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Abstract. We study a nonlinear functional differential model of an anaerobic digestion process
of wastewater treatment with biogas production. The model equations of biomass include two
different discrete time delays. Mathematical analysis of the model is fulfilled including existence
and local stability of nontrivial equilibrium points, existence and boundedness of the model
solutions as well as global stabilizability towards an admissible equilibrium point. We propose a
numerical extremum seeking algorithm for maximizing the biogas flow rate in real time.
Numerical simulation results are also included.

Pe3tome. B Ta3u pabora n3y4yaBame HeJIMHECH TU(EPECHIINATICH MOJISIT Ha ITPOIIEC 3a IPSYMCTBAHE
Ha OTMAbUHU BOJM Upe3 aHaepoOHa Ouoierpaaus ¢ Mporu3BOICTBO Ha OUoras. YpaBHEHHSTA
Ha Mojelia 3a Ouomacara ChABPXKAT JIBE pa3IMYHHU JUCKPETHU 3aKbCHEHHS BBB BpPEMETO.
HampaBeH e MareMaTHYECKU aHAJINM3 HA MOJIENa, IPU KOWTO Ca YCTAHOBCHH: ChIECTBYBAaHE Ha
JOKAJTHO YCTOWYHMBHM HeTpuBHaTHM (0e3 OoTMHMBaHe Ha OuoMacaTa) pPaBHOBECHU TOYKH,
CBIIIECTBYBaHE M OIPAHMYCHOCT HA PEIICHHUSTA HA MOJIeJa, KAKTO U TJIo0alHATa aCHMITOTHYHA
YCTOMUMBOCT Ha PELICHUSATA HAa MOJIeia KbM TIPEABAPUTEITHO N30paHa orepaTuBHa (PaBHOBECHA)
Touka. [Ipe/IoKeH € YHCIICH alTOPUTHM 32 ThPCEHE Ha EKCTPEMYyM, KOHTO MOXKE J1a C€ TIPUIIOKHU
3a MaKCHMMHU3HpaHe Ha JI0OWBa Ha METaH B peasHO BpeMme. [IpeacraBeHu ca ChIO pe3ysiTaTH OT
YHCIICHU CHMYJIAIUH.
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[2] Anguelov, R., Borisov, M., lliev, A., Kyurkchiev, N., Markov, S.. On the chemical meaning
of some growth models possessing Gompertzian-type property. Mathematical Methods in the
Applied Sciences, 41, 18, 2018, ISSN:1099-1476, DOI:10.1002/mma.4539, 8365-8376. JCR-IF
(Web of Science):1.1

Abstract. Growth models are often used when modelling various processes in life sciences,
ecology, demography, social sciences, etc. Dynamical growth models are usually formulated in
terms of an ODE (system of ODS's) or by an explicit solution to an ODE, such as the logistic,
Gompertz, and Richardson growth models. To choose a suitable growth model it is useful to know
the physics-chemical meaning of the model. In many situations this meaning is best expressed by
means of a reaction network that possibly induces the dynamical growth model via mass action
Kinetics. Such reaction networks are well known for a number of growth models, such as the
saturation-decay and the logistic Verhulst models. However, no such reaction networks exist for
the Gompertz growth model. In this work we propose some reaction networks using mass action
Kinetics that induce growth models that are (in certain sense) close to the Gompertz model. The
discussion of these reaction networks aims to a better understanding of the chemical properties of
the Gompertz model and “Gompertzian-type” growth models. Our method can be considered as
an extension of the work of previous authors who “recasted” the Gompertz differential equation
into a dynamical system of two differential equations that, a part of the basic species variable,
involve an additional variable that can be interpreted as a “resource.” Two new growth models
based on mass action kinetics are introduced and studied in comparison with the Gompertz model.
Numerical computations are presented using some specialized software tools.

