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ERROR ESTIMATES FOR NUMERICAL SOLUTIONS
OF CAUCHY-PROBLEM

ANDREI S. ANDREEV

The error estimations are obtained for Runge-Kutta’s and Adams’ methods for the nume-
rical solution of the Cauchy-problem. The estimations are expressed by a new averaged mo-
dulus of smoothness, without additional conditions of smoothness of the solution of the equa-
tion. From the properties of the modulus series of estimates can be obtained under the vari-
ous assumption for smoothness of the solution.

In this paper we shall consider the most commonly wused methods of
Runge-Kutta and Adams for numerical solution of the Cauchy-problem [I; 2]

V' =f(x, ¥), x€[x, x,+A4, A>O0,

1

( ) y(xu):y()v

where the function f satisfies the condition

(2) f(x, ¥v)—f(x, 2)|=K|y—z , K— absolute constant.

Our purpose is to find estimates by means of the so-called averaged mo-
dulus of smoothness 1, (f; 8),,, 1=p<ce, [3; 4; 5. For a given function f
which is defined in the interval [a, b] the definition of the modulus ,(f;3],, is

W f3 8),= @ (f. - 5 8) ]|, where o(f, x; 8)=sup{ A7f (7).
t, t+khe[x+k5/2, x—-k5/2)N [a, b]}

and A} f(t) is the finite difference of the k-th order of the functlon f.

In [3; 5: 6] the following properties of the modulus t,(f; 8),, are
proved :

a. 1,(f; 8), 75 O iff f is integrable in the sense of Riemann;

b. 1,(f; 8’)Lﬂ-,:rk(f; 8", for 8’ =8

W\

c. W(f; 8),=28V( f), where V(f) is a variation of the function fs;
d. <75 8), =87 (I,
e. T,(f; kS),,p-;(‘_’k»;- 2)k+1t,(f ), in the case when 7 is an integer num-

ber t(f; nd), =nt(f; 8).;
o f; S)Lp'ic(k) o, (f; S)L”‘ where o, f; 5)L,, is the usual modulus
of fin L, i. e.
b—kh

o, (f38),=(sup [ [ARf(®)FPat)”.
<h=3 a

0
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Further we shall use the following two lemmas:

Lemma 1(well-known Whitney’s theorem [7]). For each integer n=1
there is a constant c(n) such that for each bounded function f in the inter-
val |a, b] the inequality

b—a

xfa‘rih{j'(x)f P(x) =c(n)o, (f, t}:;b’ Y a1 )

holds, where P is a Lagrange polynomial for f of degree n, constructed
with respect to equidistant knots in [a, b). In the case n=1, o(1)=1.

Lemma 2. Let L be a linear bounded functional in the space M|a, b]
of all bounded functions on the interval [a, b] and for every polynomial P
of degree <n the condition L(P)=0 is fulfilled. Then for each function
feMla, b] the following estimate

LU= Ll cmy o f, 4 5 250

holds, where || L), is the norm of the functional L and c(n) is the constant
from Lemma 1.

Proof. By lemma 1 there exists a polynomial P of degree n for which
| f—Pllw=sup | f(x)—Plx)=c(m)e,(f, 50 "’,—}‘;—) and using the fact L(P)
as=x=b
=0 and a linearity of L we get
: _ . b b—
L) ISILP) |+ L =P) < LIl f=P = IL | cmopsr (f 575 357 )

1. Runge-Kutta’s methods. We shall consider the two simplest methods—
Euler’s method [1]

) Uiy =w;+hf(x;, w;), h=A/n, x;=x,+ih, i=0,1,..., n—1,
uy=Yyo
and the method with local error O(#%) [1]

(5) Uy =U,+phf(x, w)+qhf(x;+ah, u;+Bhf(x, u;)), i=0,1,..., n—1,

o=Yo»
where the constants p, ¢, a, B satisfy the conditions

(6) p+q=1, ag=PBg=1/2.
A. Euler’'s method. From (1) and (4) we receive |y ,—u; 4 |=y;

