ABTOPCKA CIIPABKA

3a myoaunkamunte Ha Hukosait BacuiaeB 2KuBkoB,
mpe/ICTaBeHN Ha KOHKYypca 3a npodecop,
obaBeHn Ha 22.05. 2012., /IB 6poii 39.

3a ydacTume B KOHKYpca ca MpeJcTaBeHu 24 CTaTUU OT KOUTO 22 HAYYHU CTATUU
u 2 mayuno-upwioxuu. Ot npejcraBenure cratun 23 ca myOJMKYBaHU, a €JHA €
npejcTaBeHa 3a 1yosmKyBaHe, 14 cTaTum He ca NMpeJICTaBIHN Ha IIPEJIUITHA KOHKYPCH
WJIN 1IPOIE/IyPU 3a NPHUCBOsiBaHe HA HAYYHU CTEIeHM WJIN 3BaHUS, TOBA Ca CTATHUUTE
[11-24]. 12 or craTtuure ca camocrositesun u 12 ca B ChaBTOPCTBO € €IMH WK MOBEYe
cvasropu. Craruure [1-15], [17], [19-20] u [23] ca npeacTaBenn Ha XapTHEH HOCHTE,
cratunte [11], [13-22] u [24] ca ma eaekrponen nocuresn (CD auck).

Hayuno-W3caenosaresncku 1lybankamunm.

[To-rorgamara gact ot myGJHKYBaHUTE CTATHH CA MOCBETEHW HA W3CJeIBaHE HA
cBoOficTBaTa HAa MHOTIO3HAYHOTO H300parkKeHHe MeTpHYecKa IpoeKnus. ToBa e m300-
pazkeHue, Koero npu (bUKCHPAHO (3aTBOPEHO) MHO)KecTBO M B METPHYHO HJIM HOD-
MHUPAHO MPOCTPAHCTBO X Ha BCEKH ejieMeHT T € X C¢bHoCTaBs Hai-O/IM3KUTE MY
crpsiMo MeTpukara (Hopmara) Ha X. [To TakbB HAYMH, MHOTO3HAYHOTO N300pakeHue
MeTpHUYecKa MpoeKIius ce JeduHupa B 00U ciaydail upe3 pereHusta Ha HeJrnHell-
HU ONTUMHU3AIMOHHN 33/1a9M 0T creryasieH BuJ. OCHOBHO MSICTO B H3CI€BAHUATA HA
aBTOpa € OTJe/IeHO Ha CTPYKTYPHUTE CBOWCTBA HA OlepaTopa MeTpUUIecKa MPOEKITUs
U Ha BBIIPOCU CBBP3AHU C €THOZHAYHOCT U KOPDEKTHOCT Ha PeITeHusITa.

Heka (X, || - ||) e peanno 6anaxoBo mpocrpanctso, a A C X e mempasuo (3at-
BOpEHO) MHOzKecTBO. Ilpm 3amageno x € X, anmpoKCHMAIMOHHATA 3aJa4a IOpPOe-
Ha or (z,A) e caemHaTa onTHMHU3AIMOHHA 3ajada: /la ce Hamepu a € A, Taka 4e
|z —al = inf{||lx —y|:y € A} =: d(z, A). Tyk ¢ d(x, A) cme o3naunu GHyHKIUATA
pascrosinue, oupe/iesieHa o1 MHOKecTBOTO A. Pelenusra na ra3u 3a1ada jedunupar
MHOI'O3HAYHOTO n300paxkenue Py — A mMeTpuvecka MpOeKIus:

Piy(x)={a€ A: ||r —a| =d(z,A)}, ze€X.

Enun ot BbupocuTe, mpeu3BUKBAIL HHTEPeC Ipe3 mocaeanuTe 0,1u30 50 roiuHu, e
KOJIKO € TOJIIMO MHOXKECTBOTO Ha HEMHOTO3HAYHOCT HA MeTpUYecKaTa MPOeKIusd, T.e.
MHOZKECTBOTO

Qp(A) ={zx € X: Pa(z) = 0 un P4(z) e eqnosnauno}.
BBbIOpochT eCTeCTBEHO € MHTEPECEeH MPH MPENOI0KEeHIETO 38 CTPOra H3MbKHATIOCT

Ha ejuHUYHATA cepa Ha TPOCTPAHCTBOTO, T.e. Sx = {z € X: ||z|]| = 1} ne ¢b-

Jabpzka orcedku. Cropes Kiaacndeckara xunoresa Ha Creukun [St|, gombiasenunero
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Ha (Qp(A) e MHOXKECTBO OT I'bpBa KaTeropus Ha Bep 3a BCAKO CTPOro U3MBKHAJIO
OaHaxOBO MPOCTPAHCTBO. EKBHBaTIeHTHO KazaHo, (p(A) TpsabBa ma chIbpiKa ['bCTO
G5 moaMHOZKecTBO Ha X W CJIJ0BATETHO MOXKe J1a Objie Pa3rIeskKIAHO KaTO TOJISMO
MHOZKECTBO OT IJIeJTHa TOYKa Ha Kareropuure Ha Bep. Tasu xumoresa e mOTBbpIeHA
Hait-Hanpes or CTedKUH 3a KJaca Ha JIOKAJIHO PABHOMEPHO HM3IIbKHAJMTE DaHAXO-
BU IIPOCTPAHCTBA, & B MOCJIEJICTBUE € JIOKA3aHa U 3a JAPYI'M KJIACOBE IIPOCTPAHCTBA B
paboru ua 3aituuk |Zaj,|, JIay |Laus|, Komsiruu [Koy|, [Kos|, [BoFi.