Pesrome. Pactsamure mMonenu ce M3MNON3BAT 4ECTO 3a MOJEIMPAHE HAa PA3IMYHU IIPOLIECU B
HayKHUTE 3a >)KMBOTA, €KOJIOTUATA, JeMorpadusra, cCouualHuTe Hayku U Apyru. OOMKHOBEHO
JUHAMUYHUTE PacTALIM MOJIENHU ce (pOpMyIUpar upe3 CUCTEMH OT OOMKHOBEHHU AU(epeHnaIHu
YPaBHEHUs WM TEXHUTE EKCIUIMLUTHYU PELICHHs, KaTO HalpUMep pacTAIIATEe MOJACIU Ha
Bepxsbict (oructudeH mogen), ['ommepi u Puuapacon. 3a ga ce u3bepe MOIXOISI PACTSIL
MoJien e 1o0pe J1a ce 3Hae (PU3MKO-XMMHUYHOTO 3HaYeHHEe Ha Mojena. B MHOro cutyanuu ToBa
3HaYeHue € Hai-no0pe BUIMMO M pa3OUpaeMoO OT pPEaKLMOHHATa MpeXa, KOSTO BKIIIOYBA
JUHAMHUYHUS PACTALL MOJEN, NIPUIaraiky 3aKOHa 3a JeHCTBUE HAa MacuTe. TakuBa peakMOHHU
MPEKHU Ca U3BECTHU 3a HAKOM PACTSILMA MOJEIH, KaTO HAIIPUMED 3a MOJEJIA 32 €KCIIOHEHIIUAJICH
pasmajn u JorucTuYHus monen Ha Bepxwiact. Ho 3a HAKoM Bce omie He ca, KaTO HAaIpUMeEp 3a
mozena Ha ['omnepu. B ta3u pabora npemiaraMe U pasriexjamMe HIKOW PEaKIUOHHU MPEXHU U
TEXHUTE CbOTBETHHU PACTSIIM MOJIEIH, IIOJyYCHH Ype3 3aKOHA 3a IEUCTBUE HA MAaCUTE, KOUTO ca
(B M3BECTEH CMUCHIT) OIM3KHU J10 pacTAus Mosen Ha ['ommnepn. Jluckycusita Ha Te31 peakliMOHHU
MpEXH ILIeJH Ja ce MOCTUTHE NO-I00po pa3OupaHe Ha XUMHYHHUTE CBOICTBA Ha MoJela Ha
I'ommnepn u pactsmmre Moaenu ot I'omrepros Tun. Hammsat meTox Moxe J1a ce pasriexaa KaTo
NPOJBJDKEHHE Ha MpEeAUIIHUTE paboTH Ha aBTOPUTE MO TemaTa, B KOUTO [ ommeproBoTO
IuepeHInaTHO ypaBHEHHE € NpepaboTeHo B AMHAMHUYHA CHUCTEMa OT JBe Mu(epeHIIMaTHU
ypaBHEHHS, ONMCBAIIM IMHaMUKaTa Ha 0a30BaTa BUJI0Ba IPOMEHJIMBA IUTIOC IMHAMUKATA HA €/THa
JOITBJIHUTEIIHA TPOMEHIINBA, KOSATO MOJKE J1a CE€ pas3riex/a KaTo ,,pecypc’. J[Ba HOBH pacTsu
MoJiena, 6a3upaHy Ha 3aKOHA 3a IEHCTBUETO Ha MACUTE, Ca MPEICTaBEHH U U3yUeHH CPaBHIBANKU
ru ¢ mozena Ha ['omnepu. IlpeacraBeHu ca ¥ YMCIOBU U3YUCIICHUS HAIIPAaBEHU C IIOMOILITA HA
HSIKOM CHEIHMATN3UPAHN COPTYSpPHU HHCTPYMEHTH.
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[3] Borisov, M, Dimitriu, G, Rashkov, P. Modelling the Host Immune Response to Mature and
Immature Dengue Viruses. Bulletin of Mathematical Biology, 81, 12, Springer US, 2019,
ISSN:0092-8240, DOI:10.1007/s11538-019-00664-3, 4951-4976. SJR (Scopus):0.652, JCR-IF
(Web of Science):1.812

Abstract. Immature dengue virions contained in patient blood samples are essentially not
infectious because the uncleaved surface protein prM renders them incompetent for membrane
fusion. However, the immature virions regain full infectivity when they interact with anti-prim
antibodies, and once opsonised virion fusion into Fc receptor-expressing cells is facilitated. We
propose a within-host mathematical model for the immune response which takes into account the
dichotomy between mature infectious and immature noninfectious dengue virions. The model
accounts for experimental observations on the different interactions of plasmacytoid dendritic
cells with infected cells producing virions with different infectivity. We compute the basic
reproduction number as a function of the proportion of infected cells producing noninfectious
virions and use numerical simulations to compare the host’s immune response in a primary and a
secondary dengue infections. The results can be placed in the immunoregulatory framework with
plasmacytoid dendritic cells serving as a bridge between the innate and adaptive immune
response, and pose questions for potential experimental work to validate hypothesis about the
evolutionary context whereby the virus strives to maximise its chance for transmission from the
human host to the mosquito vector.

