgrange-Stokes filtration on S is then given explicitly by

Sp.<x == H'(C, 9,2 F) CS,,.
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FIGURE 3. The half-plane $ ».

O

For the purposes of nc-Hodge theory all these statements can be summarized in
the following

THEOREM 2.33. There is a natural equivalence of categories

quadruples ((H,V), %g, f), where
e H is an algebraic Z/2-graded vector bun-

dle on C and V is a meromorphic con-
triples (H,&p,is0)  sat- nef:tione)gn H satisfying the (nc-filtration
isfying the (nc-filtration\l ad)flom) ;
axiom)exp and the (Q' ~ | e Fp€E COHStI’(C,Q),

satisfying R['(C, #p) = 0;

e f is an isomorphism

f:Fp®C— DR(® [t (H,V)a1—03)])
in Db _...(C,C)

constr

structure axiom)®

Here as before

DR is the de Rham complex functor from the derived category of regular
holonomic D-modules to the derived category of constructible sheaves,

v is the inclusion map v : A' — {0} — Al given by 1(v) =v~!, and
®(e) is the Fourier-Laplace transform for D-modules on A®.
Proof. Follows immediately from previous equivalences. il

2.4. Structure results. In this section we collect a few results clarifying the
structure properties of the nc-Hodge structures of exponential type.

2.4.1. A quiver description of nc-Betti data. Since the gluing data
ncB(iii) are of essentially combinatorial nature, it is natural to look for a quiver
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interpretation of these data. To that end consider the algebra

Piy-oy D P1+P2+---+pn:.12
(24.1)  dp:=( ppa "1 | PP = PP fori# g, pi =p;
11 nn T;:lpszz — pszzT;zl = p,

This is the path algebra of the complete quiver having n ordered vertices, n? —n
arrows connecting all pairs of distinct vertices, and 2n-loops - two at each vertex,
with the only relations being that the two loops at every given vertex are inverses
of each other.

Note that our description of the gluing data ncB(iii) now immediately gives

the following

LEMMA 2.34. For a given set of points S = {c1,...,¢c,} C C, the category of
gluing data ncB(iit) with singularities at S is equivalent to the category of finite
dimensional representations of <,,.

In particular since the braid group B,, on n strands acts naturally on the data
ncB(iii) we get a homomorphism B, — Aut(&,) from the braid group to the
group of algebra automorphisms of o7, .

2.4.2. Gluing of nc-Hodge structures. It is natural to expect that the usual
classification of connections with second order poles in terms of formal regular type
and Stokes multipliers can be promoted to a similar classification of nc-Hodge
structures. The search for such a classification leads naturally to the following
theorem:

THEOREM 2.35. Let {(H,&B,is0)} be an nc-Hodge structure of exponential
type. Then specifying {(H, &p,is0)} is equivalent to specifying the following data:
(regular type): A finite set S = {c1,...,¢,} C C and a collection
{((#:,V:),EB,i,is0;)}._, of nc-Hodge structures with regular singulari-
ties.
(gluing data): A base point cg € C — S, a collection of discs {D;}_, and
paths {a;}"_;, chosen as in the proof of Theorem 2.29, and for every i # j,
i,7 €{1,...,n} a map of rational vector spaces

Tij : (Bj)e, = (€Bi)e,

Proof. It will be convenient to introduce formal counterparts to the de Rham
parts of the nc-Hodge structures appearing in the statement of the theorem. We
consider the following:

formal(a) A pair (#Z%7, V) where .#%" is a finite dimensional vector space
over C((u)) and VT is a meromorphic connection on %" of exponential type.

formal(b) A finite set of points S = {ei1,...,¢,} C C and a collection
{(%f°or, Vior)}n_, where each #°T is a non-zero finite dimensional vector space
over C((u)) and each VI is a meromorphic connection on Z{°" with a regular
singularity.

formal(c) A finite collection of points S = {¢1,...,¢c,} C C, and

e a collection Uy, Us, ..., U, of finite dimensional non-zero Q-vector spaces,
e a collection of linear maps T;; € GL(U;), foralli =1,...,n,
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By Remark 2.13 the natural functor from the category of data formal(b) to the
category of data formal(a), which is given by

(formal(b)) (formal(a))

(S; {(%Zfor,vgor)}?:1) 5 @:‘L:l gci/u ® (%Zfor,vgor) — (%for’vfor)

is an equivalence of categories.
Also we have the following

LEMMA 2.36. The categories of data formal(b) and formal(c) are naturally
equivalent.

Proof. Indeed, consider the category C of all data consisting of a finite set of
points S = {e1,...,¢,} C C and a collection {(%;, V;)}_, where each %; is a non-
zero finite dimensional vector space over C{u}[u~!] and each V; is a meromorphic
connection on %; with a regular singularity and non-trivial monodromy. Then we
have natural functors

(formal(b))
(9)®C((w))
C

(formal(c))

where (o) ® C((u)) is the passage to a formal completion and mon is given by
assigning to each (%;,V;) the pair (U;,T;), where U; is the fiber of the Birkhoff
extension Bo(%;, V;) of (#;,V;) at 1 € A', and T; is the monodromy of By(Z;, V)
around the unit circle traced in the positive direction.

This proves the lemma since mon is an equivalence by the Riemann-Hilbert
correspondence and (o) ® C((u)) is an equivalence by the formal decomposition
theorem [Sab02, 11.5.7]. O

Note that these equivalences are compatible with the corresponding equivalence
of analytic de Rham data and Betti data. More precisely we have a commutative
diagram of functors

(2.4.2) (ncdR(i)) —— (formal(a))
A '

(ncB‘(iii)) —— (formal(c))

Here the right vertical equivalence is the composition of the equivalences (formal(a))
>~ (formal(b)) = (formal(c)) that we just discussed. The left vertical equiv-
alence is the composition of the equivalence (ncdR(i)) = (ncdR(iii)) given in
Lemma, 2.26, the equivalence (ncdR(iii)) = (ncB(i)) from Lemma 2.31, the equiva-
lence (ncB(i)) 2 (ncB(ii)) given in Theorem 2.29, and the equivalence (neB(ii)) =
(ncB(iii)) from Lemma 2.30.
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Horizontally we have the forgetful functors

(ncdR(i)) (formal(a))
(M, V) —— (A, V) ciuiu—) C((u),
and
(ncB(iii)) (formal(c))
(S {U }z 1,{sz 1,j= 1) (S {U }z 1a{Tii ?:1)-

Next we need the following

LEMMA 2.37. Suppose that (.#,V) is some de Rham data of type ncdR (i) and
let
(A, V) = (M, V) @ (uyu—1] C((w))
be the corresponding formal data. Then:

(a) the map

C{u}-submodules # C (©)®C([ul] Cl[u]]-submodules s#°" C
M, on which V has a pole | ———— | .#™", on which V" has a |,
of order < 2 pole of order < 2
s bigective.
(b) If U : (™, Vo) — @7 £%/" @ (%", Vi) is a formal isomorphism,
then the map

} for Cl[u]]-submodules ST C
C[[u]]-submodules " C @ forollie

0 on which V' has ¢ | <———— 7
’ v N for
pole of order < 2 on which V" has a pole of

order < 2
is bijective.

Proof. (a) Pick some frame e of .# over C{u}[u~!] and let #° := C{u} -
e C ./ be the submodule of all sections in .# that are holomorphic in this
frame. Now any C{u}-submodule # C .# on which V has a pole of order
< 2 will be a C{u}-submodule of .# which is commensurable with J#° i.e. we
will have uN#° C # C uwN#Y for N > 1. However the formal comple-
tion functor () ®cy) C|[u]] establishes an isomorphism between the Grassmannian
GL,(C{u}[u™'])/GL,(C{u}) and the affine Grassmannian GL,.(C((u))/GL.(C|[[u]]).
But this map preserves the condition that a submodule J# is invariant under
Vu2d/du Which proves (a).

(b) As already mentioned in Remark 2.13 this is proven in [HS07, Lemma 8.2]. Al-
ternatively we can reason as in the proof of part (a). Let 5 be a C[[u]]-submodule
in .#%" which is commensurable with J#%f" and preserved by Vu2 a . The opera-

tor Vuz a acts on the infinite-dimensional topological complex vector space . for

with ﬁnltely many infinite Jordan blocks with eigenvalues {¢y, ..., ¢,}. The corre-
sponding generalized eigenspaces are exactly the modules £/ “%for. Hence

AT — . ( o ( geilu %ifor)
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Therefore we obtain extensions %ifor with second order poles and regular singularity.

Combining the previous lemma with the equivalences in diagram (2.4.2) and the
description of nc-Hodge structures from Section 2.1.8 gives the theorem. g

2.5. Deformations of nc-spaces and gluing. In this section we will briefly
examine how the gluing construction for nc-Hodge structures varies with parame-
ters. In particular, we will look at deformations of nc-spaces and the way the gluing
data for the nc-Hodge structures on the cohomology of these spaces interacts with
the appearance of a curvature in the d(Z/2)g algebra computing the sheaf theory
of the space.

2.5.1. The cohomological Hochschild complex. Suppose X = ncSpec A is
an nc-affine nc-space. Recall that the cohomological Hochschild complex is defined
as

C*(A, A) = || Homc—_vea ((TTA)®", A),
n>0
Its shift IIC*(A, A) is a Lie superalgebra with respect to the Gerstenhaber bracket
[Ger64], and can be interpreted as the Lie algebra of continuous derivations of the
free topological algebra ], -, (ILA)®™)". The multiplication m 4 and differential
d4 of A combine into a cochain 4 :=m4 +da € C*(A, A) satisfying [y4,v4] = 0.

The formal deformation theory of X is controlled by a d(Z/2)g Lie algebra
structure IIC*(A, A) endowed with the differential [y4, e]. It is convenient to con-
sider also the reduced Hochschild complex

(A, 4) = [ Home veer ((TL(4/C-14)" ,A) :
n>0

which is naturally a subspace of C*(A, A). The reduced complex is (after the
parity change) a dg Lie subalgebra in IIC*( A, A). Moreover it is quasi-isomorphic
to IIC*(A, A). Hence, for deformation theory purposes one can replace IIC*(A, A)

by IIC?, (A, A).
Let v = Y .o, %it' € tC2"(A, A)[[t]] be a formal path consisting of solutions

of the Maurer-Cartan equation, i.e.

1
d’7+§[‘7,’7]:0 (& [y +va,7v+7v4]=0).

Such a solution defines so-called formal deformation of the d(Z/2)g algebra A as a
weak (or curved) A..-algebra (see e.g. [LHO3| for the definition and [Sch03] for a
more detailed analysis). We can use the cochain v +v4 € CV*"(A, A)[[t]] to twist
the notion of an A-module. We will write A for the (weak) A..-algebra over C[[t]]
corresponding to A and « + 4 and (A~ — mod) for the C[[t]]-linear dg category of
all modules over A,. By definition (A, — mod) is the category of dg modules over
a bar-type resolution of A, [KS06b|. As an algebra the relevant bar dg algebra is
the completed tensor product

(2.5.1) [T (ara®em)* &c)

where the algebra structure comes from the usual algebra structure on C[[t]] and the
tensor algebra structure on [, ((TLA)®™)". Thus for every v € tC= (A, A)[[t]]
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which solves the Mauer-Cartan equation we get a differential ¥ + -4 on the graded
algebra (2.5.1). The bar dg algebra of Ay is now defined as the dg algebra

By = [ I ((@A)®™) " &C[[t], v + ~a
n>0

The dg category (A, — mod) is by definition the category of dg modules over B,
which are topologically free as modules of the underlying algebra, i.e. after forget-
ting the differential, and also satisfying the condition of unitality at ¢ = 0.

As before this category can be viewed as the category Cx_ := (A, — mod) of
quasi-coherent sheaves on an nc-affine nc-space X, — D defined over the formal
disc D = Spf(C][t]]). More generally we will get an nc-space X over the formal
scheme of solutions to the Maurer-Cartan equation and X, — I is the restriction
of X to the formal path ~ + 4 sitting inside that formal scheme.

Similarly we can use « to twist the notion of a Hochschild cohomology class for
A. Namely we can consider the Hochschild cohomology of the A, -algebra A.. It
is given explicitly as the cohomology

HHI(A) := H* (C*(A, A)[[t]], [ +7a,9]),

and is a commutative algebra with respect to the cup product. Note also that the
algebra H H3(A) comes equipped with a unit [14] and a distinguished even element
[v¥ + 7], i.e. a structure similar to the one discussed in Section 2.2.5.

REMARK 2.38. e If v has no component of degree zero, i.e. if

Y € O3 (4, A)[[1], where Chig (4, 4) = [ Home veer ((TL(A/C-14))*", 4),

n>1

then A~ is an honest (strong) A..-algebra, and the category (A — mod) will typ-
ically have many interesting objects. Furthermore, in this case smoothness and
compactness are stable under deformations. That is, if A is smooth (respectively
compact) over C, then A, is smooth (respectively compact) over C|[¢]].

e If the n = 0 component of « is non-trivial, i.e. if the corresponding A, structure
has a non-trivial mg, then the category (A —mod) may have no non-zero objects.
The basic example of this is when A =C and v =1-14.

If the original algebra A has the degeneration property, then it is easy to see that
the Hodge-to-de Rham spectral sequence will degenerate for the periodic cyclic
homology of A-. In other words the formal nc-space X will give rise to a variation
of nc-Hodge structures over the formal scheme of solutions of the Maurer-Cartan
equation for A. When we have a non-trivial n = 0 component in - this may lead
to a paradoxical situation in which we have a family of nc-spaces over D which has
no sheaves over the generic point but has non-trivial de Rham cohomology (i.e.
periodic cyclic homology) generically. This suggests the following important

QUESTION 2.39. What is the geometrical meaning of HHJ3(A), HHe(A~),
HH; (Ay), and HP,(A~), when 7 has non-trivial n = 0 component and the objects
of (A4 — mod) disappear over D*?
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REMARK 2.40. Note that if v solves the Maurer-Cartan equation, then for any
c € tC[[t]], the cochain v + ¢ - 14 will also solve the Maurer-Cartan equation’.
So we have a natural mechanism for modifying formal paths of solutions of the
Maurer-Cartan equation. We will exploit this mechanism in the next section.

2.5.2. Corrections by constants. The unpleasant phenomenon of having nc-
spaces with no sheaves and non-trivial cohomology at the generic point is related
to the gluing description for nc-Hodge structures. The idea is that the A-modules
that disappear at the generic point of D may reappear again if we modify the
weak A.-algebra A, appropriately. The periodic cyclic homologies of the different
admissible modifications of A, then correspond to the regular pieces in the gluing
description of the nc-de Rham data given by H P,(A~). More precisely we have the
following

CONJECTURE 2.41. Suppose that A is a smooth and compact d(Z/2)g algebra.
Let v € tCS5™ (A, A)[[t]] be a formal even path of solutions of the Maurer-Cartan
equation for A. Then the periodic cyclic homology HP, (Ay) carries a canonical
functorial structure of a variation of Q-nc-Hodge structures of exponential type over
D = Spf(C|[[t]]). Furthermore there exists a positive integer N and a finite collection

of pairwise distinct Puiseuz series

J
ci=Y citV, ¢;€C

Jj>1
such that:

e The series c; are the distinct eigenvalues of the operator of multiplication
by the class [y + ya] in the supercommutative algebra H HS(A)®c( C((2))-

tl/NH -linear

e For each i the category (Aic, .1, — mod) is a non-trivial C [|
d(Z/2)g category which are smooth and compact over C [[t}/N]] and is
computed by a d(Z/2)g algebra B; defined over C Htl/NH and quasi-
isomorphic to the (weak) A -algebra Ayic,1,-

e The Hochschild homologies HHq(B;) are flat C Htl/NH -modules and we

have

ZrkC[[tl/NH(HH°(Bi)) = rkCHtl/N]] HH. (A,y) = dim(c HH.(A)

(2

e The variation of nc-Hodge structures H P, (A~) viewed as a variation over
C [[tl/ N H has as reqular constituents the variations of nc-Hodge struc-
tures on H Py (B;) whose existence is predicted by Conjecture 2.24.

