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ON THE ZEROS OF THE SOLUTIONS TO NONLINEAR
HYPERBOLIC EQUATIONS WITH DELAYS

Z. A. Petrova*, D. P. Mishev

ABSTRACT. We consider the nonlinear hyperbolic equation with delays
Ugy + Augy(® — 0,y — 7) + c(z, ¥, U, ug, uy) = f(2,y).

We obtain sufficient conditions for oscillation of the solutions of problems of
Goursat in the case, where A\ > 0.

1. Introduction

Oscillation theory for hyperbolic equations and especially with deviating argu-
ments is still in initial stage. In [12] Yoshida pointed out that characteristic initial
value problems for hyperbolic equations were considered in [1] — [4], [10, 11] and
forced oscillations of solutions to hyperbolic equations were investigated by Kreith
et al. [3] and Mishev [5].

Many results in the oscillation theory for equations with deviating arguments
are similar to the respective results for equations without deviating arguments
following the same ideas. In this paper we use the method due to Yoshida [12]
to obtain the analogue of his result in the case with deviations. More exactly, we
adapt the obtained there sufficient conditions in such a way that under them every
solution to certain characteristic initial value problems for hyperbolic equations
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with constant deviations has a zero in bounded domains defined as in [12]. We
also mention that this method leads to sufficient conditions for nonexistence of
positive and monotonically increasing in every argument solutions as well as which
are negative and monotonically decreasing in every argument solutions in certain
sets if —1 <X <0 (see [7]).

We consider the following characteristic initial value problem

(1) Uzy(xay) + /\ny(x —0,Yy— T) + C(:B,y,u,uz,uy) = f(ll',y), x>0,y >0,

(2) u(x,y) =p(x,y), v (.%',’y) € Sl = [_07 OO) X [_7—7 0]7
’U,(d?,y) = Q(5U7y)7 v (:l?,y) €8z = [_07 0] X [_7—7 OO),

where A\, o and 7 are nonnegative numbers. We define

Q,={z>0,y>0:Le+ kL 'y>Lp}
Q(t1,ta) ={x >0,y >0: Lty < Lz + k2L~ 'y < Lty 1,

where p and t; < {9 are nonnegative numbers and k£ and L are positive numbers.
We state the conditions (H):

Hi1. c(z,y,&,1,C) EC(Q_pxR3,R);

H2. f(z,y) € C(Q,,R); p(z,y), qlz,y) € C'(R*,R);
H3. p(z,y) =q(z,y) V (z,y) € [-0,0] x [-7,0];
H4. €e(z,9,6,1,() 20V (2,,6,1,¢) € Q, x RY.

For every solution u € D(Q,) = C*(Q,) N CH(Q,) to (1) we define

) walt) = wlt) + ),
@ where (o) =1~ [ ule, 1220 )t
(5) wat) =+ [ e 0, 12K ) — 1)

and Wo(E,) = fuon () + (wn(D) + Bt (D) ¢ — )
) b [0 (o) + 22K

2 [ 12 - e,

(7) where p,(t) = p(t,0) + Ap(t — o, —7)
(8) and ¢, (L*k2t) = q(0, L*k2t) + Aq(—0, L2kt — 7).
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We continue the introduction with the geometrical interpretation of all the
above sets and the functions w(t) and wy(t). This interpretation will be done in
three steps:

I description of the sets @, and Q(t1, t2];

IT interpretation of the functions w(t) and wy(t);

ITI explanation of the link between the set Q(¢1,t2] and the functions w(t)
and wq(t).

We deal with the family of lines:

(9) I, cy=L*%k"2(t—z), t>0.
Remark 1. In fact, the equation of Descartes (9) shows that this is a family

of lines of level, which depends on the parameter t. Moreover, a bigger parameter
corresponds to a

(10) higher line. In other words, if 0<t1 <t
(11) then the line i, :y=L%"2%t —x)
(12) is above the line l,, :y=L%"2%(ty —x).

Remark 2. Now we are ready to describe the defined here sets. Let
Ay =1;()0. and B, =1;()0,.