Pe3rome. M3BecTHO €, 4ye HE3peluTe BUPHOHHM Ha JICHTa, ChIABPIKAIIUA CE B KPBBHH IIPOOH OT
HAIMCHTH, 110 CHINECTBO HE ca MH(PEKIMO3HU, Thil KaTO Hepas3psA3aHUAT (HepasleNneH) OCNThK
prM oT oOBUBKAaTa MM HE MO3BOJISIBA CIMBAaHE C KJIeTbuHaTa MemOpana. OT apyra cTpasa,
HE3peJINTe BUPUOHM 00a4ye BH3BPBIIAT MbJIHATA CH HH(PEKIIMO3HOCT, KOraTo B3aUMOJICHCTBAT C
aHTH-prM aHTUTENa, a MIOM C€ OICOHMU3MPAT, CE YJIECHSABA CIMBAHETO UM C KIICTKH,
excripecupamm Fc-penentopu. B Hacrosiimara pabota mpejiaramMme MareMaTHYecKHd MOJAEN Ha
UMYHEH OTrOBOp IMpH TpEecKa JACeHra, KOWTO B3eMa MpEeABUI AUXOTOMHITA MEXIY 3peiu
(uHexumo3HN) U He3penu (HeHMH(EKIMO3HM) BHPUOHM Ha JieHra. MoAenbT OT4HTa
eKCIIEPUMEHTATHU Ha0JI0IEHHUs, KOUTO YCTAaHOBSBAT, Y€ MIa3MOIUTOUTHUTE ACHIPUTHH KICTKU
B3aMMOJICHCTBAT pPAa3IMYHO C KIETKUTE, KOWTO TPOU3BEKIAT BHUPHOHU C pa3lIudyHA
WH(PEKIMO3HOCT. M3uncnsBaMe 0a30BOTO PENPOAYKTHBHO YUCIO Karo (DyHKIHS OT Jiena Ha
3apa3eHNUTE KIIETKH, TMPOM3BEXKIANIN HEWH(PEKIIMO3HW BHPUOHH, WM W3IOJ3BAME YHCICHU
CUMYJIAINH, 32 J1a CPAaBHUM HUMYHHHS OTTOBOP NPH IIBPBHYHO U BTOPUYHO 3apa3siBaHE C JICHTA.
PesynTatu Morar ja ObJaT MOCTAaBEHH B KOHTEKCTAa HA MMYHOPETYJIATOPHATA CHCTEMA, KBJIETO
TUTA3MOIIMTOMTHATE JICHAPUTHU KIETKA WIPasT pOJIATa HA apOUTBp MEXIYy BpOJCHUS H
NPUIOOUT UMYHEH OTTOBOD, U Ja IIOCTAaBAT BBIIPOCH 32 MOTCHIIMATHA eKCIICpUMEHTaIHA paboTa
3a IOTBBPIKJABaHE HA XHMITOTE3aTa Ha CBOJIIOIMOHHUS KOHTEKCT, P KOWTO BUPYCHT CE CTPEMH
Jla MaKCHMHU3Hpa BB3MOXXHOCTTa 3a CBOETO IPEJaBaHE OT YOBEHIKHS TOCTONPHUEMHUK KBbM
MIPEHOCUTEIIS-KOMap.
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[4] Borisov, Milen K., Neli S. Dimitrova, Mikhail I. Krastanov. Model-based stabilization of a
fermentation process using output feedback with discrete time delay. Lecture Notes in Computer
Science, 11189, Springer, 2019, ISBN:978-3-030-10692-8, ISSN:0302-9743, DOI:10.1007/978-
3-030-10692-8_38, 342-350. SJR (Scopus):0.295

Abstract. The present study is devoted to the stabilization of a bioreactor model, describing an
anaerobic fermentation process for biological degradation of organic wastes with methane
production. The stabilization is realized by means of a feedback control law related to the model
output and involving a discrete time delay. We determine a non-trivial equilibrium point of the
closed-loop system and investigate its asymptotic stability as well as the appearance of
bifurcations with respect to the delay parameter. We establish the existence of an attracting and
invariant region around the equilibrium such that all trajectories enter this region in finite time for
some values of the delay and remain there. An iterative numerical extremum seeking algorithm
is applied to the closed-loop system aimed to maximize the methane flow rate in real time.
Simulation results are presented to illustrate the theoretical studies.

Pesrome. Hacrosmata pabora € mocBeTeHa Ha AacUMITOTHYHATa CTaOWIM3UPYEMOCT Ha
MaTeMaTUYeCKH MOJeNI Ha OMOpeakTop, OINUCBAIl aHAaepoOeH (QEepMEHTAIMOHEH IPOIeC 3a
OMOJIOTMYHO pa3rpakJaHe Ha OpraHWYHU OTHaablKd ¢ J00uB Ha Owuoraz (MeTan).
Crabunm3upyeMocTTa Ha MOJIeNa € pealln3upaHa ¢ IOMOIITa Ha 00paTHa BPB3Ka, KOSATO € TPSKO
CBBbp3aHa ¢ U3X0/a OT Mojena (Iporeca) U KosiTO ChAbpkKa JUCKPETHO 3aKbCHEHHE BB BPEMETO.
Hamepena e HeTpaBuanHa paBHOBECHA TOUKA Ha 3aTBOpPEHATa CHUCTEMa, U3CJE/IBaHA € HeilHaTa
ACUMNTOTHYHA YCTOMYMBOCT W MOSBa Ha OH(YypKalMd B 3aBHCHUMOCT OT CTOWHOCTHTE Ha
3bKbCHEHUETO. J[OKa3aHO € ChIIECTBYBAHETO Ha TMOJOXKUTEIHO MHBAPUAHTHO MHOXKECTBO B
OKOJIHOCT HA pPaBHOBECHATa TOYKA, TaKOBA Y€ TPACKTOPHUHUTE JOCTUTAT TOBA MHOKECTBO 3a
KpailHO BpeMe M OCTaBaT B HEro 3a HSIKOM CTOMHOCTH Ha 3aKbCHSBAIUS MapaMeTbp. 3a
JIOCTaThYHO MAJIKU CTOMHOCTH Ha 3aKbCHEHMETO € TMOKAa3aHO, Ye PEIIEHUTA ca CXOIAIIN KbM
paBHOBecHaTa Touka. Ha 6a3zara Ha Te3u TEOPETHUUHU HM3CIEABAHUS € NMPHIOKEH UTEPALMOHEH
YHCJIEH aITOPUTHM 3a ThPCEHE Ha EKCTPEMYM, KOWTO ONTUMHU3Kpa U3X0/a (1001Ba HAa METaH) B
peanHo Bpeme. [IpencraBenu ca pe3yiTatu OT YUCIOBU CUMYJAMU U TpaduyHa BU3YyaTU3aAIUL
3a WIIOCTpUpaHe Ha TEOPETUYHUTE U3CIIEBAHMUA.