In particular Conjecture 2.41 says that the categorical and Hodge theoretic content
of the algebra A., consists of the following data:

(categories): A finite collection of smooth and compact C [[tl/ N H—linear
d(Z/2)g categories (B; — mod).

1In fact this is the main reason for all the hassle with the unit and the reduced complex in
this section.



HODGE THEORETIC ASPECTS OF MIRROR SYMMETRY 125

(gluing): A finite collection of distinct Puiseux series ¢; € C [[tl/ N H, and
formal nc-gluing data which glues the variations of regular nc-Hodge struc-
tures on H P,(B;) into a variation of nc-Hodge structure of exponential
type over C [[t1/V]].

In the above discussion we have tacitly replaced the analytic setting from Section 2.3
by a formal setting. One can check that both the de Rham and Betti data make
sense here, e.g. one can speak about homotopy classes of non-intersecting paths to
points ¢; thinking about ¢ as a small real positive parameter.

REMARK 2.42. This situation is analogous to a well known setup in singularity
theory. Namely, if we have a germ of an isolated hypersurface singularity given by
an equation f = 0, and if we have a deformation of f which has several critical
values, then the Milnor number of the original singularity is equal to the sum of
the Milnor numbers of the simpler critical points of the deformed function. In fact,
as we will see in Section 3.2 the singularity setup is a rigorous manifestation of the
above conjectural picture.

2.5.3. Singular deformations. Suppose next that A is compact but not
smooth (or smooth but non-compact) d(Z/2)g algebra and let again v with v €
tCeve™ (A, A)[[t]] be a formal path of solutions of the Maurer-Cartan equation. We
expect that the usual definition of smoothness and compactness can be modified to
give a notion of smoothness together with compactness of A., at the generic point,
i.e. over C((t)), even when the objects in (A, — mod) disappear over C((t)).

In the case when A., is smooth and compact over C((¢)), i.e. when the deforma-
tion given by ~ is a smoothing deformation, we also expect Conjecture 2.41 to hold
at the generic point. More precisely, we expect to have Puiseux series c¢; as above
for which the associated categories (A~4e,1, —mod) are non-trivial and smooth
and compact over C ((tl/ N )) We also expect that the periodic cyclic homology
HP, (A,) is equipped with a variation of nc-Hodge structures of exponential type
over C((t)) so that the periodic cyclic homologies of the categories (A¢;1, — mod)
are the regular pieces of this variation after we base change to C ((¢t!/)). Finally,
the Puiseux series {c;} should be the eigenvalues of the operator of multiplication
by [v +7va] € HH* (Ay) ®cC((1)).

3. Examples and relation to mirror symmetry

In this section we discuss examples of nc-Hodge structures arising from smooth
and compact Calabi-Yau geometries and we study how these structures are affected
by mirror symmetry. Specifically we look at a generalization of Homological Mirror
Symmetry which relates categories of boundary topological field theories (or D-
branes) associated with the following two types of geometric backgrounds:

A-model backgrounds: Pairs (X, w), where X is a compact C°°-manifold,
and w is a symplectic form on X satisfying a convergence property (see
below).

B-model backgrounds: Pairs w : Y — disc C C, where Y is a complex
manifold with trivial canonical class, and w is a proper holomorphic map.
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We will explain how each such background (both in the A and the B model) gives
rise to the geometric and Hodge theoretic data described in Section 2.5.2. Namely
we get:

e A finite collection {Z_L.A/ By of smooth compact ne-spaces. In fact {Z LA / B}
will be (see Section 4.4.1 for the definition) odd/even Calabi- Yau nc-spaces

of dimension (22X mod 2)/(dim¢ Y mod 2).
A/B

e Complex numbers cZ-A/ B and Betti gluing data {T.

P } for the regular

nc-Hodge structures on the periodic cyclic homology of ZZ.A /B,

In particular the data (HCy (Z'),{c{*} ,{T}}}) and (HCy (ZP),{c?},{T5})
each glue into a nc-Hodge structure of exponential type. The generalized Homo-
logical Mirror Symmetry Conjecture now asserts that if two A/B-model back-
grounds (X,w)/(Y,w) are mirror to each other, then the associated nc-geometry
and nc-Hodge structure packages are isomorphic:

(2 {e'} AT }) = (27, {e?} {TT})

3.1. A-model Hodge structures: symplectic manifolds. Suppose (X, w)
is a compact symplectic manifold of dimension dimg X = 2d. In the case when X is
a Calabi-Yau variety (in particular ¢;(X) = 0) one has a family of superconformal
field theories attached to X in the large volume limit (i.e. after the rescaling
w — w/h where 0 < h < 1), and the A-twist gives a topological quantum field
theory (see [ HKK™103]). In mathematical terms this means that we have Gromov-
Witten invariants and a Z-graded Fukaya category associated to (X,w/h). On
the other side, Gromov-Witten invariants can be defined for an arbitrary compact
symplectic manifold, not necessarily one with ¢;(X) = 0. Our goal in this section
is to describe what is an analog of the Fukaya category for general (X, w).

Namely, it is expected that for (X,w) of large volume the Fukaya category
of (X,w) is a weak Z/2-graded A.-category which will satisfy the generalized
smoothness and compactness properties conjectured in Section 2.5.3. Briefly this
should work as follows. Following Fukaya-Oh-Ohta-Ono [FOOOO7] consider a
finite collection £ = {L;} of transversal oriented spin Lagrangian submanifolds in
X and form a “degenerate” version Fukg of Fukaya’s category which only involves
the L;. More precisely we take Ob (Fukg) = {L;}, and define

(CL;ﬂL_,', Z ',
Homeue, (Li, Lj) = {A‘(L- C) zj

Here CF+"Li is taken with the ordinary algebra structure but is put in degree equal

to the Maslov grading mod 2, and A®*(L;,C) is the dg algebra of '™ differential
forms on L;.
We consider a 1-parameter family of symplectic manifolds

(3.1.1) (X“—i;) heRsy, h— 0.
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It will be convenient to introduce a new parameter q := exp(—1/h) (note that ¢ — 0
when i — 0). Denote by C, the usual Novikov ring:

C, = {i a;q¥

1=

formal series where a; € C and E; € R

In the case [w] € H?(X,Z) one can replace the Novikov ring C, by the more
familiar algebra C((q)) of Laurent series. The three-point genus zero Gromov-
Witten invariants of the symplectic family (3.1.1) give rise (see e.g. [KM94, LT98,
Sie99, CK99, FOO01)) to a C,-valued (small) quantum deformation of the cup
product on H*(X,C):

x,: H*(X,C)®? - H*(X,C) ® C,

Conjecturally the series for the quantum product is absolutely convergent for suf-
ficiently small q.

What is constructed in [FOOOO7] is a solution ~ of the Maurer-Cartan equa-
tion in the cohomological Hochschild complex of Fukg with coefficients in the series
in C, with strictly positive exponents (equal to the areas of non-trivial pseudo-
holomorphic discs). The meaning of the quantum product is the cup-product in
the Hochschild cohomology of the deformed weak category.

The d(Z/2)g category Fukg over C, is compact but not smooth. If the collection
£ is chosen to be big enough, i.e. if it generates the full Fukaya category, then Fukg
is the large volume limit of Fuk(X,w), i.e. the limit in which all disc instantons for
w are supressed.

Now the formalism of Section 2.5.3 should associate with Fukg = (A — mod)
and ~ a finite collection {¢;} of formal series in positive powers of ¢ and a collec-
tion {Fuk;} of non-trivial smooth and compact modifications of the Fukaya cate-
gory whose Hochschild homologies are the regular singularity constitutents of the
Hochschild homology of the ¢-family of Fukaya categories near the large volume
limit. In this geometric context, we expect that the {c¢;} are the eigenvalues of
the quantum multiplication operator ¢;(T'x) %, (®) acting on H*(X,C) ® Cl[u]].
Some evidence for this comes from the observation that when ¢;(7Tx) vanishes in
H?(X,Z), then the Fukaya category is Z-graded and thus is a fixed point of the
renormalization group. There is also a more explicit direct argument identifying
the class ¢1(Tx) with the infnitesimal generator of the renormalization group, but
we will not discuss it here.

The formalism of Section 2.5.3 now predicts that the periodic cyclic homol-
ogy of the Fukaya category, which additively should be the same as the de Rham
cohomology of X, should carry a natural nc-Hodge structure satisfying the de-
generation conjecture from Section 2.2.4. This expectation is supported by ample
evidence coming from mirror symmetry for Calabi-Yau complete intersections. Here
we present further evidence by describing a natural nc-Hodge structure on the de
Rham cohomology of a symplectic manifold and by showing that as w approaches
the large volume limit this structure fits in a natural variation of nc-Hodge struc-
tures.

Using the quantum product *, we will attach to (X,w) a variation ((J#, V), &3,
iso) of nc-Hodge structures over a small disc {g € C||q| < r} in the g-plane. First
we describe the nc-Hodge filtration (4%, V) and its variation in the g-direction:
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o #:=H*X,C)®C{u,q} and

0 ::< D Hk(X,C))®C{u,q}

k=d mod 2

! ::( D Hk(X,C))®C{u,Q}

k=d+1 mod 2

e V is a meromorphic connection on 5 with poles along the coordinate
axes u = 0 and ¢ = 0, given by

Va = au +u™? (kx *, @) + v 1Gr,

du
9
B

— ¢ 'uT! ([w] g @),

where:
kx € H?(X,Z) denotes the first Chern class of the cotangent bundle of
X computed w.r.t. any w-compatible almost complex structure, and

Gr: J# — H is the grading operator, defined to be Grgxrxc) :=

k—d :
5 ldH"‘(X,(C) .

The data (4%, V) define a g-variation of (the de Rham part of) nc-Hodge structures.
Defining the Q-structure is much more delicate. To gain some insight into the shape
of the rational local system &p one can look at the monodromy in the g direction
of the algebraic bundle with connection

(H, V)ja—{o})x{aeC| lal<r}>  (H,V) = Balong u((H, V)).

In some cases the facts that &g should be preserved by V and that the Stokes
filtration is rational with respect to &g are enough to determine & completely:

PROPOSITION 3.1. Let X = CP"™ ! and let w be the Fubini-Study form. Let
(H, V) be the holomorphic bundle with meromorphic connection on (A1 —{0})x{q €
C| |lq| < R} defined above. Let 1y € H be a holomorphic section which is covariantly
constant with respect to V. Then

(a) For every u # 0, ¥ # 0 the limit (in a sector of the q-plane)

da(u) = lim (exp (—log(q) (] A (-)))) ¥

u

exists. Furthermore, 1 satisfies the differential equation

d
<% +u%kx A +u_1Gr) Y = 0.

(b) The vector
log(u)

Yeonst (1) := exp(log(u)Gr) exp ( Kx A (0)> Y € H*(X,C)

s independent of u.
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(c) Define the rational structure & C HY as the subsheaf of all covariantly
constant sections ¢ for which the vector Yeonst € H®* (X, C) belongs to the
image of the map

T(X)A(e)
—_—

H*(X,Q)—>—>H*(X,C) H*(X,C),

where 0 € GL(H*(X,C)) is the operator of multiplication by (211)*/2 on
H*(X,C), and T'(X) is a new characteristic class of X defined as

L(X) :=exp | Cchy(Tx) + Z @Chn(TX) ;

n>2

where

n—oo

1 1
= li 1+=-+4--+—=-1
C 1m( +2+ +n n(n))

is Euler’s constant, and ((s) is Riemann’s zeta function.

Then the inclusion &g C HY is compatible with Stokes data, i.e. the rational
structure &p satisfies (Q-structure axiom)©P.

The calculation presented below was known already to B.Dubrovin [Dub98, Section
4.2.1], where he also obtained a Taylor expansions of a power of a gamma function
in quantum cohomology, although he did not identify it with a characteristic class.

Proof of Proposition 3.1. In the standard basis {1,h,h2,...,A" 1} of
H*(P"~! C) the connection V on H is given by

1—n
0 nq = 0
B " 0 1
Vo = —+u +u
v OJu
-1
no 0 0 T
0 q
b 1 1 0
V%—a—q—q u
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If oy = > 9;h*~! is a local section of H, a straightforward check shows that the
condition on v to be V-horizontal is solved by the following ansatz:

n—1
1—n dZZ'
wn =u 2z / eXp(-F) H .
i=1

r

w,q

0
Y1 = (Uqa—q) Un

b n—1
101 = <uqa_q> "ybn'

Here F is the function on (C*)"~! with coordinates z1,...,2,_1 depending on
parameters u, ¢ # 0 and given by

Flz1,22, - Zn_1;U,q) ;= u"* (zl 4294+ 251+ __q—) )
2122 2n—1
The integral is taken over some fixed (n — 1)-dimensional semi-algebraic non-
compact cycle I'y , in (C*)"~! (depending on the parameters u, ¢) which is going
to infinity in directions where Re(F) — —oo.

More generally, the domain of integration I',, ; used for defining 1), can be taken
to be an (n— 1)-dimensional rapid decay homology chain in (C*)"~!. The rapid de-
cay homology cycles on smooth complex algebraic varieties are the natural domains
of integration for periods of cohomology classes of irregular connections. The rapid
decay homology was introduced and studied by Hien [Hie07, Hie08], following
previous works of Sabbah [Sab00] and Bloch-Esnault [BEO4]. In particular by
recent work of Mochizuki [Moc08a, Moc08b] and Hien [HieO8] it follows that
(after a birational base change) taking periods induces a perfect pairing between
the de Rham cohomology of an irregular connection and the rapid decay homology.
This powerful general theory is not really needed in our case where the manifold is
the affine algebraic torus (C*)™~!, but it does provide a useful perspective.

Explicitly the non-compact cycles that we will use to generate horizontal sec-
tions of (H, V) will be the (n — 1)-dimensional relative cycles for a pair (X, Z) con-
structed as follows. Start with a smooth projective compactification X of (C*)"~!
with a normal crossing boundary divisor D which is adapted to F in the sense that
if v and ¢ are nonzero, the divisors of zeroes and poles of F in X do not intersect
with each other, and locally at points of D the function F can be written as a
product of an invertible holomorphic function and a monomial in the local coordi-
nates. Let X be the real oriented blow-up of X along the divisor D. Now consider
the real boundary 0X of X, i.e. the union of all the boundary divisors of the real
oriented blow-up. The boundary X contains a natural open real semi-algebraic
subset Z C OX consisting of all points b € X, such that |F(z;u,q)| — oo when
z — b, and for points z € t(C*)"~! near b the argument of F(z;u, q) lies strictly
in the left half-plane of C. Note that the real blow-up X has the same homotopy
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type as X — D = (C*)"~! and so relative cycles on (X, Z) can be thought of as
non-compact cycles on (C*)"~1. Moreover since Z is defined by our condition on
the argument of F, it follows that relative cycles with boundaries in Z give rise to
well defined integrals of exp(F)[] z; *dz;.

Next observe that the 1ntegralb over relative cycles with integral coefficients,
i.e. elementsin H,_1(X, Z;Z), give rise to a covariantly constant integral lattice in
the bundle (H, V). Furthermore the Deligne-Malgrange-Stokes filtration is integral
with respect to this lattice. Indeed if we fix a real number )\, then whenever
Re (F) < X - |ul™1, it follows that |exp(F)| < exp() - |u|~!) when u — 0. Hence
the steps of the Deligne-Malgrange-Stokes filtration of (H, V) are easy to describe
in this language: they correspond to periods of exp(F)[] z; 'dz; on relative cycles
on (X, Z) whose boundary is contained in half-planes of the form Re(F) < const.
The periods over cycles with integral coefficients and the same boundary property
then give a full integral lattice in each such step.

