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33 HaYYHUTE IIPUHOCHU Ha
Cgetsiana TogopoBa TomnasioBa

10 KOHKYPC 3a npodecop no creruaianoct 01.01.12 Mudopmaruka (KOMIIOTHPHA
METO/IN 3a U3CJIe/BaHe Ha KOMOWHATODHU JU3ailHU U CPOJHU HA TSX CTPYKTYDH)

1 OO6mm 6esexxkn

Kombunaropuure qu3aitHu HaMUPAT IMUPOKO [TPUIIOZKEHUE B [Ty MO3AIIUTHOTO KOJIU-
paHe, CTATUCTUYECKUTE EKCIepUMEHTH u Kpunrtorpadpusara. Muoro or meromure 3a
KOHCTPYUPaHETO U U3ydaBaHeTO UM Ca CXO/IHU Ha METO/IH 33 U3Cjle/IBaHe Ha 11y MO3allAT-
HU KOJIOBE, KPailHU INPOEKTUBHU IPOCTPAHCTBA, a/IAMAapPOBU MATPHUIM, OPTOrOHAJJIHU
JIATHHCKN KBaJIPATH W JPYTH. 3aTOBA TEOPHUATA Ha NU3AWHATE € aKTyajaHa W Obp30
pasBuUBaIa ce 06JIacT OT CbBpEMEHHATa KOMOMHATOPHUKA.

Sajaunre 3a CbIIeCTBYBaHe, U30posiBaHe W KJacUpUKalds Ha JU3aiHA C JaJeHU
mapaMeTpH 1 TEXHUTE PE3OJIIONUN MOTAT Jla Ce PETTaBaT MHOT'O YCIIETITHO C U3II0JI3BAHETO
Ha KOMIIOTHP. AKO ce mpejmoJara, 9e ChbIIeCTBYBa JU3ailH ¢ OIpeIeIeHN [TapaMeTPu
7 €BEeHTYaJTHO ChC 3aJIa/IEHN IOI'bJIHUTEHA CBOIHCTBA, MOXKEe [1a Ce HaIlWIlle IporpaMa,
KOSITO JIa aHAJIM3UPa MMPOCTPAHCTBOTO OT Bb3MOYKHU PENIEHNs JJOKATO Ce HaMePHU TaKOBa,
KOETO YJIOBJIETBOPSIBA COTBETHUTE KPUTEPUU. AKO CHIECTBYBAT MHOI'O PEINEHHUsI, TO
[porpaMara Tpsa0Ba Aa OTIAEIN €eKBUBAJEHTHUTE U 12 KIACU(MUIIIPA IOy YeHUTE TIT3aii-
HU CIIOPeJ] CBOMCcTBAaTA M. B rojisiMara 9acT OT CJIyYanuTe He € TPUBUAJIHO 18 Ce HAMEPST
eeKTUBHI AJITOPUTMHU, KaKTO 33 KOHCTpyHpaHe, TaKa W 3a aHaJIu3 Ha II0JIyIeHUTe
peleHns. 3aToBa KOMIIIOTHLPHATE METOMIM 38 M3CJeABaHe Ha JU3aiiHU IIPEICTAB/IsIBAT
CBITO TOJKOBA TOJISIM WHTEPEeC, KOJIKOTO W MOJIYYeHUTe OT MPUJIaraHeTo UM pPe3yJITaTH.

3a KOHKypca ca mpejcTaBeHn 25 myOJuKaIluy, KOUTO OTTOBAPAT HA TEMATUKATA W
ca cjie]] xabunuranusara (He ca y9acTBaIl B JAPYT KOHKYPC).

Pemenne va naTepecan oropenn mpobieMn OOMKHOBEHO He MOXKe 1a ObJie HaMepe-
HO C IIOMOIITa Ha, codpTyep, KONTO paboTu 3a MHOIO IapaMeTpH U, CbOTBETHO, € 100pe
M3TEeCTBaH. 3aTOBA B IOJISIMATa, YaCT OT CAydauTe, 3a Ja ObJaT N30ErHATH I'PEIIKH B
[IPOrpaMUTE, IOBEYETO U3YUCEHUs Ca AyOJUpaHud OT HSIKOJKO ChaBTOPa, KOUTO Ca I't
N3BBPUINJIN C PA3JUYIHU AJTOPUTMU WJIN Pa3/JIMIHH IIPOTrpaMHN peaJIn3allui Ha €JI1H
1 CbIN aaropuTbM. VMa U ciaydam, KOraTo 9acT OT PEe3YATATUTE Ca IOJIYIEHH KAKTO
C KOMIIIOT'BD, TaKa U TEOPETUYHO. BuHarm e npaseHa IPOBEPKa 3a CbhbBMECTUMOCT C



HU3BECTHUTE U3CJI€IBaHUA Ha APYTU aBTOPU.

[Iybaukamuure 3a KOHKypca Morar ja ObaaT o0euHEeHN TEMAaTUTHO B IET ITOAIPY-
M, BCSIKA OT KOMUTO € pasljiejlaHa B HSIKOW OT CJIeIBAIIMTE Pa3jie/n. BbB BCUYKH
[PEJIOYKEHN ITyOJMKAIIMA 3HAUUTE/IHA YacT OT MeTOAUTe € pa3paboTeHa OT aBTOpa
1 OCHOBHATA JacT OT Heobxomumus codTyep e nucana or apropa na C++. B crarunre
[15] u [22] 3a HamMupane Ha oupejeIeHN HOJAIPYIM HA Ipynara OT aBroMopdusMu Ha
[IPOEKTUBHOTO IIPOCTPAHCTBO U TEXHUTE HOPMAJIM3aTOPU U3IOJ3BaM U codTyepHaTa
cucrema GAP. Ilporpamure Ha chapropure ca Ha C++4, Pascal ninu Java. Ako B HsAKOs
nyOJIMKALMS J4acT OT Pe3yJITAaTUTe He Ca MOJIYyUYeHH OT aBTopa, & CaMO OT ChbaBTOPHUTE,
TOBA € CIEIUAJHO OIUCAHO I0-I0JIY.

