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1 | INTRODUCTION

We consider a well-known mathematical model of biological anaerobic treatment (methane fermentation) of organic
wastes in a continuously stirred tank bioreactor (see Reference 1 and the references therein). The model is described by

two nonlinear ordinary differential equations

d
% = —ky p(s(E)X(E) + ulsin — 5(0))
% = (u(s(t)) — auw)x(t)

and one algebraic equation, presenting the gaseous output (methane)

Q(s(8), x(1)) = kzpu(s())x(2).

The meaning of the state variables x = x(f), s = s(t) and of the model parameters is given below:

X  is biomass concentration (g/L)

s is substrate concentration (g/L)

u  isdilution rate (1/day)

Sin  is influent organic pollutant concentration (g/L)

ky isyield coefficient

k, is coefficient

Q is methane (biogas) flow rate (liter biogas for liter of the medium per day).

(€]

()
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The coefficients k; and k; are positive. The parameter a € (0, 1) represents the proportion of bacteria that are affected
by the dilution; @ = 0 and « = 1 correspond to an ideal fixed bed reactor and to an ideal continuous stirred tank reactor,
respectively.? The influent substrate concentration sj, is assumed to be constant.

The dilution rate u is considered as a control variable.

The model function u(s) [1/day] represents the specific growth rate of the methane producing bacteria x. We make
the following general assumption on u(s).

Assumption 1. The function u(s) is defined for s € [0, +c0), u(0) = 0 and u(s) > 0 whenever s > 0; u(s) is continuously
differentiable and bounded for all s > 0.

The above model (1) can be considered as the most simple input-output model of the methane fermentation or as
a simplified form of more complex nonlinear models and is very appropriate to check different control strategies. The
practical applicability of the model is demonstrated.'>

It is well known that the feedback control of bioreactor (chemostat) models provides many advantages in operating
a plant and is used to increase its efficiency and sustainable long-term energy production. We consider here a feedback
control law of the form u = « (s, x) = fk,u(s)x, where f is an auxiliary positive and properly chosen parameter. Obviously,
this feedback is based on the output (ie, on the biogas flow rate, see (2)) measurements, which are always on-line available.
This feedback is shown to stabilize globally the dynamics (1).* Now we modify the feedback x(-) by introducing a sampling
period delay = > 0. The design and analysis of sampled-data control systems have been of continuing interest for several
decades®” and the references therein. The main objective of the present article is to achieve global asymptotic stabilization
of the so obtained sample-and-hold control system.

Introducing a sampled-data control law converts the model (1) into a system of ordinary differential equations with
piecewise (with respect to time) constant arguments. This class of equations combines the properties of differential and
differential-difference equations. A recently developed mathematical approach for proving global attractivity of solutions
of equations with piecewise constant arguments® is based on constructing a suitable Lyapunov function and we apply
this idea in our study.

The article is organized in the following way. Section 2 is devoted to stability analysis of the model involving a piecewise
constant feedback control law. First, we show in Theorem 1 that under suitable assumptions and for any sampling period
7 > 0 the trajectories of the closed-loop system approach in finite time the set {(s,x) : 0 < s~ <s < st < §j5,x > 0}, where
the substrate concentrations s~ and st are defined in a proper way. Then the global stability of the closed-loop system
is established in Theorem 2 for sufficiently small values of z. Based on these results, a numerical extremum seeking
algorithm (ESA) is applied to stabilize the system toward the maximum methane flow rate. The ESA is shortly described
in Section 3. Section 4 contains results from computer simulations. The stabilizability of the dynamics is illustrated in
subsection 4.1 for different values of the sampling period = > 0, whereas subsection 4.2 demonstrates and visualizes the
numerical outputs of ESA. Detailed proofs of Theorems 1 and 2 are given in the Appendix.

2 | STABILITY ANALYSIS OF THE MODEL

The control variable in the model (1) is the dilution rate u. In practice, the dilution rate is proportional to the speed of the
pumping mechanism that feeds the bioreactor, thus u is always lower- and upper-bounded, that is, there exist upi, > 0
and U,y sSuch that uyin < u < Umay. In the model-based studies it is reasonable to assume that ., < i u(sin) to avoid
wash-out of the bacteria.?

Define the function

K(s,%) = fopu(s)x, (3)

where f is a positive parameter, which varies in given bounds. To determine these bounds, we need the following
assumption.

Assumption 2. Lower bounds s > 0 and k; > 0 for the values of s, and k3, respectively, and an upper bound kf>0
for the value of k; are known.

Assumption 2 is not restrictive in the sense that very often in practice we do not know exact values for the model
parameters but only some bounds for them. This is especially valid for fermentation processes which are known to be
highly uncertain.
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Define

p = i
" kosT

2"in

> 0.

The value -~ will serve as a lower bound for the parameter g, involved in the expression for « (s, x) from (3).
Let us fix an arbitrary f € (f~, +o0) and set

1 —

X s :=sin —akix, p;=(s,X). 4)

.= m ’
Obviously, x and 5 depend on the parameter #; according to the choice of § we have that 0 < s < s;,. If § is too large,
then x becomes too small, and s becomes very close to si,. It is straightforward to see that p, is an equilibrium point of the
closed-loop system using (s, x) instead of u.
To design our feedback, we choose values u~ and ut, u~ < u*, such that [u™, u*] C (Umin, Umax)- Then each point from
the interval [u~, u"] is an admissible value for the control function u.

Assumption 3. The following conditions hold true:

(i) there exist values s~ and s* of the substrate concentration s such that0 < s~ <s < s* < sjp and u(s™) = au™, u(s*) =
aut;
(ii) the function u is strictly increasing on the interval (s—, s*);
(iii) the following inequality holds true

u(s™) > u(s) foreachs e [0,s7).

(iv) there exist £ € (0, s;, — s*) and # > 0 such that the following inequality holds true:

u@s) > u@st)+n foreach s e [st + & sin).