Now to finish the proof of the proposition we just have to calculate the limiting
lattice (which is independent of u and ¢) consisting of vectors ¥const € H*(X,C)
defined in terms of ¥ by the formula in part (b) of the statement of the proposition.

For a general V-horizontal local section ¢ = Y. 1;h*~! in a sector at 0 in
the g-plane (for given u # 0) one has an asymptotic expansion of ¥ at ¢ — 0 given
by:

(3.1.2) Zaz (logq)" + O(g(log )") + - --

Then we have that the “classical limit” (at ¢ — 0 where the quantum multiplication
becomes classical) is given by

0!u%ag(u)

Now we restrict to the case where all variables are real, u < 0, ¢ > 0 and the
contour of integration is being the positive octant {(z1,...,2,) € C"| 2; > 0 Vi}.

The function v, = ¥, (u,q) decays exponentially fast at ¢ — +oo for a given
u < 0, hence one can extract its asymptotic expansion at ¢ — 0 through the Mellin
transform:

4 oo

LA & il(—1)°
/ ¥ng i ;ai(u)w +0(1), s—0.

0
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This integral can be calculated explicitly

+00 +o0 +o0
/ sdq _ a5n / _‘1
q q - Zi
0 0 ’=1
ntlmes
—1 q s
-exp(u <Z1+z2+---+zn_1+———>>q
2122 2n—1
oo +oon—1d n—1
l1-n 2 1
=u 2 2;
/ / H 23 P (u Z >
0 0 =1 1
N e’

n—1 times

. exp q°—
Jo UZ122 ** " Zp—1 q

v

I'(s)(—uz12z2 - zp-1)°

1—n

— W (—u)"T(s) ((—u)°T(s)
=u 7 (—u)"T(s)"
The conclusion is that the chosen branch v (u) is completely defined by the
expansion
wcl n(u) 4+ ¢cl,n—1(u) 1/&:1,1(“) + 0(1)’ s — 0

+o

v T s T Gt N

Furthermore, all the other branches can be obtained by acting on the branch we
know by the monodromy transformations (around ¢ = 0)

0 0
(2ny/—=1)¢ |1 O

ut

fori =0,...,n— 1.

Section 1. satisfies the differential equation

d
( +u%kx ANHu” Gr)d)cl:O.
du

which is the classical limit (at ¢ — 0) of the equation

Va (1) =0

du
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One can check that the operator d% +u %2k x A +u"1Gr can be written as

exp (2% 1 (0)) expl— logu)Gr)o 1 cexplion(u)Gr) exp 5y 1 (0))

This follows from the commutation relation
[kx A (®),Grl = —kx A (o)

Finally, in the above formulas one can replace log(u) by log(—u) (and also 'z

by (—u)l_Tn) with principal values at the domain u < 0. Having this modification
in mind, we conclude that the vector

WYeonst = Yeonst (u) := exp(log(—u)Gr) exp (Wﬂx A (0)) Ya € H*(X,C)

is independent of u, and in particular it coincides with ¢ (—1), as for u = —1 the
correction matrices relating eonst(v) and ¢ (u) are identity matrices. Therefore
the vector 1onst 1S given by Taylor coeflicients

7/}c0nst,15O +--- 4+ wconst,nsn_1 = Snr(s)n + O(Sn) = F(l + S)n + O(Sn)

We see that 1const € H®(X,C) (after rescaling by the operator ? from the Proposi-

tion) with the value of the multiplicative characteristic class associated to the series
I'(1+s) = 1+0(s) € C[[s]] and the tangent bundle T'x, because [T'x]| = n[O(1)]—[0]
for X = CP", and by the classical expansion

log(P(1+38)=Cs+ Y

k>2

)
k

The action of the monodromy corresponds (up to torsion) to the multiplication by
kx € H*(X,Z). O

The previous proposition suggests the following general definition:

DEFINITION 3.2. The rational structure on (H, V) is the local subsystem &g C
Hp1 {0y of multivalued V-horizontal sections whose values at 1 belong to the image
of

H(X,Q)— >~ H*(X,C) " e x, ),

where 8 € GL(H®*(X, C)) is the operator of multiplication by (27i)*/? on H*(X,C),
and I'(T'X) is a new characteristic class of X defined as
d
T(TX) = [][T(1+X),

=1

where I'(s) is the classical gamma function and \; are the Chern roots of Tx com-
puted in any w-admissible almost complex structure.

REMARK 3.3. Apart from the calculation in Proposition 3.1 there are a few
other (loose) motivations for this definition:
e The class [ appears in the context of deformation quantization in the work of
the second author [Kon99, Section 4.6].
e The number x(X)((3) appears in the mirror formula for the quintic threefold.
e Golyshev’s description [Gol01, Gol07] of the nc-motives associated with the
Landau-Ginzburg mirror of a toric Fano involves similar hypergeometric series.
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e The same class I' was derived and a definition similar to Definition 3.2 was
proposed in the recent work of Iritani [Iri07] for the case of toric orbifolds by
tracing out the mirror image of rational structure of the mirror Landau-Ginzburg
model.

CONJECTURE 3.4. The triple (H,&p,is0) associated above with a symplectic
manifold (X,w) is a variation of nc-Hodge structures of exponential type.

REMARK 3.5. (i) In general it is not clear if the (Q-structure axiom)®*P

holds in this case. It does hold trivially in the graded case, i.e. when X is a
Calabi-Yau.
(ii) At the moment the “exponential type” part of the conjecture is not supported
by any evidence beyond the graded case in which the nc-Hodge structure is regular.
It is possible that for non-Kéahler symplectic manifolds the nc-Hodge structure on
the de Rham cohomology is not of exponential type.

3.2. B-model Hodge structures: holomorphic Landau-Ginzburg mod-
els. Suppose we have an algebraic map w : ¥ — C, where Y is a smooth quasi-
projective manifold and w has a compact critical locus crit(w) C Y. Let S =
{e1,...,em} C C denote the critical values of w.

A pair (Y, w) like that is called a holomorphic Landau-Ginzburg model and
often arises (see e.g. [HV00, HKK103|) as the mirror of a symplectic manifold
underlying a hypersurface, or a complete intersection in a toric variety. Remarkably
the pair (Y, w) gives rise to a natural nc-space nc(Y,w). The category Cpc(y,w) can
be described in two equivalent ways (in fact these descriptions are valid even if the
critical locus of w is not compact). First note that it is enough to define Perfg,_,. .
since the category Cpe(y,w) can be thought of as the homotopy colimit completion
of Perfc, .., For the latter we have two models:

Pel’fc,,c(yyw) as a category of matrix factorizations: This model was proposed
originally by the second author as a mathematical description of the cate-
gory of D-branes and was subsequently studied extensively in the physics and
mathematics literature, see [KL03, KLO04| and [Orl04, Orl05b, Orl05a).

A matrix factorization on (Y, w) is a pair (E = E® ® E',dg € End(E)°PP),
where

E is a Z/2-graded algebraic vector bundle on Y, and
dp is an odd endomorphism satisfying d% = w - idg.

In the case when Y is affine the Z/2-graded complex Hom((F, dg), (F,dF)) of
homomorphisms between two matrix factorizations is defined as
Hom((FE,dEg), (F,dr)) := (Hom(FE, F),d) where for a ¢ : E — F we have
dp := podg — dp o p. For general Y the same definition works if we replace
Hom(FE, F') by some acyclic model, e.g. if we use the Dolbeault resolution. The
resulting category MF(Y, w) of matrix factorizations is a C-linear d(Z/2)g cat-
egory. We define Perfc, ., to be the derived category D’(MF(Y,w)) of the
category of matrix factorizations.

To construct D®(MF(Y,w)) one notes that in addition to being a d(Z/2)g
category MF(Y,w) can also be viewed as a curved d(Z/2)g category with
central curvature w (see e.g. [PPO5] for the definition) or as a Z/2-graded
weak A.-category, i.e. an A, category with an mg-operation given by w
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(see e.g. [Sch03, LHO3| for the definition). In particular we can form the
associated homotopy category (in the A..-sense) which by definition will be
the derived category of matrix factorizations.

Alternatively, one can use the following two step construction proposed by
Orlov. First we pass to the homotopy category of MF(Y,w), i.e. we consider
the category whose objects are matrix factorizations and whose morphisms
are given by the quotient of Hom((FE, dg), (F,dr)) by homotopy equivalences.
Next (following the standard wisdom) we need to quotient Ho(MF(Y,w)) by
the subcategory of acyclic factorizations. Since the matrix factorizations are
not complexes, they do not have cohomology and so we can not define acyclic-
ity in the usual way. But there is another point of view on acyclicity. If we
have a short exact sequence of usual complexes, then the total complex of this
diagram will be an acyclic complex. So we define acyclic matrix factoriza-
tions as the total matrix factorization of an exact sequence of factorizations.
With this definition we get a thick subcategory in the homotopy category
Ho(MF(Y,w)) of matrix factorizations and then we can pass to the Serre quo-
tient of Ho(MF(Y,w)) by this thick subcategory. We set D*(MF(Y, w)) to be
this Serre quotient.

Perfcncmw) as a category of singularities: This model was proposed originally
by D. Orlov as an alternative to the matrix factorization description which
is localized near the critical set of w. Orlov proved the equivalence of the
two models, various versions of the localization theorem, and proved several
duality statements relating derived categories of singularities to other familiar
categories [Orl04, Orl05b, Orl05a].

Suppose Z is a quasi-projective complex scheme. The derived category
Dg-mg(Z ) of singularities of Z is defined as the quotient

DSing(Z) := D°(Coh(Z))/ Perfz

of the (dg enhancement of the) bounded derived category D’(Coh(Z)) of co-
herent sheaves on Z by the thick subcategory of perfect complexes on Z.
The syzygy theorem implies that D§; . (Z) = 0 whenever Z is smooth and so

D"(Coh(Z)) can be thought of as an invariant of the singularities of Z.

If now w : Y — C is a holomorphic Landau-Ginzburg model we write Y, for the
fiber w~!(c) and set

Peranc(Y,w) = Dgll’lg(Yo)'

Note that if 0 € Al is not a critical value of w, then with this definition we will
get Perfg, ., = 0. In order to get non-trivial categories we will use the critical
values S = {e1,...,cn} to shift the potential w~~=w — ¢; and associate with
nc(Y,w) honest categories Perf; := Perfe iy, = Dging(Yci). Conjecturally,
these categories are smooth and compact.

Mirror symmetry suggests that the nc-space nc(Y, w) gives rise to the B-model geo-
metric and Hodge theoretic data described in Section 2.5.2, and in particular that
the periodic cyclic homology of Cpc(y,w) carries a canonical nc-Hodge structure. In
fact we have already described the geometric part of the data, namely the numbers
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{ci} and the categories {Perf;}. These data of course fix the regular type (in the
sense of Theorem 2.35) of the nc-Hodge structure but we are still missing the gluing
data. Here we propose a construction of the Hodge structure on the periodic cyclic
homology of Cpc(y,w) but similarly to the A-model we have to rely on the actual
geometry of (Y, w) in order to produce the gluing data. At present it is not clear if
the gluing data can be reconstructed from the category Cpc(y,w) or more generally
from its one-parameter deformation.

First we discuss the appropriate cohomologies of the Landau-Ginzburg model. Let
*, = Hyg (Y, w); C)

for

= Hy,7° (Y, (¥ [[ul], udpr + dwn))

be the Z/2-graded C[[u]]-module of algebraic de Rham cohomology of the potential
w. In the case when crit(w) is compact, the C[[u]]-module %2 is known to be free

by the work of Barannikov and the second author (unpublished), Sabbah [Sab99],
or Ogus-Vologodsky [OV05]. This implies the following

LEMMA 3.6. Assume that Y is quasi-projective and the critical locus of w is
compact. Then we have:

(1) The fiber of 72 at u = 0 is the algebraic Dolbeault cohomology

for
Zar (Y5 (2%, dwA)) = HE, (Y, (QF, dwA))

of the potential w.
(ii) There is a canonical isomorphism

Zar (Y, (Qy [[u]], udpr + dwA)) = HG, (Y, (23 [[ul], udpr + dwA))

(iii) If the map w is proper then J#5. is the formal germ at v = 0 of an
algebraic vector bundle on the affine line

e = H$,™od 2 (Y, (QY [u], udpr + dwA))

Proof. The cohomology sheaves of the complex (23, dwA) are supported on
the critical locus of w and so, by our compactness assumption, must be coherent
sheaves on Y both in the analytic and in the Zariski topology. The hypercohomology
spectral sequence then implies that the hypercohomology of the complex (23, dwA)
is finite dimensional and the spectral sequence associated with the filtration induced
by multiplication by u implies that Hy . (Y, (2% [[u]], udpr + dwA)) is a finite
rank C[[u]]-module. Furthermore, the same spectral sequence implies that

A (uy) Fasfan (¥ (03 (0)), udpr + dwi)) < dime Fly, o0 (Y, (@4, dwA))

Zar/an Zar/an

The freeness statement of Barannikov and the second author (see e.g. [Sab99]) now
gives that these two dimensions are equal and so HY_ (Y, (% [[u]], udpr + dwA))
is a free finite rank module over C|[[u]]. This proves part (i) of the lemma.

For part (ii) we only need to notice that the two spaces in question are com-
puted by spectral sequences associated with the filtrations by the powers of u and
that these spectral sequences have F>-levels whose entries are finite sums of copies
of HY, (Y, (Q%,dwA)) and HY, (Y, (Q%, dwA)), respectively. Each of these can in
turn be computed from the hypercohomology spectral sequence for the complex

(9%, dwA) of (Zariski or analytic) coherent sheaves. But the cohomology sheaves
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of this complex are supported on the zero locus of dw which by assumption is pro-
jective. Hence by GAGA the Zariski and analytic cohomologies of this complex
are naturally isomorphic. This gives isomorphisms of the hypercohomology and
filtration spectral sequences in the Zariski and the analytic setup, respectively, and
so the two types of hypercohomologies are isomorphic.

Finally, part (iii) was also proven by Barannikov and the second author, and
by Sabbah [Sab99]. O

REMARK 3.7. The isomorphism in part (ii) of the previous lemma is not
convergent for u — 0 in general. Indeed if u # 0 is a complex number, then
the complex vector space H3, (Y, (2}, udpr + dwA)) is the same as the usual de
Rham cohomology H(Y,C) of Y. Indeed, for such a fixed u # 0, the complex
(Q%, udpr + dwA) = (Q;,, dpr + u_ldw/\) is the holomorphic de Rham complex
of the local system (Oy,dpr + v~ 'dw). But the multiplication by exp(—u~!w)
is an analytic automorphism of the line bundle Oy which gauge transforms the
connection dpr + u~ldw into the trivial connection dpr. Hence exp(—u~lw)
identifies (2%, udpr + dwA) with the holomorphic de Rham complex (%, dpr)
and H (Y, (Q},udpr + dwA)) with HYp (Y,C). On the other hand, the space
HY, . (Y, (2}, udpr + dwA)) depends on the potential in an essential way. For in-
stance, if w : Y — Al is a Lefschetz fibration, then the complex (2}, dwA) is just
the Koszul complex associated with the regular section dw € Q3. In particular the
space Hy_ (Y, (%, dpr + dwA)) = HY (Y, (9}, dwA)) has dimension equal to the
number of critical points of w. More generally HY, (Y, (2}, dpr + dwA)) can be
identified (see e.g. [Kap91]) with the cohomology of the perverse sheaf of vanishing

cycles of w.