Then the set QQ, is the part of the first quadrant, which is above the line A,B,.
Also, the set Q(t1,t2] is the union of the open trapezoid Ay, Ay, By, By, and the
open segment Ay, By, .

We continue with the second step. The family of lines (9) could be paramet-
rized in the following way:

(13) o { y :E’Qki(f_(g)f’o’%o)

Obviously, (13) leads to the following parametrization of the segment A;By:

. $:€7 6 € [Ovt]
(14) A By { y = L2k2(t — £).
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The comparison between (14) and (4) gives us that the function w(t) is an average
of the solution u(z,y) on the segment A;B;. The function wy(t) is an average of
the same solution on the segment

(15) Ct. Dy, : { Z :EQ_kfé(t i 56) _[O;-f]

where the points D;, and C};, correspond to the values 0 and ¢ respectively, i. e.
Cr.(=o, Lkt —7) =l [y = —7}
and Dy (t—o, —7) =1, ﬂ{x = —o}.
(16) This segment is on the line l;, :y = L%k %(t, — ),
(17) where t,=t—o0 — L2k r=t—0—0,, 6,=L2kr
(18) Let us define the function 6(t) =t —6,, which is concerned with Cj,.
Remark 3. Sincet > 0,0 >0, 7>0, L >0 and k >0, then (17) leads to
(19) t, <t

which is a particular case of (10). Hence, the line l; is always above the line Iy,
according to Remark 1.

We pass to the third step of the geometrical interpretation, i. e. we shall in-
vestigate the link between the function wy, (t) and the set Q(t1,%2]. More precisely,
we are interested if the open segments A;B; and Cy, Dy, lie in Q(t1, to].

We apply all of the above remarks to conclude that the condition:

(20) 0<t <t<ty

guarantees both that the open segment A;B; is in Q(¢1,t2] and that the open
segment Ay, B, is above the open segment A;, B;,. In fact, the combination of
our conjecture (20) and the inequality (19), which is always fulfilled according to
Remark 3 leads to

(21) 0<t, <t<ty

(22) Hence, we do not know previously if 0 <t <,

and we should suppose (22) additionally to be sure that the open segment A;, By,
is above the open segment Ay By,. Let us rewrite (22) taking in attention (17):
(23) 0<t <t—o—L2k%,

(24) which is equivalent to the following inequality : 0 < #; < ¢,

(25) where ) =t + 0+ L7 2k*r =t + 0 + 6,.
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We extract the above considerations in a special remark, which will be applied
in the next section essentially. More exactly, the nonnegative numbers ¢; < g
will be fixed but arbitrary in the second section.

Remark 4. Let
(26) 0<t <t<to.
Then the open segments Ay By and Ay, By, lie in Q(t1,to].

We denote by U; and V; the points on the line /;, which correspond to the
values o and 6(t). We do not know in general if

(27) o € [0,t]
(28) and 0(t) € [0,1]

but we shall prove the following lemma taking in attention Remark 4.
Lemma 1. If (26) is fulfilled then (27) and (28) are also fulfilled.
Proof. We replace (25) in (26):

(29) 0<t1+o0+0, <t<t,.

Every addend in the left hand side of (29) is nonnegative:

(30) t1 >0, >0 and 6,>0.

Hence, the first conclusion of the simultaneous consideration of (29) and (30) is

0<o<t,

which is just (27). The second one is concerned with (18) also:

(31) 0<t<t—0,<t

and then (28) follows from (31) immediately. O

Definition 1. We say that the function o(t) is oscillating when t — oo, if
there exists a sequence {tn}22, such that

(32) lim ¢, = 00 and o(t,) = 0.

n—oo
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Definition 2. We say that the function ¢(t) is eventually positive (even-
tually negative), if there exists ¢ = const such that

(33) o(t) >0 (p(t) <0) Vte e 00).

Remark 5. In fact, we use the obvious fact that if there is a constant c
such that f(t) changes its sign infinitely many times when t € [c,00) and f(t) €
C(lc,0),R), then the function f(t) is oscillating.