Assumption 3 is technical and is used in the theoretical studies of the model. It is always fulfilled when the function
u(s) is strictly increasing (like the Monod specific growth rate). If the function u(s) is not increasing (like, eg, the Haldane
law) then the points 5 (ie, the value for ), s~ and s* have to be chosen in a proper way to satisfy Assumption 3. For details
see the numerical experiments in Section 4.

It follows from Assumption 3(ii) that the following inequalities hold true

u(s™) < u(s) < u(st) foreach s e (s7,sh).

Using the same value for g as in (4), we set

= k(5% = ), (5
o
obviously the inclusion & € (u~, u") is fulfilled. The equality (5) is called regulability in Reference 2. It means that there
should be a constant value & of the dilution rate, corresponding to the nontrivial equilibrium p; = (s, X).
Let 7 > 0. We set s(0) = s° > 0, x(0) = x” > 0 and consider the following closed-loop system =

dstt)

a —kypu(s(0)x(t) + yx (O)(sin — 5(1)) (6)

dx
% = (u(s(0)) — ax(0)x(0), ™)
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obtained from the original system (1) by substituting the dilution rate u by the following piecewise continuous feedback
control law

x(O) 1=y (s(0(1), x(6(1)))

within
u-, if x(s(t),x(t)) <u-,
w(s(6), x()) 1= x(s(t), x(1)), if u™ <wx(s(),x(0) < ut, (8)
ut, if x(s(t),x(t)) > ut

for each t € [0(¢), 6(t) + 7) with 6(¢) := [t/7]r, where [t/7] denotes the largest nonnegative integer k satisfying the
inequality kr < t.
In fact,

1) = w(s(kr),x(kr)) foreach te [kr,(k+1)7), k=0,1,2,...,

that is, the value of the feedback y(-) at the time ¢ is equal to y(s(-), x(-)) at the sampling time kz, and holds on the interval
[kz,(k+ D7), k=0,1,2,...>°

It is straightforward to see that the point p; = (s, X) from (4) is an equilibrium point of Z, that is, of (6) to (7). Moreover,
all equilibrium points of X lie on the straight line s + ak;x = si, (see Figures 2 to 4).

We shall prove under suitable assumptions that the feedback law y(-) stabilizes asymptotically the closed-loop system
X to the equilibrium point p .

Denote

Q:={{=(,x):5>0, x>0}
and let £° = (s°, x°) € Q be an arbitrary point such that s(0) = s > 0 and x(0) = x° > 0. Denote by ¢(-, %) = (s(-), x(-)), the

corresponding solution of X starting from £°. Important properties of ¢ (-, £°) are established in the next two lemmas.

Lemma 1. For each point {° = (s°,xX°) € Q the corresponding solution ¢(t,°) = (s(t),x(t)) is defined for each t > 0.
Moreover, for each € > 0 there exists T, > 0 such that for each t > T, the following inequalities hold true:

Sin— £ < s(0) + kyx(t) < 22 4 g ©)
a
Lemma 2. For each point {° = (s°,x°) € Q there exist e > 0 and T > 0 so that for each t > T the following inequalities hold

true

s(t) < sin and  x(t) > ki = Xmin > 0, (10)
1

where ¢(t, ) = (s(t), x(t)) with t > 0 is the corresponding trajectory of <.

Lemmas 1 and 2 extend assertions that can be found in References 2,9, and 10 for different chemostat models. We
present their proofs in the Appendix for our model (6) to (7), for completeness and reader's convenience.

Remark 1. Lemmas 1 and 2 imply that for each point ¢ = (s°,x%) € Q the corresponding solution (s(f),x(f)) with
(5(0), x(0)) = (s°, x°) is defined for each ¢ > 0, takes only positive values and is bounded. Moreover, from these lemmas we
obtain the existence of positive constants Ly, Ly, B, and By, such that for each point ¢° = (s°, x°) € Q and for each positive
reals t, and t; the following relations hold true

|u(s(t2)) — u(s(t)] = %M(S(fs))%(s(és))ltz — | < Lt - tl,

d
[x(t2) — x(t1)| = d—[x(fx)ﬂz —t| £ Lyt — 1],
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where & and &, belong to the open interval determined by #; and t,; further let
u(s()) <Bg; and x(t) <B, forallt>0.

Moreover, the proofs of Lemmas 1 and 2 imply that the constants Ly, L, Bs, and By do not depend on the particular choice
of the parameter f (ie, on the choice of the equilibrium point p,). Also, the lower bound xiin (see (10)) does not depend
on f.

The first result is the following theorem, which proof is given in the Appendix.

Theorem 1. Let the Assumptions 1, 2, and 3 be fulfilled. Then for each sampling period t > 0 and for each point {° =
(s°,x°) € Q the corresponding solution ¢(t, %) of T with (s(0),x(0)) = ¢° exists on [t, +oo) and has the following property:
there exists T > 0 such that

1,0 e Q :={(5,x) : se(s,s7),x> 0}.

The main result of the article is given in the next Theorem 2.

Theorem 2. Let the Assumptions 1,2, and 3 be fulfilled. Then there exists a sampling period t* > 0 so that foreach t € (0, 7*)
and for each point {° = (s°,x°) € Q the corresponding solution ¢(t, {°) of  converges asymptotically toward p; = (5, X).

A detailed proof of Theorem 2 can be found in the Appendix.

Remark 2. 1t follows from the proof of Theorem 2 that there exist bounds (estimates) for z, for which the global stabiliz-
ability of the dynamics is achieved. These bounds are theoretical and a priori. To estimate the values of r guaranteeing
global asymptotic stability of the dynamics one has to make a number of computer simulations and/or real experiments
corresponding to the concrete fermentation process.