REMARK 3.8. Under our assumptions, the algebraic de Rham and Dolbeault
cohomologies HYg ((Y,w); C) and Hp;((Y,w); C) of the potential w can be identi-
fied respectively with the periodic cyclic and Hochschild homologies H P.(C,,c(y’w))
and HHe(Cpc(y,w)) of the nc-space Cyey,w) (more precisely, of the collection of
categories Perf; labeled by numbers {¢;}). This can be done, e.g. by choosing
strong generators &; of Perf;, and then identifying H Ps(Cnc(v,w)) and HHe(Chc(vw))
with the periodic cyclic and Hochschild homologies of the curved d(Z/2)g alge-
bra, which consists of the d(Z/2)g algebra RHom(&, &) and a central curvature
given by w. A detailed proof of the comparison theorem giving the identifica-
tions Hpg ((Y,w);C) = HPs(Cnc(y,w)) and Hp (Y, w);C) = HHy(Cpe(y,w)) can
be found in the recent work of Junwu Tu [TuO8|.

We will construct an nc-Hodge structure on Hp, ((Y, w); C) by using the dual de-
scription of nc-Hodge structures given in Theorem 2.35. Here we will assume that
we choose an open subset (in the analytic topology) Y’ C Y such that

crit(w) C Y7,

w(Y”) is an open disc in C,

the closure Y of Y’ is a manifold with corners,

—
the restriction of w to the part of the boundary of Y lying over w(Y”) is
a smooth fibration.

In the case when w is already proper one can choose Y’ to be the pre-image
under w of an open disc in C containing all the critical values c;.
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Label the critical values of w: S = {¢1,...,¢,}, and let ¢g € w(Y’)—S. Choose
a system of paths {a;}!_, and discs { D}}_, as in the proof of Theorem 2.35. Choose
co-based loops 71, ...,vn, so that v; goes once around ¢; in the counterclockwise
direction, all 7; intersect only at ¢g, and each 7; encloses the path a; and the disc
D; (see Figure 4). Let I'; denote the closed region in C enclosed by ;. Adjusting
if necessary the choice of the v; we can ensure also that each I'; is convex. From
now on we will always assume that this is the case.

FIGURE 4. A system of thickened loops for S C C.

Fori=1,...,nset Y; :=w~!(I;) NY’ and consider the Q-vector spaces of relative
cohomology

Ui == H*(Y,, Ye,; Q),

and
U:=o',U;
= H* (W™ (ULiT4) , Yeo; Q)
= H.(Ya Yeo; Q)
Let T; : U — U be the monodromy along ;. By definition T; satisfies
(T; - 1)|®j¢in =0

and so we get operators Tj; : U; — Uj, such that Ty, = > 7_; Tji. By construction
the operator Tj; is the monodromy along 7; of the local system on I'; of local
relative cohomology, i.e. the local system of Q-vector spaces whose fiber at ¢ € T;
is H*(Y;, Y¢; Q). Hence Tj; is an isomorphism, and so the data (S, {U;};_;,{Ti;})
are nc-Betti data of type ncB(iii).

REMARK 3.9. (a) By Lemma 2.30 the data (S, {U;}]_,,{T;;}) are the same
thing as a constructible sheaf .% of Q-vector spaces on C, satisfying R['(C, #) = 0.
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The sheaf .# can be described directly in terms of the geometry of (Y,w): for a
c € C the stalk #. of # at c is the relative cohomology H*(Y, Ye; Q).

(b) The geometric construction of .% makes sense for every cohomology theory K.
Indeed for every such K we can form a constructible sheaf of abelian groups
whose stalk at ¢ € C is K(Y,Y.) and which again satisfies RI['(C,X#) = 0. The
vanishing of cohomology here is not obvious but can be proven as follows. Given
a disk D C w(Y’) C C such that D NS = &, and given any point ¢ € 9D,
consider the abelian group A(D,c) := K(w (D), Y.). The collection of abelian
groups A(D, c) satisfies:
e A(D,c) are locally constant under small perturbations of (D, ¢), and
e for every decomposition (D,c) = (D1,c) U (D3, c) of D obtained by
cutting D along a chord starting at ¢, we have A(D,c) = A(D1,¢c) @
A(DQ, C).
This immediately gives us an equivalent description of X# via data of type ncB(iii),
which in turn yields the vanishing of cohomology of KZ.

Next, in order to complete the data ncB(iii) to a full-fledged nc-Hodge structure
of exponential type, we need to construct:

e a collection {(%;, V;)}™, of holomorphic bundles %; over C{u} equipped
with meromorphic connections V,; with at most second order poles and
regular singularities, and

e for each i = 1,...,m, an isomorphism f; between the local system on S*
induced from (%;, V;) and the local system on S* corresponding to the
vector space U; ® C and the monodromy operator T5;.

As explained above the local system on the circle corresponding to the vector space
U; ® C and the monodromy operator T;; can be described geometrically as the sheaf
of complex vector spaces on the loop ~;, whose stalk at ¢ € ~; is H*((Y;, Ye); C). We
will exploit this geometric picture to produce (#;, V;) and the isomorphism f;. The
most convenient way to define the V; is by using a Betti-to-de Rham cohomology
isomorphism given by oscillating integrals.

Fixi € {1,...,m} and let Z :=Y;, A :=T;,—¢; CC, f:=w-—¢;. By
construction we have:

Z is a C'*°-manifold with boundary which is the closure of an open (in the
classical topology) subset in the quasiprojective complex manifold Y.

A C C is a closed disc containing zero.

f:Z — A isan analytic surjective map whose only critical value is zero and whose
critical locus crit(f) C Z is compact.

Consider now the Z/2-graded C[[u]]-module HRx((Z, f);C) of de Rham coho-
mology of (Z, f). By Lemma 3.6 we know that HY,((Z, f); C) is a free C[[u]]-
module which can be computed as the cohomology of the complex (A®*(Z)[[u]], diot),
where A*(Z)[[u]] are the global C*° complex-valued differential forms on Z, and
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diot := O+ud+dfA. The C[[u]]-module HAx((Z, f); C) carries a natural meromor-
phic connection V differentiating in the u-direction and having a second order pole
at w = 0. This connection is induced from a connection V on the C[[u]]-module
A*(Z)][u]] which also has a second order pole and is defined by the formula

Voo s = udh = £ (o) +uGr: A(Z)[[u]] — > A*(2)[ul,

u

where

q-p .
Gt a2y = —5— 1dars(2) ()

is the grading operator coming from nc-geometry (compare with 2.1.7).

With this definition we have

LEMMA 3.10. The operator Vuzdi satisfies:
(a) [VUZ%adtot] = 5 * diot-

(b) V. 4 preserves ker(dioy) and im(diot) and so induces a meromorphic
connection V with a second order pole on the C[[u]]-module H)i ((Z, f); C).

Proof. We compute

d _
[VUQL,dtot] = [u?— — f 4+ uGr, 0 + ud + dfA
du | du

= ﬁ%,ua} —[f,ud] + [uGr,d + ud + dfA]

:u26+udf/\+u_g_M_£2_a_

U

- E : dtot-

Part (b) follows immediately from (a) O

Suppose now that a = ag + aju + apu® + - € A*(Z)[[u]], oy = 3 P, o €
AP(Z) is a dyoi-cocycle. Then the differential d + v 1dfA =0+ 0 + u~ldfA =
w28 dyyu— G will kill the element

ai= Y altt e A(2)(u'Y),
i>0
0<p,q<dim Z

Gro satisfies formally

d (e%ucra) =0,

i.e. is d-closed. Moreover, the action of the operator V . 4 ona translates to the

. Ea
Therefore the expression exu

action of u2% on the above expression modulo formally exact forms.

Consider now a closed connected arc 6 C A = ~; and let Sec(d) C A be the
corresponding open sector (see Figure 5) with vertex at 0 € A, and boundary made
out of the arc § and the segments connecting 0 with the end points of §. Note that
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FIGURE 5. A sector in A.

the convexity of A assures that Sec(§) C A. Denote by Sec(d)" C C the dual angle
sector consisting of u € C such that Re(w/u) < 0 for all w € Sec(d).

Clearly, for each class in the relative integral homology H(Z, f~'(8);Z) we
can choose a relative chain ¢ representing it, so that ¢ satisfies:

e ¢ is piece-wise real analytic;

(1) e f(supp(c)) C Sec(d);
e f(supp(dc)) C 6.

For every such relative chain ¢ we now have:

LEMMA 3.11. For every diot-closed formal power series of forms o € A%(Z)[[u]]
and every relative chain ¢ € Co(Z, f~1(0);Z) satisfying (1) the oscillating integral

£
/ e uSa

[

is well defined as an asymptotic series in u@(logu)N in the sector Sec(d)V.

Proof. Let N > 0 be a non-negative integer. Clearly the expression

ef 1wy Gr E o;u
0<i<N

is a well defined analytic function on Z x Sec(d)¥. Using the fact that
(d +u~tdfA)uSa = 0 and the Malgrange-Sibuya theory of asymptotic sectorial
solutions to analytic differential equations, we get that

(3.2.1) /ef/“uG' Z aut | ~ Z ¢k’ (log(u))*
, 0<i<N JEQ,kEN

is asymptotic to a series in u®(log )N in which the logarithms enter with bounded

powers. Thus the limit of (3.2.1) as N — oc is asymptotic to a series in u@(log u)N

on Sec(d)". O

The previous lemma shows that the C[[u]]-module with connection (HYg ((Z, f); C),
V) is formally isomorphic to a meromorphic local system of the form

E @ (%;,V,), where Z; is a free C[[u]]-module, and V; has regular singular-
ities. Furthermore the lemma shows that the oscillating integrals above identify
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the local system on ~; given by (¢ € ;) — H*((Y:, Ye), Q) with a rational structure
on (Z%; ®cqu)] C((v)), V). In particular the data {(#;, V;)}~, and (S, {U;}, {T;;})
constitute the regular type and gluing data (in the sense of Theorem 2.35) of an
nc-Hodge structure of exponential type.

Usually if one tries to make a Landau-Ginzburg model with proper map w from
non-proper examples above, one gets new parasitic critical points. Choosing an
appropriate domain Y’ C Y one can define the gluing data for the relevant critical
points.

3.3. Mirror symmetry examples. Finally, in order to give a general idea of
the mirror correspondence, we briefly discuss three examples of Landau-Ginzburg
models mirror dual to symplectic manifolds of positive, vanishing, and negative
anti-canonical class respectively.

e For X = CP" one of the possible mirror dual Landau-Ginzburg models is
given by Y = (C*)™ endowed with potential

W(z1,. .. 2n) =21+ + 2, +
21 2Zn
where ¢ € C* is a parameter. In this model the map w is not proper. This
can be repaired by compactifying the fibers of w to (n — 1)-dimensional
projective Calabi-Yau varieties. The compactification is not unique, it
depends on combinatorial data, but the compactified space has the same
critical points as Y. In general, for symplectic manifolds (X,w) with
w representing the anticanonical class, one can combine equations for the
connection in the ¢ and u directions and get a beautiful variation of Hodge
structures with strong arithmetic properties as predicted by our consider-
ations in Section 3.1 (see also Golyshev’s work [Gol01, GolO7]).

e For a smooth projective Calabi-Yau variety X one can take for Y the
product (XY x AZV w) where XV is a Calabi-Yau variety mirror dual
to X, N > 1 is an arbitrary integer and w is the pullback from A2V of
a non-degenerate quadratic form. In general, the complex dimension of
the Landau-Ginzburg model is equal to half of the real dimension of X
modulo 2.

e For X being a complex curve of genus g > 2 (considered as a symplectic
manifold), the first author proposed several years ago a mirror Landau-
Ginzburg model (Y,w) which is a complex algebraic 3-dimensional man-
ifold with non-vanishing algebraic volume element, such that locally (in
the analytic topology) near each point the pair (Y, w) is isomorphic to

w:C?®—-C, (x,y,2) — xyz

The set of critical points of w is the union of 3¢ — 3 copies of CP! glued
along points 0,00 meeting 3 curves at a point. The graph obtained by
contracting each copy of C* to an edge is a connected 3-valent graph
with ¢ loops, representing a maximal degeneration point in the Deligne-
Mumford moduli stack of stable genus g curves.
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4. Generalized Tian-Todorov theorems and canonical coordinates

In this section we will examine more closely the other direction of the mirror
symmetry correspondence, i.e. the situation in which symplectic Landau-Ginzburg
models appear as mirrors of complex manifolds with a fixed anti-canonical section.
In order to understand the Hodge theoretic implications of this process we first
revisit a classical concept in the subject: the notion of canonical coordinates.

4.1. Canonical coordinates for Calabi-Yau variations of nc-Hodge
structures.

4.1.1. Variations over supermanifolds. We begin with a reformulation of
the definition of variations of nc-Hodge structures (Definition 2.7) to allow for bases
that are supermanifolds:

DEFINITION 4.1. For a complex analytic supermanifold S, a variation of nc-
Hodge structures over S (respectively a variation of nc-Hodge structures
over S of exponential type) is a triple (H,&p,is0), where

e H is a holomorphic Z/2-graded vector bundle on A' x S which is algebraic
in the Al-direction;

e &g is a local system of 7./2-graded Q-vector spaces on (Al —{0}) x S;

e iSO is an analytic isomorphism of holomorphic vector bundles

is0 : & ® Oa1_{0})xs = Hia—{o})xs;
so that:

O the induced meromorphic connection V on H|s1_(0})xs satisfies: locally
on S, for every section £ of Ts, the operators V. 2, Vue extend to op-

erators on Al x S, and

O the triple (H,&p,is0) satisfies the (Q-structure axiom) and the (Op-
posedness axiom) (respectively (H,V) is of exponential type and (H, &,
iso) satisfies the (Q-structure axiom)®*® and the (Opposedness axiom)®*? ).

REMARK 4.2. From now on we will suppress the Q-structure and the opposed-
ness axioms since they will not play any special role in our analysis. At any given
stage of the discussion they can be added without any harm or alteration to the
arguments.

4.1.2. Calabi-Yau variations. Suppose now that (H, &p,is0) is a variation
of nc-Hodge structures over a supermanifold S. For any point z € S let Hy , denote
the fiber of H at (0,z) € A! x S. We get a canonical map

pe TS — End (Hp ),

defined as follows: Extend the tangent vector v € T,.S to some analytic vector field
¢ defined in a neighborhood of x. Consider the holomorphic first order differential
operator V¢ : H — H. By construction this operator has symbol (uf) ® idy.
In particular, the restriction of V,¢ to the slice {0} x S C A! x S will have zero
symbol, and so will be an O-linear endomorphism of H);o}xs. We define p.(v) to
be the action of this O-linear map on the fiber H g ). It is straightforward to check
that this action is independent of the extension £ and depends only on wv.
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DEFINITION 4.3. Let S be a complex analytic supermanifold. We say that a
variation (H,&p,is0) of nc-Hodge structures on S is of Calabi-Yau type at a
point x € S if there exists an (even or odd) vector h € H g 4y, so that the linear
map

T, ——— H(O,:c)
v > (pa(v))(h)

is an isomorphism. Such a vector h will be called a generating vector for H at
x.

It follows from the definition that if S is the base of a variation of nc-Hodge struc-
tures which is of Calabi-Yau type at a point z € S, then the tangent space 1,95 is
a unital commutative associative algebra acting on Hy , via the map u, and such
that Hg, is a free module of rank one. The condition on a variation to have a
Calabi-Yau type (even or odd) is an open condition on xz € S. Variations of nc-
Hodge structures of Calabi-Yau type should arise naturally on the periodic cyclic
homology of smooth and compact d(Z/2)g categories which are Calabi-Yau in the
sense of [KS06b|. The basic geometric example of a Calabi-Yau variation is an
extension of the setup we discussed in section 3.1:

EXAMPLE 4.4. Let (X, w) be a compact symplectic manifold with dimg X = 2d.
Conjecturally there exists a non-empty open subset S C H*(X,C) so that the big
quantum product *, is absolutely convergent for all € S (the product is given
by a formula similar to one on page 78). The manifold S has a natural structure
of a supermanifold, being an open subset in the affine superspace H*(X,C). As in
Section 3.1 we define a variation of nc-Hodge structures (H, &5, is0) on S by taking
H to be the trivial vector bundle on A! x S with fiber H*(X,C), and defining the
connection V on H by the formulas:

Vo = 9 +u" 2 (kx %, ®) + u 'Gr,

du au
0
Vo :i=——qglul(t*,e ,
a?z ott 9 ( )

where the (t;) form a basis on H*(X,C), and (t') are the dual linear coordinates.