411



[5] Borisov, M. K., Dimitrova, N. S., Krastanov, M. I.. Global stabilizability of an anaerobic
biodegradation process via piecewise constant feedback. International Journal of Robust and
Nonlinear Control, 30, 7, John Wiley & Sons Ltd, 2020, ISSN:1049-8923 (Print), 1099-1239
(Online), DOI:10.1002/rnc.4914, 2777-2795. SJR (Scopus):1.631, JCR-IF (Web of
Science):3.503

Abstract. We consider a nonlinear model of an anaerobic digestion process with methane
production. We propose a stabilizing control law involving piecewise constant feedback and study
the asymptotic stability of the obtained closed-loop system. An extremum seeking algorithm is
applied to maximize the output. Numerical simulation results are also presented to illustrate the
theoretical investigations.

Pe3iome. Pa3rienan e HelMHEeEeH MaTeMaTHYECKU MOJIET Ha aHaepoOeH (hepMEeHTAIIMOHEH POLIeC
¢ 1o0uB Ha MeTaH. [IpeiokeHa e YacTHYHO-TTOCTOSTHHA 00paTHa BPb3Ka 3a CTAOMINPH3YEeEeMOCT
Ha MOJIeJla W € M3CJIeBaHa aCHMIITOTUYHATA YCTOWYMBOCT Ha MOJy4eHaTa 3aTBOPEHA CUCTEMA.
[IpunoxeH € YMCIIeH anropuThM 3a ThPCEHE Ha EKCTPEMyM 3a MaKCMMHU3HMpaHE Ha M3X0Ja
(moOuBa Ha MeTaH). [IpeicTaBeHH ca CBIIO U PE3YIATATH OT YUCIICHN CHMYJIAIIUH 32 WIIFOCTPHpPAHE
Ha TEOPETHYHHUTE U3CIICIBAHMSL.
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[6] Borisov, M., Dimitrova, N., Simeonov, I. Mathematical Modeling and Stability Analysis of a
Two-Phase Biosystem. Processes, 8, 7, MDPI, 2020, ISSN:2227-9717, DOI:10.3390/pr8070791,
791. SJR (Scopus):0.403, JCR-IF (Web of Science):2.753

Abstract. We propose a new mathematical model describing a biotechnological process of
simultaneous production of hydrogen and methane by anaerobic digestion. The process is carried
out in two connected continuously stirred bioreactors. The proposed model is developed by
adapting and reducing the well-known Anaerobic Digester Model No 1 (ADM1). Mathematical
analysis of the model is carried out, involving existence and uniqueness of positive and uniformly
bounded solutions, computation of equilibrium points, investigation of their local stability with
respect to practically important input parameters. Existence of maxima of the input—output static
characteristics with respect to hydrogen and methane is established. Numerical simulations using
a specially elaborated web-based software environment are presented to demonstrate the dynamic
behavior of the model solutions.

Pestome. B Hacrosimara paboTa pasriiekaamMe HOB MaTeMaTH4ecKd MOJE]  OIMCBAIL
OHMOTEXHOJIOTHYHUS TIPOIIEC Ha aHaepoOHa GHoerpaalys ¢ mojlyJyaBaHe Ha BOJOPOJ U METaH.
[IporiechT ce W3BBPIIBA B JBa CBBP3aHH IOMEXKIY CH OHOpEakTOpa C HEMPEKbCHATO
pazobpkBade. [IpemioKeHuAT MOjeN € pa3paboTeH Ype3 aJalnTHPaHEeTO M OMpPOCTSIBAHETO Ha
no6pe uzBectaus Anaerobic Digester Model No-1 (ADM1). HanpaBeH € MaTeMaTHYECKH aHAITU3
Ha MoOjeja, KOMTO BKIIIOYBA CHINECTBYBAaHE M EIMHCTBEHOCT HA PaBHOMEPHO OrPaHUYCHU
HOJIOKUTEITHH PELICHHs, HAMUPAHE Ha PAaBHOBECHUTE TOYKH Ha MOJIeJIa M H3CIIE/IBAHE HA TAXHATA
JIOKaJIHa YCTOWYHMBOCT IO OTHOIIEHHWE HAa HAKOW TPAKTHYECKH BAXKHU BXOJHHU IapaMETpH.
VYCTaHOBEHO € HAIMYHMETO Ha MaKCHMyM Ha BXOJHO-H3XOJHHWTE CTATHYHH XAPAKTEPUCTUKHU II0
OTHOIIIEHHE Ha J100MBa Ha Bojopod M MeTaH. C momolnTa Ha CHEHUaTHO pa3paboTeHO yeo-
NPUIOKEHWE Ca HANpPaBEHH YHCIIOBM CHMYJIAIMM 3a JEMOHCTPHPAaHE Ha JWHAMHYHOTO
TIOBE/ICHUE HA PEIICHUATA Ha MOJIEIA.
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[7] Borisov, M., Denchev, D., Simeonov, I.. Mathematical Modelling of a Two-stage Anaerobic
Digestion Process with Hydrogen and Methane Production Using ADML1. Ecological
Engineering and Environment Protection, 1, National Society of Ecological Engineering and
Environment Protection, 2020, ISSN:1311-8668, DOI:10.32006/eeep.2020.1.1829, 18-29

