
Paraboli
 envelopes � laying bridge to kinemati
sfor advan
ed X-&-↑ gradersby Borislav LazarovDe�nitions. Àn envelope of a family of 
urves is a 
urve that tou
hes ea
h 
urve of the family at somepoint. We say that line tou
hes parabola if the line and the parabola have just one 
ommon point.Comment. Any parabola is the envelope of the perpendi
ular bise
tors of the segments having one endin the fo
us of the parabola and the other end on its dire
trix [1℄.Dynami
 
hallenge. Constru
t (e.g. by GeoGebra) two 
ir
les K and k with radii 9 and 4 and 
enteredin points at distan
e 1. Take an arbitrary point A on K and lay the tangents from A to k. Let B and Cbe the interse
tion points of tangents and K. Explore the envelope of the triangles ABC when A movesalong K following [2℄.Comment. Dessislava Dimkova made a dinani
 
onstru
tion that illustrates the above phenomena in ageneral 
ase (with ellipse) following instru
tions by Petar Kenderov.Problem 1. (Dynamized Ponselet Theorem) Given two segments R and r, su
h that R > 2r.Constru
t two 
ir
les K and k with radii R and r respe
tively and 
entered at points √

R(R − 2r) apartea
h other. Take an arbitrary point A on K and lay the tangents from A to k. Let B and C be theinterse
tion points of tangents and K. Explore the envelope of the triangles ABC when A moves along
K.Dedu
tive 
hallenge. Justify the pre
eding result.The next problem presents envelope of families of parabola depending on one parameter.Problem 2. (A paraboli
 envelope of parabola family) Determine the set of points in the planethat are not lying on any of the parabola

y = x2 − 2px + 2p2 − 3, p ∈ R.Solution. Let X(x; y) be a point that does not lie on any of the parabola. Then
y 6= x2 − 2px + 2p2 − 3 ∀x ∈ R,i.e. the quadrati
 equation with respe
t to p

2p2 − 2xp + x2 − y − 3 = 0has no real roots. Thus, in order to determine the desired set of points, we have to inquire the dis
riminantof the above quadrati
 equation in terms of (x; y) 
onsidered as parameters:
1

4
D = x2 − 2 · (x2 − y − 3).The inequality D < 0 is equivalent to

y <
1

2
x2 − 3,whi
h is the 
ondition for X(x; y) to be a point not lying on any of the parabolas: the desired set 
onsistsof the points below (i.e. outward) the parabola y =

1

2
x2 − 3.De�nition. Two parabola tou
h ea
h other if they have just one 
ommon point.Challenge. Justify that the parabola y =

1

2
x2 − 3 tou
hes any of the given parabola

y = x2 − 2px + 2p2 − 3, p ∈ R, i.e. the system ∣

∣

∣

∣

∣

y =
1

2
x2 − 3

y = x2 − 2px + 2p2 − 3
has one and only one solutionfor any p ∈ R. 1



Dynami
 drill. Visualize the envelope by GeoGebra.Comment. The parabola y =
1

2
x2 − 3 tou
hes any of the given parabola, i.e. it is the envelope of thefamily of the parabola given.The next problem presents envelope of another one-parameter family of parabola. The target group isadvan
ed 10th-and-↑ grade students in mathemati
s but problems require some knowledge in kinemati
stoo.Problem 3. (The misty sprinkler) Water dust is produ
ed by a devi
e with point-tiny size thatsprin
les water parti
les uniformely in any dire
tion produ
ing any parti
le 
onstant initial speed. Determinethe shape of the 
loud negle
ting the air resistan
e.

Solution. Let us take the origin of the (Cartesian) 
oordinate system at the sour
e of the dust. Considera sli
e of the 
loud by the verti
al plane through the origine and whi
h 
ontains the abs
issa. Let a waterparti
le W leaves the sour
e in the moment t = 0 having velo
ity in this moment
−→v = (q cos ϕ; q sinϕ), ϕ ∈ [0; 2π).The lo
ation of W in the moment t > 0 is (x(t); y(t)) where ∣

∣

∣

∣

∣

x(t) = q cos ϕt

y(t) = q sin ϕt −
1

2
gt2.