Clearly, if we restrict (H,V) to S N H%(X,C) we will get back the bundle
with connection we defined in section 3.1. We now define the integral lattice &5
and isomorphism iso on S as the V-horizontal extensions of the integral lattice
and isomorphism we had defined on S N H?(X,C). Finally, in order to match the
framework of nc-geometry, we should change the parity of the bundle H in the case
d =1 mod 2.

4.1.3. Decorated Calabi-Yau variations. The variations of nc-Hodge struc-
tures of Calabi-Yau type need to be decorated by a few additional pieces of data
before we can extract canonical coordinates from them. To motivate our choice of
such data we first recall the Deligne-Malgrange classification of logarithmic holo-
morphic extensions of regular connections.

Let S be a complex analytic supermanifold, let D be a one-dimensional complex
disc, and let & be a complex local system on (D — {pt}) X S and let (&, V) be the
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associated holomorphic bundle E := & ® O(p_pt})xs on (D — {pt}) x S with the

induced flat connection V. Suppose that E is a holomorphic bundle on D x .S which
extends F and on which V has a logarithmic pole. The restriction E|pi1xs 1s a

holomorphic bundle on S and V induces: a holomorphic connection £V and an Og-
linear residue endomorphism Resz(V) on Ejfpyxs. Furthermore the integrability

of V on (D—{pt}) xS implies that £V is also integrable and that the endomorphism

Resz(V) is covariantly constant with respect to #V [Sab02, Section 0.14b).

Recall next that by Deligne’s extension theorem (see e.g. [Del70, Chapter I1.5]
or [Sab02, Corollary 11.2.21]) meromorphic bundles with connections with regular
singularities always admit functorial holomorphic extensions across the pole divisor.
Deligne’s extension procedure is not unique and depends on the choice of a set-
theoretic section of the quotient map C — C/Z. We fix V to be the unique Deligne
extension of E for which V has a logarithmic pole at {pt} x S and a residue with
eigenvalues whose real parts are in the interval (—1,0]. Now the classification
theorem of Deligne-Malgrange [Sab02, Theorem III.1.1] asserts that there is a
natural equivalence of categories

D x S for which V has a logarith- local subsystems on (D — {pt}) x

Holomorphic extensions of E to Decreasing filtrations of & by C-
- .
mic singularity along {pt} x S S

The equivalence depends on the chosen Deligne extension and is explicitly given as
follows. Let t be a complex coordinate on D which vanishes at {pt} € D. Consider
the restriction V/tV of V to {pt} x S. This is a holomorphic bundle on S equipped
as above with the holomorphic connection ¥V and the covariantly constant residue
endomorphism Resy (V). Suppose now that E is another holomorphic bundle on
D x S which extends E and on which V has a logarithmic pole. For any k € Z we
define a subbundle (V/tV)* C V/tV by setting

k VﬂtkE'

V/tV _—
(V/tv) tYNtkE

where V and E are viewed as subsheaves in the meromorphic bundle F.

By construction the subbundles (V/ tV)’c are preserved both by ¥V and by the
residue endomorphism Resy, (V) and so give rise to V-covariantly constant mero-
morphic subbundles of E, or equivalently to C-local subsystems of &.

Alternatively we can use a more intrinsic description of holomorphic extensions
of (&, V) which is beter adapted to our examples and in particular to Example 4.8.
Namely, instead of relying on the Deligne extension and the induced filtration we
can use decreasing filtrations &<y of & labeled by real numbers A € R and such
that on the associated graded pieces the monodromy on D — {pt} has eigenvalues
in Ry x exp(2miM).

We can now introduce the additional data that one needs for the canonical coordi-
nates

DEFINITION 4.5. Let S be a compler supermanifold and let (H,&p,is0) be
a variation of nc-Hodge structures of Calabi-Yau type on S. A decoration on
(H, &g, is0) is a pair (H,v) where:
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H is an extension of H to a (Z/2)-graded vector bundle on P! x S so that
V has a regular singularity at {oo} x S.

Y ois a ﬁV-covam’antly constant section of ﬁ{oo}xs-

A decoration is called rational iff the R-filtration on the local system &p ® C
is compatible with the rational structure, and if the vector ¢(x) € Hisoyx iz} =
gr(ép ® C), is rational, i.e. if Y(x) € gr(éB)s-

The previous discussion applied to the local system & ® C, the disc D = {|u| >
1} U {oo} and the point pt = co shows that the data of a decoration are equivalent
to the data (s ® C)<a, 9), where (&g ® C)_, is a decreasing filtration of &g ® C
(labelled by real numbers) and % is a covariantly constant section (along S) of the
corresponding logarithmic holomorphic extension of H. We will freely go back and
forth between these two points of view.

Any decorated variation (H, &, iso; H, 1) of nc-Hodge structures of Calabi-Yau type
gives rise to a natural open domain U C S defined by

Hp «{z} is holomorphically trivial and if s € I" (P! x {z})
U: =<z €S |is such that s;(oc) = (00, x), then s,(0) is a generating
vector for (H,&,iso).

Furthermore for every x € U we get a natural map can, : 7,5 — f[oo,z defined as
the composition

-1
z(9)(sz(0 ev T -~ Vioo,x ~
Ko () (s2(0)) Ho (0.2) r (H|IP1><{.I}) €V (co,x) i

\—//// 00,z

cang

;S

where ev(; ,y : T (Pl, H |1P’1><{;v}) — f[t’z denotes the natural evaluation of sections,

which is invertible by the triviality assumption on H P! x {z}-

The pullback of the flat connection Hy by the map can induces a flat connection on
T'S)y. The canonical coordinates on S come from the following easy claim whose
proof we omit:

CLAWM 4.6. The flat connection can* (EV) on T'S|y 1is torsion-free and so gives

rise to a natural affine structure and affine coordinates on U. If the decoration is
rational then the tangent bundle T'S\y carries a natural rational structure.

REMARK 4.7. (i) The canonical coordinates on U corresponding to a decorated
nc-variation of Hodge structures are only affine coordinates and are defined only
up to a translation.

(ii) For any u € A! — {0} we can introduce another affine structure which is a

vector structure. In fact, we get an analytic isomorphism between U and a
domain in Hy e = (6B)u.e ®C:

T €U — eviyy ev(_oivz)(z/J@)) € Hyz)-
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One can use this to show that the local Torelli theorem holds for decorated Calabi-
Yau variations of nc-Hodge structures.

EXAMPLE 4.8. The setup of Example 4.4 gives not only a variation of nc-Hodge
structures but in fact gives a rationally decorated nc-Hodge structure of Calabi-
Yau type. Indeed by definition the fibers of H are identified with ¢H* (X,C).
The monodromy of the connection around oo € P! is the operator acting by
(=1)"*4exp(kx A (o)) on H*(X,C). Consider the monodromy invariant filtration

on H*(X,C) whose component in degree %= is HZ*(X,C). Let H be the corre-

sponding logarithmic extension of H and let ¢ be the section of H corresponding
to the image of 1 € H°(X,C) C H*(X,C). The bundle H|{x}xs is trivialized
and V.o = % in this trivialization. This gives the desired decoration (f] )

and the associated canonical coordinates are the standard canonical coordinates in
Gromov-Witten theory.

4.1.4. Generalized decorations. The notion of a decorated Calabi-Yau vari-
ation of nc-Hodge structures can be generalized in various ways. For instance, in-
stead of specifying a covariantly constant filtration on H giving the extension H
we can start with any holomorphic bundle H' defined on {u € P!||u| > R}, and an
identification of C*°-bundles

P1 <H|/{|u|=R}) = (6B ® C){juj=Rr}xs)

where p; : {Ju| = R} x S — {|u| = R} is the projection on the first factor.
Furthermore (locally in S) the holomorphic bundle pjH’ on {u € P!|
|lu| > R} x S carries a flat connection defined along S only. We can use the above
identification to glue this together with H along {|u| = R} x S to get a bundle H
on P! x S equipped with a flat connection V /s along S. This generalizes the first
part of the decoration. For the second part we will take a V,g-covariantly constant

section 1 of H l{oc}xs- Now the same definition of the set U and the canonical
map can make sense in this context. The resulting connection on T'S|y is again
torsion-free.

4.1.5. Formal variations of Calabi- Yau type. The notion of a Calabi-Yau
variation extends readily to the formal context. Suppose S = Spf C[[z1,.--, TN,
&1,...,&n]] be a formal algebraic supermanifold, where z; are even and &; are odd
formal variables. The de Rham part of a formal variation of nc-Hodge structures
on S is a pair (H,V) where H is a (Z/2)-graded algebraic vector bundle over
D x S, where D is the one-dimensional formal disc D := Spf(C[[u]]). Here V
is a meromorphic connection on H such that V. 2, V. e V. 5L are regular
differential operators on H. l ’

We say that such a pair (H, V) has the Calabi-Yau property if we can find a
vector h € Hy g, so that the natural linear map 755 — Hy g, v — po(v)(h) is an
isomorphism.

Finally a decoration of a formal Calabi-Yau de Rham data (H,V) is a pair
(e,h), where e is a trivialization e : Hpy {0y — Ho,0 ® Opx (o}, and h € Hpp is a
generating vector for the Calabi-Yau property.
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Again a decorated de Rham data of Calabi-Yau type gives an affine structure
and canonical formal coordinates on S.

4.2. Algebraic framework: dg Batalin-Vilkovisky algebras. In this sec-
tion we discuss the aspects of algebraic deformation theory relevant to the study of
nc-Hodge structures. We will work over C but all algebraic considerations in this
section make sense over any field of characteristic zero.

4.2.1. Preliminaries on L., algebras. Our main objects of interest here
will be differential Z/2-graded algebras over C or more generally Z/2-graded L -
algebras over C. We begin with a definition:

DEFINITION 4.9. A complex differential Z/2-graded Lie algebra g (or a Z/2-
graded L., -algebra) is called homotopy abelian if it is Lo, quasi-isomorphic to
an abelian d(Z/2)g Lie algebra.

REMARK 4.10. Homotopy abelian differential Z/2-graded Lie algebras can be
characterized in a variety of ways. In particular we have the following statements
that follow readily from the definition:

o A differential Z/2-graded Lie algebra g is homotopy abelian if and only
if all the higher operations m,, vanish on its L., minimal model g™ =
H*(g,dg), i.e. my, =0 forn > 1.

e A differential Z/2-graded Lie algebra g is homotopy abelian if and only
if there exist d(Z/2)g Lie algebras g; and g2, and morphisms of d(Z/2)g
Lie algebras:

o gl o7
O\
g g2

so that g is an abelian d(Z/2)g Lie algebra, and the morphisms g; — g
and g; — g2 are quasi-isomorphisms.

e A differential Z/2-graded Lie algebra g is homotopy abelian if and only
if the Lie algebra cohomology algebra H*(g,C) is free, i.e. is isomorphic
to the algebra of formal power series on some (possibly infinitely many)
supervariables. Here the Lie algebra cohomology is defined as

H®(g,C):=H* H Homc_vecr) (Sym™ Ig, C)*, d
n>0

where d is the cochain Cartan-Eilenberg differential.

After the pioneering work of Deligne and Drinfeld in the 80’s, it is by now common
wisdom (see e.g. [Man99a, Chapter III.9]) that dg Lie algebras give rise to solu-
tions of moduli problems. In particular a homotopy abelian d(Z/2)g Lie algebra g
gives rise to a moduli space - the formal supermanifold Modq 4,) := Spf(H* (g, C)).

The property of being homotopy abelian is preserved by suitably non-degenerate
deformations and various other natural operations:
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ProrosiTION 4.11. (i) Let g be a flat family of d(Z/2)g Lie algebras (or
(Z/2)-graded Lo, algebras) over Cl[u]]. That is, g is a flat (Z/2)-graded C[[u]]-
module, and the Lie bracket and differential on g are Cl[u]]-linear. Assume further
that

(A) ggen = 9 ®cyp) C((u)) is homotopy abelian over C((u)), and
(B) H*(g,dy) is a flat C[[u]]-module.

Then the special fiber gg := g@c[[u”(ﬁ is also a homotopy abelian d(Z/2)g Lie algebra
over C.

(ii) If g is a homotopy abelian d(Z/2)g Lie algebra over C, and g1 — g is a
morphism of Lo -algebras inducing a monomorphism H® (g1,dg,) — H®(g,dy),
then g1 is homotopy abelian as well.

(iii) If g is a homotopy abelian d(Z/2)g Lie algebra over C, and g — g2 is a
morphism of L -algebras inducing an epimorphism H® (g,dg) — H® (g2,dg,), then
g2 ts homotopy abelian as well.

Proof. The proof is standard so we only mention some of the highlights of
the argument. First note that parts (ii) and (iii) follow immediately by passing to
minimal models. For part (i) we note first that the assumption (B) implies (and
is in fact equivalent to) the existence of C[[u]]-linear quasi-isomorphisms p;, ps of
complexes:

p1

(H* (g0, dg,) [[u]],0) = (H*(g,dg),0)___ (g,dy),

P2
and a C[[u]]-linear homotopy h so that

p2op1 =id

P1op2 = 1d+ [dgah] .
Next note that the homological perturbation theory of [KS01] carries over verbatim
to the L..-context and gives explicit expressions for the higher products m,, on
(H* (go,dg,) [[u]],0) as a polynomial expression in p;, po and h. In particular the
operations m,, are all C[[u]]-linear and are given by universal expressions. But by
assumption (A) we know that the higher operations are zero after tensoring with
®cju))C((v)) and so m,, = 0 as formal power series in u for all n > 1. This implies
that mp,,—g = 0 for all n > 1 and so the proposition is proven. a

4.2.2. DG Batalin- Vilkovisky algebras. Recall [Man99a, Chapter II1.10]
the notion of a dg BV algebra:

DEFINITION 4.12. A differential Z/2-graded Batalin- Vilkovisky algebra over C
is the data (A,d, A), where A is a 7/2-graded supercommutative associative unital
algebra, and d: A — A, A: A — A are odd C-linear maps satisfying:

d(1) = A(1) =0,
d is a differential operator of order <1 on A,

A is a differential operator of order < 2 on A,
d?> = A? = dA + Ad = 0.
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Note that the first two properties in the definition imply that d is a derivation of
A. Also g := ITA together with [a,b] := A(ab) — A(a)b— (—1)&(D)gA(b) is a Lie
superalgebra with two anti-commuting differentials d and A.

DEFINITION 4.13. We will say that a d(Z/2)g Batalin-Vilkovisky algebra (A, d,
A) has the degeneration property if for every N > 1 we have that H*(A[u]/(u™),
d +ul) is a free Clu]/(u™)-module.

Equivalently (A,d, A) has the degeneration property iff H®(A[[u]],d + uA) is a
topologically free (flat) C[[u]]-module. This in turn is equivalent to the existence
of a (non-unique) isomorphism of topological C[[u]]-modules:

(4.2.1) T: H*(A[[u]],d+uA)—>H*(A,d)[[u].

In this situation we will always normalize T' so that Tj,—o = idge(4,q)-

The degeneration property for dg Batalin-Vilkovisky algebras defined above is
weaker than the 9-lemma used by Barannikov and the second author in [BK98]
and by Manin in [Man99a, Man99b|. In particular it has potentially a wider
scope of applications — a feature that we will exploit next. We begin with a general
smoothness result which was also proven by J.Terilla [Ter07].

THEOREM 4.14. Suppose (A,d, A) is a d(Z/2)g Batalin-Vilkovisky algebra which
has the degeneration property. Let g := ILA be the associated super Lie algebra with
anti-commuting differentials d and A. Then:

(1) Thed(Z/2)g Lie algebra (g, d) is homotopy abelian, i.e. is quasi-isomorphic
to H*(g,d) endowed with the trivial bracket and the zero differential. In
particular the associated moduli space Mod gy 4) is (non-canonically) iso-
morphic to a formal neighborhood of 0 in the superaffine space ILH®(g, d).