Ha To3u BbIIpoc ca mocBeTenn u3cjaenBanusTa Ha apropa B [1-2], [4], [6-7]. Joka3sa
ce, 1€ XMIOTe3aTa € BAPHA 3a CTPOro M3IMbKHAMN CJ1a00 KOMIAKTHO MOPOJEHU MPOC-
TPAHCTBA KAKTO U 33 CTPOrO M3MbKHAJIHN aCIUIyHIOBU HPOCTPAHCTBA. B criomenarnte
paboTH Ha aBTOpa Ca ONMUTAHH JBA MOIXOJMA: EIWHUAT € TOMOJOIHYeH W BbBIMNYA
CBOMCTBA Ha MOJIYHEIPEK'bCHATOCT HA MHOTO3HAYHH n300pazkenus [1-2|, a apyrudar e
AHATUTHYCH - U3M0JI3Ba CBOJCTBATA HA €JHO BBHBEJIEHO OT aBTOpa CyOandepeHIua-
HO M300pazKeHne, 3aeMAll0 MEeZK/IMHHO 10JI0ZKEeHNe B CpaBHeHHe Cbe CyOudepenin-
asta na Kuapk [Cl| u e-onopuusi cy6andepennuan na Exenann n JleGypr |EkLe|, B
[4],]6],|7]. B mociennure Tpu paboru ce qokasBaT u pesyJaraTi 3a audepeHIupyeMocT
no ['aTo Bbpxy rbetu (G MHOXKECTBa Ha €IHOCTPAHHO IH(DEPEHIINPYEMH HEMPEKhC-
HaTn n3obpazkenus. B [6] e nosyuena xapakrepusanns Ha aclIyHIOBATE TPOCTPAH-
CTBa, KOATO MO3BOJISIBA KATO CJEJCTBHE OT OCHOBHHs pe3ysiraT B [7| ga ce jgokazxe
TeopeMaTa: B ¢Tporo m3mbKHATIO GAHAXOBO IPOCTPAHCTBO, ChIIbPIKAIIO KATO IbCTO
TOJIMHOYKECTBO HEMPEK'bCHAT JIHHEeeH 06pa3 Ha aCILUIYHI0BO MPOCTPAHCTBO € B CHJIA
xunoresara Ha Creuknn. [To-kbeuo (nmpe3 1991) ®aduan u Ilpaiic [FaPr| nomyunxa
00001eHnst Ha pesy/ararure B [6], 332 moanpocTpaHCTBA HA MPOCTPAHCTBA C'hC CHO-
MEHATOTO CBOMCTBO. TeXHI/IHT pe3yJjrar e Haﬁ—06H_H/IHT n3BeCTEH KbM MOMEHTaA IIO
OTHOIIIEHUE Ha XHUIIOTE3aTa Ha CTquI/IH.

AHaJIOTHIHUSAT BBHIPOC, Kacael] MHOTO3HAYHOTO u300paskenne Fy — A merpuuec-
Ka aHTUnpoexius (A e HeIpa3HO, OTPAHUYIEHO U 3aTBOPEHO) € TpeTupaH B [1-2],

Fa()={ac A:|lz —al = f(z, A)}, zeX, f(x,A) =sup{llzr —yl:y e A}

I/I3CII€,D;BaHI/IH 3a METPHYECKHU aHTHUIIPOEKIUHU, IIOCBETEHU Ha H3y4YaBaH€ Ha CBOMCT-
BaTa Ha MHOXKeCTBa Ha € JHO3HAYHOCT (I/IJII/I HeMHOFO3Ha‘IHOCT) Ca IIpaBE€HU HaIIpuMep

5 [Ed], [As], [BI], [Lauy], [PK].

Yeunenust Ha mpobiaema, mocraBeH or CTEYKHH A ThPCEHN B JIBE HANDPABICHHUS.
Haii-naupe na ce ucjesa 0T aHAJOIMYHA TJIEJIHA TOYKA 10 IMHOZKeCTBOTO Ha () p(A)
Ha J100pe MocTaBeHuTe APOKCUMAIMOHHY 3aa41u. Hapejenara npoiika (z, A) nedu-
HUPa 100pe MOCTaBeHa aNPOKCUMAIMOHHA 331294 aKO MUHUMHU3AIUOHHUSIT TIPOOIEM,
nopojieH ot MHO)KecTBoTO A n dyHKIMsATA || — -|| € KopekTHO (106pe) mocTaBeH 1o
Tuxonos |Ty|: ToBa o3nauaBa dynkuusara ||z — || 1a UMa eIUHCTBEH MUHUMYM dgo
K'bM KOWTO Jla Ce CTPeMH BCsIKAa MEHHMHU3UPAIIA PEJIHIA, T.e. BCAKa peauna (a,) C A
3a KodATo ||x — a,|| — d(x, A). O3HauaBaMe TOBA MHOXKECTBO C

Tp(A) ={x € X: (x,A) e 106pe nocrasen}.

Ot jgpyra crpana ce IpaBdaT M3CJIEIBAHUS OTHOCHO “TojieMHHATa’ Ha MHOXKECTBATA
Qp(A) u Tp(A). OcHoBaHus 32 MPENU3UPAHE HA TOHATHETO TOJISIMO (MATKO) € 00CTO-
ATeJICTBOTO, Y€ KaTeropuure Ha Bep HE JaBaT JOCTAT'bYHO apIr'yMEHTUPAHO OCHOBAHUE
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3a OIpeJiesidHe Ha eIHO MHOXKECTBO KaTo rojamo. Kiacmdyecka miocTpanud e goope
U3BECTHUAT IpHUMep Ha JeKOMIIO3MpaHe Ha peajHaTa [paBa Ha JBe HeIPeCHYAlld Ce
MHOZKECTBA, €JHOTO OT I'bpBa Kareropud Ha bBep, a npyroro ¢ neberosa mapxka 0. [106-
pe U3BECTeH KAHIUJIAT 34 MO-TPEINU3HO ONpeJIe/siHe Ha TOIIAMO (MAJIKO) MHOXKECTBO €
LOHSATHETO LOPECTO U O-LOPECTO MHOZKECTBO.