Remark 6. Since in all the bellow our results are for the classical solutions
of concrete problems, then the solutions are only of the mentioned three types. It
means that it is enough to show that an equation has nor eventually positive nei-
ther eventually negative solutions to establish that it has only oscillating solutions.

Here this is possible only in the cases, where A > 0. We especially underline
that the paper of Yoshida [12] is devoted to the situation A = 0. Our present
publication is a generalization of Yoshida [12]. More exactly, the similar results
in [12] follow directly from all in the bellow.

Obviously,

(34) twy(t) = I1(t) + AEL(t) + Ix(t) + I3(t) + AE3(t),
(35)  where I,(t) = /0 u(E, L2E72(t — £))de,

(36)  Ey(t) = /0 "D — o, 2Rt — €) — 7).

a(t)
(37) D) = / (u(€, Z2K2(t — €)) + Mul€ — 0, L2K2(t — €) — 7)) de,
t

(38)  Iy(t) = /9 | HE LT e

t
(39)  and Ey(t) = /0 A€o =)~

Lemma 1 guarantees that the integrals I1(t), I2(t) and I3(t) are linear integrals
on the segments AUy, U;V; and V;B; respectively, which are inside the first
quadrant. Similarly, the integrals Ei(t) and E3(t) are linear integrals on the
segments B, D;, and Cy, A, , which are outside of the first quadrant.
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2. Main Results
The present results illustrate the important role of the function W, (t1,t2).

Theorem 1. Suppose that A > 0 as well as the conditions (H) hold. Let t;
be a number with t; > p and u € D(Q,) be a solution to the problem (1), (2). If
there is a number ts > t, such that

(40) Wn(tlth) S Oa
(41) Ei(t2) >0 and E3(t2) >0

then the solution u is not positive in Q(t1,t2].

Proof. Assume to the contrary, i. e. that:

(42) Tty >t1: Wyt t2) <0
(43) and that wu(z,y) >0 V (z,y) € Q(t1,12]

holds for the same t; and t3. The proof consists of two parts. We prove that
(44) tawn(t2) >0

in the first part. Then we prove that

(45) town (t2) < Wh(t1,t2)

in the second one.
We obtain the needed contradiction since the simultaneous consideration of
(42), (44) and (45) leads to the impossible inequalities:

(46) 0< t2'wn(t2) < Wn(tlatQ) <0.

O
Let us begin with the first part, i. e. let us assume that (43) is fulfilled.

Lemma 2. Let all the conditions of Theorem 1 be satisfied as well as the
inequality (43). Then (44) holds.

Proof. Since (43) holds, then together with Remark 4 and Lemma 1 we

(47) conclude that w(&, L2k 2(ta — £)) >0 V€ € [0, to]
(48) and u(é — o, L2k 2(ty — &) — 7)) >0 V&€ o,0(t)).
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First, we combine (47) and (48) with (35), (37) and (38): I1(t2)+ I2(t2) + I3(t2) =

0(t2)

to
(49) = /0 u(é, Lk~ (ty — £))dé + A/ u(é — o, L’k (ty — §) — 7)dE > 0.

Further, we replace (49) and (41) in (34) in the particular case, where ¢ = 3 to
establish (44). O
Then we continue with the second part.

Lemma 3. Let the conditions (H) be satisfied and let the function u be a
solution of the problem (1), (2). Then

(twn(£))" = P}, (1) + L2k 2q, (L2 7%t) +

t
(50)  + L?k2 /0 (g (& LPE2(t — €)) + Augy (€ — 0, LPE2(t — &) — 7)) d€.

Lemma 4. Let all the conditions of Theorem 1 hold and let the function u
be a positive solution of the problem (1), (2) in Q(t1,t2]. Then (45) is fulfilled.