3 | OUTPUT OPTIMIZATION VIA EXTREMUM SEEKING

Consider Equation (2) describing the process output, that is, the methane production. We shall apply a numerical
extremum seeking algorithm (ESA),*!! to steer and stabilize the dynamics (6) to (7) toward an equilibrium point, where
the maximum methane flow rate Qn,x is achieved. For that purpose, we first compute Q on the set of all equilibrium points
{ﬁﬂ }, parameterized with respect to f € (f~, +o0). Denote the so obtained function by Q(f). The function Q(p) is called
input-output static characteristic of the model. Assume that Q(f), f € (f~, +), is strongly unimodal, that is, there exists
a unique point fmax € (7, +00), where Q(f) takes a maximum Qmax = Q(fmax), Q() strongly increases in the interval
(8™, Pmax) and strongly decreases in (fmax, +0).
Denote by

l_)ﬁmax = (Smax> Xmax)

the equilibrium point where Qp,.x is achieved.

Our goal is to stabilize in real time the system (6) to (7) toward this (unknown) equilibrium point ﬁﬁmx and therefore
to the maximum methane flow rate Qpx. This is realized by applying a numerical model-based ESA.

The ESA exploits the fact that we have the freedom in choosing values of the parameter § > f~ taking into account
the conditions of Theorems 1 and 2. Hence, we construct a sequence of points g, #2, ..., ", ..., which tends to fpax.
Theorem 2 guarantees that the dynamics is globally asymptotically stabilizable to each point p, and thus to l_’ﬂmax
for reasonable values of the sampling period = > 0 (see Remark 2). Then by computing and comparing the values
QY. Q(F?), ..., Q(B"), ..., the desired equilibrium point p, and thus Qmax are achieved.

In the computer simulation ESA is carried out in two stages. In the first stage, “rough” intervals [#] and [Q] are
found which enclose fmax and Qmax, respectively; in the second stage, the interval [f] is refined using an elimination
procedure based on the golden mean value (or Fibonacci search) strategy. The second stage produces the final intervals

[Bmax] = [Praxs Brax] and [Qmax] such that fray € [Amax)s Omax € [Qmax], and .. — Prax < €, Where e > 0 is user specified
tolerance.
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ESA is presented in more details in Reference 11 for the same model using an adaptive feedback control. Now the
algorithm is adopted to system (6) to (7). The numerical simulations are carried out in the SmoWeb Computational
Platform; more information can be found on http://platform.sysmoltd.com/.

4 | NUMERICAL EXPERIMENTS

In the computer simulations, we consider the Haldane model function for the specific growth rate

msSs

He) = ks + s+ s2k;”

where m; is the maximum specific growth rate of the microorganisms [1/day], ks and k; are the saturation and inhibition
constants, respectively.
We use the following values for the model coefficients, obtained by laboratory experiments and parameter estimation:!

Sn=2, ki=3 m=035 k=07 k=06 a=0.5 k;=5.6. (11)

.
With k;r =3.lands; =1.95k; =5.59, we find g~ = % ~ 0.2844. Thus, the parameter f is assumed to vary in the

interval (0.2844, + o). "

The function u(s) achieves its maximum at the points, = \/@ ~ 0.6481 (see Figure 1 (left)). Hence, u(s) is monotone
increasing for s € (0,s,) and monotone decreasing for s > s,. The equilibrium component 5 depends on the parameter
B, that is, s = 5(f) (see (4)). Solving the equation 5(f) = s, with respect to g implies § = g, ~ 0.3963. Since s(f) is an
increasing function of g, it suffices to consider g € (-, f,) to have Assumption 3(ii) satisfied.

For the simulations, we also choose the following numerical values

s =5(7)~0.1163, u~ ~ 0.097032,

st =043 <5y, ut =~ 0.2093.
4.1 | Simulation of the global behavior of the dynamics
First, we shall demonstrate numerically the stabilizability of the closed-loop system (6) to (7) toward the equilibrium
(target) point p, for different values of the sampling period 7.

We choose and fix § = 0.33 € (#~, B, ). Then the target point is

Py = (5.%) ~ (0.37662, 1.08225).

0.11 1 0.6

0.3

FIGURE 1 Graphs of p(s)
(left) and of Q(B) (right) [Color
0 ) 0.5 15 figure can be viewed at

s B wileyonlinelibrary.com]
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Theorem 2 suggests a theoretical upper bound z* > 0 such that the control system (6) to (7) is globally stabilizable for
any 7 < 7*. On the other hand, it follows from Proposition 1 (see Appendix) that the model dynamics (1) is globally
stabilizable for any value of u € [u~, u*]. Computer simulations using the parameter values (11) show that the trajectories
of (1) approach the corresponding equilibrium point within time t* = 65 days. Since in practice stabilization with constant
dilution rate is the most simple and usual approach, the value t* will serve us as a time measure for achieving global
stabilizability of the sampled-data control system X. We shall determine numerically the values of the sampling period =
for which the corresponding trajectories of the closed-loop system X reach the target point p,; within the same reasonable
time t* = 65 days.

Figures 2 and 3 show that this is possible for = < 5 days. For larger values of the sampling period, for example, r = 10
days, the target point p, cannot be reached within ¢ = 65 days; the trajectory stops at some end point, which is relatively
away from the target point p, (see Figure 4).

£=0.33, =1 £=0.33, 7=1
54 s~ =0.116273 @ init. point ¢ target point [ L4—- - s =0.116273 @ init. point ¢ target point
“ st =043 ¢ endpoint s+ake=s;, erer g7 =043 4 endpoint o s+akjz=s;,
: 13}
12f " o,
‘(“0;37568, 1.07750) 12l . e O

B fpesainaspinpma e g gl .. (037568, 1.07750)

x [g/1]

B 10
09

0.8

ol 02 03 04 05 06 07 08 09 10 010 015 020 025 030 035 040 045 050
s g/l s[o/l]

FIGURE 2 f=0.33,7=1: A trajectory of X in the (s, x) phase plane (left); enlarged fragment of the trajectory in a neighborhood of the
target point p, (right). The vertical dash-dot lines pass through the points s~ and s* [Color figure can be viewed at wileyonlinelibrary.com]