[ToxmuoxkecrBoro C' C X Hapmdame nopecmo B X ako 3a Bcako x € C' ¢bImecTByBa
koucranta A(z) € (0,1) u nonokurenno unciao ro(x), raka 1e 3a seaxo v € (0,7ro(z)]
chimectByBa y € X yaosierBopsiBaiio coiictsoro B(y, A(z)r) € B(z,r) \ C, kbie-
t0 B(z,t) e orBOpenoro Kbji60 B X ¢ nenTbp z u pajguyc t > 0. Muoxecrsoro C'
HapHYaMe 0-II0PECTO, aKO TO MOZKe J1a Ce MpeJACTaBH KaTo m30pouMoO obeInHeHne Ha
IIOPECTH MHOYKeCTBa |Zajs|.

Yeusienue Ha TOBa noHsTHE [Zajs| e caemnoro: Tlpu pagenn v € Sx u ¢ € (0,1)
na oznaduM ¢ K (v, ¢) kouyewr U,souB(v, ¢). lle napuaame C' xonycno nodnpano B
xr € C axo cbmecrByBar 19 > 0, v € Sy, n ¢ € (0,1) Taka we C' N B(x,19) N {z +
K(v,c)} = 0. Ille napuuame C' KOHYCHO MOJNPSHO, KO TO € KOHYCHO HOIIPAHO BbB
BCAKa Heropa Todka u me Hapudame C' 0-KOHYCHO noanpsauo, korato C' ce mpeacras
KaTo obennHeHre Ha M30POMMO MHOTO KOHYCHO TOIIPAHM MHOMKeCTBa. KiachT Ha
0-KOHYCHO HOJAIPAHATE MHOXKECTBA € 3HAYUTEIHO II0-MAJbK OT KJIaca Ha IIOPECTUTE
MHOZKeCTBa. B peasnara mpasa, HapuMep, BCAKO 0-KOHYCHO IOANPSHO MHOZXKECTBO €
u30pouMo, 10KaTo B R mMa Hen30pOUMHU O-IIOPECTH MHOXKECTBA.

B [BMP] ne Bnasu, Musk u [Tanuau jgoka3sar, 4e ako X e paBHOMEPHO U3II'bKHAJIO
GAHAXOBO TMPOCTPAHCTBO, TO MHOKeCTBOTO Tp(A) mma o-mopecto gombianenue. a
oznauum Wp(A) = {z € X: Pa(xz) = 0 unn (z, A) e 106pe nocrasena}. OcuopHuAT
pesyaTar B ¢hBMecTHaTa pabora [19] na Pesasicku ¢ aBropa e:

Teopema 1. [19] Hexa X € 10KaAHO PABHOMEPHO USNBKHANAO OAHATOB0 NPOCTMPAHCIT-
60, a A C X e sameopeno. Tozasa muoocecmeomo X \Wp(A) e o-konycro nodnpano.

Ot Tasm Teopema ce MOTYIaBAT HIKOU CJIEJCTBUS, HAIpUMED ako A e mpoKcHMu-
HAJTHO TOJMHOYKECTBO (MeTpHdecKaTa MPOEKIUs MMa HempasHu 00pa3u) Ha JIOKAJ-
HO PABHOMEDHO M3II'bKHAJI0 6AHAXO0BO HPOCTPaHCTBO X, TO MHOKecTBOTO Tp(A) uma
0-KOHYCHO HOANPAHO AOII'bJIHEHHUE B X. HOﬂy“IaBaT Ce KaToO CJeACTBUAd U M3BECTHH
teopemu Ha Epapomnt |[Er|, Konsrun [Koq| u Baituex [Zaj;].

B [19] ca mocrpoenu npumepn, nokaspamm HEOOXOAMMOCTTA OT yCJIOBUATA HA OC-
HOBHATA TEOPEMa, TAKa HAIIPUMED TBHPJIEHUETO HE € B CUJIA 34 TPOCTPAHCTBO, KOETO
He € JIOKaJIHO paBHOMEpHO H3mbKHAI0. [loka3zaHo e Ha ocHoBaTa Ha mpuMep Ha Kim
[K1], ue B Teopemara na jge Biasu, Musk u [lanunu ycgoBrHeTo 3a 0-mOPECTOCT He
MOZKe JIa Ce 3aMeHH C'bC 0-KOHYCHA IOJIPIHOCT.

PaGorara [21] e npogbikenue Ha [19] B KoeTo ce u3caeBar CTpyKTYpPHUTE CBOICTBA
Ha MHOZKeCcTBaTa:

Kp(A) ={z € X: A e anpokCUMATHBHO KOMIIAKTHO B I},

Vp(A) ={z € X: Pa(x) =) nm A e anpoKCHMAaTHBHO KOMIIAKTHO B I }.

[IpunoMusMe, de MeTpHIecKaTa IpoeKnus Py e alIpOKCHMATHBHO KOMIIAKTHA B & € X
AKO BCAKA MIHIMH3HPAINA PA3CTOSHIETO OT = 10 A peauia mMa cXo/sIna MoIpeIua
¢ rpanuna B A. Pesynrarure B |21] ca caegunre
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Teopema 2. [21] Hexa X e KoMNaxmmo A0KAAHO PAEHOMEPHO USNBKHAAO OAHATOB0
npocmpancmeo, a A e nenpasno sameopeno nodmmosicecmso 6 X. Toeasa X\Vp(A)
e O-KOHYCHO NoONpAHO.

Teopema 3. [21] Hexa X e KoMNaKmHo pasHomepHo usnskhaso 6aHaLo60 Npocmpat-
cmeo, a A e nenpasro sameopeno nodmmoscecmeo 6 X . Toeasa X\ p(A) e o-nopecmo.

Teopema 2 obo6miasa pesyarar Ha Kousirun B [Kos|, a Teopema 3 pesynrara Ha e
Brasu, Musgk u [lamuau 8 [BMP|.