Abstract. The aim of this study is to implement a mathematical model to simulate the dynamic
behaviour of a two-stage anaerobic digestion process for simultaneous production of hydrogen
and methane. The process is carried out in two connected continuously stirred bioreactors. The
proposed model is developed by reducing the well-known IWA Anaerobic Digester Model No 1
(ADML). In the present study the original model concept was adapted and applied to replicate a
two-stage process. The proposed model involves 13 ODEs for the 1-st stage and 7 ODEs for the
2-nd stage. The numerical coefficient values in the model are taken from specified literature and
adapted to the case of wheat straw AD. Important input-output static characteristics and existence
of maxima of the input-output static characteristics concerning the biohydrogen and biomethane
production in function of the control variable (dilution rate) are presented. Supposing that both
bioreactors are operating nearby these maxima the optimal ratio of the working volumes was
obtained. Numerical simulations using a specially elaborated web-based software environment
are presented to demonstrate the dynamic behavior of the model solutions.

Pe3rome. [lenTa Ha u3cieIBaHETO € J1a CE UMIUIEMEHTHPA MaTEMaTHICCKH MOJICT 32 CUMYJIMPAHE
Ha IMHAMUKAaTa U MOBEACHUETO Ha JBy(a3Ha aHaepoOHa buoaerpananus (AbJl) ¢ momyuaBane
Ha BoJopoAa U MeTaH. [IpolechT ce U3BBPIIBA B [1Ba CBBP3aHHU MOMEXKIY CU OMOpEaKTOpa C
HENpeKbCcHATO pa3obpkBane. [IpeanoskeHusT Mojien € pa3paboTeH upe3 OMPOCTIBAHETO Ha 100pe
usBectauss Anaerobic Digester Model No-1 (ADM1). B nacrosmiara pabota KOHIENIUATA HA
opurnHanauss ADMI1 monen, koito e 3a enHodasna ABJl, e aganTupaHa W NMPUIOKEHA KbM
nBydaznusa nporec Ha ABJ[. MoxensT ce cwetou ot 13 O/IY 3a mbpBara dasza (c 1oOuB Ha
Boopon) u 7 O/1Y 3a Bropara ¢asa (c 106uB Ha MeTaH). YUCIOBUTE CTOMHOCTH Ha MapaMeTpUTe
Ha MOJIeNla ca B3eTH OT Hay4HaTa JIUTeparypa Mo TeMara U ca aJiantupanu KeM cinydas ¢ ABJ] Ha
niieHnyHa ciama. [lokazaHo e ChIIeCTBYBaHETO HA MAaKCUMYM Ha BXOJHO-WU3XOJHUTE CTATHUHU
XapaKTePUCTHKU IO OTHOIIEHHWE Ha MPOU3BOJCTBOTO Ha OMO-BOAOPOJ M OMO-METaH CHPSIMO
byHKIMATA HAa KOHTPOJIHATA MPOMEHJIHMBA (CKOPOCTTa Ha paspekaHe Ha OHOpPEaKTOpPHUTE).
Jlommyckaiiku, 4e W JBaTa OHWOpeaKTopa OIEepUpaT OKOJIO Te3W MAaKCHMyMH, € IIOJIYYCHO
ONTUMAITHOTO ChOTHOIIIEHHE Ha paboTHHUTE UM 00emu. C mOMOIITa Ha CIEIUATHO pa3paboTeHO
yeO-TIpIIIOKEHNE Ca HAMpPaBEHW YHCIOBH CHMYJAIMHA 33 JIEMOHCTPUpPAaHE Ha JUHAMUYHOTO
MOBEJICHNE Ha PEIICHHUSTa Ha MOJIEIa.
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[8] Borisov, M. K., Markov, S.. The two-step exponential decay reaction network: analysis
of the solutions and relation to epidemiological SIR models with logistic and Gompertz type
infection contact patterns. Journal of Mathematical Chemistry, 59, 5, Springer, 2021, ISSN:0259-
9791, DOI: 10.1007/s10910-021-01240-8, 1283-1315. SJR (Scopus):0.421, JCR-IF (Web of
Science):2.357

Abstract. We mathematically analyze the solutions to the dynamical system induced by the two-
step exponential (growth-)decay (2SED) reaction network involving three species and two rate
parameters. We study the influence of the rate parameters on the shape of the solutions. We
compare the latter to those of the classic Kermack—McKendrick epidemiological SIR model. We
then discuss the similarities and differences between the 2SED and the SIR models from the
perspective of chemical reaction network theory (CRNT), as well as from epidemiological
modelling view-point. The CRNT approach suggests that the classical SIR model, based on the
logistic reaction mechanism, describes well epidemic events related to diseases spreading via a
‘one-to-one’ contact pattern between individuals. On the other side, the 2SED model can be used
to simulate epidemic data coming from non-communicable diseases. Our comparative analysis
naturally suggests the formulation of a SIR-type model, which is situated between the classic SIR
model and the 2SED model, such that the logistic ‘one-t0-one’ contact mechanism is replaced by
a catalytic (Gompertzian) one. The proposed G-SIR model can be considered as an intermediate
step between the SIR and the 2SED models. We compare the shapes of the solutions to the three
discussed models and formulate a hypothesis that relates the characteristics of the solution shapes
to the model reaction mechanism, resp. to the contact patterns of the particular disease.