B moseuero ciydan usdmncieHnsATa Ca MpaBeHu Ha MePCOHAJHI KOMIIOTpU. J1ocTh-
obT 10 BlueGene npes nocsegaure aBe roAMHI A€ B3MOXKHOCT 4aCT OT PE3yJITATHTE
B [18] u [23] 1a 6baaT HosyueHn Ha TO3U MOIIEH napaJiesieH KOMIIoTbp. Tyk Tpsdsa ja
oTOeIeKIM, 96 KIaCU(PUKAIMOHHATE 3318491 €4 0COOEHO HOAXOISINN 32 UMILICMEHTHPA-
He Ha NapaJieIHd KOMIIIOTPU 3apajy JT0Ka3aHaTa BUCOKA CTEIEeH Ha CKAJIUPYeMOCT Ha
aJrOPUTbMA 32 ThPCEHE C BPbIIAHE.

3a 3ajiaunTe OT paszenn 2 U 3, KaKTo U B [4], € U3M0/I3BaH JIOKAJHUAT HOJXO0J 32
KOHCTpyHUpaHe Ha IU3aifHU ChC 33 1a/IeHl aBTOMOP(MU3MHU, ITPU KOHTO MOCTPOSIBAHETO HA
IU3afiHATE CTaBa Ha [Ba erama. II'bpBUAT BKIIOUBA HAMHPAHETO HA BCUYKH HEEKBUBA-
JIEHTHH YCA08HYU 0pOuUmHY mampuyy. Hapudaar ce yejoBHE, 3aI[0TO € Bb3MOXKHO HSIKOU
OT TAX Ja He ca paslupuMu 10 Ju3aidnd. Ha Bropust eram ejleMEHTHTE Ha BCAKA
MaTpHUIIA Ce 3aMeCTBAT C IUPKYJAHTU Taka, de MOJIyIeHATa CTPYKTypa Ja € JTU3aiiH.
ToBa ce OCBILECTBSIBA C AJITOPUTHM 38 U3YEPIIBAIIO ThPCEHE C BpbIllaHe U HEOOXOIMMOTO
BpeMe HapacTBa eKCIOHEHITUAJIHO C HApaCTBaHeTO Ha IapaMeTpuTe. bposaT Ha u3zoMopd-
HHUTE OM3aifHN € OIPOMEH M 3aTOBa OT 0COOEHa BasKHOCT 3a ObP30aeiCTBIETO Ha COPT-
yepa € HaMHPaHeTO Ha KPUTEPUU 38 Bb3MOXKHO Hail-paHHO OTCsiBaHe Ha €KBUBAJICHTHH
JACTUIHHU perreHnsl. AKO CaMHUAT TECT 3a €KBUBAJEHTHOCT Ha YaCTUIHUTE PEIIeHUs] He
€ JIoCcTaTbIHO Obp3, TpsAOBa J100pe J1a ce MpeleHn HaJi g Oble Ipujiaral Ha BCUYKH
JaCTUYIHHN DPeIleHunsd, njIn CaMO Ha YaCT OT IIO-MaJIKUTE OT TAX. OT 3Ha4YeHue € u oT
KOif eJleMeHT Ha OpOMTHaTA MaTPHUIA 3aII0UBa Pa3IInpsIBaHeTO. 3aTOBa PEIIaBaHETO Ha
TaKWBa 33/[a90 CTaBa C ITOJIXO/I, CIENM(DPUIEH 38 BCEKU KOHKPETEH CJIyUail, M 9eCTO IIbTH
YCUJIMSATA 12 Ce HaMEPSAT OU3aiiHuTe ¢ JaJeHd IapaMeTpd U aBTOMOP(MU3ME MOraTr Ia
ocTaHaT OE3ILIOIHM.

Koncrpyupanero na pesostonun, JBORHO pa3perruMu Tu3aiiHu, CIIPe0Be 1 mapaJie-
JIM3MU U OITUYHU OPTOTOHAJIHU KOJIOBE B 3aJ1a4nTe OT pasaenan 4, 5 u 6 ¢bIno ce 6a3upa
Ha, aJTOPUTMU 38 M3UEPIIBAINO ThPCEHE C BPbINAHE U OCHOBHHUTE IPOOJIEMU IIPU THAX



ca 1oJOOHM HA ONMCAHUTE II0-Tope. B moBedeTo cilydanm pelleHusiTa ce TeHepUupar B
JIEKCHKOrpadCKu PeJl ¥ TECTHT 33 €KBUBAJEHTHOCT € BCBIHOCT TECT 38 MHHUMAJHOCT
Ha 9aCTUYIHOTO penieHue (T.e. IIPOBEPKa JaJIi TO HE € €EKBUBaJICHTHO Ha .HeKCI/IKOFpa(bCKI/I
[I0-MAJIKO PEIIEHHE).

Tosnsama gacT or IIoJyiydeHnuTe KJIaCH(bHKaLLHOHHHTe pe3ysiTaT Ca JOCT'BIIHA B UHTEP-
HEeT, KOeTO I' IIpaBu y)IO6HI/I 3a IIOJI3BaHE OT BCUYIKU, KOUTO CE€ MHTEPECYBaT.

2 JIn3aiiHu, KOUTO ChbIbp2KAT MOAAN3aANHI

KoM Tasu rpyna cuagar mybaukanuu [1], [2], [7] u [11]. Bpostt na nsomopduuTe HA
JlaJIeH au3aiin e 06paTHO IPOLOPIMOHAJICH Ha Pe/ia Ha IPyIIaTa OT aBTOMOP(MU3MUTE My.
B HsKOM Cilydan, B KOUTO € U3BECTeH OPOSAT Ha BCHUKH JU3AiHU C JaJIeHN IapaMeTpu
U JIOIbJIHUTEHU CBOCTBA, n30pOsiBAHE ¢ TOUYHOCT J10 n30MOpMU3bM U Kiacudukaius
CIIOpe/1 PeJla Ha IPyIIaTa OT aBTOMOPGMU3MH Ca Bb3MOKHH KATO Ce IIOCTPOSIT U U3CJIe/[BAT
caMo Ju3aiffHUTe ¢ HEeTPUBUAJIHU ABTOMODP(MU3MHE, & Te ¢4 MHOIO MO-MAJIKO OT T€3H C
TPUBHUAJIHUS aBTOMOPPUIBLM.

