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-
A CRITICAL BRANCHING PROCESS WITH
DECREASING MIGRATION

NIKOLAI M. YANEV, KOSTO V. MITOV

A limit theorem for a critical branching process with non-homogeneous random migra-
tion is obtained, when the probability of migration converges to zero.

Let us have on the probability space (Q, &, P) three independent collec-
tions of integer-valued random variables (r. v.), where:

1) {X,(k), n=0,11,...; k=1,2,...} are independent r. v. with a probabi-
lity generating function (p. g.f.) F(s)

=Es"M= 3 f ¢ |s|<1;
i=0

2) {Y,(k),n=0,1,...; k=1,2,...} are independent r. v. with p.g.f
G(s)=Es" W= 3 g s;

3) {&,, n=0,1,2,...} are independent r. v. with distributions

P{&y=—1}=pp P{Ea=0}=gpn P{&=1}=r,
(1)
Pt qutr,=1, n=0,1,2,....

Now we form the controlled functions

(2) { P, (ﬂl) = max {mln (m» m-+ &n)v O}» Va (ﬂl)= max (0’ én)v
n,m=0,12...

Then we consider a branching process with non-homogeneous random mi-
gration {Z,}, which can be defined in the following way:

.’l (zll) V" (ZII)
(3) Zom= 2 X,(k)+ 2 Y,(k)n=01,2...,
K== k==l
0
where as usual X =
=

It follows from (1)—(3) that if ¢,==1 then {Z,} will be a classical Galton-
Watson process characterized by the independence of particle evolutions (see
[8] and [1]). In general, definition (3) describes models without this restriction,
i. e. processes which admit particle interactions. If r,=1 we obtain a well-
known Galton-Watson process with immigration (see [1] and [8]). The critical
case with p,==1 is investigated by Vatutin [7].
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Remark that subcritical and critical processes with p,=p, ¢,=¢, and r,=r
(p+q+r-—1) are studied in [3, 9,10, 11].

In [4] and [12] we considered a model (3) with F(1)=1 andp,| 0, 9,19,
ratr,p+qg-—1,i. e. a process with decreasing emigration. On the other hand, in [4]
and [13] we investigated a critical case F'(1)=1, 0<F’(1)=2b< < and
limg,=1 such that r,~c/log n and p,=o0(r,). In this case we obtained that

4) lim P {Z,>0}=1—e"% 0=c/b>0;
(5) lim P {22 Zn o x}=e 000, 0=x=1;
. —Bx
(6) lim P {1 - 'lg‘é-j"gxlz,,>o}=“l:i__, O<x=I.

Now we continue studying the processes (3) in the critical case when
lim ¢,=1 and r, p,—0. Depending on the rate of this convergence we ob-
tain another type of limit results, which are also similar to the ones of Badal-
baev and Rahimov [6] for continuous time branching processes with immi
gration of decreasing intensity. Remark that the following results are announc
ed in [5].

Theorem 1. Let F'(1)=1, 0<F’ (1)=2b< <o, 0<m=G' (1) and d=G"
(1)< ==. Suppose lim gq,=1such that p,~ C/log n, C>0 and r,~ L(n)/logn,
where L(n) is a slowly wvarying function (s. v. f.) and L (n)— oo, n— .
Then lim P {Z,>0}=1, A,=E Z, ~mnr,, B,=Var Z,~mbn* r,and for x=0,

. log Z, -
(7 lim P {L (n)(1— l?)ggn y=x}=1—e—",

Proof. Let H,(s)=Es’", |s|=1, n=0, where without any restriction we
can suppose that Z,=0 a. s, i. e. H,(s)==1. Then it follows from (1)—(3) that
(8) Hoi (8)=E {E (s"*1] Z,)}

=a,(s) H, (F(s))+p, H, (0) (1= F~1(s)),
where
%) a,(8)=pa F1(8)+qu+r, G(5).
Repeated application of relation (8) gives

(10)  Hypr(=Up(m )+ £ pry Hy ot (0 1 —=Fg () Upa (1, 9),

k41
where

(1) U 9)= T gy, (F(5) Uy (1, )1,

and F,(s) denotes its functional iterate of F(s), i. e Fys)=S, Fy, (s)
=F(F,(s)).

Later on we will use the following well-known results for critical Galton-
Watson processes (see [1] or [8]):

16 Cn. Copanxa xn. 3
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(12) 0<F,(0)=F,(s)<1, F,(s)t1, uniformly for 0=s<1;
(13) 1—F,(0)~(bn)~', n—co;

(14) 1—F,(s)=(1—s) (1 +&,(s)) (1 +bn (1—=s)7",
where lim €,(s)=0 uniformly for 0<s<1.