The shape of the
loud we 
an determine applaying the aproa
h from the problem 1. From the system we �nd2



y = −
g

2q2 cos2 ϕ
x2 + tg ϕx.Let p = tg ϕ. Then

y = −
g

2q2
(p2 + 1)x2 + px, p ∈ (−∞; +∞).As in the pre
eding problem we 
onsider the above equation as quadrati
 with respe
t to p

(gx2)p2 + 2q2xp + (gx2 + 2q2y) = 0.To avoid any wet traje
tory a point Q(x; y) should not satisfy the above equation for any p, i.e. thedis
riminant D = 4q4x2 − 4gx2(gx2 + 2q2y) must be negative. The inequality D < 0 is equivalent to
y >

q2

2g
−

g

2q2
x2,whi
h is the 
ondition for Q(x; y) to be a dry point: the shape of the 
loud is formed by the parabola

y =
q2

2g
−

g

2q2
x2 under revolution about the verti
al axis.

Dynami
 drill � Parabola as an envelope of 
ir
les. Let C be the interse
tion point of the axis aand the perpendi
ular n through P to b. The 
ir
le c(C;CP ) (c is 
entered at C and has radius r = CP )tou
hes b, i.e. c and Π have a 
ommon tangent. In this 
ase we 
an say that c tou
hes Π and vi
e versa.Comment. Note that any 
ir
le c has two 
ommon points with Π. Hen
e the 'de�nition' a 
ir
le tou
hesa parabola if the both 
urves have exa
tly one 
ommon point does not work. It should be modi�ed in away that takes into a

ount the 
on�guration of the 
urves in a neighbourhood of their 
ommon point.The parabola Π is the envelope of the family of 
ir
les c that pass through P and are 
entered at the
ommon point of a and the perpendi
ular through P to b. This envelope 
ould be seen in our dynami

onstru
tion by turning on the tra
e option for c.Comment. Any of the 
ir
les c approximates the parabola near the point of tangen
y but it is not thebest approximation that is given by another 
ir
le. The radius of this spe
ial 
ir
le is 
alled radius of
urvature.
3



Challenge. (12-th graders) Prove that any 
ir
le c tou
hes the parabola Π. You 
an follow the path:1) Consider the abs
issa of D as parameter.2) Find the 
oordinates of C.3) Determine the equation of c.4) Cal
ulate the derivative of the fun
tions that generate c and Π respe
tively (at their 
ommonpoint).Problem 4. (The wet wheel) A wet wheel rotates in a verti
al plane sprinkling the neighbour area.Determine the dry area in the plane. [3℄

Solution. Let us take the origin of the (Cartesian) 
oordinate system at the 
enter of the wheel and letthe abs
issa be horizontal. Let R be the radius of the wheel and q be the magnitude of the linear velo
ityof an arbitrary point on the outer 
ir
le of the wheel. If there were no gravity for
e the wet area in anymoment t > 0 will be the 
ir
le 
entered at the origin and having radius
r2(t) = R2 + (qt)2.Taking into a

ount the gravity for
e, all these 
ir
les are falling with a

eleration g. So the equation ofthe 'falling 
ir
le' is
x2 +

(

y +
gt2

2

)2

= r2(t).The envelope of the above family of 
ir
les is the boundary between the wet and the dry area in theplane. Let (X;Y ) be the 
oordinates of a boundary point. Then4



X2 +
(

Y +
gt2

2

)2

= R2 + q2t2.Rewriting the above equation in the form
X2 = −

g2t4

4
+ (q2 − gY )t2 + R2 − Y 2we 
an 
onsider it as a quadrati
 with respe
t to t2. Sin
e the point (X;Y ) belongs to the boudary, it isthe ultimate among the 'wet' points with the same ordinate. The maximum of the quadrati
 fun
tion is

X2 = R2 +
q4

g2
−

2q2Y

g
,thus

Y = −
g

2q2
X2 +

gR2

2q2
+

q2

2gis the equation of the boudary between the wet and the dry area � the envelope of the family of theparaboli
 traje
toris of the water parti
les as well as the envelope of the 'falling 
ir
les'.