Pe3rome. B Hacrosimata craTus aHauu3upaMe MaTeMaTHYECKU peleHHsTa Ha JUHAMUYHATa
cucTeMa HHAyLUpaHa OT JIBY-CThIIKOBA peaKLMOHHA Mperka Ha eKCIloHeHaneH pasnan (2SED)
C y4acTHETO Ha TpU eJIEMEHTa U JIBa CKOPOCTHM Iapamerbpa. M3ydyaBame BbB3/IEHCTBHETO Ha
CKOPOCTHHUTE MapaMeTpH BbpXy reomeTpuuHata opma Ha pemeHusara. [lo-HaTaTbk cpaBHsBaMe
TO3W Mojen ¢ kinacudeckus emunemuosnoruuen SIR momen na Kermack—McKendrick u
oOchkaaMe npuiankuTe u pasnukute Mexay 2SED u SIR mMozena ot rieqHa Touka Ha Teopusra
32 XUMHYHUTE pPEAKIMOHHM MPEXH, KaKTO M OT TJeJHa TOo4YKa Ha eNHJIEeMHOJIOIMYHOTO
mojenupane. [1onxoapT Ha peakIMOHHUTE XUMHYHU MPEXH IMOJICKa3Ba, 4ye Kinacuyeckuar SIR
Mojie, 0a3upaH Ha JIOTUCTUYEH PEAaKIIMOHEH MEXaHW3bM OMKCBa J00pe enuIeMUOIOTUYHUTE
CHOUTHSA, CBBP3aHU C PA3MPOCTPAHEHUETO Ha OosiecTTa MPU UHAMBHAYAIHHU KOHTAKTH OT TUIA
YOBEK—KbM—UOBEK (KOMyHHMKaTHUBHU Oonectu). Ot apyra crpana 2SED monenbT mMoxe Aa ce
U3MOJI3Ba 32 MOJENMpPAHE WU CHUMYJIHpaHE Ha ENUIEMHUOJOTUYHM JlaHHU, WJBAIlM OT HE—
KOMYHHMKATHUBHH OosiecTH. HanpaBeHUs cpaBHUTENEH aHaJIN3 €CTECTBEHO BOJM 10 (hopMyupaHe
Ha SIR-Tun Monenu, KouTo ce Hamupar mMexnay kiaacuueckure SIR u 2SED mopnenu, taka ue
JIOTUCTUYHUAT KOHTAKT€H MEXaHU3bM OT THUIA YOBEK-KbM-YOBEK € 3aMEHEH C KaTaJlUuTU4YeH
(T'ommepro) TaksB. [Ipemnokenust G-SIR Moaen Moke 1a ce pasriiek/aa Kato IpOMEXIyThuHa
creiika Mexay SIR u 2SED monena. Hakpast cpaBHsBame rpaduKuTe Ha PEIICHUATAa HA TPUTE
JTUCKYTHpPaHU MoJiena U (GopMyIHpaMe XUIOTe3a 3a Pa3IMYHUTE BUJIOBE KOHTAKTH MOJENN Ha
npeJaBaHe Ha 3apa3suTe Ha BCEKU €UH OT MOJENIUTE Oa3supailku ce Ha XapaKTePHUCTUKUTE Ha
rpadUKUTE HA TEXHUTE PEIICHUS.
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[9] Borisov, M., Dimitrova, N., Zlateva, P.. Time-Delayed Bioreactor Model of Phenol and Cresol
Mixture Degradation with Interaction Kinetics. Water, 13, 3266, MDPI, 2021, ISSN:2073-4441,
DOI:10.3390/w13223266, JCR-IF (Web of Science):3.53

Abstract. This paper is devoted to a mathematical model for phenol and p-cresol mixture
degradation in a continuously stirred bioreactor. The biomass specific growth rate is presented as
sum kinetics with interaction parameters (SKIP). A discrete time delay is introduced and
incorporated into the biomass growth response. These two aspects—the mutual influence of the
two substrates and the natural biological time delay in the biomass growth rate—are new in the
scientific literature concerning bioreactor (chemostat) models. The equilibrium points of the
model are determined and their local asymptotic stability as well as the occurrence of local Hopf
bifurcations are studied in dependence on the delay parameter. The existence and uniqueness of
positive solutions are established, and the global stabilizability of the model dynamics is proved
for certain values of the delay. Numerical simulations illustrate the global behavior of the model
solutions as well as the transient oscillations as a result of the Hopf bifurcation. The performed
theoretical analysis and computer simulations can be successfully used to better understand the
biodegradation dynamics of the chemical compounds in the bioreactor and to predict and control
the system behavior in real life conditions.