Emun rakbs caygait ca [llaiirepoBure cucremu ot Tpoitku oT pex 19 n 21, xourto
cbabpkaT Tpu HlaltHEpoBH TIOCUCTEMI OT TPOMKHU OT pelt 7. TakuBa cucTeMu Hapuda-
Me YUIJICOHOBH, 3all[0TO ca pasmiexjjanu 3a npbs nbT or Wilson (npes 1974 roxuna),
KOMTO C IOMOIIITa Ha U3BECTHHU PE3YJITATH 32 JIATHHCKHU KBaJIPATH OIPEIe/Isl OO UM
Opoit 1 U3BeKIa JOJTHU T'PAHUIN 38 OPOsT Ha TEXHUTE KJIACOBE HA M30MOPQMU3BM.

[TaiinepoBuTe cucremu ot Tpoitku ot pex n (ST'S(n)) ca cpes Hali-m3ydaBanuTe u
Hal-IUPOKO M3N0/3BaHn au3aiinu. [Ipe3 MuHa s BeK Osixa KJaCUDUIMPAHUd BCUYKI
STS(n) zan <19, a npe3 2004 Kaski u Ostergard ny6inkyBaxa mbiHaTa Kiacuuka-
must Ha ST'S(19). B momenta ST'S(21) ca cucremure OT Hafi-MaJIbK peJi, KOUTO BCe
omie He ca Kiacudurmpann. Te mpencTaBassBaT 0COOEH WHTEPEC M 3alllOTO OIle He €
U3BECTHO JaJIM CPEJ| TSIX MMa JBOHHO-PA3PEIIUMHU.

B [11] e nanpasena kiacudukamus wa STS(19) ¢ noxcucremu or pex 7 n Ha
Yunconosu STS(21). Pesynrarure ca mOJMydeHH II0 HIKOJIKO DA3JIMYHH HAIHHA, B
qacraocr Kaski u Ostergérd msnosssar 3a 1eara MomudUKaIUs Ha aJlrOPUTHMA, C
koiiTo kiacudunupar senaku STS(19), a Hue cbe 3naTapeku ocTposiBame Y HJICOHOBH-
re ST'S(19) u ST'S(21) ¢ BcuvuKku Bb3MOXKHI ABTOMOPMU3ME OT MPOCT PEJI, KATo 3J1arap-
CKH M3I10JI3Ba 0COOEHOCTHUTE HA KOHKDETHATa 3aJ/ia4a (I10-TOYHO TOBA, Y€ aBTOMOpGhus3-
METE ca OT peJi 2 Wi 3), a a3 JOKaJIHUs 10/X0/]. BposT Ha HenzomopdHUTE YUICOHOBU
CHUCTEMH C TPUBUAJHUSI aBTOMOPPUIbM Ce OIpeesis o obiusa 6poit YUJICOHOBU CHC-



Temu (3aeHO ¢ n30MOpQHUTE) U KiIacudUKaIUsATa Ha CUCTEMUTE C HETPUBUATHU aBTO-
Mopduzmu. OcBeH ToBa ¢bC codTyep HA aBTOPa Ca KJIACHMUIUPAHN PE30JIIOIIUTE Ha
Bewdaku KoHcTpyupanu STS(21) u e ycTaHOBEHO, Ue Cpe/l TsIX HMa JTBOHHO-PA3PEITUMHE.
B [11] ne ca najenn mogpobHOCTH 3a HAYMHA HA KOHCTPYUPaHEe Ha JU3aHHUTE BbB BCEKU
oT 13-TTe pasrienanu ciydas Ha 3ajajieHu aBroMopdusmu. Ilpescrasa 3a nojaxomsa Hi
Moxke ja 6bie noxydena ot 1] u [2].

JlBoiiHuTe Ha JaJieH Ju3aiiH ca Jpyr Caydaii, B KOUTO € m3BecTeH o0ImusaT Opoit
(aequo ¢ mzomopduuTe). losHu rpaHunu 3a Gposi Ha JBOIHATE HA HSIKOM BUJOBE
reoMeTpUYHH Ju3aiinu ca ussegenn ot Jungnickel (u cbaBTopu) B Kpast Ha 80-Te roUHNA
Ha MuHAJIWs BeK. B [7| nedunupame noHATHETO YHUKAAHO PA3AodCuM JIBOCH THU3aiiH,
U3BEXKIaMe JI0JIHa IpaHulia 3a Oposd Ha HEM30MOpP(MHUTE IBOWHHU Ha yHUKAJIHO-PA3JIO-
JKUM JIM3aiiH U TTOKa3BaMe KaK TOYHHUSIT UM Opoit MOxKe Jjia ObJie OIpesesieH, ako CMe
KytacuuIrpasIn ABORHATE NU3aiiHN ¢ HeTPpUBUAIHE aBTOMOpdu3mu. B gacTHOCT, MOKa3-
BaMe YHUKaJIHATa Pa3JIoKUMOCT Ha JBOIHHUTE Ha jJu3aiiHa OT TOUYKUTE U IIPaBUTE Ha
IIPOEKTUBHATA PABHUHA OT pex 4 m HaMupamMe TeXHusi Opoil, KaTo IbPBO MOCTPOTBAME
TaKMBa IU3AHI C BCUYKHATE Bb3MOXKHU 3aJaJeHn aBroMopdu3mu. Tosum Opoil e Ha
MTOPSIIBITN TTO-TOJISIM OT M3BECTHUTE JOJTHU TPAHUIIN, HO € OJIM3BK JI0 U3BeIeHaTa OT HAC
JIOJIHA T'PaHMIla 38 OPosi Ha HEM30MOPQHHUTE JBOWHM Ha YHUKAJHO-PA3JIOKUM JIA3aiiH.