—u;
R (o w)FRf Y f (i Y I= | Yior— i+ Yi—tty—f (0 )|+ BLfCx, 3
—f(x; u;)| and using (2) we have

| Yirr— i |=(1+AK) | y,—u, |+2|(Visr—Y)h—y; |-

As |(Yer—yh—y; =y, Xivaps B) (Xip12 =x;+h/2) from above inequality
it follows

(7 Vi1 — Uiy |S(V+AK) | yi—u; |+ ha( y', Xivap; k).

Applying recursively (7) we obtain |y, —u;,, |<(1+4K) | y;—u; | +ho(Y', Xivip s
)=+ KR |y ttyy |+ (1 +RKY RS, ot B) + KOl Xesis B) = or.
=(1+AaKYho(Y', x12 5 )+ (1 +AK)Yh.
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o( V', x32; h)+ ... +ho(y’, xivr2; k) and from the last inequality it
follows

n—1
[ Vit iy ’1‘—(1+Kh)"kz )h‘”(y'v Xivzs h)
(

n 1 *iq1 n—1%i41

(1 + K4 )" [ oy, xic2; h)dx—=er? ;n | oy, x; 2h)dx

,.em"; oy, x: 2h)dx=eKAt(y' 5 2h),—=2eK3(y'; h),.

So we obtain

Theorem 1. /f we solve numerically the problem (1), (2) using Luler’s
method (4) the following estimate

max |y,—u;|=2eX4t(y’; h),

O=i=n

holds.
B. The method (5), (6) with a local error O(h3). It follows from (6) that
this system has one parametric solution

(8) p=1—s, g=s, a=p=1/2s.
From (5), (6) and (8) we get
D) | Yirr—tpr | = Yisr—u;—Phf (X, w)—qhf(x,+ah, u,+Bhf(x, u))|
=|Yirr—t;—(V=f (xi )+ (1—9Af (x; ¥)—(1—8)f (x; 3)
—Shf (X, +h/2S, Ut or f (X U))+ShE (xi+h25, ¥, + o f(X ¥)

_Shf(x,+2_£'—' yi+2%f(xi- y:)l <K‘ 1’—3]’1;)/ —U; !"{‘K S h u;

h "

+ 55 f(xu u;) — — 55 fxp )| + | Yirr—ti—yi+yi— (1 =Sy,
—Shf (X, + e s Vit —5;— fxo Y| SKI1—s|h|a;—y, | +K|s h|u—y,|

+€h'2— lu;—yi |+ ui—Yi |+ | Yisr =i+ (A — )y, —Shf(x;,+ h/2s, y,

+ 12‘-3- flxp y)) | =Ci|yi—u; |+ Cy

where C, = 1+ KA(|1 — s| + |s|)+K*%?2, Cy=|xp1—Y;—(1 - Shy, —shf(x,
+‘—zh§' yi+2:rf(x,. y)|. Let’s estimate C,. Successively we get
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. h .
(10)  Co=| Ypr1—Yi— (1 =SV~ Shf(x, +m5s Vit oo F (s YN—HY] 11

. h h
+hY; 10— Sk (Xt 55 Vivrs)+Sshf(x;+ 55 Visias) |
=|¥in '-yi"hy,’q,l,gl +h iy:_+”2 —(1 —S))’}"Sy}“;g,: + sk | f(xegrs2ss
h
Vi) —f (Xicps ¥i 5 F(xn y)) |,

where x,-+1m:x,-+h/23, Vir12s =y(x,-+|,g_,), y;.“,“:y'(x,-ﬂ,q, ). We shall estimate
the first term in the right side in (10)

. ; Xi+1 i
(A1) Yirr—Yi— Y p =0 Vi1 —YIR—Y,; 1 =] ,f (Y'(O)—Y;.1p) dt]
172 i 172 .
=h| _J'm(y’(x,-+1/2+th)—yHm Ydt|=h { (¥ (xi+12 +tR)—2y; 9

172
+ V' (xiz12—th))dt | <h Jm,(y’, Xiz12; h/2)dt :"21_(02()". Xiv12; R/2).
On the other hand
h ho .
f (Kisrzss Yisrps)— f( Xivras ¥i +55 f(So YDISK| Yinipe—Yi—55 Vs |

Kh Yixips—Yi .