B [22] ce pasrexgar pasnmunu acuekru na (f)-cBoiicrBoro na Posesuu |Ro|,
[Ros|, 3a 6anaxosu npocrpancrsa. Jokassa ce, de pedunupanoro B [21] coiicTBO Ha
KOMITAKTHO PABHOMEPHO HM3IIBKHAJIO MPOCTPAHCTBO ChBIaja M3oMerpuuecku ¢ ([3)-
cpoiicrBoro. Karo cieacrue ot ToBa n ot ussectau pesyararn [Ku;|, [MoTo|, [Kuy],
[Kus|, ce monyuasa 1ye ocnoBrusiT pe3ynrar B [21]| 3a MeTpudecku npoekiuu 0600maBa
He CaMO M30MeTPHYEeCKH aHajormdHara teopema or [BMP|, mo u usomopduo, T.e.
KOMIIAKTHO PaBHOMEPHO H3IIbKHAINTE OAHAXOBH IPOCTPAHCTBA Ca M30MOPQHO IIO-
00II KJIaC OT PABHOMEPHO H3IILKHAJIHTE.

B |22| ca nocrpoenu HoBuU 1ipuMepu Ha npocTpaHcTsa ¢ ([)-cBoiicrBoro Ha Posiesuy
U ca m3cjeaBaHu Texuure cpoiicra. [losydena e onenka 3a ([)-Momyn 3a Kiacose
IIPOCTPAHCTBA, yaoBaeTBopsBaiiu (3)-cBORCTBOTOTO.

[Tosyuena e obonuTHA XapakTepu3anus Ha (/3)-CBOCTBOTO B TEDMUHHUTE HA TOPHS
Ha rpadure, a UMeHHO, (/3)-CcBOiicTBOTO MOXKe j1a Obie nedbuHUpaHO upe3 haMuInm
OT JIOKAJTHO-KpaitHu rpadu.

Exun apyr Bbupoc, cBbp3an ¢ xunore3ara Ha CTeUKHH U pas3ryierKIaH Hali-HAIpe/I
ot 3amdupecky [Zam;| e ciaegansaT: AKO 3a BCSIKO 3aTBOPEHO MHOKECTBO HA €JIHO DaB-
HOMEPHO M3IMHKHAJIO DAHAXOBO TPOCTPAHCTBO X , HATIPUMED, € B CHJIA, Ue 33 Pe3u Iyall-
HO moaMHOXKecTBO [’ Ha mpocTparcTBOTO X, MeTpHYecKaTa IIPOEKIUs € €THO3HAYHA,
TO KAKBO MOKEM JIa KayKeM 3a FOJIeMUHATa W CTPYKTypara Ha MHOKecTBoTO X \I'
OT TOYKH B KOUTO Ts He € eJHO3Ha4YHA. 3aM(UupecKy 3adessa3Ba 3a KpailHOMEpHOTO
eBKJIMI0BO mpocTpancTBo R™ moGonuruus dbenoven: Heka K(R™) e mpocrpancTBoTo
Ha KOMITAKTUTE CHADJ/IEHO ¢ XaycaopdoBara MeTrpuka i MezK1y MHOZKECTBATA

h(Ay, Ay) = max{irg)l( d(x, As), max d(x, Ap)}.

Torasa 3a moBedeTo (crpsMo Kareropuure Ha Bep) komnakTau MHOKecTBa B K(R™)
METPUYECKATA MPOEKIHs € MHOTO3HAYHA 38 TOUYKHUTE HA I'bCTO MOIAMHOMKECTBO Ha R™.
Tosu pesynrar Ha 3ambuUpPecKy MpeJIn3BUKBA HHTEPEC U € MOCIEBAH OT PEJIUIA M3~
caejanust u 0000mmenus, Haup. |BM;|, |[BKM|, [BMy|, [BM3s|, kakro 3a pasiuunu
KJIaCOBe OAHAXOBH MPOCTPAHCTBA, TAKA W 33 DPA3JIMYHU KJIACOBE OT HOJMHOZKECTBA
B Te3u IIPOCTPaHCTBA, a CbIIO TaKa U OTHECEH KbM METPUYECKU aHTUIIPOCKIUHU. Ha
TO3W BBIIPOC Ca TOCBETeHN u3caeBanusTa B paborure [10-17].

Jokaro obrmunTe pe3yaraTi MOKa3BaT ChIIECTBYBAHEe HA MHOKECTBA 38 KOUTO MeT-
puvecKaTa MpOEKIHs (ChOTBETHO AHTUIIPOEKINS) € ['bCTO HeeJHO3HAYHA, TO Te He
JaBaT OTTOBOD HA BBIPOCA: KAK Jla Ce MOCTPOW MHOXKECTBO C TOBa CBoiicTBO. B [10]
u [11] ce mocTposiBAT KOHCTPYKTHBHO TAaKMBA MHOYKECTBA. BbB BCAKO CTPOTO M3I'bK-
HaJ10 6aHaxoBO mpocTpaHcTBO X, dim X > 2, mMa JIOKAJIHO CBbP3aHU KOHTUHYYMH
(konTuHyymu Ha [Teano), TakuBa de 110 OTHOIICHUE HA KOS JIa € €KBUBAJIEHTHA HOPMA
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B X, Te3u KOHTHUHYYMH 33/1aBAT HABCAKDb/E KOHTHHYAJTHO MHOTO3HAYHUA METPUUECKHU
IPOEKINH, T.. B IIPOU3BOJIHO HEMPA3HO OTBOPEHO MoaMHOXKecTBO U Ha X mMa 1oHe
KOHTHHYYM ejieMeHTH oT U 3a KOHTO MeTpHYecKara MpOeKIus e HeeJHO3HadHa. B
[11] ce nmokassa ome, Ue CHIECTBYBAHETO HA Te3U KOHTHHYyMH Ha [leano He MozKe
Jia ObJie JI0KA3aHO € KATEeropeH IOJX0/ 3a IIPOCTPAHCTBO OT 3aTBOPEHU MHOXKECTBA.
N3uunciisia ce u TsixHara xaycjaopdoBa pa3MepHOCT.