Challenge. Visualize the situation by GeoGebra presenting the wet area as an envelope of parabolas.The dynami
 
onstru
tions are done by Albena Vassileva and Dessislava Dimkova.The pi
tures of the misty sprinkler and the wet wheel are taken from video 
lips done by Pavel Boy
hevvia his produ
t ELICA.Dida
ti
s
• Starting points:The envelope of one-parameter family of smooth 
urves is rather familiar thing in university mathemati
s(e.g. the ordinary di�erential equations). Sometimes the envelope is 
alled dis
riminant of the family(remember the way we obtain the envelope in problem 1). Presenting the idea in se
ondary s
hool is adida
ti
al 
hallenge at least in two aspe
ts: to �nd motivation for it and to �nd appropriate edu
ationalresour
es.Our believe is that the kinemati
s appli
ation is reasonable motivation to study envelopes. Resour
eswe use are quadrati
 fun
tion in the frame of the Bulgarian 10th grade 
urri
ulum. Modern dynami
softwares allow to explore the 
onstru
tions in dynami
 style and to present them in attra
tive way.The ballan
e between dedu
tive style and inquiery based learning is done by rythmi
 alternation of
al
ulation and proofs on one hand and dynami
 
hallenges and illustrations on the other hand. Theready-made dynami
 appli
ations allow to examine the envelopes from the perspe
tive of initial data.
• Goals: An inquiry based introdu
tion to the fundamental 
on
ept of envelope to be organized. To presenta variety of one-parameter family of 
urves that determine the same envelope. To study in experimental5



and theoreti
al way some 
omplex real life shapes. The ICT a
tivities to be reinfor
ed by paper-and-pen
il te
hniques, as result to provide students the opportunity to manifest their syntheti
 abilities indedu
tion, mathemati
s, ICT and kinemati
s.
• Style motivation: The tempered formal de�nitions-and-problems layout was prefered leaving spa
e forintuition and immagination. The style is 
lose to that in applied s
ien
e.
• Target group: advan
ed se
ondary s
hool students.
• Time 
onsumption: 2 × 45 minutes, whi
h is the normal time for a single extra
urri
ular a
tivity;
• Knowledge requirements:Tea
hers: advan
ed knowledge in quadrati
 fun
tion, basi
s of kinemati
s, GeoGebra initial skills.Students: skills in quadrati
 fun
tion, basi
s of kinemati
s, 2D 
oordinates, quadrati
 systems, GeoGebrainitial skills.
• Software: Dynami
 software, i.e. GeoGebra, GEONExT
• A

ommodation (with respe
t to the Bulgarian 
urri
ulum):lowest: 10-th grade: simultaneously with the s
hool topi
s about quadrati
 fun
tion;highest: 12-th grade: simultaneously with the s
hool topi
s of analyti
al geometryalso anywhere in-between
• Possible upgrade:12-th grade: dinami
 introdu
tion of tangent line, general idea of tangent 
urves, parametri
 equationsof a 
urve
• Re
ommendations* It 
ould be appropriate to pre
ede this unit with [1℄.* Problems 3 and 4 
ould be de
omposed in the following manner:1) Modeling the phenomenon.2) Design of a dynami
 
onstru
tion of the model.3) Examine the dynami
 
onstru
tion.4) Proof of the results.Su
h de
omposition allows assessing di�erent student's a
tivities (and 
ompeten
es) separately, i.e.to design a kind of assessment spe
trum.Citations[1℄ Lazarov, B. Introdu
ing parabola � a dynami
 inquiry based approa
h.http://www.math.bas.bg/omi/do
s/Parabola/Parabola.html (a
tual in Apr 2010)[2℄ Ñîëòàí, Â., Ñ. Ìåéäìàí. Òîæäåñòâà è íåðàâåíñòâà â òðåóãîëüíèêå. Èçä. Øòèíèöà. Êèøèíåâ,1982. (front 
over)[3℄ Áóòèêîâ, Å., À.Áûêîâ, À.Êîíäðàòüåâ. Ôèçèêà â çàäà÷àõ. Èçäàòåëüñòâî Ëåíèíãðàäñêîãî óíèâåð-ñèòåòà, Ëåíèíãðàä, 1974.
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