(2) Every choice of a normalized degeneration isomorphism T as in equation
(4.2.1) gives an identification of formal manifolds

' formal neighborhood of 0
(PT : IMIOd(g d)——> (m HH.(Q, d)

Proof. Part (1) of the theorem follows immediately from

LEMMA 4.15. The d(Z/2)g Lie algebra (g((u)),d + ul) is homotopy abelian
over C((u)).

Proof. Consider the formal completion at zero A of the vector superspace
underlying A = Ilg as an algebraic supermanifold, and let as before D = Spf(C[[u]])
be the formal one-dimensional disc. The d(Z/2)g Lie algebra structure on g[[u]] is
encoded in an odd vector field £ € F(ﬁ x D, T) on the supermanifold Ax D, defined
by

a:=&(a) = da + ula + 1[a, al.

There is a natural automorphism (i.e. a formal change of coordinates) F : AxD* —
A x D* on the formal supermanifold A x D* given by

11 11 .
F(a)::u(exp(g)—1>_a+——a + —==at+ -,
u

u 2! u? 3!
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and in the new coordinates b = F'(a) the vector field £ is linear:
b=aq- exp (2)
u
a

= (da +ula+ %[a, a]) - exp (5)

e (2 (@) +d 1) )
=u- (d+ul)exp (%) = (d+ ulA)b.

So, in the b-coordinates, the vector field & depends only on the differential d + uA
and does not depend on any higher operations. Passing to the minimal model we
see that (g((u)),d+ uA) is homotopy abelian, which proves the lemma. O

The lemma implies that the hypothesis (A) of Proposition 4.11 (i) holds. On the
other hand the hypothesis (B) holds by the degeneration assumption. Therefore
by Proposition 4.11 (i) we conclude that (g,d) is homotopy abelian. This proves
part (1) of the theorem.

Next we construct the identification ®r. Given a formal path in Mod, 4), i-e.
a family of solutions (up to gauge equivalence)

a(e) = a1 + az2e® + aze® + - -+ € eA][e]]

d(a(e)) + 3 la(e), a(e)] = 0

of the Maurer-Cartan equation in (g, d), we have to construct the corresponding
formal path through the origin in H*(g, d).

As a first step choose a lift of the formal arc a(e) to a formal series in two
variables a(e,u) € eA[[e, u]] such that

(d+ud)a + %[&, i =0,
a(e,0) = a(e).

Consider the reparameterization
b=F(a)=u (exp (%) - 1) € eA((w))[[e]].
Arguing as before we see that b satisfies (d+ uA)l; = 0. So if we expand
b=bie+ by + -, where b, € A((u)) satisfy (d + ul)b, = 0,

we can define cohomology classes [l;n] € H*(A((u)),d + uA). We can now apply
the isomorphism 7' ®¢[pu) C((u)) to the series

D |Ba] ™ € cHt(A((w), d + u) [

n>1
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to obtain an element

T [bn] e | € el (4,d)((w)][]]

n>1
In fact one has the following lemma whose proof we will skip since it is a somewhat
tedious application of homological perturbation theory:
LEMMA 4.16. There exists a lift a(e,u) of a(e) such that the associated class
T (an1 [En]) belongs to eH®*(A,d)[[]] € eH*(A,d)((u))[[e]]. Any such lift a

produces the same class T <Zn21 [B"D and this class depends only on the gauge

equivalence class of the original arc a, i.e. on the image a(e) of a(e) in Mod g q)-

Now by definition the map ®7 assigns the class T (Zn21 [l;n]) C eH*(A,d)[[e]] to

the formal arc a(e). O

4.2.3. Geometric interpretation. The previous discussion can be repack-
aged geometrically as follows. A (Z/2)-graded Batalin-Vilkovisky algebra (A, d, A)
gives rise to a family .# — D = Spf(C[[u]]) of formal manifolds over the one-
dimensional formal disc. The family .# is the total space of the relative mod-
uli space Mod(g qyua) over Cl[u]]. If (A,d,A) has the degeneration property,
then by Lemma 4.15 we have an affine structure on the generic fiber .#Z%" .=
M B¢y C((u)) of the family (see Figure 6) given by the map F.

Mod

Mod(g’d)

FIGURE 6. The relative moduli Mod — P!.

Furthermore the map T can be viewed as an extension of the affine bundle .Z8" —
D* to a trivial bundle on P! — {0} of formal superaffine spaces, where the fiber
at oo is the superaffine space H®(g,d). This results in a family Mod — P! of
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formal supermanifolds, which is a trivial vector bundle outside of zero but has a
non-linear fiber at 0 € P!. Moreover by picking the closed point in each fiber we
get a section of Mod — P!, which is just the zero section of the vector bundle
Modp: _ {9y — P! —{0}. The normal bundle to this section in Mod is trivial (hence
Mod is trivial as a non-linear bundle over P'), and the map ®r gives a (non-linear)
trivialization of Mod over P!. This type of geometry was already discussed in
[CKSO05].

4.2.4. Relation to Calabi- Yau variations of nc-Hodge structures. Sup-
pose (A4,d,A) is a d(Z/2)g Batalin-Vilkovisky algebra which has the degeneration
property. In this generality one does not expect to find a natural connection on
H*(A,d+ uA) along u, i.e. one does not expect to have a general formal analogue
of an nc-Hodge structure.

However, a natural connection along the u-line may exist if we specify some
additional data on (A,d,A). Following the analogy with the nc-Hodge structure
associated with a symplectic manifold and the Gromov-Witten invariants, it is
sufficient to specify:

e an even element k € A, with dk = 0, and

e a grading operator Gr: A — A,
so that if we consider 'y := Gr : A — A, and I'_3 : A — A (the operator of
multiplication by k), then we have the commutation relations:

1
[F—l’ A] = _EA

[[_s,d] =0
d=[T_1,d +[[_s,A].

These commutation relations imply the identity

d 1 1
- - _ T_ Al = =
u8u+u I 2+T_4,d+u 2(d-l—uA),

which is consistent with the general formulas from Section 2.2.5. In particular, we
can define a connection on H*(A,d + uA) along the u-line by setting

0 _ _
VG% :=%+u P, +u .

EXAMPLE 4.17. Let Y be a (possibly non-compact) d-dimensional Calabi-Yau
manifold with a fixed holomorphic volume form €2y. Let w : Y — C be a proper
holomorphic function. This geometry gives rise to a natural dg Batalin-Vilkovisky
algebra:

A:=T¢e (Y, ATy ® /\‘A(y) :
d:=0 + Ldw,
A :=divg, = Ls_)i, ocdoLq,,

where 1o, : /\'Txl,’0 — /\d_°Qi)0 denotes the contraction with 2y .
As discussed in Section 3.2 in this situation we get a connection along u which
conjecturally defines an nc-Hodge structure. The connection is defined by the above
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formula with I'_, = the operator of multiplication by —w, and I'_; = Gr: A — A,
the grading operator which is equal to Wg;d -id on ' (Y, /\I’Til,’O ® /\qA()),’l).
We will elaborate on this geometric picture in the next section.

4.3. B-model framework: manifolds with anticanonical sections.

4.3.1. The classical Tian-Todorov theorem. Let X be a compact Kahler
manifold. By Kodaira-Spencer theory we know that the deformations of X are
controlled by the dg Lie algebra

(g(l),dg(1)> = (FCoo (X, T)l<’0 ®C§(° Agé.) ,(r_)) .
The classical Tian-Todorov theorem [Tia87, Tod89] can be formulated as follows:

THEOREM 4.18. If X is a compact Kahler manifold with ¢1(X) = 0 € Pic(X),
then (g(l), dg(l)) is homotopy abelian. In particular the formal moduli space of X
s smooth.

Proof. Since ¢;(X) = 0 € Pic(X), up to scale we can find a unique holomor-
phic volume form €2x on X. As in example 4.17 the pair (X, Qx) gives rise to a
dg Batalin-Vilkovisky algebra (A, d, A):

A:=Tom (X, AT ® /\'Ag’(’l)
d:=9
A :=divg, = LS_]; ocdoln,-

Consider the associated dg Lie algebra (g,dy) := (ILA,d). We have a natural
inclusion of dg Lie algebras

(8, dgn)© (9, dy)
| ll

(Fcoo (X, T)l(’o Q¢ Agg) ,5)L—\ I'cs (X, /\.T)l(’o ® /\.Agél)

which embeds (g(l), dg(l)) as a direct summand in (g, dy), and so induces an embed-
ding H* (g™, dy)) C H* (g,dg) in cohomology. So by Proposition 4.11 it suffices
to check that (g, dy) is homotopy abelian.

On the other hand the contraction map tq, gives an isomorphism of bicom-
plexes between the dg Batalin-Vilkovisky algebra (A, d, A) and the Dolbeault bi-
complex (A*(X),d,d). Since X is assumed compact and Kihler, the Hodge-to-de
Rham spectral sequence degenerates on X, which is equivalent to the equality
dim HY, (X, C) = dim(®, 4=+ HP(X, Q%)) which implies that the Dolbeault bi-
complex (A*(X),d,0) has the degeneration property. Thus by Theorem 4.14 (1)
it follows that (g, dy) is homotopy abelian. The theorem is proven. O

4.3.2. Canonical coordinates on the moduli of Calabi- Yau manifolds.
Let X be a Calabi-Yau manifold, i.e. a d-dimensional compact Kéahler manifold
with ¢1(X) = 0 in Pic(X). Let (A4,d,A) be the dg Batalin-Vilkovisky algebra
defined in Section 4.3.1. The contraction map tq, identifies the C[[u]]-module
H* (g[[u]], d + uA) with the Rees module of the ne-Hodge filtration on H3g (X, C)



HODGE THEORETIC ASPECTS OF MIRROR SYMMETRY 155

for which HP9(X) C F “2". Now choose one of the following equivalent pieces of
data:

e a filtration G* on H3g (X, C) which is opposed to the ne-Hodge filtration,

e a splitting of the nc-Hodge filtration,

e an extension of the associated nc-Hodge structure to a trivial bundle on
P! such that the connection has at most a first order pole at infinity.

Each such choice gives rise to an affine structure on Mod g4 4.). This affine structure
is the same as the one described in Section 4.1.3 corresponding to the nc-Hodge
structure above and the decoration ¢ given by the class [2x] in the associated
graded grg. Hig (X, C).
In mirror symmetry considerations a choice of this type arises naturally when

X is a Calabi-Yau manifold near a large complex structure limit point. Con-
cretely, suppose X = X, is a member in a holomorphic family {X.} of compact
d-dimensional Calabi-Yau manifolds parameterized by z in a polydisc Hi‘il{zl €
C|0 < |z;] < 1}, and such that:

o M =dim¢ H! (X,,Tx.);

e for each i = 1,..., M the monodromy operator ¢; € GL (H' (X;,Tx,))

assigned to the circle (traced counterclockwise)

’Yi:{z ijzjaj#ia}

|2i] = [3i]
is unipotent of order d.

In this setup, the filtration G* of H*® (X;, C) invariant under all unipotent operators
1M, t%, a; € Zso will be opposed to the Hodge filtration and will thus give
us canonical coordinates on the polydisc. This affine structure corresponds to a
rational decoration of a Calabi-Yau variation of nc-Hodge structures.

4.3.3. Generalizations. Here we generalize the previous discussion to the
case of varieties with divisors.

(i) Let X be a d-dimensional smooth projective variety over C, and let D C X be
a normal crossings anti-canonical divisor, i.e Ox(D) = Ky € Pic(X). Typically
such an X will be a Fano or a quasi-Fano. If D is smooth, then by adjunction D will
be a Calabi-Yau. Specifying such a divisor is equivalent to specifying a logarithmic
volume form on X. This is up to scale a unique n-form Qx 105 p € I' (X, Q% (log D))
on X which has a first order pole along D and does not vanish anywhere on X — D.

Let Tx p be the subsheaf of T'x of holomorphic vector fields on X which at
the points of D are tangent to D. This is a locally free subsheaf of T'x of rank d
which controls the deformation theory of the pair (X, D). The relevant dg Batalin-
Vilkovisky algebra (A, d, A) is an obvious generalization of the one in the absolute
case:

A =T (X, /\.TX,D ®C§’(° /\.A(;(’l)
d:=0

T |
A = d'Vﬂxng =

(@] (@]
Lﬂx log D 9 tax log D9

where vy, ., : A*Tx.p — Q% *(log D) is the isomorphism given by contraction
with Qx log D-
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Again, the map tq,,,,, identifies (A,d,A) with the logarithmic Dolbeault
bicomplex (A’”(log D), 0, 8). In particular, for all u # 0 we get an identification of
the cohomology of the complex (A, d+uA) with the cohomology of the total complex
of the double complex (2%*(log D), d, d), which is equal [Voi03, Section 6.1] to the
cohomology of the open variety X — D. In other words for all © # 0 we have an
isomorphism
(4.3.1) H*(A,d+ul) = H2% (X — D, C).

Now mixed Hodge theory implies the following

LEMMA 4.19. The logarithmic dg Batalin-Vilkovisky algebra (A,d,A) has the
degeneration property. In particular the formal moduli space of the pair (X, D) is
smooth.

We will return to the proof of this lemma in section 4.3.4 but first we will discuss
a couple of variants of this geometric setup.

(i) Suppose X is a smooth projective d-dimensional Calabi-Yau manifold. Let

as before 2x be the holomorphic volume form on X. Let D C X be a normal

crossings divisor. Typically if D is smooth, it will be a variety of general type.
Consider the dg Batalin-Vilkovisky algebra (A, d, A) given by

A:=Tgw (X, ATx,p ®czs A°A3g)
d:=0
A :=divg, = La; ocdouiqy,

The contraction tq, identifies this algebra with the dg Batalin-Vilkovisky algebra
(FCOO (X, Q% (rel D) ®cz /\'Agf) .9, a) :

where Q5% (rel D) C Q% denotes the subsheaf of all holomorphic k-forms that restrict
to0 € Q’B_Sing( D) The cohomology of the total complex associated with this double
complex is the de Rham cohomology of the pair (X, D), and so again we get an
identification

(4.3.2) H*(A,d+uA) = Hiz (X, D;C)

valid for all fixed u # 0. Again using this identification and mixed Hodge theory
one deduces the following

LEMMA 4.20. The dg Batalin-Vilkovisky algebra (A, d,A) has the degeneration
property and hence the formal moduli space of the pair (X, D) is smooth.

(iii) The setups (i) and (ii) have a natural common generalization. Fix a smooth
projective complex variety of dimension d, a normal crossings divisor D = U;c1D; C
X, and a collection of weights {a;};cr C [0,1] N Q, so that

Y " ai[Di] = —Kx € Pic(X)® Q.

el
Represent the a;’s by reduced fractions, take N > 1 to be the least common multiple
of the denominators of these fractions and such that

Y (Na;)[D;] = —NEKx € Pic(X),

iel



HODGE THEORETIC ASPECTS OF MIRROR SYMMETRY 157

and set n; := a;N. In particular up to scale we have a unique section Q x €
r (X, K;Q?(_N)> whose divisor is D .,
the Dolbeault dg Lie algebra which computes the deformation theory of (X, D) to
a dg Batalin-Vilkovisky algebra (A, d, A), where

n; D;. In this situation we can again promote

A:=T¢c~ (X, /\.TX,D ®C§(° /\.Ag(’l)

d:=0
A= divﬁx )

The divergence operator divﬁx is defined as follows. Restricting the section Q x

to X — D we get a nowhere vanishing section of Kg?(__DN), i.e. a flat holomorphic
connection on Kx_p. If U C X — D is a simply connected open, then we can
choose 2y a holomorphic volume form on U which is covariantly constant for this
flat connection, and define the associated divergence operator divg,, := LalU odoiqy, -
But by the flatness of the connection it follows that any other covariantly constant
volume form on U will be proportional to €2y with a constant proportionality
coeflicient. Since by definition div.q, = divg, for any constant c we get a well
defined divergence operator on X —U. Furthermore, locally this divergence operator

~ \-1/N
is given by a holomorphic volume form which is a branch of (ﬂ X) and so by
continuity it gives a well defined map of locally free sheaves divg NTx p —

/\i_lTX,D.
Again, we claim that

LEMMA 4.21. The dg Batalin- Vilkovisky algebra (A, d, A) has the degeneration
property and the formal moduli space of the pair (X, D) is smooth.