£=0.33, 7=5 £=0.33, 7=5
Wbl s~ =0.116273 @ init. point ¢ target point [ 14— s =0.116273 @ init. point ¢ target point
A st =043 4 endpoint o s+akr=s;, coe 5 =043 4 endpoint . s+akz=s;,
: 13
L S U I S St e s W 8
‘(‘(‘).1‘36487, 1.08803) 1 B M %
10} = : :
= e Ll T, o (036487, 1.08803) -
3 5| O
=08} = |& t & b P
x ! x |& : i r  igh i & Wl
: 1.0
06
0.9
04
08
02 i ;
01 02 03 04 05 06 07 08 09 10 %10 015 020 025 030 03 040 045 050
s g/ s[o/l]

FIGURE 3 f=0.33,7=5: A trajectory of X in the (s, x) phase plane (left); enlarged fragment of the trajectory in a neighborhood of the
target point p, (right). The vertical dash-dot lines pass through the points s~ and s* [Color figure can be viewed at wileyonlinelibrary.com]
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£=0.33, =10 £=0.33, 7=10
» s~ =0.116273 @ init. point ¢ target point 14—- - 5 =0.116273 @ init. point ¢ target point
@il st =043 ¢ endpoint s+ake=s;, e st =043 ¢ endpoint s+akz=s;,
: 13
12f e, i i s T et e T
: ,(0.29993, 1.12748) § i,
i, ! ] i
101 Tk et aa i (N I S B & " P (0.29993, 1.12748) -
— ) OO SO N . SR Sl o0 :
3 | k)
=08 - N T S S S .
3 ! x & 0 3 & 1 e
: 5] SRS SNSRI ERMIAE . "SSPSR SN N 0 e
06
09} |
041
08}
02}
01 02 03 04 05 06 07 08 09 10 %10 015 020 025 030 035 040 045 050
s [o/l] s [a/l]

FIGURE 4 p=0.33,7=10: A trajectory of X in the (s, x) phase plane (left); enlarged fragment of the trajectory in a neighborhood
of the target point p, (right). The vertical dash-dot lines pass through the points s~ and s* [Color figure can be viewed at
wileyonlinelibrary.com]

4.2 | Simulation results from ESA

Using the above values (11) of the model coefficients, the input-output static characteristic Q(#) is unimodal and takes
its maximum for § = fmax & 0.34115 < g, (see Figure 1 (right)). Then

Qmax = QB ) ~ 0.61338,  Spax ~ 042971, Xmax & 1.04687.

The results from the ESA are presented in Figures 5 and 6 for values of the sampling period = = 1 and r = 3, respectively.
The “jumps” in the left-hand side graphs correspond to the different choices of the points Aji=12,...

Boax=0.34115, 7=1 Buax=0.34115, 7=1
1—§ ==-X Q T P — @ init. point ¢ end point
E 12
= ‘. S 42971, 1.04687)
0 ) T T T 1.04687 10}
% 10 o=! o
[l 3
2 o=l
o I
koo )
w08k 0.8
o | -
o I =
[ L)
= 061338 X
e 06}
2
o 0.42971
S 04
o 0.4}
c
g
202
[e]
© 02}
0.0 L L s L L L L L s L L L L L L
0 200 400 600 800 1000 1200 1400 03 04 05 06 07 08 09 10
Time [day] s o]

FIGURE 5 ¢ =1:Visualization of the numerical results from the ESA: left plot—time evolution of s, x, and Q; right plot—the
trajectory in the phase plane (s, x). [Color figure can be viewed at wileyonlinelibrary.com]
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Pruax=0.34077, 7=3 B =0.34077, 7=3
I T Q 12 ® init.point @ end point|T

K i 42791, 1.04806)
k U A ST R 1.04806 10
10 -- =

12

0.8 0.8

x [9/1]

0.61337
0.6

0.42791
0.4

Concentrations [g/l], Biogas flow rate [I/day]

0.2

0 500 1000 1500 2000 03 04 05 06 07 08 09 10
Time [day] s [o/l

FIGURE 6 = 3:Visualization of the numerical results from the ESA: left plot—time evolution of s, x, and Q; right plot—the
trajectory in the phase plane (s, x). [Color figure can be viewed at wileyonlinelibrary.com]

5 | CONCLUSION

The article presents results on global stabilizability of a two-dimensional model of an anaerobic bioreactor with methane
(biogas) production. The global stabilization is achieved by means of a bounded piecewise constant feedback control law.
The feedback is related to the gaseous output only and involves an auxiliary positive parameter f. This parameter is lower
bounded and its bound can be computed knowing respective bounds for the model parameters. A nontrivial equilibrium
point p, = (5,x) of the closed-loop system is determined as a function of 5. Then Theorem 1 shows that all trajectories of
the closed loop system X enter the set {(s,x) : s~ <s < s%,x > 0} in finite time and for any value of the sampling period
7 > 0. We prove further in Theorem 2, the global stabilizability of X toward the previously chosen equilibrium (target)
point p; = (s, X). The proof proposes an upper bound z* of the sampling period 7 so that the global convergence of the
solutions is achieved for any = € (0, *). This bound is theoretical and is supposed to be sufficiently small. The numerical
simulations in Section 4 demonstrate that global stability can be achieved for practically reasonable values of the sampling
period . For values of 7, for which the closed-loop system is globally stable, a numerical ESA is applied to stabilize the
dynamics toward the equilibrium point where maximum methane flow rate is achieved. Numerical simulation results
demonstrate the facilities of ESA as well.
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APPENDIX

The next lemma (known as Barbalat's Lemma, cf. [12]) is used in the proofs of Lemma 2 and Theorem 1.
Barbalat's Lemma. Iff: (0, 00) — Ris Riemann integrable and uniformly continuous, then lim,_,,f(t) = 0.

The next Proposition 1 is a simple corollary of theorem 3 from Reference 4, concerning the model (1). Proposition 1
is used in the proof of Theorem 2.
Sin—3
ak;
of the model (1) with § satisfying the equality 7i = % u(3). Assume that u satisfies the following inequalities: u(s) < u(3)
for each s € (0,5) and u(s) > u(3) for each s € (3, sin). Then the solution (3(t),X(t)) of (1) starting from an arbitrary point
(s(0),x(0)) € Q and corresponding to @l converges asymptotically toward p.