B [13] ce moka3sBa:

Teopema 4. [13] Hexa X, dim X > 2, e empoeo usnsknaio 6anaxo6o npocmpancmso.
Tozasa couecmsysa 2scmo Gs nodmmooscecmso U wa npocmpancmeomo Ha KOMNGK-
mume K(X), chabdeno ¢ zaycdopposama mempura, maxa ue 3a ecaro A € U kaxmo
MEMPUUECKAMA NPOEKUUA, MAKA U MEMPUUECKAMA GHMUNPOEKYUUA, CNPAMO K04 00 €
eKBUBAAEHHA CPO20 USNTKHAAGL HOPME 8 X €4 HABCAKBIE KOHWMUHYANHU.

[To-kbeHO TO3M pesyarar 6e 0606men or Koaap |Kol| 3a o-nopecro pomrbianenne Ha
A, dpe3 m3nos3BaHe Ha Cblara KOHCTPYKuus ot [13].

B [12| ce npaBsar pasriexianus 3a Kjiaca Ha PABHOMEPHO U3I'bKHAJNTE OAHAXOBH
POCTPAHCTBA. BbB BCAKO TaKOBa TPOCTPAHCTBO X C'HINECTBYBaA PE3U/LYAJTHO MOJIMHO-
’KecTBO Ha npocrpancrearo B(X) or 3arBopennTe u orpannuenn MHO)KecTBa B X, 32
MHOYKeCTBaTa OT KOETO MeTpHUecKaTa MPOeKINsl e JIBy3HAUYHA U TOJIYHElPEKbCHATA
OTrope HaBCAKbJle KOHTUHYAJIHO, T.€.

Teopema 5. [12] Hexa X, dim X > 2, e pasnomepro usnskhaso 6anazo6o npocm-
parcmeo. Tozasa cowecmeysa pesudyanrno nodmmoscecmeo U na mpocmparcmeomo
B(X) na sameopenume ozparuuenu nodmmoscecnea ¢ X, omuocro raycdopdhosomo
pazcmoanue, makosa ue 3a ecaxo A € U mempuueckama npoexuyua Py e deysnauna
U NOAYHENPEKBCHAMA 0M20PE 8 2BCMO HABCAKBIE KOHMUHYAAHO NOOMHOHCECTNEO HAa

X.

B cbuiara pabora e pasriiejiaH U BbIPOCHT 3a CbhIIECTBYBAHE HA €JIeMEHTH Ha
Hai-100po 1npubJiMKeHre 38 TOUYKHUTE JIeZKAlll Ha PABHOOTCTOSIIU XUIIEPIIOBbPXHUHK
CIIPSIMO JIBE 3aTBOpPEHH MHOYKecTBa A1 1 Ay U € MoKa3aHo, 4e B Pe3u/Lya Hu HOMHO-
JKecTBa Ha TaKWBa XWIEPIOBbPXHWHN MeTpuiecKuTe mpoeknun Py, n Py, ca en1HO3-
HAYHHU U [MOJIYHCIPEKbCHATHA OTTOPE.

3a kjaca Ha cenapabe/lHATe CTPOro M3IMbKHAIN OAHAXOBU IIPOCTPAHCTBA € B CHUJIA:

Teopema 6. [14] Hexa X, dim X > 2, e cenapabearno cmpozo usnsknaio 6aHazo-
6o npocmpancmeo. Tozasa 6 npocmpancmeomo B(X) wa ozparnuuenume u sameopenu
nodmmootcecmea Ha X, cnabderno ¢ raycdopdhosama MemMPUKa, CsULLCMEYEH Pe3udy-
anro nodmmosicecmeo I maxrosa we 3a eécaxo A € I' mempuueckama npoexyus Py e
08Y3HAUHG U MONYHENPEKBCHAMA 0T20PE 6 26CMO HABCAKTOE KOHMUHYAAHO NOOMHO-
atcecmso Ha X .

HNuTtepec mpejcTaB/igBa BBIPOCHT 3a CTPYKTypaTa Ha MHOXKECTBAaTa OT TOYKHU B
KOUTO MEeTPHYECKATA MTPOEKIUs (ChOTBETHO METPHYECKATA AHTUIIPOEKIHsI) uMa (puK-
cupan Gpoii enementu (T.e. pukcupana kapauHaaHoct). Heka A e 3aTBOpeHO, ¢HOT-
BETHO 3aTBOPEHO U OIPAHUYEHO, HOJMHOZKECTBO Ha OAHAXOBO MPOCTPAHCTBO X, a Py,
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CHOTBETHO [y, € MeTpuieckara IPOEKIHs, ChOTBETHO AHTHIPOEKIHs, OPOIEHA OT
A. MHOoKecTBaTa
LE(A) ={z € X: cardP(z, A) = n},
Ly(A) ={z € X: cardF'(z, A) = n},
HapHdIaMe N-MEeCTHH MHOXKeCTBa (MM N-JIO0KycH) 3a P4, ¢hOTBETHO 32 Fj4.
CoiicTBaTa Ha Te3u MHOXKECTBa Hail-Hampes ca u3cirensanu B |[BZ| B caydas na

MeTpudecKu mpoeknuu u B [B] 3a amTunpoeknuun. B paGorara [15] ce medunupar u
pasryIezK1aT OOIMIATe JTOKYCH, T.e. MHOXKeCTBATA

C"™(A)=Lp(A)NLE(A), nomeNn>2m>2.
Jloka3zBa ce

Teopema 7. [15] Hexa X e kpatino-mepno e6kaudo6o uau 0e3KpaliinoMepHo cena-
pabearno Tusbepmoso npocmparcmeo. Tozasa 6 npocmpancmeomo Ha KOMNAKMHUIME
mmootcecmsa K(X) 6 X 3a ecexu n,m € N 3a xoumo n+m —2 < dim X, cswecmey-
6a peaudyarno nodmmosxcecmeo R™™ maxosa we 3a ecaxo A € R™™ mmoocecmeomo
C™™(A) e escmo 6 X.