[Iy6nukamuure oT Ta3u Ipyia ca MuTHpanu obmo 19 mwbTu, KakTo B paboTH BbPXY
HOBU KOHCTPYKIMH Ha JU3aidHU C TMOAAU3aMHN, TaKa U B U3CJIeIBaHUs BbPXY IBOHATA
paspemumoct Ha ST'S(21) u Bbpxy Kiacudukanusra Ha JU3aiiHI ¢ J1aJ€H aBTOMOD-
dusmMu.

3 AnamapoBu Au3aiiHM W aJIlaMapOBU MaTPUIA

KM Tasu rpyna crajgar mybaukamun [3], [6], [8], [9] u [13]. Baaumuara oproronas-
HOCT Ha pejioBeTe Ha aJaMapOBHTE MATPHUIU O0yC/aBs PasHOOOPA3HUTE HPHUJIOKEHHSI
KaKTO Ha a/[aMapOBUTE MATPHIM, TAKa U Ha CbOTBETHUTE a/[aMapOBH qu3aiinu. Anama-
POBUTE MATPUIU OT PeJIoBe J10 28 ca KiuacudUIUpPaHy HAI'BJIHO, & 3& Te3U OT II0-TOJIsIM
pel ca M3BEeCTHU YaCTUYIHU KIACH(PUKAIIAN.

B [3] u [13] ¢ momornTa Ha JIOKAJIHYSI TOAXO]] Ca KOHCTPYUPAHH alaMapOBH JU3aiiHu
(cvorBeTHO ¢ 43 1 63 Toukn) ¢ nagenu asromopdusmu. Ocsen Au3aiinure ca Kiacuduim-
PaHU M CLOTBETHHUTE UM 8JIaMapOBH MATPUIU. 34 Jla ce IPOBEPH Al Ca eKBUBAJIETHH
JIBE aJ1aMapOBH MaTPHUIU OT peJ| 44 ca U3II0/I3BaHN CHLOTBETHU OUHAPHM MATPUIU C J1Ba,
nbTH noBede (88) peioBe u cTHAOOBE, JOKATO 3a Te3u OT pen 64 ToBa € TBbp/e 6ABHO



1 3aTOBa Ca Pa3lJIEXKJIAHU MMOAXOJIAI NHBAPUAHTU.

Ot amamapoBuTe Marpuiin OT pen 44 ce TOMydIaBaAT €KCTPEMAJHE CAMOTYaJTHH
KOJIOBe C IbJiKuHa 88, a Te3u oT pejn 64 ca cBbp3aHU MOCPEJICTBOM KOHCTPYKITUS Ha
Rabhilly ¢ adunmn 2-(64, 16,5) nusaiimnm, cpes KOUTO ca HIKOJKOTO M3BECTHH KOHTDA-
npumepu Ha xunoresara Ha Hamada ( I[Ipes 1973 r. Hamada npasu npesmnosnoxenue,
Ye JU3afiHbT, MOJIYIeH OT TOUKHUTE U IOAIPOCTPAHCTBATA OT JajeHa Pa3MepHOCT Ha
AG(n,p™) (p upocTo) MMa MUHMMAJIEH P-PAHT, & BCUIKH OCTAHAJIM JIU3AHU ChC ChIUTE
rapaMeTpy UMaT 1o-rojisiM p-panr). B [13] e ca HamMepeHn HOBM KOHTPAIIPUMEDH.

Knacudukanust Ha mBOMHNTE Ha aJaMapOBHU AW3aiHN MOXKe Ja Oble M3MOJI3BaHa,
KAKTO 3a W3CJIeJBaHMsl 38 YHHUKAJIHA DPA3jIOXKUMOCT B KOHTEKCTa Ha |[7], Taka u 3a
eBEHTYAJIHO 107100psiBaHe (32 KOHKPETHHU [IapaMeTpPU) Ha ChIIECTBYBAIUTE OIEHKH 33
Opos Ha aJaMapOBUTE MATPHIM, KOUTO ChIbPKAT YETHPU aJ1aMAPOBH IIOJIMATPUII
(mosHu rpanuim 3a 6post uM ca usBegenn or Lam, Lam u Tochev npes 2001). B [6] u
[8] ca koHcTpyUMpanu n KiaacudunupaHn KBa3uIBOHN (¢ mapaMeTpu KaTo Ha JBOHUTE)
Ha azamaposu 2-(15,7,3) nuszaiiau ¢ gajeHn aBTOMOPMU3MU U CPeJl TAX Ca HAMEPEHU
neoitauTe nusaiinu. B [9] ¢ momudukanus Ha JIOKaJHHS MOIXOM Ca KOHCTPYHPAHH
JBoitHUTE Ha ajamaposu 2-(19,9,4) musaiinu ¢ asromopdusmu or pex 3. Cieppaniu
M3CJIe/IBaHNs TIOKA3BaT, 9e [BOHHNTEe Ha reoMerpudnus 2-(15, 7, 3) qusaiin ca yHUKAJIHO
PA3JIOXKIMU.

[Iy6iukanuuTe oT Ta3u rpyna ca OATHpaHd o0mo 14 mbTu B U3C/E/IBAHUA 34
aJIaMapoOBH MapTHUIU, CAMOJIyaIHH KOJIOBe, JIU3aiHU C JIaJIEHU aBTOMOPMOU3ME, KAKTO
U BbB BPb3Ka ¢ xunore3ara va Hamada.