Pe3ome. Hacrosimmara paboTa € mocBereHa Ha MaTeMaTHYECKHsI MOJEN OIMUCBAIL OMOJIOTUYHO
pasrpakmaHe Ha cmec OT 3ambpcutenu ¢enon (phenol) m 4-merundenon (p-cresol) B
HenpeKbcHAT OropeakTop. CrienuduyuHaTa CKOPOCT Ha PacTeX Ha MUKPOOPTAHU3MHTE € OT THII
SKIP (Sum Kinetics with Interaction Parameters) ¢ uuxubupain edext. JJuckpeTHo 3aKbCHEHHE
10 BPEMETO € BBbBEJICHO B JU(DEPECHIMAIHOTO YPaBHEHHUE, OMUCBAIIO PA3BUTUETO Ha OMomacaTa
(Mukpoopranu3mute). Te3u JBa acleKT—B3aMMHOTO BIMSHUE Ha JBara cyOcTpata W
€CTECTBEHOTO OMOJIOTUYHO 3aKhCHEHHUE MO0 BPEMETO B CKOPOCTTA Ha PacTeX Ha OMoMacara—ca
HOBM B Hay4yHaTa JUTepaTypa OTHOCHO MOJelHNTe Ha OuopeakTop (xemocrtar). Hamepenu ca
CTallOHapHHUTE (PAaBHOBECHM ) TOUKH Ha MOJIENA U € U3CIIeIBaHa TSIXHATA JOKATHA aCHMITOTUYHA
YCTOWYHMBOCT, U TMOSIBa HA JIOKaTHU Oudypkanuu Ha Xomnd B 3aBUCHMOCT OT CTOMHOCTUTE Ha
3aKbCHEHHETO. [IpUIokKeHo € 10Ka3aTeICTBO 3a ChIIECTBYBAHE M €AUHCTBEHOCT HA PABHOMEPHO
OTpaHHYEHU MOJIOKUTETTHH PEIISHHS Ha JUHAMUYHATA CHCTeMa, KaKTO U TTIo0aTHaTa CTaOMIHOCT
Ha JJMHAMHUKAaTa Ha MOJIeJa 3a ONpe/esieHH CTOWHOCTH Ha 3aKbCHEHUETo. [IpoBeienn ca unciioBu
CUMYJIAITUH, KOUTO WIFOCTPUPAT U MOJKPEIIAT III00THOTO TIOBEICHUE HA PEIICHUITAa Ha MOJIeIa,
KaKTO YW HAJIMYUETO Ha TPAHWYHU IUKIN MOpojeHW oT Oudypkamuu Ha Xomnd. HanpaBenus
TEOPETUYCH aHAIN3 M KOMIIOTHPHU CHMYJIAIIMH MOXKE YCIICIIHO Jia C€ M3IIOJI3Ba 3a MO-100po
pazOupaHe Ha JWHAMUKATa HAa OWOJIOTMYHOTO pa3rpakJaHe Ha XUMUYHHTE CHEAMHCHHS B
OmopeakTopa, KakTO W 3a NMPOTHO3MpPAHE M KOHTPOJHUpPAHE IMOBEIEHHETO Ha OMOpeakTopa B
peaTHu YCIIOBHSL.
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[10] Borisov, M., Dimitrova, N., Zlateva, P.. Stability Analysis of a Chemostat Model for Phenol
and Sodium Salicylate Mixture Biodegradation. Processes, 10, MDPI, 2022, ISSN:2227-9717,
DOI:10.3390/pr10122571, 2571. SJR (Scopus):0.474, JCR-IF (Web of Science):3.352

Abstract. In this paper we consider a mathematical continuous-time model for biodegradation of
phenol in the presence of sodium salicylate in a chemostat. The model is described by a system
of three nonlinear ordinary differential equations. Based on the dynamical systems theory we
provide mathematical investigations of the model including local and global analysis of the
solutions. The local analysis consists in computation of two equilibrium points—one interior and
one boundary (washout) equilibrium—in dependence of the dilution rate as a key model
parameter. The local asymptotic stability of the equilibria is also presented. The global analysis
of the model solutions comprises proving existence, uniqueness and uniform boundedness of
positive solutions, as well as global asymptotic stabilizability of the dynamics. The theoretical
investigations are illustrated by some numerical examples. The results in this study can be used
in practice as a tool to control and optimize the chemostat performance of simultaneous
biodegradation of mixed substrates in wastewater.