Kh 25 Xi+1/2s
~3s] h|2s Yl =

st | w

'(®—ydt|

X .
i

_Kh ’ . Kh ’ - 1
=op (Y, Xiviass h/2|3|)5‘2‘,‘s"“’(y’ Xivizs (1+ fﬂ)h)

At last we have to estimate the term |y, , ,—(1—S)y;—S¥; 1n,|- To this end
let us denote
(12) a=min(x,, Xiy12s), b=min(Xix12, Xizi72s)-

Let P be an algebraical polynomial of first degree. which interpolates y’ at
the points @ and 6. By Lemma 1 we have

, , a+b _ b—a
(13) Jmax | y'(x)—P(x)| seyy’s =53 57)

From (12) it follows | ¥/, o — (1—8)¥; =S¥, 1, |S| Viprp — P12 )|+ |1
—s||y,—Px) |+ 5|V —PXpp )l +|Pivrg —(1—$)P—SPiiaps| and in
view of Pii1a—(1—38)P;—SPis1ps=0 (this equality holds for every polynomial
of degree at most 1) we get using (13)

, , , ; b b—
(14) | i1 —(1=8)y; =S¥ | S(1 +  s|+[1—5] ) og(y', ¢_2+_ ;_2_‘!)'

From (12) it follows that there exist constants cy(s) and c,(s) such that
(15) (b—a)2=cys)h, (@a+b)2=Xis1p+cdsHh

14 Co. Cepauxa, xu. 2
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and finally from (14) and (15) we obtain

(16) |y 1o (-9 y,—sy, 10 “(M+]s|+(1—5 Doy ¥, Xit1p +c(S)h;
c(H) (1 + s[+ 15 )oy(y', Xiv12: cx(S)h),

where ¢;(s) ~ c(s) +cy(s). From (9), (10), (11), (16) it follows

Voot | (VKR Vs +15|+KRr2) yi—u; | + 2ol v xir2: h/2)
Khz ’ 1 | | ’
+5 oy, xia; (1 +§—|)/l)+(l+ [s|+1—=s)hoyl(y', Xic12; c5(S)h).
Applying recursively the last inequality we obtain
(A7) | Yigr— iy = E‘)(1+Kh(!l~—s +!s!+5z’l)"—‘{~g— 0y (¥, Xeor12; {})

+ R0y i (14 SR+ (14| +1—5 DAy, Xerrs ()R}

Let us denote |s +|l—s|+Kh/2=|s +|l—s|+KA2n=<|s|+|1—s +KA/2
=cg(s), 1+15/+ 1—s|=cqs). Then from (17) we get

max |y, —u, = (1+c KA T {_m,(y Xeeies B2+ Y, xesra

0=i=<n

(1+ ) A+ eIy s Xusrns c5(s) R} <exp (e, (KA) z { U oy,
.\'k
Kh Yh+1 1 k41
Xe125 h/2)dx+ 2 f m(y’. Xpsr125 (1 + K Y )d x + c-(s) f oy ¥y,
& ‘&

n—1 Th+1
Xei12s C5(S)h)dx}=exp (C"(S)KA)E.(,{ —; | oy, x; h)dx
— Ty

I\Tzh le(y x; (3+ps|)”)dx+€(s) f‘”2(3’ x5 (c(s)+1) h) dx}

*r

S

) td 1 ' e Kh ., . 1
—exp(cy(s)KA) [ { _2_(’”(3" x; h) +~2—m(y , X5 (3+!s!)h)
+eds)ou( ¥, x5 (cs(5)+ Dh)jdx =exp (c(s)KA) {'; (V' A),
Kh , 1 ’. .
5T (v -(3+rs'l)/l)L+¢'7(S)f2(y 3 (e5(8)+ D), ).

