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1. Introduction. This paper deals with star-countable covers. A family F of
ibsets of a topological space X is called star-countable if for each V € F, Fy = {U :
€ F,UNV # @} is countable. Our interest to star-countable covers comes from
wo directions. The first one concerns an open problem of MICHAEL and NAGAMI ([,
roblem 1.5). That question could be restated in terms of coverings (see Section 2).
ere we give a positive answer to this question for a star-countable cover instead of
oint-countable. The second direction is related to various assumptions made on star-
untable covers. Those assumptions for point-countable covers aré discussed in [3].
et us note that some of the equivalencies that we show here are not valid or it is not
nown whether they are valid for point-countable covers. We will consider topological
aces with the following conditions (they are stated under the same labels in [3]):

.1) X has a base F.

.2) X has an open cover F that separates points.

.3) X has a cover F such that, if z € W with W open in X, then there is a finite
ibcollection V of F such that z € Int (UV), UV C W, and z € N V.

.4) Same as (1.3), but without requiring z € V.

.5) X has a cover F such that if z,y € X with z # y, there is a finite subcollection
of F such that z € Int (UV) andy € UV.

.5)~ X has a cover F such that if z,y € X with = # y, there is a finite subcollection
of F such that z € Int (UV) and y & Int (U V).

.5)t X has a cover F such that if z,y € X with z # y, there is a finite subcollection
of F such that z € Int (UV) =UV and y € UV. ; g

The paper is arranged as follows. In Section 2 we prove our main results. Section
deals with spaces having a star-countable base and the last section is devoted to
(amples.

21? els"/lain results. Let us begin this section with a notation that we will need in
e sequel. Amap f: X =Y is called an sc-map if there is a base B for X such that
(B). = {f(B) : B € B} is star-countable cover of Y, equivalently, for each V € B,

v={U:U e B,UN f—l( f(V)) # @} is countable. For a topological space X we
msider the following two conditions: :
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a 2.3. Let X be a topological space and (1.1), (1.3), (1.8), (1.5)7, (1.5)*
n";{ﬁfr’ed with a star-countable 7. Then ) :

be €00 (15} (1.5)™ & (L5)*;

(b) (1.1)&(13). ; o g ;
proof. Here as well as In phe remaining assertions of this section we essentially use
¢ ideas from [3]. The implication of (a) should be compared to ([3], Theorem 8.1).

a) Let F be a star-countable cover of X satisfying (1.5)". Denote by & all finite
{ections of F.For V € F, let \

peol
g M) ={z €Int (UV):I;¢ Int (UW) ifWcVY,W#V}

\We show that F' = {M(V) : V € S} is star-countable. Get an arbitrary M(V) € F and
let M(W) € F' such that M (V) N M(W) # @. So, we can find z € M V)N M(W). Let
us oserve that if W € W then WV # @ for some V € V, because z € Int (U W?,
e O Tnt (UOW — (W)). Cousequently, W C (W : W\(UV) # @} Since 7 18
star-countable we obtain that only countably many M (W) intersect M (V). So F' is
oo star-countable. Now, since for V € FInt (UV) =U{M W):WCcC V} we obtain
that ' satisfies (1.5)*.

(b) Suppose that satisfies (1.3) and S is the set of all finite subcollections of F.

Let
P={Jv:ves,V#0}

Then P is star-countable for F is star-countable. Then {Int P : P € P} is star-
countable satisfying (1.1).

T?(eorem 2.4. The following are equivalent for a countably compact Hausdorff
space X:
g (a) X is metrizable;

(b) X satisfies (1.5)~ with a star-countable F. '

Proof. It follows immediately from ([2], Theorem 2.1) (see also [4]) and Lemma
2.3 (a).
Analogously to [3] we have the following theorem.

Theorem 2.5. Let f : X — Y be a perfect map. Then if X satisfies (1.5) with a
star-countable F then so does Y.

Proof. Write

S={V:VCF,V is finite }.