Proof. The proof of this lemma again reduces to mixed Hodge theory via
a map similar to the isomorphisms (4.3.1) and (4.3.2). However constructing this
map is a bit more involved than the arguments we used to construct (4.3.1) and
(4.3.2).

Consider the root stack Z = X <{%}i€1> as defined in e.g. [MOO5, ISO7].
By construction Z is a smooth proper Deligne-Mumford stack, equipped with a
finite and flat morphism 7 : Z — X.

Conceptually the best way to define the stack Z is as a moduli stack classifying
(special) log structures associated with X, the divisor D and the number N (see
[MOO5] for the details). Etale locally on X the stack Z can be described easily
as a quotient stack. Indeed, choose étale locally an identification of X with a
neighborhood of zero in A% with coordinates z1, ..., 24, so that D = D;U---U D,
and D; is identified with the hyperplane z; = 0. Then the corresponding étale local
patch in Z is canonically isomorphic to the stack quotient

[Ad/ny"' X”Aﬂ’

TV
r-times

where g C C* is the group of N-th roots of unity, and ((1,...,¢) € un' acts as

(Zla s Zry Rrgly - azd) = (Clzla s aCr‘Zra Zr4ly - azd)-
In particular, this description shows (see [MO05, Theorem 4.1]) that:
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e The map 7 is an isomorphism over X — D and in general identifies X with
the coarse moduli space of Z; N N
e There is a strict normal crossings divisor D = U;c;D; C Z, such that
OZ (—N]31> == W*OX (—Dz)
as ideal subsheaves of O ; ‘ N ‘
e For all j we have the Hurwitz formula Q7 (log D) = n*Q% (log D).

In particular we have canonical isomorphisms

7T*KX = OZ (—Zn251>

i€l

TKx 2 K; 04 ((1—N)Zﬁz)

i€l

the first given by the section ) x and the second coming from the Hurwitz for-
mula.

There is a natural complex local system of rank one on X — D with monodromy
in py associated with the choices of N-th root of the section 2x. It is easy to
see that the pullback of this local system admits a canonical extension (as a local
system) to Z, which we denote by E. Moreover, we have a canonical meromorphic
section 2z of Kz ®c E with divisor ), (N —1— n;)D;. Tt is easy to check locally
by using the étale local description of Z as a quotient stack that the contraction
L, gives a well defined isomorphism of locally free sheaves:

L, - AN TZ,5—5>Q%_j <log ]5(1),re1]5(0)> Rc E.
Here
Dyoy = Uier, Di Iy = {i € I|a; = 0}
D) = User, D; L ={ieIla;=1}.

Now taking into account the Hurwitz isomorphism AT, ~ = n* AJ Tx p and usin
p z,D :
adjunction, we can view (g, as an isomorphism

(4.3.3) NI TX’D—E—> (W*Q%_j (log 13(1),re1 ]5(@) Qc E)

It is immediate from the definition that the isomorphism (4.3.3) (taken for all j)
identifies the dg Batalin-Vilkovisky algebra (A, d, A) with the Dolbeault bicomplex

(rcoo (X, (w*srz (log 15(1),re11~)(0)) ®¢ E) Bce Ag(-,-) B, a) .
But the above complex equipped with the differential &+ 0 is the Dolbeault resolu-
tion of the complex of sheaves , (Q.z (log 15(1),re1 ]3(0)) Rc =, 8) which is equal
to the derived direct image R, (Q.z (log 13(1), rel 5(0)) ®c 2, 8) since 7 is finite.

Now combined with the Leray spectral sequence for 7 this gives, for all u # 0, an
isomorphism

(4.3.4) H*(A,d+ulA) = Hig (Z — D1y, Do) — Do E) ,
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which specializes to both isomorphisms (4.3.1) and (4.3.2).
Now the fact that Z is a smooth and proper Deligne-Mumford stack and mixed

Hodge theory (see 4.3.4) for (Z — ]5(1), 5(0) — ]5(1)) endowed with the local system
= imply that (A, d, A) has the degeneration property. d

REMARK 4.22. The fact that the root stack in the previous proof can be viewed
as the moduli stack of special log structures is very interesting. It suggests that the
setup we just discussed may fit naturally in the recent approach of Gross-Siebert
[GS06, GS07] to mirror symmetry and instanton corrections via log degenerations
of toric Fano manifolds (see also [KS06a, KS01]). The relationship between these
two setups is certainly worth studying and we plan to return to it in the future.

(iv) Yet another generalization of the previous picture arises when we take the
variety X to be a normal-crossings Calabi-Yau. More precisely, assume that X is a
strict normal crossings variety with irreducible components X = U;c;X; equipped
with a holomorphic volume form Q2x on X — X8 such that the restriction of Qx
on each X; has a logarithmic pole along X; N (U;.;X;) and the residues of these
restricted forms cancel along each X; U X;. Taking a colimit along the projective
system of all finite intersections of components of X we get again a dg Batalin-
Vilkovisky algebra Aot (X ) = colim j; A (N;esX;) and again by using mixed Hodge
theory we can check that this algebra has the degeneration property.

4.3.4. Mixed Hodge theory in a nutshell. In this section we briefly recall
the basic arguments from Deligne’s mixed Hodge theory [Del74| that are neces-
sary for proving the degeneration property of the dg Batalin-Vilkovisky algebras in
section 4.3.3 (i)-(iv).

Suppose we are given:

e a finite ordered collection (X,,) of smooth complex projective varieties;

e for every a a choice of a Z X Z-graded complex of sheaves of differential
forms which are either C*° or are C~>° (i.e. currents) and constrained
so that their wave-front (singular support) is contained in a given conical
Lagrangian in TV X, which is the conormal bundle to a normal crossing
divisor in X,;

e a collection of integers n, € Z.

Consider the complex C*' = @,C2%[n,] equipped with three differentials 9, 9, 4,
where § = _ 3 dap, and the do3 come from pullbacks and pushforwards for some
maps Xg — X, or X, — Xp. The statement we need now can be formulated as
follows:

CrAm 4.23. For every k > 1 the cohomology
H* (C***[u}/(uF), 0 + & + ud)
is a free C[u]/(u*)-module.

Proof. If X is smooth projective over C and if (A' (X), 5) is the 0-complex
of (either C*° or C'~°°) differential forms on X, then the inclusion

(kerd,) — (A*(X),d)

is a quasi-isomorphism.
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This implies that the horizontal arrows in the diagram of complexes
(ker Blu)/ (u*), 0 + & + ud) — (C***[u]/(u*),d + § + ud)

(ker O[u]/(u*),d + §) ———— (C**, 0 + §) [u]/(uk),

are quasi-isomorphisms. Indeed, this follows by noticing that there are natu-
ral filtrations on both sides (by the powers of u and the index a) which give
rise to convergent spectral sequences and induce the quasi-isomorphic inclusion
(ker 0, 5) — (C’t"t, 5) on the associated graded. This proves the claim. (|

REMARK 4.24. e Note that the same reasoning implies that the natural map
(ker 9,0 + §) — (kerd/imd,d + 6) = (H*(Xa,),6),

is also a quasi-isomorphism, which reduces the problem of computing

H* (C*[u]/(uF), 0 + 6 + ud) to a homological algebra question on a complex
of finite dimensional vector spaces.
e There is a useful variant of the theory, also discussed in [Del74]: the previous
discussion immediately generalizes to the case of cochain complexes of a collection
of projective manifolds with coefficients in some unitary local systems.

Next we discuss a few examples and applications of the geometric setup from sec-
tion 4.3.3.

4.3.5. The moduli stack of Fano wvarieties. As a consequence of sec-
tion 4.3.3 (iii) we get a new proof and a refinement of the following result of
Ran [Ran92, Kaw92|:

THEOREM 4.25. Let X be a complex Fano manifold, that is, let X be a smooth
proper C-variety for which K;(l 1s ample. Then the versal deformations of X are
unobstructed.

Proof: Choose N > 1 so that K;%(_N) is very ample and all the higher co-
homology groups HF* (X , K;G?(_N)> vanish for £ > 1. Choose a generic section

Qx € H° (X , K??(_N)) = 0 whose zero locus is a smooth and connected divisor
DcCX.

Consider now g = IIRI" (X, A*T'x p) with the Schouten bracket. By Lemma 4.21
this d(Z/2)g Lie algebra is homotopy abelian and so as in the proof of Theorem 4.18
we conclude that g(t) = RT' (X, Tx p) is homotopy abelian. Since this d(Z/2)g Lie
algebra governs the deformation theory of (X, D) as a variety with a divisor, it
follows that the formal germ of the deformation space of the pair (X, D) is smooth.
Next we will need the following simple

LEMMA 4.26. Suppose (X', D’) is a small deformation of (X, D) as a variety
with divisor. Then X' is still a Fano with Kj‘?f‘m very ample and D' € ‘K®§_N) .

Proof: The condition of Kﬁ?(_m being very ample is open in the moduli of
X. Furthermore by definition KE?(_N) ® Ox(—D) = Ox and so by the small
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deformation hypothesis it follows that Kg?f_N) ® Ox:(—=D) is in the connected
component of the identity of Pic(X’). But X' is a Fano and so Lie(Pic?(X’)) =
HY(X',Ox:/) = 0. Hence K™ ® Ox/(—D) = Ox as well. O

The theorem now follows easily. The versal deformation space of smooth connected

, . . . . o hO(X,K‘X’S‘N’)—l
D’s for a given X is smooth and isomorphic to a domain in P X .

Since the dimension of these projective spaces is locally constant in X by Riemann-
Roch and vanishing of the higher cohomologies, it follows that the map from the
versal deformation space of the pairs (X, D) to the versal deformation stack of X
is smooth. In other words the versal deformation stack of X has a presentation in
the smooth topology with a smooth atlas — the versal deformation space for (X, D).
Hence the versal deformations of X form a smooth stack. (]

4.3.6. Algebras for the Landau-Ginzburg model. Consider again the setup
of a holomorphic Landau-Ginzburg model. Suppose Y is smooth and quasiprojec-
tive over C and of dimension dimY = d. Suppose there exists a nowhere vanishing
algebraic volume form Qy € I'(Y, Ky), and let w : Y — A! be a regular function
with compact critical locus.

This data gives a dg Batalin-Vilkovisky algebra (A, d, A) where

A= Tge (Y, ATE® e /\'A%l)

d = 5 —+ Law
A= diVﬁY .

Again the contraction tq, identifies (4, d, A) with the twisted Dolbeault bicomplex
(A*(Y), 0 + dwA, 8). The latter satisfies the degeneration property by the work of
Barannikov and the second author, Sabbah [Sab99], or Ogus-Vologodsky [OV05].

REMARK 4.27. Tt will be interesting to combine the previous discussion with
the discussion in section 4.3.3 (iii) or with the broken Calabi-Yau geometry from
section 4.3.3 (iv). Suppose we have a quasiprojective smooth complex Y, a regular
function w : Y — A! with compact critical locus, and suppose we are given a normal
crossings divisor D = U;er D; and a system of weights {a;};c; as in Section 4.3.3
(iii). Then we can write the w-twisted version of the dg Batalin-Vilkovisky al-
gebra for (Y, D) which by general nonsense will compute the deformation theory
of the data (Y, D,w). Similarly we can add a potential to Y which itself is a
normal-crossings Calabi-Yau, as in Section 4.3.3 (iv). We expect that the resulting
algebras will again have the degeneration property, but we have not investigated
this question.

4.4. Categorical framework: spherical functors. In this section we briefly
discuss some algebraic aspects of the deformation theory of nc-spaces (see sec-
tion 2.2.1). For simplicity we will discuss the Z-graded case but in fact all definitions
and statements readily generalize to the Z/2 case.

4.4.1. Calabi-Yau nc-spaces. Suppose X = ncSpec(A) is a graded nc-affine
nc-space over C. If X is smooth, then A € Perfx , xo» = Perf (A ® A°® — mod) and
we define the smooth dual of A to be A' := Homagaor (A, A® A). Similarly
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if X is compact, then A € Perf,; and we define the compact dual of A to be
A* := Hom¢(A,C) € (A® A°° —mod).
If X is both a smooth and compact nc-space, then we have isomorphisms

AR A =2 A @, A=A

in the category (A ® A°? — mod). The endofunctor Sx : Cx — Cx given by the
A-bimodule A* is called the Serre functor of X. It is an autoequivalence of Cx
which is central (i.e. commutes with all autoequivalences). Moreover, for any two
objects £, F € Perf x there is a functorial identification

Homx(é',f)v = Homx(]:, ng)
With this notation we have the following definition (see also [KS06b]):

DEFINITION 4.28. We say that a smooth graded nc-affine nc-space X =
ncSpec(A) is a Calabi- Yau of dimension d € Z if A' = A[—d] in (A ® A°°—mod).
We say that a compact nc-affine nc-space X = ncSpec(A) is a Calabi-Yau of
dimension d € 7 if A* = Ald] in (A® A°° —mod).

The definition works also in the Z/2-graded case, where the dimension d is under-
stood as an element of Z/2.

For an nc-space which is both smooth and compact the two conditions are equivalent
and are equivalent to having an isomorphism of endofunctors Sx = [d].

REMARK 4.29. This definition of a Calabi-Yau structure on a smooth compact
nc-space is somewhat simplistic and should be taken with a grain of salt. The true
definition (see [KS06b]) implies the isomorphism of functors Sx = [d] but also
involves higher homotopical data which are encoded in a cyclic category structure
on Cx. We will suppress the cyclic structure here in order to simplify the discussion.

We are interested in nc-space analogues of the Tian-Todorov theorem. The un-
obstructedness of graded smooth and compact nc-Calabi-Yau spaces was recently
analyzed by Pandit [Pan08] via the T"-lifting property of Ran [Ran92] and Kawa-
mata [Kaw92|. Here we formulate the following general

THEOREM 4.30. Suppose that X is a smooth and compact nc-Calabi-Yau space
of dimension d € Z (or of dimension d € Z/2 in the Z/2-graded case). Assume
that X satisfies the degeneration conjecture (see Section 2.2.4). Then:

e the Hochschild cochain algebra C*(X) of X is a homotopy abelian Lo
algebra;
e the formal moduli space Modx of X is a formal supermanifold, 1.e.

MOdX = MOdC'(A,A) = Spr[[.’L‘l, .. .,.’EN,fl, . ,fM]];

e the negatwe cyclic homology of the unwversal family over Modx gives a
vector bundle H — Modx xID which is equipped with a flat meromorphic
connection V so that Vupaz,, Vuojae;s and Vyuzg o, are reqular;

e (H,V) is the de Rham part of a Calabi- Yau variation of nc-Hodge struc-
tures.

We will only sketch some of the highlights of the proof of this theorem here since
going into full detail would take us too far afield. The proof is based on a mildly
generalized version of Deligne’s conjecture (see e.g. [KS00, TamO03]) which states
that the Hochschild cochain complex of an affine nec-space is also an algebra over
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the operad of chains of the little discs operad. The first step is to show that under
the Calabi-Yau assumption the Hochschild cochain complex C*(X) is also naturally
an algebra over the cyclic operad of chains of the framed little discs operad (i.e. the
operad of little discs with a marked point on the boundary). Next one shows that
the validity of the degeneration conjecture for X implies that the induced S*-action
on the cochain complex is homotopically trivial. Finally by a topological argument
one deduces from this the fact that all the higher L., operations on C*(X) must
vanish.