Proposition 1. Let Assumption 1 be fulfilled. Choose some ii € (O, i u(sin)> and let p = <§ ) be the equilibrium point

Proof of Lemma 1. We fix an arbitrary point {° € Q. Clearly, s(t) > 0 and x(¢) > 0 for each ¢ > 0, where the solution is
defined. We set

qi(6) = s(6) + kux(t) — % and  ga(t) 1= s(6) + kux(t) — Sin.
One can directly check that
q1(8) = x(O)(sin — $(1) — ay(Okix(t) < x(0) (Sin — @ (s(8) + k1x(1))) = —a y (1)q1 (1),
and hence
qi(t) < qu(0) - e~/ 1@ 4o < g (0) . g, (A1)

Analogously one can obtain that

@) > q2(0) - € o 7@ 4 > g, 0) - 7" (A2)
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The definitions of g,(-) and g,(-), and the estimates (A1) and (A2) imply that for each ¢ there exists T, > 0 such that for
each t > T, the inequalities (9) hold true.

Since s(t) and x(t) are positive, it follows from (9) that s(¢) and x(¢) are bounded. Thus, the trajectory ¢(t, £°) = (s(t), x(t))
is well defined and bounded for each t > 0. =

Proof of Lemma 2. Suppose that s(f) > si, for each t > 0. Then we have from (6) that

$(t) = x(O(sin — 8(1)) = ky pu(s())x(t) < 0.

According to Barbdlat's Lemma we obtain
0= lim 3(t) = im [ ()(sin = 5(6)) — k1 p(s()x(D)].

The latter equalities imply that y(£)(s(f) — sin) = 0 and x(t) — 0 ast — oco. Because y(tf) > u~ > 0 for each t > 0, we obtain
that lim;_, . S(t) = Sip.

Since s(t) is bounded and x(t) — O ast — oo, there exists T} so that y(t) = u~ foreach ¢t > T;. According to Assumptions
3(ii) and (iv), there exists # > 0 such that u(siy) > u(s*) +# > u(s™) + n. Taking into account that u™ = u(s~)/a, we obtain
that u(si) > au™ + 5. The continuity of the function y implies the existence of § > 0 such the u(s) > u(sin) — /2 whenever
|s — sin| < 6. Then the equality lim,_,.S(f) = s, implies the existence of T, such that |s(f) — siy| < 6 for each t > T, and
hence pu(s(t)) > pu(sin) — n/2 for each t > T,. Thus

u(s(6) > p(sin) — g > u(s™) + g = aqu” + g = ay(t) + g

for each t > max(T}, T,). However, then we have that
X(8) = (u(s(t)) — ay (O)x(t) > gx(t) >0

for each t > max(T,, T»). It follows from here that x(¢) cannot tend to zero as ¢ tends to +co. This contradiction shows that
there exists a sufficiently large T > 0 with s(T) < si,. Moreover, if the equality s(f) = s, holds true for some > T, then we
have

3(B) = xD(sin = D) = kn pu(s(B)x() = —k1 p(sO)x(D) < 0.

The last inequality shows that s(t) < s, for each t > T.Let us choose ¢ € (0, (sin — ST — £)/2) (cf Assumption 3(iv)).
According to Lemma 1, there exists T, > 0 so that for each ¢t > T, the following inequality is fulfilled

Sin—& <80 + kux(t) < 20 4 g (A3)
a
Let us assume that x(f) < ¢/k; for some t > T,. Then we obtain from (A3) that

S(8) > sin — € — kyx(t) > sin — 2e > sT + .

It follows from Assumption 3(iv) that

X(t) = (u(s(6)) — ay®)x(®) > (u(s*) +n — ay(O)x(t) = (n + au™ — ay(O)x(t) > nx(?). (A4)
Hence, x(f) will be a strictly increasing function for each ¢ > T, for which x(f) < &/k;. If the equality x(f) = £/k; holds for
some > T,, then we obtain from (A4) that x(f) > 0. This completes the proof. n
Proof of Theorem 1. Let us fix an arbitrary = > 0. If s(f) € (s, st) for some t > 0, we are done.

Let us assume that s(f) < s~ for each t > 0. Then Assumption 3(iii) implies that

u(s(t) < u(s™) = au”.
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It follows from the definition of y(-) that y(f) > u~ for each t > 0. Then
u(s(®) —ax(t) < u@st)) —au” <0

for each t > 0, and hence Xx(t) = (u(s(t)) — a y(t))x(t) < 0. Hence, x(¢), ¢t > 0, is nonincreasing, and thus there exists x* :=
lim,_, x(t). Applying Barbdlat's Lemma, we obtain that

x(t) = (u(s(t)) — ay(O)x(t) - 0 as t — +oo.

Since x(t) has a positive lower bound x,;, (see (10)), we obtain from x(¢) = (u(s(t)) — a y (t))x(t) that
(us@®) —au )+ a(u™ — y()) -0 as t— +oo.

Because both addends are nonpositive, the last relation leads to

u(s@) » au- and y() — u" as t - +oo.
According to Assumption 3(iii) we obtain that s(f) — s~ as t — +o0. Barbdlat's Lemma implies

3(t) = x(O)(Sin — 8(0) — kyu(s())x(t) - 0 as t — oo,

and hence there exists x" so that

U (Sin —87) —kiu(s™)x* =0, ie, u"(Sin — ) — akju™x* = 0.

Therefore,
Sin = 8~ + akx*. (A5)
Remind that
u-, if fkopu(s(0(6))x(0(t)) < u™,
X () = 4 Pkou(s(6(£)x(6(1)), if u™ < flou(s(0(6)))x(6(t)) < ut, (A6)
u*, if fkou(s(0(6))x(0(t)) > u*

for each t € [0(¢), O(t) + 7). Also, we have that y(f) — u~ as t — +oo. This is possible iff for each £ > 0, there exists T, > 0
such that gk, u(s(6(£)))x(0(t)) < u~ + e foreach t > T, for which gk, u(s(6(£)))x(0(t)) > u~ (if pk, u(s(6(£)))x(6(t)) < u~, then
x () = u"). Then for each t > T, we have that

Blau(s(6()))x(0(1) = +e.