4 JIBoiiHO-pa3penimMu AN3aiiH 1 OPTOTOHAJJHUI PE30JII0IN

KoM tasu rpyna cinagar mybuukanun [4], [5], [10], [14], [21] u [25]. Eaun nusaiin e
d601H0 paspewum, aKo IPUTEKABA IIOHE €IHa ABONKA B3ANMHO OPTOTOHAJIHU Pe30JII0-
nuu. CblecTByBa BPb3Ka MEK/Ly OPTOrOHAIHU pesosnonui, KHpKMaHOBI KBaJpaTH 1
kBagparn Ha Pym. Crenududnure cBoiicTBa Ha IBOIHO pa3pelnMHUTe AU3AfHI MOTaT
Jia 6b1aT U3IO0MI3BAHE B CTATHCTUYECKH U KPUITOrPACKI IPUIIOKEHH, KOETO 00y CIIaBst
U HHTepeca K'bM TxHaTa Kiacudukarus. HSkou mo1po6bHOCTH OTHOCHO BL3MOKHOCTHTE
3a W3M0JI3BaHe B KpuiTorpadusTa ca xajgeHu B [14].

Bbpxy jBoitHaTa pa3penimMocT ce paboT aKTUBHO MPEe3 MOCIETHUTE JIeCETUIIETHS.
Pesynrarure ca mobpe 0606menn B craruure Ha Abel, Lamken m Wang (2008) u
Ha Lamken (2009). Te ce ornacsT 10 paspemiaBaHe Ha IpobjeMa 3a CbIIECTBYyBaHE



Ha JBONHO pa3pemmMu Iu3aifHu ¢ ONMpeesieHn TapaMeTpyu W YCTaHOBsIBaHe Ha JOJHA
rpaHuria 3a 6posi Ha B3aUMHO opToroHajnuTe pesosonun. [Ipeau 21| knacudukanmon-
HU pe3ysrarn 6s1xa U3BeCcTHN caMo 3a KBaparure Ha Pym (Ksagpar na Pym cbe crpana
N € eKBUBAJEHTEH Ha JiBe OPTOrOHaJHU pesosonun Ha 2-(n + 1,2, 1) nuzaiin), aunro
Opoit ¢ TOYHOCT 0 HEeKBUBAJEHTHOCT € oIpesesieH 3a n < 9.

B [21] e npezcraBena mbiaHa KiacuduKays Ha JIBOWHO paspeliuMu Ju3aifiHu C
MaJiky rnapamerpu. Ilomydennre pesynararu ca IMoApeseHd B TaOIUIN, OT KOUTO JIECHO
ce BIDKJAT Hall-MaJIKUTEe OTBOPEHU ciiydan. Pa3paboTeH e MeTo/I, IpHu KOWTO 3a JIa/IeHn
mapaMeTpy ce KOHCTPYUPAT IIbPBO PE3OJIIOIUNTE, KOUTO Ca OPTONOHAJIHE Ha IOHE eIHa
ApyTa Pe30JIIOIHs, IOC/Ie ChOTBETHUTE UM JIBOIHO Pa3peNinMu Iu3aiiHu u HaKpasi MHO-
JKeCcTBaTa OT B3aNMHO OPTOTOHAJIHU PE30JIIONuN. Pe3osronuure ¢ JaJIeHnTe mapaMeTpu
U CBOMCTBA MOCTPOsiBaMe B JIEKCUKOIpadCKu peJ (I0-TOYHO MOCTPOSIBAME ChbOTBETHUS
eKBU/IIICTAHTEH KOJ) Upe3 ThpceHe ¢ BpbimaHe. Ha gacTudaHuTe perieHnst mpriarame
TECT 3a MUHUMAJHOCT (3a OTCsiBaHE Ha E€KBUBAJEHTHHUTE) U TECT 3a ChIIECTBYBAHE
Ha OpTOTOHAJIHA pe3oonusd. [locieHusT e OT To/IAMO 3HaUYeHne 338 ObP30/IeiCTBHETO
Ha codTyepa, 3aTOBa € OOBPHATO CIEIUAIHO BHUMAHUE Ha M3IIOJI3BAHUS aJLOPUTHM.
Pazpaborenu ca aBa ajaropuTbMa 3a TO3W TECT, KOUTO Ca MOAPOOHO ONMMCAHN U CPABHEHU
B [10].

Hsikou ot mpobisiemuTe, Bb3HUKHAJIN ITPU KOHCTPYUPAHETO HA OPTONOHAJHUTE PE30-
JIFOIMH JIOBEJIOXA JI0 JIOIbJIHUTEJIHU U3CIIe/Banus B [25] 3a ciryuast Ha KpaTHU Ju3aiiHiu.
Tam e u3BeIeHa 3aBUCUMOCT Ha 6POSI Ny, Ha MHOXKECTBATA OT 11 B3AMMHO OPTOIOHAJIHU
pe30IIonuE Ha M-KPaTeH pa3pelinM Ju3aiiH oT Opos Ha rj100aJHO HEEKBUBAJIEHTHUTE
MHOXKecTBa 0T ¢ — 1 (g - 6poil 6JI0OKOBe B IapajiesieH KJjac) OPTOrOHANHU JIATHHCKU
KBaJipara oT pex m. ToBa 1mo3BogBa J1a ObIaT IPECMETHATH HAKOHU JIOJHUA TPAHUITH 3
N -

Bbupochr 3a cbiiecTByBaHe Ha JBOINHO paspemum 2-(v,3, 1) nusaiid, T.e. 1BOIHO
paspemuma ST'S(v), e pertieH ¢ u3KIOYeHNe Ha 12 CTORHOCTH Ha v, Hali-MaJIKaTa CPeJt
kouto e 21 (Abel, Lamken u Wang, 2008). 13Bectau ca peauna KiacuduKaium Ha
STS(21) cbe 3a/a/1eHN JIOIBLIHATENHN CBOJCTBA, HO JABOHHO paspemunma STS(21) Bee
ome He e HamepeHa. B [4] ca koncrpyupanu u usciaeasanu ST'S(21) ¢ aBromopduszmu
or pex 3 ¢ 3 duxcupanu Touku u 7 dbukcupanu 06JoKa U TexHuTe pesosionun. B 5]
e M3cJIe/IBaHa CTPYKTypaTa Ha XUIOTeTHIHA BOHHO paspemmma ST'S(21). Yeranosenu
ca OrpaHUYIEHUsI, CIIOPEJ] KOUTO CIIYUIasiT € pa3jiesieH Ha HIKOJIKO mofcaydast. C moMomrra
Ha KOMITIOT'bD € pa3lJieJ[aH YacTeH CJIydail Ha €JuH OT TIX U He € HaMepeHa JBOHHO
paspemmma ST'S(21).