Pe3rome. B Hacrosimata pabora pasriiexgaMe MaTeMaTH4ecKd MOJeNl Ha OHOJIOTHYHO
pasrpaxkJaHe Ha cMec OT (DEHOJI M HATPHEB CAIMLIIAT B OTIAAHU BOIU. MOJEIBT cE OMKCBA ChC
cucTeMa OT TpPH HeNWHEHHW OOWKHOBeHM audepeHnuanHu ypaBHeHus. basupaiiku ce Ha
TEOpHsTa Ha TUHAMUYHUTE CUCTEM € MPEeACTaBEeH JIOKaJleH U I7100alleH aHalu3 Ha pelIeHusITa Ha
cucremara. JIOKaaIHUAT aHaIu3 c€ CbCTOM B HAMUPAHETO HA JIBE PABHOBECHU TOYKH HA MOJIENA —
€/1Ha BbTPELIHA (TOUKa Ha OLEJISIBAHE) U €JHa I'paHMYHa (TOYKa Ha OTMUBAHE) — B 3aBUCUMOCT OT
CTOMHOCTUTE Ha CKOpOCTTa Ha pa3pex[aHe Ha OMOopeakTopa, pasriexJaHa KaTo KIHYOB
napaMeTsp Ha Mozena. JIokanHaTa aCMMITOTMYHA YyCTOMYMBOCT HA PABHOBECHATA € pasriiejaHa
cblo. ['moOasHuAT aHaiIM3 BKIOYBA CBIIECTBYBAHE M E€AMHCTBEHOCT HAa HEOTPHUILIATEIHHU
MOJICJIHU PELeHMs, KaKTO M Tjo0allHa aCUMITOTUYHA CTaOMIM3UPYEMOCT Ha AMHAMHUKaTa Ha
Mozena. TeopeTHYHUTE HU3CIEABAHUS Ca WIIOCTPUPAHU 4Ype3 HAKOJIKO YHUCIOBU IIPUMEPH.
Pesynrature B TOBa M3CIeABaHE MOraT Ja CE€ M3IOA3BAaT B IPAKTHUKAa KAaTo CPEICTBO 3a
yIpaBJIeHUE U ONTUMH3AINS Ha OMOPEaKTop (XeMOCTaT) 3a eAHOBPEMEHHO OMopasrpakiaHe Ha
CMECEHU CyOCTpaTu B OTHAJHU BOJH.
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[11] Borisov, M., Markov, S. On the Numerical Simulation of Exponential Decay and Outbreak
Data Sets Involving Uncertainties. Lecture Notes in Computer Science, 13858, Springer, 2023,
ISSN:0302-9743, SJR:0.41 (2021) - (accepted for publication)

Abstract. Measurement data sets collected when observing epidemiological outbreaks of various
diseases often have specific shapes, thereby the data may contain uncertainties. A number of
epidemiological mathematical models formulated in terms of ODE’s (or reaction networks) offer
solutions that have the potential to simulate and fit well the observed measurement data sets.
These solutions are usually smooth functions of time depending on one or more rate parameters.
In this work we are especially interested in solutions whose graphs are either of ~"decay™ shape
or of a specific wave-like shape briefly denoted as “outbreak" shape.

Furthermore we are concerned with the numerical simulation of measurement data sets involving
uncertainties, possibly coming from one of the simplest epidemiological models, namely the two-
step exponential decay process (Bateman chain). To this end we define a basic exponential
outbreak function and study its properties as far as they are needed for the numerical simulations.
Stepping on the properties of the basic exponential decay-outbreak functions, we propose
numerical algorithms for the estimation of the rate parameters whenever the measurement data
sets are available in numeric or interval-valued form.

Pe3tome. JlanHuTE OT U3MEpBaHUs, ChOPaHH NIPU HAOIIOICHUE HA SITHIEMHOJIOTUYHN OTHUIIA Ha
pa3inyHu 3a00JISIBaHMsI, YECTO UMAT CIICHU(PUIHU POPMH, TIPU KOETO B TIOBEYETO CIy4al MOTaT
Jla ChABPKAT HECUTYPHOCT. Peniia enuaeMuoIOriYH MaTeMaTHYECKU MOIEIH, (hOpMyITUpaHu
OT IUiegHa Touka Ha cucteMu oT OJY (WM peakiHOHHU MPEXKH), IpeagaraT perieHus, KOUuTo
uMaT MOTEHIMANa Ja CUMYJIHpaT W NpUOJIMKaBaT J00pe HAOIOJaBaHUTE CMUACMUOIOTUYHU
naHHU. Te3u penieHns OOMKHOBEHO ca TIaAKH (YHKIMK HAa BPEMETO 3aBUCEIH OT €IUH WU
1OBEYE CKOPOCTHU MmapaMeTpu. B Ta3u pabora pasriexgame penieHusTa, YauTo rpaduKky ca uim
¢ (popMa Ha eKCIIOHEHIIUATHO 3aTUXBaHe (pa3MNaja) Win Cbe crenuduyuHa BbIHOOOpa3Ha ¢hopma,
HAKpaTKO O3HaveHa Kato (popma Ha enueMuoIorndeH B3puB. OCBeH ToBa 00pbIIaMe BHUMAaHNE
U Ha YHUCIOBHTE CHMYJAIUU HA EMUJAEMHOJOTHYHU JaHHHW (BKIIOYBAIIM HECHUTYPHOCT),
U3ION3BaKN €IMH OT Hal-TIPOCTUTE EMUJAEMHOJIOTHYHU MOJEIH, 2 WMEHHO JIBYCTHITKOBUS
Mpollec Ha €KCIIOHEHIMANeH pa3mnaj (Bepura Ha bareman). 3a Ta3zu uen nepuHupame 0azoBa
eKCTIOHEHIMaTHa (DYHKIHMS Ha 3aTHXBaHe W 0a30Ba (YHKIMS Ha EMHIEMHOJIOTHYCH B3PUB U
U3ydyaBaMe TEXHUTE CBOWMCTBA, TOKOJKOTO T€ Ca HEOOXOJMMH 32 YHCICHUTE CUMYJAlWH.
CThIBaifk BPXY TE3U CBOWCTBATA, MTPEJIaraMe YUCIICHN aITOPUTMH 32 OIICHKAa Ha CKOPOCTHHUTE
napaMeTpH, Koraro HaOJIroJaBaHUTE €MUACMHOJIOTHYHN JaHHU Ca HAJIMYHU B YHCIIOBA (TOYHA)
WY MHTEpBaliHa (HECUTypHa) Gopma.
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