M(S(Q(t))_)x(G(t)) <u
X
Taking a limit in this inequality, we obtain that

N _ . aux* _ —
&<u ie <u or x*<Xx.

— ’ > — =

ax ax
However, this is impossible because (see (A5))

Sin — S~ Sin — S —
x* = in > in =X
ak1 (Xkl

Assuming that s(f) > st for each t > 0, we obtain a contradiction in a similar way. Therefore, there exists a time moment
T such that s(f) belongs to the interval (s~, s*). This completes the proof. [
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Proof of Theorem 2. We divide the proof in three steps for better readability and clarity.
Claim 1. There exist a positive real § and a time moment Ts > 0 so that s(t) € [s — 6,5 + §] for each t > Ts;.
Proof of Claim 1. According to Theorem 1, there exists i > 0 with s(f) € (s, s%). Then y (i) = fk,u(s(0(1)))x(8(1)), and

3(8) = Blau(s(O@®)x(OD)(Sin — s(1) — k pu(s(D)x()
aky
apk;
= ko p(s(O@D))x(O(D) (sin — 51 — akaX) + kn (u(sOD)X(O @) — pu(s@D)x(B))

= —PlopusO@NXOD) (st) —5) + kn (u(sO@D))XO®D) — pu(s@)x @) - (A7)

= Plau(s(0(D))x(0(D)) <Sin —s(H) - > +k (H(sO@ENOD) — u(sD)x(D)

Let us fix an arbitrary &y € (0, min(s — s~, st —5)) and set

+
+ . au—

T WG 6

(A8)

Clearly, K* > 1and K~ € (0,1).
Denote by L,, > 0 a Lipschitz constant of the function u, by C an upper bound of the set of real numbers {4'(s) : s €
[s7,s7]}, and set

B A B
A+ o= HEDBe kiB.C, A := BBy 2kyB.L,,,
AXmin OXmin
where B, is defined in Remark 1.
Choose a real number
6 € (0, min(8y, ®)), (A9)
where
o e min [ K = DI K i (= KO M
2 (CA* + u(sH)BiL,(1 +K*+)) 2B, (CA~ + pu(sH)ByL, (1 +K-))
We set

i ué
1 .=

=— %%  with k; := max(L, k). (A10)
2kl (BsLx + LsBx)

We assume that the sampling period = € (0, 7). Taking into account Remark 1, we obtain according to (A10) that for each
te[0(d),00) + 1)

| u(s())x(t) — u(s(O())x(O())]
< u@)|x(@) — x(0())| + | u(s(®)) — u(s(@(1)))|x(0(t))
< BgLy|t — 0(8)| + LBy |t — 0(0)]
< (ByLy + LB))r. (A11)

First, we assume that s(f) € (s~,s — 6]. We have according to (A10) and the estimate (A11) that for each ¢ € [(2), 8() + 7)

| (s()x(t) — p(s@O)x(O()] < Lo

2k,
and hence from (A7)
S0 > um (5—s(h) - U0 5 g WIS
2k, 2 2
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Next, we assume that s(f) € [5 + 6,s7). Using the estimate (A11), we obtain from (A10) and the obvious inequality u~ < u*
that

+
(XD — u(sOENOD)] < 22
2k,
and therefore
S < —ut (s —5) + U8 < s WO WO
2k, 2 2

These two cases show that there exists Ts > ¢ > 0 such that the following inclusion holds true
sty e[s—6,s+6] forallt> Ts. (A12)
Claim 2. There exist time T > Ts > 0 so that k(s(t),x(t)) € (u~, u*) for each t > T.
Proof of Claim 2. Let us assume that x(s(t),x(t)) < u~ for each ¢ > Ts. Then applying Proposition 1 with @i = u~, we
obtain that (s(t), x(t)) - (s7,x ) as t — oo with u(s™) = au™ and
X 1= (sin —57)/(aky). (A13)
According to the definition of the feedback (8), we have that
k(s(t),x(t)) = Plou(s()x(t) <u~ forall t > Ts.
Taking a limit as t — +oc0, we obtain
Plou(s™x™ <u”,

and from (4) and Assumption 3(i) it follows that

M(S‘_)x‘ < u@s™)
ax a

, e, x <x.
Hence, using (4) and (A13), we obtain that
Sin =8~ + akix” =5+ akx.

Because s~ < 5, the last equality implies that x~ > x. The obtained contradiction shows that the assumption x(s(t), x(f)) <
u~ for each t > T; is wrong. Analogously, one can prove that the assumption «(s(t), x(t)) > ut for each ¢ > T is also
impossible.

Therefore there exist f > T such that

s els—6,5+6] and «x(s(),x®) e @ ,u").
Let us choose an arbitrary time moment ¢ > . We have

L (s(Bx(®) = = [ 550 + D0
ax
1 [;/ o) <M(S(9(t))_)X(9(t))
ax ax

(Sin — S(£) — km(s(i»x(i))

(A14)

+ u(s@)x(D (u(s(i)) - awﬂ _
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We remind that K+ := au™/u(s + 6y) and K* > 1 (see (A8)). First, we assume that x < x(f) < K*X. Assumption 3(ii) and
the definition of the function «(-) imply that

y(s(i))x(i) HE+ KX _ pG+dautx .
X ax UGS + So)ax ‘

K (s(D), x(1)) =

Next we assume that x(f) > K+x. Without loss of generality (see (A12)) we may think that s(6()) € [s — 6,5 + 8] C (s~,sV).
Then we obtain from (A14)