[Iybnukamuure OoT Ta3u rpyma ca MUTUPAHU OOIINO 6 IbTH.



5 Cupenose u napaJsesu3dmu B PG(n, q)

KM rasu rpyna cnagar mybaukamun [12], [15], [19], [22] u [24]. MaimaerTHOCTTA Ha
TOYKHTE U t-MepHUTE nojanpocrpancrsa Ha PG(n, q) nebunupa 2-ausaitn. ChiiecryBa
B3aUMHO €JIHO3HAYHO CHOTBETCTBHE MEXK/Iy HapajesieH KJIAC OT Pe30JIoIus Ha TO3H
J3aiiH 1 t-CIpes U MexKJLy Pe30JIIolysl Ha Ju3aiiHa u t-napaJeausbM. Bymecro 1-cripes
(1-mapastesu3bM) ce U3M03Ba CIpe/| (Hapaen3bM ).

Wurepechr kbM crpenosere B PG(n, q) Bb3HUKBA 3apajil Bpb3KaTa UM ¢ KpaitHu
adMHHN TpacJalMoOHHN paBHWHU. [IpHIoXKeHHWs Ha CIpeIOBETEe U IapajleIu3MUTE B
TeopusiTa Ha KOAWPAHETO ca ommcaHu B crarunTe Ha Silberstein m Etzion (2011) 3a
KOJIOBE € KOHCTaHTHa pasmeproct u Ha Mavron, McDonough u Tonchev (2008) 3a
KOHTPAIPUMEPU Ha XHUIIOTe3aTa Ha XaMa/a.

VsBecTHu ca peuiia KOHCTPYKIIMU Ha CIPEJIOBE U MAPAJETU3MU U MHOYKECTBO
M3CJIeIBaHUsS BbPXY BHJA Ha TpynuTe oT aBromopdusmure uM. [Tosede nndopmarus
MOXKe Ja Obie mamepena B kaurata Combinatorics of Spreads and Parallelisms ma
Johnson (2010). IIpeau pesysirarure OT TO3W pasies ¢ TOYHOCT JIO €KBUBAJEHTHOCT
6s1xa KaacuUIUpaHu BCHIKA MAKCHMAJHI JacTuvdau cupeaose B PG(3,2), PG(4,2),
PG(3,3) u PG(3,4), a 3a apyru napamerpu 6sixa M3BECTHU YACTUIHU KIACU(DUKAIIH.
C nomornnra Ha KOMITIOTHP 0s1Xa KOHCTPYHUPAHH IAPAJETU3MHE ChC 3a1a1€HI ABTOMOP)OU-
smu B PG(3,3) (Prince, 1997), PG(3,5) (Prince, 1998) u PG(5,2) (Stinson u Vanstone,
1986; Sarmiento, 2000).

B [12] ca koHCcTpyMpaHn BCHYKH HeekBHBaJeHTHH cipenose B PG(5,2). 3a nenra
ca M3MOJI3BaHu crenududH 0c0OeHOCTH Ha rpynara or aBroMopdusmu Ha PG(5,2).
[IpencraBena e kiacuukanmsi CIpsSMO pefa Ha CTAOMIM3ATOPUTE HA CIPEIOBETE U
CIIPSIMO MHBAPHUAHTH, KOUTO OTYUTAT KAKTO Oposi Ha 3-MEpHHUTE IOIIPOCTPAHCTBA,
cbabpakaiy (i < 5) HpaBu OT CIIpe/ia, TaKa U paHra Ha CBbP3aHHsl 4pe3 KOHCTPYKIHsI-
ta na Rahilly 2-(64, 16, 5) au3aiin.

Pesynrarure B [12] ce okazaxa chBMecTMU ¢ HanpaBeHaTa oT Shaw u ore Herry6J1u-
KyBaHa Torasa Kjacudukalms Ha krudcnume cnpedose (book spreads) B PG(5,2) c¢be
CMPAHUYU, KOUTO Ca 3-MEPHU MOJIITPOCTPAHCTBA. Shaw ru Kiracuduimupa camo ¢ reoMeT-
puuHN CcbobpazkeHusi, 6e3 momornra Ha KoMmTbp. Te ca MHOro Maska wacr (9) or
Benukn copeiose (131044), HO ca eHM OT HAl-WHTEPECHHUTE, 3AIMOTO MMAT OOraTru
rpyIu OT aBTOMOPGU3MH, CAMO T€ TOKPUBAT U3IISJIO TIOHE MET 3-MEPHU IO/IIIPOCTPAHCT-
Ba U CPeJI TSAX ca U J[BaTa CIpelia, KOUTO BOJAT 10 2-(64,16,5) ausaiinn ¢ MuUHIMAJICH
paur. ['eomeTpuunaTa CTPyKTypa Ha KHUKHUTE CIPEJOBE € MPUYNHA J1a OYaKBAME
MHTEPECHU PE3YJITATH U 32 JPYI'H IPOEKTUBHU IIPOCTPAHCTBA. TOBa MOTUBHPA Pa3paboT-



BaHeTO Ha codTyep 3a KOHCTPyUPaHe HA KHIKHU cripejose B PG(7,2), unnro crpanunm
ca Hb-MepHHU TOJIPOCTPAHCTBA, ChibprKaliy KHuxKH ciupegose (na PG(5,2)). B wact-
HOCT ¢ To3u codTyep ce MOoJydaBar U JjieBeTTe KHIKHU cupejna Ha PG(5,2), KakTo n
nndopMaIys 3a TeXHUTE CBOicTBa. Tasn KOMIIOTbHPHA NPOBEpKa Ha KJIacuduKanusaTa
na Shaw e ommcana B [24], a pesynrarure 3a PG(7,2) ca anoncupanu B [19].