Then from (9) and (12) it follows that

i (1—Fi s 1-G (F; ( n—
(15) 1=t (RN =" G P (0 G R O

as n— co uniformly by i<n and 0<=s<1.
On the other hand, there exists N, such that for n=N, 0<i=n—N and
w1 LG Fi(s) Pn—i 1-G(F; (s)) -
O<=s=1, T=FaG) F,.H(s)g——rn_i because of [=F1(5) —-m as F;(s)—1, and
conditions of the theorem.
Hence 0=a,_,(F;(s))<1 and

n—N n
(16) U,(n,s)=1 a, (F(s)) N a,  (F(s)=M.T,
i=0 i=n—N+1
where
N—1
(17) My= N (Fuy () — 1 n—co,
and, using (15),
n—N
(18) log I, = 1“:,0 log{1—(1—a,_; (F, ()}

=" =ty (FA) = =V ()+ W, ),

as n-—-o uniformly for 0=s- 1.
It is not difficult to obtain that for 0<s=<1

SN 1I=Fis)
(19) 0SWa()= 2 7 Pri
l n
\/ L (1=Fi (0) pp—=0(1).
0 fol)

Indeed, using (12), (13) and conditions of the theorem one can see that

(20) X (A=FiO) P g

=

g2 s, (1= FiO)=0(1);

(21) T (1=F, ) pa—is(1—=Faz)(0)) X p,=0(l/logn).
n2<ign /

<n/2
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On the other hand, for 0=s<=p<1 and each 0<3<1 we have
n—N
(22) Va.(9)= "\"'_O(I—F‘l"*'l(s)) Tn—i
Lin—i)(1—¢)
log (n—1i)
S(1—g)( min  L(j) £ (1=Fui(s)/log(n—i)—oo
<8 (n—N)

j=n(1—8)+ 8N 5 (

=% (1—Fu()

i<8 (n—.

as n—oo uniformly by 0=s<p<]1.
Relations (16)—(22) show that for 0=s=p<1

(23) lim U, (n, s)=0.

Since from (10) 0=<H,.,(0)=P{Z,=0}<U,(n, 0) then by (23) we obtain
the first statement of the theorem, i. e. lim P {Z,>0}=1.
On the other hand, for 0<<s<1

(24) |k§0 Prr Hip (0) (1 =F71, (5)) Uy, (1. 9) |

<7040 2 po iy Hy (01— Fria (0)

=0( 2 pu s (1= F (@) =0 (1) n—zo,

because of (20) and (21). ’

Denote y,—exp{—ix """ n=1} for 2>0 and 0<x< 1. Since 7, is a s.v. f.
there is (as it is noted in [6]) a function a,(n)— <o, n— oo, such that for each
function a (n), 1=a(n)=a,(n) we have lim (7(aan))/7,=1. Then

b

(25) Vn(yn): k‘ZN’k(l_Fn—-k(yn))
= z + z .+ )]
Nzhksn/a, (n) nja, ('l)<k=n(l—-tblr") ,.u_xb/"')<n5.
=38, (n)+ 83 (n)+ Ss(n),
where

0=8,(n= (1—Fa xnfn,(nn(o))/;?. rj=o0(l), n—co,

08y (n)=( max r)(1—y) nx""=o0(1), n—oo,
a(l—x ,“) whsn
and using (14)

Sim~ % 1 (BT

"“r(ﬂ)(‘;:."(‘ brm 146 (n—k) (1=yn)

<7 ¥ B 02 o VidSA ).
m'ﬁ,(n)'(h:;ll(l—x""" 140 (n—k) (1=y,)
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m+1 m 1 m
Since [ (1+Cx)'dx= X 7rer= | (1+Cx) " dx,
{ k=l —1

then similarly to ([6], p. 280), one can find that lim S,(n)= —log x, and from
(25) lim V,(y,)=—log x.
On the other hand, similarly (25), it is not difficult to see that from (19)

W, (v £ pe(=Fas (3 =7 (T2 () + Ta () + T3 (),

where T, (n), T3(n)—0 and 0=T5(n)= max L (k)™ S, (n)—0.
nja (nysk=n (1—x "')

Hence, from (16)—(18) it follows that lim U, (7, y,)=x, 0<x<1, and by
(10) and (24) lim H,(y,)=x. The limit is a Laplace transform of a distribu-
tion with mass 1—x at infinity and x at the origin and by continuity theo-
rem (see [2], p. 408) we obtain lim P {Z,/nx""n=u}=x, u>0, which is equi-
valent to (7).

The moments of Z, can be obtained by differentiating (8) or (10) and
putting s ] 1:

n—1
A, =H, ()= 2 {rem—py (1= Hy, (O)} Ao=0.

n—1
By=Hy (1)= X (24, (b+ri m—p)+ry d+2(1—0) py(1—Hy O)}:

k=

Now asymptotic behaviour of 4, and B, follows from Theorem 1 ([2],
Ch. 8, §9).
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