W< — 5(2)) — ke u(s@)x(@)
_ M G5 = 5() + aki®) — kyu(s(O(D)
_ M G = s@)) + k1 u(sBONX(B(D) — ke pu(s(E)x(F)
- % + ki [H(6@@OD) - us@ORD)]
< % +k :,4(5 +8)(x(D) + Lyt)) — u(s(f))x(f)]
_ % +k iﬂ(g + 8)Lyt + X(D(UG + 6) — /4(8(?)))]
< HEDBs +ky [ Lyt + By G = [M + lexé] 8+ kiu(s")Ler
AXmin Xmin
= A"6 + Br,

where B := kyu(st)L,. In the same way we obtain that

(sl - LOOONOW) 5 1 5 45— DOD)
X X
G 4+ 5) - HEZOEOM) —x(D) G =X
X x
< M(S +6)+ HE LT K+M(§ —9)
x
= /4(5)(1 — K+) + (M(§+ 5) — M(E)) + K+(M(§) _ M(§ _ 5)) + ,u(s_)_:LxT
<uGs)A-KH+L,A+KHs+ u(s” )LxT
x

Let us remind that C is an upper bound for the set of real numbers {x’(s) : s € [s7,s"]} and that x(f) > K*X holds true.
Then the presentation (A14) and the above written estimates imply

%K(s(i),x(i)) < i_ C(A™8 + Br) + u(s(t))x(t) <ﬂ(s YA - K" +L,1+K"s+ M)]
ax X

— 2 -
< K- D OKT [C(A+5 + Br) + u(s()x(d) <L 1+ K55 4 KT )Lx7>]
o (xx X

u(sH)B, (L,,(l +K)5 + —’“j?”)

K+ —1Du*(s K+ CA*s+B
( WK CC 2

o OXmin O Xmin

O Xmin ax?

(04 X Xmin in

_ (K- Dp?(s7)K+ N CA* + pu(s")B.L,(1 + K+)5 N < CB N y(s—),u(s+)LxBx> .

(K= DpPs)KY
4a

=y <O.
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The last inequality is obtained according to the choice of 6 (see (A9)) and for each r € (0, min(zy, 7;)), where

(K* = DK,
4 (CBxmin + u(s™)p(s")LxBy)

Ty =

This inequality means that £ K(S(t) x(f)) < y~ < 0 at each point t > T;s for which x(s(t), x(t)) < u* and x(t) > K*x.

We remind that K~ := au~/u(s — 6,) and K~ € (0,1) (see (A8)). We assume first that X > x(f) > K~X. The definition
of the function x(-) and the choice of § (see (A9)) imply

K (s(6), X(1)) =

ﬂ(s(i)_)x(i) S u(s — {)K‘)_c _ ;4(5_— 5)au‘_>_c o
ax ax u(s — ép)ax

Next we assume that x(f) < K~X. Without loss of generality we may think that s(6(t)) € [s — 6,5 + 6] C (s, s*). Then using
(A14) we obtain

HOOOROO) 5@y kopcsnsty = PXPOPCO s i 4 ot — s
(% 0 _
- HCOROO) i)+ ky [t0D0D) ~ s
> - Ma +h [u(s — 8)(x(D) — Lyt) — u5 + 5)x(t)]
ax
s _HE ):B 8 — ky pu(sHLyt + kyx(?) (G — 6) — uG + )
a
_HEOBe (5Lt — 2k, B L6=— <”(S+)Bx + 2lexL,,>5—k1 u(sH)Let
Xmin OXmin
=—-A"6 — Br,

where B := kju(st)L,. In the same way we obtain according to (A14) that

- HGEOEXOW®) o uE+ 8X(0(D)
H(s(t)) = = u(s —9) =
G = 5) - HEHOEOM) —x(D) _ uG+ XD
X X
+
> u(s—6) — MT — K u(s+96)
X
_ _ _ _ _ )Ly
— UG = K) + (4G = 8) — ) + K~ (uGE) — G + 6y — LT
> u(s)(1—K) =L, +K)6 — @

Let us remind that C is an upper bound for the set {4/(s) : s € [s~,s*]} and that x(f) < K-X. Then using (A14), the above
written estimates and Lemma 2 we obtain

L0, x0) > = [~C(A75 + Bo) + u(sDx(d) <ﬂ(s_)(1 ~K) - L +K)5 - M)]
dt ax x

o U= KO Wi C(A76 + Br) + L, (1 + KGO pls@Ou(s" )Lyt

ax ax ax
L a- K )i Wmin C(A=6 + Br) + L,(1 + K")8u(s*)By _ HA($)BiLt
ax ax o
o =K Wimin _ CA” + pGHBLy A+ K)o CBtmin + w(BiLe
aBy Xmin ax .

> 1- K_)ﬂz(s_)xmin

=y >0.
4aB, 4
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The last inequality is satisfied according to the choice of § from (A9) and for each r € (0, min(zy, 7, 73)), where

(1 = K)u*(s)x;

min

"~ 4B, (CBXmin + #2(s")B,Ly)

T3 .

The above inequality means that %K‘(S(E),X(Z)) > y* > 0 at each point t > 7 for which x(s(t), x(£)) > u~ and x(f) < K™x.

In conclusion, we have shown that for each = € (0, 73), the inclusion x(s(f), x(t)) € (u~, u*) holds true whenever x(f) €
(K=x,K*X), and

d , - - [ <y <o0for x(t) > Ktx > X,
— t t - - —
dtK(S( ) X(0) { >yt >0 for x(f) <K X<X
From here and because «(s(1),x()) € (u~,u"), it follows that x(s(£),x(t)) € (u~,ut) for each t > > Ts. This proves
Claim 2.
It follows from Claim 1 and Claim 2 that there exist T > Ts such that

s(t)e[s—6,5+68] and «(s(t),x(t)) € (u™,u*) foreach t>T. (A15)

Finally, we shall prove the main part of the theorem, namely

Claim 3. There exists a sampling period z* > 0 so that for each 7 € (0,7*) the solution ¢(t,{%) of T converges
asymptotically toward the equilibrium point p; = (s, X).