Obekr na [15] ca 2-cupemoBe n 2-mapanemmsmu B PG(5,2). Ilonyuasame,
Ye 2-CIpebT € €JIMHCTBEH C TOYHOCT JI0 eKBuBajeHTHOCT. OKa3a ce, 4e TeOPEeTUIHO
JIOKA3aTeJICTBO Ha To3U (pakT e mybymKyBaHo oT Shaw mnpe3 1999 B cratusra my Con-
figurations of planes in PG(5,2). Yuukannocrra Ha 2-cupeja e usnosassana B [15] 3a
JaCTUYIHA MTPOBEpKa Ha codTyepa 3a KOHCTpyHpaHe Ha 2-mapajeaun3mure. OCHOBHUAT
pesynrar B [15] e kiracudukarmsaTa Ha 2-TApaJeJU3MUTe C aBTOMOPMU3ME OT pej
31. Cpen TsiX ca mbpBUTE NPUMEPHU Ha TPAH3UTUBHU (-mapasiesm3mu 3a t > 1. B
kunrara Combinatorics of Spreads and Parallelisms na Johnson (2010) e mokasamo,
e TPAH3UTUBHU t-TIapase/iIn3Mu He MOraT Jia CbIlecTBYBaT 3a ¢t > 1. Hamusar pesynrar
JOIpHHECe 33 CBOEBPEMEHHOTO OMpaBsiHe Ha Tas3W rperrka oT Johnson m Montinaro B
crarusita um The transitive t-parallelisms of a finite projective space (2012).

Tyk uckam ja oTOeseka, e U3MOJI3BAHUSIT METO/T 38 KOHCTPYHUpaHe Ha ITapaJsien3-
MH CbC 33JIaJ€Hd aBTOMOP(PU3MHI € ChbBCEM Pa3JMdeH OT TO3U 3a AU3aiiHu C J1a/IeHn
aproMopdusmu. [Ipu t-mapasiemusmMuTe II'bpBO HaMUpaMe IOATIPYyIa Ha Tpylara OT
aBTOMOP(MU3MU Ha MTPOEKTUBHOTO ITPOCTPAHCTBO OT CHOTBETHHS PEJ U OPOUTHUTE Ha
t-MepHHTE IIOAIPOCTPAHCTBA CIPSIMO Hesl. 3a eJIeMEHTHUTE Ha BCEKHU CIIpes, Ha (-TapaJie-
JIN3Ma [TPOBEPsIBaMe YCJIOBUsI, CBbP3aHU € Te3n OPOUTH, & 38 OTCBAHE Ha N30MOP(MHUTE
perenus u3noJji3BaMe HOpMaJIn3aTopa Ha MOArPyHaTa, C KOSITO CTPOUM (-TIapajiesTi3MU.

B [|22] ca koncrpyupanu napasenusmure B PG(3,4) ¢ aBromopdusmu or pey 7. Te
ca KJIaCUDUIMPAHU CIOPEJT PeJia Ha TPYIIUTE OT ABTOMOPMU3MUTE UM U CIIOPE]T BUIa HA
cripejioBere, KouTo chabpxkar (B PG(3,4) uma Tpu cupejia - peryiapes, cybperyiapen
u aperynape). V3cieaBanusira 3a Bujla Ha CIpejoBeTe ca cbe cobryep Ha zKese3osa.
CpeJ KOHCTpyUpaHHUTe NapaJelu3Mu HsMa peryaapHu. Pesyararnre mokassar, e B
PG(3,4) ne cbimecTByBaT TPAH3UTUBHE HAaPAJIEIA3MHA.

[Iybaukamuure OT Ta3u rpyma ca nuTupau obio 10 mbTn.



6 OnruMaJiHu OONTUYHU OPTOTOHAJIHM KOJIOBE M INKJIMYHU
JIN3aiiHn

KM Tasu rpyna cinagar nybiaukanuu [16], [17], [18], [20] u [23]. Ouruaaure oproro-
nastau kKosose (OOK) maBar Bb3MOKHOCT 33 0bP30 U HAJIEZXKTHO ACUHXPOHHO IIpejiaBaHe
Ha JIAHHE OT ToJisiM 6poii morpedburesn mpes ontudan CDMA KoMyHUKAIMOHHA MPEXKH.
OcBen ToBa UMaT MPUJIOKEHUS B MOOMJIHU PATUOCUCTEMU, KOMYHHUKAIMH C Pa3IPbCHAT
CIEKTHD U MPecKadaHe Ha YeCTOTa, PAJIAPU U COHAPHU M JIp. 3aTOBA T€ €A WHTEH3UBHO
n3cjieaBadu oT 80-TTe TOMUHI HACAM.

OOK ca damuann oT IBOMYHHU IOCJIEI0BATETHOCTH C OIPeIeJeHH aBTO- U KPOC-
KOpeJTalliOHHN CBOMCTBAa. Te MoraT ma ObJaT pa3riieskIaHu U KATO IMUKJINIHI YACTUIHN
JU3alHE, 32 KOUTO Ca B CHUJIa HIKOU JOIMIbIHUTETHA N3NCKBAHNA. 32 [UKJINIHI KOMOU-
HaTOPHU CTPYKTYPH ce JedpUHUPa MyJITUILIMKATUBHA €KBUBAJICHTHOCT. ABTOpPUTE, KOU-
TO Ca KJIACU(PUITIPATIA IINKJIMIHA IU3aiiHN C JIaIeHN [TapaMeTPH, IPaBAT IbPBO KJIaCH-
duKaIusg ¢ TOTHOCT JI0 MYJITHILINKATHBHA €KBUBAJIEHTHOCT.