For V € §, let

M(V) = {y €Y : V is a minimal cover of f ~1(y)}
and let
F ={M(V):V eS8}

Let us show that F' is star-countable. Indeed, pick an arbitrary M (V) € F' and let

:M(W) € F' and M(YV)NM(W) # @. Then, W € W implies that WNV # O for
some V € V. Since F is star-countable it follows that Py = {F : FN(UV) # O} is
countable. F' is star-countable because W C Py. Further, as in the proof of [3] we
show that F' satisfies (1.5). Suppose that z,y € Y,z # y. Find a finite ¥V € S such
th'?mt f~Y(z) c Int (JV) and UV does not cover f~1(y). Since f is closed there is a
neighbourhood U of z with f~}(U) C Int (|JV). Now, let

P={MW):WcV}.




B —

4 one can easily see {
onof PigEUT % haty e,

: i -ollect

Then P 18 & finite subco e,
;, we finish the proo* atable pases-, Let us BIVE ' examples of ,
i Stpacensmr;llfll; t?:,;gc}g:ch of the following jmplies that X has a Bt&r-(zounlt):;‘r
ng star-co . i,

ountable space: "has an neighbourhood wi
ys€X ith Countyy,

X is a second €
X is strongly paracompact and ever
. +_countable base then X has a star-countabe ,

LAlso, if X is a space with a point- o X has a separable neighb
d only if X is locally separable; 1€ B0 spaces with star-countab%e b:su:sh OAOd'e
e the following theorem. Its proof is quite 'Sin?{i D
i

Lemma 2.3 (D) gives

wsly to [°]; The(;:'em 142 wexftti?)tne 3
ust me : : ;
h‘%lﬁiﬁ%ﬁﬁ ge 1. af}:frja topological space X the following are equivalent:

(a) X has a sta.r-countable base;

(b) X is an image of a space with st e base under an open sc-map,
(c) X is an image of a metric space under an open compact-covering sc-ma; '
3 Examples. Example 4.1. We construct a space X that ¥
(a) is neither k—space nor ¢—Space; A 3

b) has a star-countable T satisfying (1.2 but does not have - - A
(b) ying ( ), a star-countable ;1 5 Weyl s

prolonge

isfying (1.1).
Let X = [0,1]. (0,1] is with the standard topology and a base at {0} is of th
(1.1)

m
1
[0, ;]\C, where C is countable. where V
carly, X is not first countable, so it does not satisfy (1.1) with Z:l.)e?::il\]
Gne a star-countable F that satisfies (1.2). We define that .71-' a.sS(t)':)lile i
(a) :?\ll elements of a countable base for (0,1] are in F: it (1.2)
%3) if {0} € F € F then F is of the form [0, 2). : where .
. iIn::%;.mple 4.2. ([2), Example 3.1) This exam?)le e it v, travaria
ply (1.5). ws that in general (1.5)” do& g, s NN
{zg,N®
: 1.3
REFERENCES S8
On the

['|Barov S. Compt
at. Nauk, 34, 1979 1\? - vend. Acad. bulg. Sdi,, 52, 19 , (14
\No6, 135-143. [|Bumce DB, Michase Is e LI(\)/IG?hZ‘gsqg%' Usil)lg (
. rae . a iF) 3 ! ‘

)4-397. [*] GRUENHA
GE G.
5332, [MICHAEL B, K. NaGun moac of f AKA. Pacific J. Math,, 113, 195 Nol  with re
. I'ro y - Math., ) ) ot :

| PONOMAREV V. B
e - Bull. Acad. Polon. Sci. S(t:é.r.o ggmh?IZtll:di{h' Soc., 37, 1973, No 26(}26364 (1.5)
: . Astronom. Phys., é, 1960, 127 ;
D, D

Instxtgte of Mathematics and Infor™
Xlgarian Academy of Scienc®

cad. G. Bonchev Str-, Bl 8 Let '6_

1113 Sofia, Bulgari3 %

e-mail:stoyu@math.bas L differer

Ny

i (2.1)

T