Proof. First, we apply the condition H4 to (43) and establish that
(51) C($7y7§7n7 C) >0 Vv (CE,y) € Q(tlatQ]'

Secondary, we apply (51) to (1):

Uy (§ L2k (t = €)) + Mgy (§ — 0, LK T2(t =€) — 7) < (& L2K2(t =€),
ie.

t
(52) (twn(®)" < p(®) + KOG (L2 + 12 [ F(6 L2 - )i
0

because of Lemma 3. Further, we integrate two times the above inequality. O

Theorem 2. Suppose that A > 0 as well as the conditions (H) hold. Let t;
be a number with t; > p and u € D(Q,) be a solution to the problem (1), (2). If
there is a number ts > t, such that
(53) Wn(t17t2) > 07
(54) Eqi(t2) <0 and  E3(t2) <0

then the solution u is not negative in Q(t1,ts].
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Proof. Assume to the contrary, i. e. that:
Ity >t: Wp(t,ta) >0 and u(z,y) <0 V (z,9) € Q(t1,ts]
holds for the same #; and t2. This time we establish that:
1. towy(ta) <0 and 2. towy(ts) > Wy(ty,ts)
to obtain a contradiction. O

Theorem 3. Suppose that A > 0 as well as the conditions (H) hold. Let t;
be a number with t; > p and u € D(Q,) be a solution to the problem (1), (2). If
there is a number ts > t, such that

(55) Wh(t1,t2) =0,
(56) Ey(t2) = E3(t2) =0,

then the solution u has a zero in Q(t1,t2].

Proof. Everything here follows from Remark 6 and the above two theorems.
Really, the condition (55) satisfies both (40) and (53). Also, the condition (56)
satisfies both (41) and (54). Hence, we could apply Theorems 1 and 2. These
theorems make us sure that the problem (1), (2) has nor positive solution in
Q(t1,t2] neither negative solution in Q(t1,%3]. Finally, we apply Remark 6 to
finish the proof. O

Theorem 4. Suppose that X > 0 as well as the conditions (H) and

(57) plx,y) = q(z,y) =0, V (z,y) € S1{JS2

are satisfied. Let t1 be a number with t; > p and v € D(Q),) be a solution to
the problem (1), (2). If there is a number ty > t; such that (55) holds then the
solution u has a zero in Q(t1,ts].

Proof. Since (57) guarantees that the functions p(z,y) and ¢(z,y) satisfy
(56), then the present theorem is true because it is a particular case of the previous
one. 0O

Theorem 5. Suppose that A > 0 and (H) are fulfilled and let there exist two
sequences {Tm }o0_, and {0, }°°_, such that

(58) lim 7, = +00 and lim 6, = + oo,
m— oo m— o0
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which satisfy the following conditions:

(59) El(em) = E3(9m) = Oa
(60) Oy > T, where Ty = Ty + 0 + 6,
(61) and Wy (Tm,0m) =0

V m € N. Then every solution u € D(Q,) to the problem (1), (2) is oscillating
in Q.

Proof. Since all the conditions of Theorem 3 are fulfilled in the particular
case, where

ti=7,m and ta=860,, Vm €N

then the solution u has a zero in Q(7,,, 6] V. m € N. In fact, the last one means
just that the function v is oscillating. O

Theorem 6. Let A\ > 0. Assume the conditions (H) hold as well as the
condition

(62) Ei(t) = Es(t) =0 Y 1>0.

Then every solution u € D(Q,) to the problem (1), (2) is oscillating in Q, if

(63) lim inf / t (1 — (s/t)) (ph(s) + L2k 2q, (LK 2%s) +

t—o0 T

+ L%k~ /s f(E, L2k 2% (s — £))dé)ds = — o0 and
0

t
(64) lim sup/ (1—(s/1)) (pl,(s) + L2k ¢}, (L?k%5) +

t—o0 T

+ L%k / €, L2k2(s — £))d€)ds = + o0
0
for all large T.

Proof. The hypotheses give us that for every arbitrary fixed first argument £,
of W, (t,t) there exist two second arguments t,; and t, in which this continuous
function of two arguments has opposite signs. Consequently, from the well known
theorem there exists a number t, between t,; and t.o such that Wn(f*,t*) =0
and we apply Theorem 5. 0O
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