NspecTHu ca pemuiia paboTH 1O pelaBaHe Ha BbBIPOCA 324 ChINECTBYBAHETO HA
ontumastHn OOK ¢ majenn mapamerpu, KaTo ca M3MOJI3BAHHU IPEId BCHYIKO METOIM U
pe3yaTaTi OT TEOPHUsITa Ha PA3HOCTHUTE MHOXKecTBa. Ilogpoben 0630p Ha HalTpaBeHHUTE
U3CIIeIBAINS ChIbprka crarusaTa Ha Buratti, Momihara u Pasotti (2011). Tasu crarus
HU MOTHBHpa Ja 3amouneM pabota 1o kjacudukaius Ha OOK, 3amoro 3a HsKOU OT
MIPeICTABEHUTE B Hesl PEKYPCUBHU KOHCTPYKIINN € 0TOeIs13aH0, U6 Ouxa JI0BEJIH 10 T0-
106bp pesyarar, ako BimsammTe B Tax OOK ¢ majku mapamerpu ca ¢ onpejieeHu
CBOMCTBa, HO HE € SICHO JAaJIi UMa TakKuBa. [lyOjmKanunTe OT HACTOSIIUS pa3aesl Ipe-
craBaT mbpBuTe Kiaacudukamun Ha OOK ¢ magenn napamerpn.

3a nocrposisarero Ha Berndku OOK ¢ TOYHOCT 10 MYITHILIMKATUBHA €KBUBAJICHT-
HOCT IIpEIBApUTEIHO HaMHUpaMe eJIEeMEHTUTe Ha MacHB, KOHTO CbhIbprKa BCUYKH Bb3-
MOKHE (YJIOBJIETBOPSIBAIIM aBTO-KOPEJIAIIMOHHOTO CBOHCTBO) KO/oBU Jymu. Te ca moj-
PeIeH: 10 HAYMH, OTYUTAI KAKTO BbBEJIEeH OT HAC JIEKCUKOTpadCKU pell, Taka U Jeii-
CTBHETO Ha aBTOMOPQMU3MUTE Ha MUKINYHATA I'PYIIa OT pel v. Takapa moapeada mo3Bo-
JisiBa ObP3 TECT 38 MUHUMAJHOCT Ha dacTudHuTe pemteHus. Komosure maymu Ha OOK,
KOITO KOHCTpyupame, u3dbmpame OT TO3W MACHB, KaTO CJAEIUM 38 BaJUIHOCTTa Ha
KPOC-KOpeJIalluoHHuTe n3nckBanus. [Ipu 1obaBsne Ha KOIOBA JIyMa IIpOBEpsiBaMe TaJIi
HSIKOH OT aBTOMOP(MU3MUTE Ha, Z,, H300pa3sIBa TEKYIIOTO YaCTUIHO PEIIEHHE B JIEKCUKO-
rpadcku 1mo-MaJko (Koero Bede e OGUIIo IIOCTPOEHO) M aKO € Taka, He s jobaBsiMe, a
IpeMuHaBaMe KbM Pa3IyIerk 1aHe Ha CileBalaTa Bb3MoKHoCT. B [16] 1 [17] e nanpasena
" poBepka 3a uzoMopdusbM Ha nosgydennte OOK u gusaiinu, 3amoTo € Bb3MOYXKHO



JIB€ MYJITHUILIUKATUBHO €KBUBAJIEHTHU PEIIeHUs J1a ca M30MOPGHHU, HO TAKWBa HE Ca
namepenn. [Ipu mposepkaTa 3a n3oMopdU3bM U3MOI3BaMe 0600IIEHN MHOXKUTEIH, JTe-
dunrupanu or Muzychuk B cratusta my A solution of the isomorphism problem for
circulant graphs (2004).

B [17] u [23] ca knacudurmpann cvorserHo omrtumanuu (v,4,2,1) OOK ¢ v <
75 u ontumasuu (v,5,2,1) OOK ¢ v < 114. Hagen e u no exun onrumaiesr OOK
3a HSKOM CTONHOCTH Ha v U3BbH obcera Ha kjacudukarusrta. B [23| e pazpaboren u
mapaJiesicH BapUaHT Ha TeHEPUPAIIHSI AJTOPUTHM U 9aCT OT PE3YIATATUTE Ca MOy ICHN
Ha napaJjiesHus koMiioTsp BlueGene.

OOK c efiHakBU aBTO- U KPOC-KOPEJIAIMOHEeH napamersp (o3nadasar ce (v, k, A\, A)
OOK wniu (v, k, \) OOK) morar sa ce pasriexar u KaTo JBOMIHU [UKIMIHO-TIEPMY Ta~
monun (v, k, \) KOHCTAaHTHO TeryoBHE KojoBe. ChBbpuienure (v, k, 1) OOK cvorser-
crar Ha 2-(v, k, 1) nukiauaan qusaiinu u Ha (v, k, 1) IuKInaHu pasHocTHE (haMUIIH.

O6exT Ha [16] u [18] ca cvorBeTHO KiIacudunanuure Ha ontuManu (v,4,1) OOK
¢ v < 76 u onrumasuu (v,3,1) OOK ¢ v < 61. IIpean ToBa 6sixa u3BecTHU KJacubuka-
[MOHHU pe3yJraTh 3a 2-(v,4, 1) nukananu nusaitau ¢ v < 64 u 3a 2-(v,3, 1) HUKITIHT
nuzaiian ¢ v < 57. B [16] ca mocTpoenu ¢ TouHOCT 110 n30MOPMU3HM BCUUKHU ITUKTHIHH
2-(73,4,1) u 2-(76,4,1) nuzaiinu, a B [18] MyJTHIIMKATUBHO HEeKBUBAJIEHTHUTE I[H-
kanaan 2-(61,3,1) nuszaitau. Ha Te3u qusailHu chOTBETCTBAT U IUKJINIHU DA3HOCTHU
dbamumnn.

B [20] ca cbbpann kiacudukaimonan pesyararu 3a (v, k, 1) UKIMIHA PA3HOCTHU
davmaun ¢ k < 11 1 MajaKu v, KOUTO IOJIydaBaMe C IIOMOIITa Ha ChIMUs aJLOPUTDHM.

[Iy6mmkamuuTe OT Ta3u Tpylia ca MUTHPAHU 00O 4 MbTH.

Codust [Momnuc:
28. 06. 2013 . /Caerana Tonanosa/
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