From the last inequality we get (using the properties (3))
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Theorem 2. If we solve numerically the problem (1), (2) using the
methods (5), (6) the following estimate
max | Vi—u;|=c(s){to( ¥’ 5 A) +ht(y 5 k) }

osisn

holds.

From the proof of the theorem 2 it is clear that the constant ¢(s) can be
estimated successfully for a given s.

2. Adams’ methods. A. Extrapolation formulas. Let us take that we know
the approximate values u,, u,, ..., u; of the solution y of (1) at the points
Xj=Xot+jh, j=0, 1,..., i. So we know the approximate values u, u,, ..., u,
of y’ at these points. Using Newton’s backwards interpolated formula at the
points x;, x, ,..., x,_, we have [1]

u'(x‘.+th):u;.+l—t!~ Ayu; | + t(_t;"!_”- A, e
(18)

te+1)... (E+k—1 .
+ 1RO At L+ RO, (x—x)/=t,

where R,(f) is the error. The term R,(¢) in (18) can be neglected and inte-
grating we have

1 1, , He+1) ... (t+k—1) ,
Ju'(x;+ht)dt = [{u, +l~t, Ay, |+ e+ ) ,,!( Afu/ , }dt
—J =J :
The last equality can be written in the form
k
(19) Uiy =iy +h {(1+ ), + zl oAz, L
s=
where

VHe+1) ... (t+s—1
ay = ANl 4,

—7

If we expand the finite differences in (19) then (19) can be written in the
form

&
(20) Uppr=U;y+h Z Byl .
m=0

Let us mention that for every polynomial P of degree at most & the fol-
lowing equality

' ' t (k=1
_{P(x,-+ht)dt = _J;{PI'*‘“]T AP+ - +t(‘+l)kl( + )A:Pi—k}dt

holds (Ry(#)=0 in (18)) and therefore

1
21) JPGH b= E BuPi e
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We shall estimate the error g,=u;,—y, i=0, 1,..., n, h=A/n. The exact so-
lution of (1), (2) satisfies equality of the type

L3
(22) Vier=Yiyth Z Bimy, p+ 1

First we shall estimate |7;|. In this conection we consider the linear functi-
onal

1 3
L&)= | glx,+ht)dt— E Bjmgi—m
iy m=
From (21) it follows that L(P)=0 if P is an algebraical polynomial of degree
at most k. In the space M[c, d] of all bounded in the interval [¢, d]
=[min (x,_, X, ), x;:,] functions with the norm || g . «=Supc=v=al gx)|

we have

k
L) =(1+)) | g |me. a +m£0| Bim |'| & | mic. a)

k
=(1+j+ Z [Bjm|) | &llmic,ar
m=0
The last inequality shows that
k
(23) VL Iape, ) =1 +j+ 2_'-{’} Bim | = (R, J).

The exact solution of (1) satisfies L(y’)=r,/2 and in view of (23), applying
lemma 2 we get

(24 R = L(y) |=c(k, ) e(R) @pir( Y’y Xic e—ry2s k)
(we presuppose that j=£k, usually j=0 or j=1). From (2), (20) and (22) it follows

&
g1 =Y — Ui =Yij—U;j+h T OBjm( J’,»_,,,—ui_,,.)“*“ r;
m-—

k
'“si-—/+h EOB/m(f(xt-——m' ,Vi—m)—'f(xi—m' ”,t._.m))+ri'
i. e.
L3
(25) &y =l +AK }::0 Bim! | €im|+]|7:].