REMARK 4.31. It seems certain? that from deformation quantization it follows
that if X is a smooth and projective Calabi-Yau variety, then the data described
in the above theorem are canonically isomorphic to the formal completion of the
variation of nc-Hodge structures described in section 4.3.2.

For a general smooth and compact nc-Calabi-Yau space we expect that the
formal variation of nc-de Rham data in Theorem 4.30 converges to give analytic
de Rham data which contain a compatible nc-Betti data & and so extend to an
honest variation of nc-Hodge structures.

4.4.2. Spherical functors. In this section we introduce a special version of
the general notion of a spherical functor [Ann07]| which is tailored to the Calabi-
Yau condition. We begin with a definition:

DEFINITION 4.32. Let X and Y be two graded nc-spaces. A morphism f :
X —Y is a triple of functors

so that (f*, f«) and (f, f') are (left, right) pairs of adjoint functors.

Suppose now X, Y are smooth and compact graded nc-spaces and let Y be an
nc-Calabi-Yau of dimension d.

DEFINITION 4.33. A morphism f: X — Y is spherical if:

(a) the cone of the natural adjunction morphism idc,, — f Yo f, is isomorphic
to the shifted Serre functor of X: cone (idc, — f'o fe) = Sx[1—d],

(b) the natural map f' — Sx[1 — d] o f*, induced from the isomorphism in
(a) and the adjunction f' — f'o f. o f*, is an isomorphism of functors.

REMARK 4.34. (a) If f is spherical, then the associated reflection functor
Ry :=cone (fs o f' —ide, ) is an auto-equivalence of Cy [Ann07].
(b) Similarly to the definition of a Calabi-Yau structure the above notion of a
spherical functor should be viewed as a weak preliminary version of a stronger
more refined notion which has to involve higher homotopical data and has yet to
be defined carefully.

EXAMPLE 4.35. (i) Let X = pt and Y be a d-dimensional smooth and compact
nc-Calabi-Yau and let £ € Cy be a spherical object, i.e. an object for which the
complex of C-vector spaces Homy (£, £) is quasi-isomorphic to (H*(S%, C),0). The

2We borrowed this delightful expression from [Kap91)].
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morphism of nc-spaces f : pt — Y given by f.(V) = E®V for any V € Cpy =
(Vectc) is spherical.

(ii) Let X be smooth and projective of dimension d + 1, and let i : Y — X be a
smooth anti-canonical divisor in X. Then Y is a d-dimensional Calabi-Yau and we
have a natural spherical nc-morphism f: X — Y given by f, 1= i*, f' := i, etc.
(iii) Let Y be a smooth projective d-dimensional Calabi-Yau. Let ¢ : X — Y be
a smooth hypersurface. Then we have a natural spherical nc-morphism f: X — Y
given by f. =1i,, f' =i', and f* =i*.

REMARK 4.36. The geometry of Example 4.35 (ii), where X is taken to be a
smooth projective Fano, and i : Y — X is a smooth anti-canonical divisor, can be
encoded algebraically in the categories Cx = D(Qcoh(X)), Cy = D(Qcoh(Y)), the
functor f, = 4*, and another natural triple of categories:

e the compact category Dcompact (Qcoh(X —Y)) = ker(fs),
support

e the compact category Dg,pp v (Qcoh(X)) = the subcategory in D(Qcoh(X))
generated by i,D(Qcoh(Y)),
e the smooth category D(Qcoh(X — Y)) = the quotient
D(Qcoh(X))/Dsupp v (Qecoh(X)).
There is a similar triple of categories for the setup in Example 4.35 (iii). It will be
very interesting to describe the categorical data that encode anti-canonical divisors
with normal crossings or more generally the fractional anti-canonical divisor setup
from section 4.3.3 (iii). It seems likely that in this situation one gets a system of
nested categories and functors with a “spherical” condition imposed on the whole
system rather than on individual functors. This is a very interesting question that
we plan to investigate in the future.

REMARK 4.37. It is clear from the examples above that spherical functors give
a unifying framework for handling different types of geometric pairs.

Suppose that X and Y are smooth and compact nc-spaces, Y is an nc-Calabi-
Yau, f: X — Y is a spherical map, and the degeneration conjecture holds for both
X and Y. In this situation we expect that the deformation theory of f: X — Y is
controlled by a homotopy abelian d(Z/2)g Lie algebra which is L, -quasi-isomorphic
to
(4.4.1) cone (C.(Y)Lc. (X)) 1—d].

Moreover, using f, (or f') we can build a new nc-space Z by taking C to be the
semi-orthogonal extension Cz = (Cx, Cy), where we set

Homy (Cy,Cx) :=0

Homy (€,F) := Homy (f.€,F) forall £ € Cx,F € Cy.

We expect that the deformation theory of f: X — Y is equivalent to the deforma-
tion theory of Z and in particular that the L., algebra C*(Z) is quasi-isomorphic
to the algebra (4.4.1).

REMARK 4.38. We should point out that even though deformation quanti-
zation provides a conceptual bridge between the categorical framework and the
geometric framework of the previous section, the actual connection between the
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two frameworks is tenuous at best. The source of the problem lies in the fact that
the deformation quantization of general Poisson maps can be obstructed [Wil07].

4.5. A-model framework: symplectic Landau-Ginzburg models. We
already noted in Examples 4.4 and 4.8 that there are natural canonical coordi-
nates and a Calabi-Yau variation of nc-Hodge structures that one can attach to
the A-model on a compact symplectic manifold. An interesting open problem is to
find an algebraic description of these coordinates and variations in terms of some
d(Z/2)g Batalin-Vilkovisky algebra that is naturally attached to the Fukaya cat-
egory. This question is hard and we will not study it directly here. Instead we
will look at the question of finding canonical coordinates and variations in another
symplectic context, i.e. for symplectic Landau-Ginzburg models, and try to get
an insight into a possible algebraic formulation in that case. It will be interesting
to compare our formalism with the recent work of Fan-Jarvis-Ruan [FJRO7] on
the symplectic geometry of quasi-homogeneous Landau-Ginzburg potentials with
isolated singularities but at the moment we do not see a direct relationship.

4.5.1. Symplectic geometry with potentials. The objects we would like to
understand are triples (Y, w,w), where

e Y is a C*-manifold and w is a C'"*°-symplectic form on Y.

ew :Y — Cis a proper C*°-map such that there exists an R > 0 so
that over {z € C||z|] > R} the map w is a smooth fibration with fibers
symplectic submanifolds in (Y,w).

Similarly to the case of compact symplectic manifolds one can associate Gromov-
Witten invariants to such a geometry. Specifically, if we fix n > 1, ¢ > 0, and
B € Hy(Y,Z), then we can use stable pseudo-holomorphic pointed curves in Y to
define a natural linear (correlator) map

I;,lg,n—l . H* (Y, Q)@(n—l) Q H® (Hg,n,Q)—>H.(Y, Q)

Indeed, note that Poincaré duality gives an identification

where R > 0 is as above and Yz = w™! ({z € C||z| > R}) C Y. Combining this
identification with the isomorphism (H®)Y = H, we see that I‘(S’lg,’n_l will be given
by a class in He(Y,Q)®(""1) @ Hy(Y,Yr; Q) @ He(M, ,,Q).

Next consider the usual moduli stack M, (Y, 3) of stable pseudo-holomorphic
maps. Here it will be convenient to assume that an almost-complex structure on Y
tamed by w is chosen in such a way that w)y,, is holomorphic. The stack mg,n(Y, B)
is non-compact but near infinity it parameterizes only pseudo-holomorphic maps
¢ : C — Y such that wop : C — C is constant and wo ¢(C) € C is close to infinity.
Thus the virtual fundamental class of M, (Y, (3) is well defined as a class in the
relative homology

[Mg,n(ya 5)}\,11. € Ho (Yn X Hg,nayn_l X YR X Mg,n;(@)
= H,(Y,Q)®°" "V @ Ho(Y,Yr; Q) ® He(M,.n,Q).
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We define Ié’lg’n_l

[ﬂg»n(yv B)] vir’

This collection of correlators satisfies analogues of the usual axioms of a coho-
mological field theory [KM94] but we will not discuss them here. Consider now a
cohomology class

T = (29,742) € H*(Y,C) = H*(Y,C) @ H**(Y, C),

where H*(Y, C) is viewed as a supermanifold over C.
Now for every such x we define a quantum product

ex,0: H*(Y,C)® H*(Y,C)—>H*(Y,C)

to be the map given by the relative virtual fundamental class

by the formula
o *g Q2 1= Z Z exp ({5, z2))
m>0 € Hy(Y,Z)

I

'%Ig,ﬁ,mﬁ—l((al @ a2 ®f¢2 K Isﬁg) ® 1M’0,m+1)-

—_
m times

Now this quantum multiplication together with the usual formulas (see Exam-
ples 4.4 and 4.8) can be used to define a decorated variation of nc-Hodge structures
over the (conjecturally non-empty) domain in H*(Y,C) where the series defining
%, 1s absolutely convergent.

REMARK 4.39. There are some interesting variants of this construction. For
instance we can take a symplectic manifold (Y,w) with no potential and a pseudo-
convex boundary. In this situation .#, (Y, 3) is already compact, as long as 3 # 0.
Also, in a symplectic Landau-Ginzburg model (Y,w,w) we can allow for w to be
non-proper and instead require that its fibers have pseudoconvex boundary. Finally
one can consider a symplectic Y equipped with a proper map Y — CF¥, holomorphic
at infinity and with k£ > 2.

4.5.2. Categories of branes. Let (Y,w,w) be a symplectic geometry with
a proper potential. There are two natural categories that we can attach to this
geometry: the Fukaya category of the general fiber of w, and the Fukaya-Seidel
category of w. Understanding the structural properties of these categories or even
defining them properly is a difficult task which requires a lot of effort and hard work.
We will not explain any of these intricate details but will rather use the Fukaya
and Fukaya-Seidel categories as conceptual entities. For details of the definitions
and a rigorous development of the theory we refer the reader to the main sources
[FOOOO07, FOO1], [Sei07b, Sei07a]. The categories that we are interested in
are:

(1) The Fukaya-Seidel category FS(Y,w,w) of the potential w has objects which
are unitary local systems V on (graded) w-Lagrangian submanifolds L C Y such
that:
e w(L) C (compact) UR<g;
o The restriction of L over the ray R<g is a fibration on R<_r and when
z € R<p, and 2z — —oo, we have that the fiber L, C Y, is a Lagrangian
submanifold in the symplectic manifold (Y2, wy, ).
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The morphisms between two objects (L1,V;) and (Lg,Vs) are defined as homo-
morphisms between the fibers of the local systems at the intersection points of
the two Lagrangians. As usual, to make this work one has to perturb one of the
Lagrangians, say Ly, by a Hamiltonian isotopy to ensure transversality of the in-
tersection. A new feature of this setup (compared to the situation of symplectic
manifolds with no potential) is that the allowable isotopies are tightly controlled
— they correspond to small wiggling, see Figure 7, of the tail of the tadpole-like
image of the Lagrangian in C and a lift of this wiggling to Y given by a non-linear
symplectic connection identifying the fibers of Y.

r o
-

P_’

FIGURE 7. Tadpole-like w-images of two Lagrangian submanifolds.

The compositions of morphisms are given by correlators counting pseudo-holomor-
phic discs whose boundary is contained in the given Lagrangian submanifolds.

(2) The Fukaya category Fuk(Y}) of a fiber (Yz,wm) over a point z € C which is
not a critical value for w. The objects in this category are again pairs consisting
of (graded) Lagrangian submanifolds in Y, equipped with unitary local systems,
and morphisms and compositions are defined again by maps between the fibers of
the local systems at the intersection points and by counting discs. The parallel
transport w.r.t. a non-linear symplectic connection on w : Y — C identifies sym-
plectically all fibers (YZ, u)|yz) over points z € R<g when z — —oo. We will denote
any one such fiber by (Y_o,w_o)-

Now observe that by intersecting a Lagrangian L C Y with the fiber Y_,, we get
an assignment L — L_ = LNY_,. We expect that this assignment can be
promoted to a spherical functor (see also [Sei07a] for a similar discussion)

F: FS(Y,w,w)—— Fuk(Y_,w_o)

so that the associated spherical twist Rp : Fuk(Y_oo,w_oo) — Fuk(Y_oo,w_oo)
categorifies the monodromy around the circle {z € C| |z| = R}.
In this situation one can also define relative Gromov-Witten invariants

Jo H*(Y,Y_-00;Q) ® H*(Y,Q)®("~2 @ H* (My,n, Q) —=H*(Y,Y_o0; Q).

g.6,n—2 -
For this we again use the duality (H*)"V = H, and the Poincaré duality H*(Y,Y_; Q)
= Ho(Y, Y 00; Q) to rewrite Jg(,lp)a,n—z as a class in

Ho(Y,Y-5;Q) ® Ho(Y, Y 00; Q) ® Ho(Y,Q)®" % @ Hy (Mg, Q) .
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This class can again be defined as a virtual fundamental class space Hg,n(Y, B)
of stable pseudo-holomorphic maps. Again we can interpret the virtual class as a
relative homology class:

(Mo (¥, B)] € Ho (Y7 X My, Y72 x (Ve x Y)U(Y x Vi) % Myni Q)
= H,(Y,Y Q) ® Hy(Y,Y}{;Q) @ Ho(Y,Q)*"? @ H, (My.,Q)
= Ho(Ya Y_; Q) X H.(K Y+oo; Q) X HO(K Q)®(n_2) ® H, (Mg,n,(@) s

and so it gives the desired map J;,lp)a,n—z-
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FIGURE 8. The domain D..

Here 1 > ¢ > 0, and Yéfe =w 1(£D,), where D, C C is the domain given by
(see Figure 8)

e i= C
D {ze 5 5

|2l > R and Argz € (E—S,‘E}‘E—FS)}.

Again the relative invariants J,E,lg,n—2 give rise to a quantum multiplication and
through the usual formulas from Examples 4.4 and 4.8 we again get a decorated vari-
ation of nc-Hodge structures over a (conjecturally non-empty) domain in H*(Y, C)
with fiber H*(Y,Y_,).

4.5.3. Mirror symmetry. In conclusion we systematize (see also [Aur07])
all the objects introduced above in a mirror table describing the corresponding A
and B-model entities in parallel:
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invariants || A-model | B-model |
a triple (Y, w,w) where: a pair Z C X where:
w :Y — Cis a proper C*- | X is smooth projective, and
geometry map, and (Y,w) is symplectic | Z C X is a smooth anticanon-
with ¢ (Ty) =0 ical divisor
H*(Y,C) variations of H*(X—2Z,C) variations of
o _ ncHS  over . ’ ncHS  over
cohomology H.(Y, Y_oo;CF 5 domain in H.(X, C) a domain in
H* (Y-, C) ) Fe(y.C) *(2,C) ) H(x-2,0)
Fuk(Y_ o) . D(Z
Fuk(Y_oo) is a ] D(Z) is a CY cat-

)
CY category and T .
F SN i F egory and F' is a
. T F is a spherical spherical functor
categories FS(Y) functor D(X)

The part of FS(Y') consisting of

a full compact
(non smooth)

Lagrangians fibered over Dguop 2 (X .
where the circle is of radius R > op 2(X) subcategory in
0. D(X)

a full com-
The part of FS(Y') consisting of pact (non
compact Lagrangian sumanifolds | Deompact (X — Z) smooth)
inY. support Zlglgf;‘t' in

D(X)

The wrapped FS category: the
Hom space between (Lq,V;)
and (L2,V3) is the sum of
Hom(Vy,V3),, z € Ly N Ly, and
L, is deformed so that w(Ls) be-

comes a spiral: D(X — 2) a smooth (non

compact) cate-
gory

wrapped infinitely many times
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