OT TO3M pe3yaTaT MOKeM J1a MOJYUIUM KATO CJIeJICTBIE TBbhPIeHneTo: B KpaiiHoMep-
HO eBKJIM/I0BO (MM XUJI0€PTOBO) HPOCTPaHCTBO X TUIHYHUS KOMIIAKT A (B CMHCHII
Ha Kareropuure Ha Bep) pasbupa NpOCTPAHCTBOTO Ha KpaifHATa peauiia OT I'bCTH
muoxkecrsa: CH(A) e roero Gg, muoxkecrsata C™™(A) ca HaBCAKb/Ie KOHTHHYAJIHH,
npu 2 <n+m < dimX + 2, a C™™(A) e rbero npu n+m = dim X + 2.

B [16] ce usyuaBar m-jokycuTe HA METPHYECKH AHTHUIPOEKIIUHU, MOPOJEHU OT W3-
I'bKHAJIM KOMIIAKTHH MHOKeCTBa. OCHOBHUSIT PE3yJITar €

Teopema 8. [16] Hexa X e Oesxpatinomepno cenapabento Tusbepmoso npocmpati-
cmeo. Cowecmeysa peaudyasno nodmmoscecmso Re wa npocmpancmeomo C(X) na
UBNBKHAAUME KOMNAKMU, MaKosa ue 3a 6cako A € Re mmoocecmeama L' (A) ca naes-
carsde KoHmunyastu 6 X, m > 2, Kamo 66pTy Mmaxr MEMPUYECKumMe aHmMUNPoeKUUL
ca NOAYHENPEKBCHAMU 0M20pe.

B [17] umame 3a jioKycuTe Ha METPUYECKUTE MTPOEKIMH CIEHUST Pe3YJITAT, JOKA3aH
IIPH JIOI'BIHATETHOTO TIPe/II0I0KeHne 3a riaakocT (audepeniupyemoct o [ato) Ha
HOpMATa

Teopema 9. [17] 3a munuunume xomnaxmu A om K(X) (6 cmucsa na ramezo-
puume wa Bep), xsdemo X e beskpatinomepro cmpoz2o usnskuaio 2aa0ko 6aHaAT060
npocmearcmeo, muoscecrneama L'(A), n=2,..., ca escmu 6 X.

B pa6orure [15-17] ocHOBeH mMHCTpYMeHT ce siBsiBa Teopemara Ha Mupanma [Mil,
KOSATO € eKBHBaJIEHTHA Ha TeopeMara Ha Bpayep 3a HeloBH:KHA TOUYKA.

B panmure padorn 3] u [5] ce pasriexkna eana crenudndna 3a/1a9a 3a METPHIEC-
KU [POEKIIAH: AIPOKCUMUPAHE HA U3I'bKHAIM DABHUHHU KOMIIAKTU ¢ MHOIO'bI"bJIHUIIU
OTHOCHO XaycaopdOBOTO pa3CTOsHUE MEXKJy MHOXKeCTBaTa. Ta3u TeMaTuKa, WHUIH-
upana or Axaj. Cenos [Se| Ge momynspua B HamaTta crpana. B [5] upe3 monaruero
AJITePHAHCEH MHOTOBI'bJIHUK, u3nonssano ot B. TTonos [Pol, TI. Kengepos [Ke|, P.
Usanos |Iv|, II. Feoprues |Ge|, M. Hexemauea |Ne| Ge mosydeno eano neobxomumo
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yCJIOBHE 3a MUHHUMYM, KOeTO IIpeBexkK/la Ha IeOMeTPUYEH e3WK yCJOBHUE 33 JIOKAJeH
eKCTpeMYM Ha (PYHKIHATA, CHIOCTABAIIA HA BCEKH €JIMHUYEH BEKTOD U B PaBHHHATA
PA3CTOSTHUETO MEKy MPUOINKABAHUS KOMIIAKT U aJTePHAHCHUSA MHOTOBI'bJIHUK ChC
cTpaHa MepHeHInKyJIspHa Ha V.

B [8] ce pasriexaar npubinKeHn HEIPEK'bCHATH CeJeKINH HA METPHIECKU TPOEK-
nuu. Hanpasena e xapakrepusanus Ha pedJIeKCHBHUTE MPOCTPAHCTBA UPe3 CBOICT-
BOTO: KPaiiHO-TIOIYHENPEK'bCHATHTE OTI0Ty METPHIECKH MPOEKIINH, TIOPOJCHN OT W3-
II'bKHaJIM HIPOKCUMHWHAJHA MHO2KECTBa JA0ITyCKaT HpI/I6JII/I>KeHI/I HEIIPpEK'bCHATU CeJICK-
uuu. JTa/ieH e ¢blIo Taka OTPUIIATEIEH OTTOBOP Ha BbIPOC Ha J{oifu upes mocTposiBane
Ha IIPUMED HA TTOYTH-TIOJIY HEIPEK'bCHATA OTI0/TY METPHYECKA MPOEKIHs, HOPOJIEHA OT
TPUMEPHO MOANPOCTPAHCTBO HA METMEPHO HOPMUPAHO MPOCTPAHCTBO 3a KOATO HIMA
HelpeKbeHaTa ceaeknusa. OTpunaTesen 0TTOBOP Ha CBIMHs BBHIPOC O MOy IeH He3a-
sucuMmo u ot A.JI. Bpayn [Br].

B [9] ce xapakrepusupar KJaacoBe METPUYHH MPOCTPAHCTBA 32 KOUTO PA3THIHU
JiebUHUATINY 38 KOPEKTHOCT HAa ONTUMH3AIMOHHU 3a/1a9d ChBIAJIAT.

[Io paziimien xapakTep UMaT W3CJIeIBAHUATA B CJIE/IBAIIUTE PAOOTH:

B cbBmectHata crartust [18] wa @. e Biasm ¢ aBTopa ce m3ydaBa eIHO CBOICTBO,
bpBOHAYATHO 3abess3ano or T. Bamdupecky [Zams| (1 HapedeHO OT HENO I'bCTO-
3aTHMHSIBAIIO CBOMCTBO) HA KOMIIAKTHUTE MHOXKECTBA B KPAHOMEPHH MPOCTPAHCTBA.