If we know the upper bound for the errors €, €, ..., &,
(26) g |=8, (—0,1,..., &,

then under the notation

(27 B- % [ Bjm |
m==0
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we get from (25) and (26)
€1 | =(1+AKB)S+| 1,
|€xra |[=(1 +2KBYS+(1 +hKB) | 1y +| Ths1 |

n—1
‘£q|=(1 +hKB)" 8+ E (1+hKBY—™|r,|.
m==~k
From the above inequalities it follows
n—1 n—1
(28) max le; |=(1+ AKB/nY(8+ Z |r, | )<exp(KAB)(8+ X |r,])
=i=n m=k m==k

and from (24) we obtain

n—1 n—1
m;:k' Tm|=C(R, j)c(k)hmz_kwﬂl(y', Xm—a—1y2 h)

n—1 ¥m+1
=clk, etk) T [ (Y Xm—a—12; k)X
m=R X

a—1 *m+1
=c(k, J) C(k)mfk [ o (y' x5 c'(R)h)dx

Xo+A 4
=c(k, j)c(k) [ opi(y's x5 c"(R))dx=c(R, (R (Y5 € (R)R),

=R J) s (Y5 )
So (28) and (29) prove
Theorem 3. If we solve numerically the problem (1), (2) using Adams’
extrapolated formula (20) the following estimate

gggnlyl—u,-! <exp(KBA) (8+c|(k, J) (¥ k)

holds, where the constants 8, B and c(k, j) are given by (26), (27), (29).

B. Interpolation formulas. Adams’ interpolated formulas can be obtained
if we integrate (18) in the interval [—/, 0]. Then

.

i—m’

k
(30) U=, j+hZ a,u
m=0

where the constants a,; are obtained in the same way as B, in (20) and for
every polynomial P of degree at most £ we have similarly to (21)

0 k
@31 [ P+ A= Bty P
The exact solution y of (1) satisfies the equality

&
(32) Vi=Yij+h m}::on,,,, ViemtTio
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If we consider the linear functional L(g)= [? g(x;+ht)dt—E} (0,8 m
then in view of (31) it follows L(P)=0 for every polynomial P of degree
=~k and analogously as in (23)

(33) VL me oy = J+ L lag, =gk ), (o dl =[x xi)

From (30) and (32) applying Lemma 2 we get
(34) rh = L) | = ok Jogai( Vs Xiowz i h)

and

k
g, =V —u=y,_;—U;_j+ h zo “"'J'( yl—m—”1~~ m)+ r;
m -

s,_,-%hméoum,(f(x,_,,, Viem)—(Xi—ppr Ui )+ 7
The last inequality and (2) give
lg |<|&i_; +thZj0| Uil | € |+ 7]
and if the condition 1—4K|a,; :l/p>() is fulfilled then
(35) p(l8_11+h/\ Nl [Em [+l r0),

Let us denote X  |a,;|-B, and assume that |g =3, i=0, 1,..., k—1.
Then from (35) we obtain

lexl=p [(1 +2KB)3+| 7, ]
[€441|=p2(1 +hKB )28+ p*(1 +hKB)) | 7y | +p | rpiy

| €, <p —"+1(1+’1KB )n—-h+15+ z p n—m+(1 + hK B, n—vno, !

and

max | g '%p"(‘+hKB|)"[5+ Z !r,,,il.

Ozign

Repeatmg now (29) and using (33) we prove
Theorem 4. /f we solve numerically the problem (1), (2) using Adams’
interpolated formula (30) then under the condition 1—hK|a,;|>0 the follo-
wing estimate
max |y,—a,|=cik J) [3+Tpi(3"3 A

=i

holds.
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Using the properties (3) of the modulus t,(f; 8),, series of corollaries
can be obtained from Theorems 1—4. Also the well known order for conver-
gence of Runge -Kutta’s and Adems’ methods come out under weaker condi-
tions of smoothness of the solution of the equation (1). For example let us
mention that for order of convergence O(k) of Euler’'s method (4) a bounded
variation of y’ is enaugh, not the boundedness of y’’.
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