Proof of Claim 3. Let us fix an arbitrary t > T.

We set y(t) := (s(t), x(t)) and f(y(t), y(0(t)) := %d)(t, % = %y(t) = y(t) for each t € [6(¢), O(t) + ]. Then

_ (( ~Hu(sOX() + Y (50(0). X(O(0)) (510 — (1)
/ (y(‘)’y("(”))‘< (u(S(1)) — ay (S(6(0). X(OO))x(1) )

and hence
_ ( ~k (@O0 + (5. %(0)(5im — 5(0)
Jo.y0) = ( (u(S(8)) = ay(s(0), x()x(1) >

_ [ Plau(s(®)x()(sin — ak:/(afkz) — s(t))
B aplopu(s(O)x(t)(1/(afkz) — x(1))

( ~Blap(s(OX(O(s(1) = 5) ) _

—a ko p(s(O)x(t)(x(1) — x)

In particular, we have that
— = _ [ =PkauGsxs—=s) \ _ (0
T Bpopy) = (—aﬁkzzu(@?c(?c —:‘c)) - <0> |

The next estimates are proved following an idea from Reference 8. For each t € [6(1), 6(t) + 1), the following presentation
holds true

t

t
y(&) = y(0) + / o) do =y0D)+ | f¥(0),y(0) do

o) o0

t
=yO0®) + [ ((0).y0)) - f(Py.bp) do,

16}

and thus

t

150~ 3,1l < 0@ =Byl + | (Llve) = Byl + Lally@®) = 1) do.

16
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where L, and Ly are upper bounds of the partial derivatives of f with respect to the first and to the second variable,
respectively.
Denote 75 := min(zy, 7, 73). Applying the Gronwall inequality, we obtain the first estimate we need further:

Iy(®) = Byl < Cyliy(@(®) — pyll with Cy := (1 + Loz3)e™™  foreach t € [0(1), 0(F) + 73]. (A16)

Using the presentation

_ t

¥o) = y(t) - / (o) do
0]
we obtain in the same way as above that
- —_ — t —_ - —
130®) =5yl < b ~Fyll + [ (Llve) = Byll + Lally@®) ~ 1) dor
()

and, according to the estimate (A16) it follows that
t

Iv(0(0) — Pyl < lly(@®) — Pyl + / i

(L1 + LoTa)es™ [9(0@) = Byl + Lolly(O@) — Byl ) do
03]
We set

3 1
2Ly(1 + Lo73)eb™ + Ly

T4 ©

and denote by 7, = min(7s, 74). Then for each 7 € (0, min(z, 7, 73, 74)) and for each t € [6(t), 6(t) + 7), the following
estimate holds true

_ _ _ . 1
ly(0®) — psll < Colly(t) — pyll With Cp 1= —— — . (A17)
1—74 (Ly(1 + Lo73)el™ + Ly)

Define the function V(y(t)) = V(s(t), x(t)) = % ((s(t) = 5)* + (x(t) — X)*); then we have

V' @O (1), (1) = =k (s(8), X(1)) ((s() = 5)* + a(x(t) = %)?) . (A18)

In the following we shall use the obvious presentation

Lvi0) = Vo) Ly = VO 00,500
= VGO 00, Y0) + V'60) (f010. 5000 ~F 0,30

as well as the inequality

H(S@O)x(t) = p(s(0(£)))x(0(1)) + (u(s®)x(t) — u(s(B(£))x(0(1)))
2 u(s(ONx(O(1)) — | u(s®)x(t) — pu(sO())x(O(D))]-

Then, using the inequality «(s(t), x(t)) > u~ (see (A15)) we obtain from (A18)

V'O 0(0), y(1)) = —(s(8), x(0) ((s(2) — 5)* + a(x(t) — X)?)
< —au” ((8(t) =5 + (x(t) = X%)?) . (A19)
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Also, it follows from (A16) that

F (0, y(0(1))) — FO(@©), YOl < Lolly(®) — y@@®)|l < Lo

t
/ ¥(o) do
0(t)

t
_(F0(0), (0()) = f(y. Dy)) do

16}

t
f(0),y(0(1)) do|| = Lo

16

=1Ly

t
<Ly / (L@ = Byll + Lolly@@®) = Byl ) dor < eLo(L,Cy + L) IYO®) - By
o)

< TCGLG(LyCy + Lo)|ly(t) _5ﬁ||~
The last inequality and (A19) imply
d 1d - 2 , -
ZVOW) = 3210 =Bl = V60 [f00.50) +00.56@) - F00.50)|

< —au” ((5(t) = 5)* + (x(t) = %)*) + 7CoLo(LyCy + Lo)I¥(®) = PylI>
= =T (((t) = 5)* + (x(t) = x)*) with T, := au™ — 7CyLo(LyCy + Lo).

Finally, we set

. au~
" 2CpLe(LyCy + Ly)

Ts and ¥ = min(zy, 12, 73, T4, T5).

Then for each 7 € (0, *) the following inequality holds true
Dy o) = 2L ((stt) =57 + (x0) - 9) < —Lau () - 57 + (x(t) — %) (A20)
dt 2dt - 2 ’

Note that the upper bound z* of r depends only on Xy, Ls, Ly, Bs, and By, as well as on the function x and the model
parameters, but it does not depend on the choice of the equilibrium point p,.

It follows from (A20) that the distance between the points (s(¢), x(t)) and (s, X) decreases as the time ¢ increases, and this
is valid on the whole interval [0(t), 6(f) + 7). In the same way, one can prove that (A20) holds true on the intervals [0(f) +
7,0(t) + 27), [6(t) + 27, 0(t) + 37), and so on. Hence, this inequality is fulfilled for each t > (). From here we obtain that
@(t,¢%,t > 0, tends to Py as t tends to +co for any starting point ¢ 0 € Q. The Lyapunov stability of the closed-loop system
¥ follows from the existence of the Lyapunov function V. This completes the proof of Claim 3 and of Theorem 2. L]