Axo oznaunm ¢ B(X), K(X) u C(X) wbaHuTe METPUYIHU MPOCTPAHCTBA, CHOTBET-
HO Ha 3aTBOPEHHTE U OIPAHMYEHM, HA KOMIIAKTHHUTE, U HA M3M'LKHATUTE KOMIAKTHH
O/IMHOKECTBA Ha DAHAXOBOTO MPOCTPAHCTBO X OTHOCHO XaycJA0P¢OBOTO Pa3CTOSHUE
MEZKAYy MHOZKeCTBaTa B X, TO B CWJla Ca CJeJHUTE TBbPACHUA:

Teopema 10. (18] Hexa X e cenapabearo banazoso npocmpancmeo, a P(X) e xoe
da e om u3bpoenume no-20pe MEMPUHU NPOCMPAHCMEa 0m MmHoxcecmea. Tozasa 3a
nosevemo (6 cmucsa na kamezopuume na Bep) eaemernmu A na P(X) u sa noseuwemo
(nax 6 cmucen na Kamezopuume na Bep) mouku x € A e eapno, we obedunenuemo
na aswume om x, koumo npecunam A\{x} e escmo mmoorcecmeo ¢ X.

Ot Apyra CTrpaHa, 3a MHOXKECTBaTa OT JI'b4H, HEIIpeCudalld THUIINYIHH MHOXKeCTBa
nMamMe

Teopema 11. [18] 3a nosewemo A € B(X) u sa scuuku x € X, obedunenuemo na
aswume om x, koumo ne npecuwam A\{x} e pesudyarro nodmmosrcecmeo na X.

C momomra Ha Teopema 10 monyuaBame Oe3kpaitHOMepHO 0000IIEHNE HA U3BEC-
THaTa Teopema Ha Buakep [Wi|, a uMeHHO 4ye moBeueTo KOMIAKTH B cemapabeHo
0aHAXOBO IPOCTPAHCTBO HMAT IVIQJAKH H3I'LKHAIA 3aTBOpeHH 00BUBKHU. Ilpm moka-
3aTeJICTBOTO HA TE3U Pe3y/ITaTh € W3IOJ3BaH MO-Pa3/IndeH I0JX0J, KONTO Ipujara
napamMerpuyieH BapuaHT Ha Teopemara Ha Kyparoscku - Yiiam.

Teopema 12. [18] Hexa X e mempuuno npocmparcmeo na Bep, a'Y e cenapabenro
mempuuro npocmparcmeo va Bep. Hexa F @ X — Y e noay-nenpexscnamo omdoay
MHO203HAWHO u30bpascerue ¢ Henpaduu obpasu wutimo epad Grp = {(z,y) € X x Y :
y € F(x)} e cowo npocmpancmeo na Bep. Toeasa axo Z C Gp e nuksde 2ocmo
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nodmmnoocecmeo wa Gr, mo cewecmsyea peaudyasrno mmuoocecmeo R C X marosa
ue 3a ecaro x € R cewenuemo Z(x) = ZN({x} x F(x)) e nuksde 2acmo 6 {x} x F(x).

B paborara [20] e pasrienana 3ajada, NpeJn3BUKaHa OT BHIOPOC Ha Burcenxay-
3€H, KOATO HE € HAI'LJIHO PelleHa, HO Ha KOATO Ce JaBa aCUMITOTHYHO PEIICHHe OT
®pankba u Yuiacon [FrWi| (Bx. ¢bimo [Rai]) 3a caydas Ha n-MepHO €BKJIH/IOBO IPOCT-
panctBo. CraBa BbIIPOC 3a cyiegHoTo: Heka A e u3Mepumo (B CMECHT HA HOBbPXHUHHA
MspKa) MOAMHOXKECTBO Ha n-MepHaTa cdepa S™ B eBKIHI0BOTO IIpocTpancTBo R™H,
Jla npuemem, 4e A He ¢bIbpzKa OPTOTOHAJHHU €IEMEHTH, TOTaBa KOJIKO TOJISMO IO
MspKa MozKe ja e To? B ¢bBMecTHaTa pabora nHa [lanrcyrias ¢ aBropa TO31M BbIPOC
Ce 1IOCTaB4d 3a HPOAbJIZKEHUA Ha INOBBbPXHUHHATA MAPKa. HOJIy“IeHI/I Ca JBa OCHOBHHU
pesyJsrara;

Teopema 13. [20] IIpu n > 2, cswecmeysa npodsancenue fi, Ha NONBAHEHUEMO
[y HA NOBBPTHUHHAMG MAPKA [by, KAKMO U [iy,-udmepumo muoxcecmeo X C S™ 3a
koemo [i,(S"\X) = 0 u maxosa, uwe nurou dea eaemenma wa X He ca OPMOLOHANHU.

Ha nedunupame xkoncranta Ha Burcenxayszen-Kajam 3a nopbpxHUHHA MSPKA [l
o cjaeanara gpopmyJia

Wi (pn) = {sup pn(F): F C S", F e usMepuMo 1 He ¢bIbp:Ka OPTOTOHAJHH €JIEMEHTH }.
C momomTa Ha IPEIXOIHATA TEOPEeMa JOKa3BaMe:

Teopema 14. [20] Hexa fi,, € cmandapmmomo nonsaHeHue na nossprHuHHAMa MAPKAQ
iy 8 S™, KOAMO € HOPMAAUSUPAHA KAMO 8ePoAMHOCMHG MAapKa. Tozasa mespdenuemo
“ITvu n > 2, 3a 6carxo npodsascenue X wa fi, cowecmeysa koncmarnma Wy(X\) Ha
Bumcenzaysen-Kanrau (pasauwna om 1), e nedokasyemo 6 meopuama ZF + DC.
(Tyx ZF osnauasa axcuomamurama wa Llepmenro u @panken, a DC e axcuomama wa
demepmunupanus uzbop).

Hayuno-Ilpuiaoxuu Ilybaukamumn.

[IpejcraBenuTe Be HAYIHO-TIPHIOKHE paboTu [23-24| ca HanpaBeHu B U3IbIHEHTE
na npoekt Ha HATO SfP 981 149 (Hayka 3a Mup: "3cieasane Ha onepanuure B
HOIIPBKKA HA IJTAHKPAHETO HA CHJINTE W OMEePATUBHOTO ILTAHHPAHE B HOBATA CPeJa
3a curypuocr"). [IpejHasHadeHnero Ha TO3U IPOEKT € HpoyuBaHe (U JeMOHCTPUPA-
He) Ha norennuasna B BAH 3a nojmomarane sa nporecure Ha B3eMaHe HA PEIICHUS,
3acsralllid CUTYPHOCTTA U oTOpanara Ha Dbjrapus.

B ny6aukanusra [23], uMamma mo chiecTBO Hay9HO-MOIYJISIPEH XapakTep ce pa3-
ek 1a 3agaqgara:; [Ipu 3a1a/1eH0 MHOYKECTBO OT CIIeHAPUHU, OTPA3SIBAIIN BbH3MOKHI
KPUTHYMHE CATYAIHH, Ja ce n3bepe MOIMHOXKECTBO OT CIeHAPUHU, KOETO 1 MPeICTa-
Bs BCHUKHTE 33J1JIeHH ClleHapuu. B Ta3u myOaukarus ce Ipejjara MaTeMaTHIecKa
dopmanmsanusa Ha 3ajad9aTa, KAKTO U Bb3MOXKHH IOJXOIN 33 PelIaBaHeTo H.

B [24] e mpeacraBena maremarudecka hopMaTu3aIus HA IMPOIECA HA ThJITOCPOU-
HO IJIAHMPAHe Ha CTPYKTYypaTa HA BbOP'bZKEHUTE CHJIN, H3XO0ZK/IaIlla OT CbBPEMEHHOTO
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pa3dupaHe 3a IpeJHA3HATCHNETO Ha TAKHBA CTPYKTYPH ChOOPA3HO HOBUTE MIPE/IN3BH-
KaresicTBa. ToBa ¢dpopMam3upaHe ce OCHOBaBa Ha Hali-00IM0 Ka3aHO HA YI0BJIETBOPS-
BaHe Ha HAOOp OT M3MCKBAHU CIIOCOOHOCTH Ha CTPYKTYpaTa Ha CUJINTE, IPEII0CTABeHN
OT 3aJaJIeHN CIIEHAPUU C TeXHUTe HeTaTUBHU IOCJICJIUIM NPH COBLIBAHETO UM, KATO
ce IlpejloIarar u orpanudeHusi Ha (unancosure cpejcrsa. [Ipejacrasenara B 24|
MaTeMaTudecka (popMasn3ays M03B0JIsABa IOCTPOsIBAHE Ha HIKOJIKO JUCKPETHH OIl-
TUMU3AIMOHHN MOJEJIN 3a PelllaBaHe Ha 3a/1a9d 38 OKOMILIEKTOBaHE Ha CTPYKTypara,
(KaKTO W HA TMOJACTPYKTYPHUTE) HA BHOPbKEHUTE CUJIN.

Pasriemann ca aBa Buga MoIe/n CTATHIHU W IWHAMUYHA. B mbpBUTE I1Ba MOIEIa
ce MEHIMU3UPa PYHKIHUATA HA PA3XOIUTe 32 MOAAPbKKA IIPH OIPAHUYECHNAS HA HIBA-
Ta Ha CIOCOOHOCTHTE U CHOTBETHO HA IMPHEMINBUTE HUBA OT HETATHBHU IIOCJIETHIIN.
Tperuar Momesa e Bapualys Ha BTOPHS ¢ IPOMEHEHO WHTEIPATHO OpAHUYEHUE 34
JIOIYCTHUMOTO HHBO OT HETATHBHU IOCJTEIUIN, JOKATO YeTBbPTUAT HpeICTaBsa AyaeH
ONTUMH3AMMOHEH MOJEJ] IPU KOWTO e MUHUMH3UPAT HEIATUBHHUTE HOCJIEIUIU [HPU
3a/1a/ieHl (DUHAHCOBU OPDAHUYIEHUS.

B peainn curyanuu miaHupaHETO HA CTPYKTyparTa Ha CHJIMTE € JIbJATOCPOYEH ITPO-
[eC MPH KOWTO PEIeHnsTa ¢ B3MMaT MHOTOKDATHO B PAa3IWYHH MEPUOJN OT BpeMe
(4ecTO OT PA3IUYHU JHI@A) € PA3TUIHA OIPAHUYEHUST, ChI'bTCTBAIIN JAJIeHUTe [HepH-
OIM OT BpeMe, KaTo BCe IaK Ce IeJId IOCTHraHe Ha clemududHa riapHa 1ea. To3n
IPOIEC Ce MOJIEJNpPa Upe3 JUHAMUYHH JUCKPETHH MOJEJIH IPU KOUTO XOPH30HTA HAa
ITAHUpAaHe ce pa3Jieisd Ha CT'BIIKH, T.e. ce JUCKpeTu3upa. B paborara ca mpeaioxKenn
4 TUHAMAYHE MOJEIa, KOUTO MOraT Aa ObIAT pas3riekJIaHh U KAaTo 0DOOIIeHHS Ha
HPEIIIECTBAIIATE CTATUIHU.

[IpencraBeHnTe MOJEIN Ca YCIOKHEHH M C BbBEXKIAHETO HA €KIEPTHO 3a1aIeHU
Terja KakKTO Ha CIEeHapHUHUTEe - ChoOpa3HO HAIIPUMED C BEPOSTHOCTHTE 3a CObIBaHe-
TO UM, TaKa W Ha OTIAEJIHU TMOACTPYKTYPH WJIN €IWHUIIA, OTPA3siBAIM HAJUYNS Ha
HIpeInoaaraeMi IPeIIOINTAHNS WIH aMOUIIAH.

B sakmounTeHaTa 9act Ha [24] ce quCKyTHpAT HAKPATKO PA3JUYHU ACHEKTH HA
BBL3MOYKHI IPAKTHUYECKH MPIIOKEHUSI HA MOJIEIUTE.
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