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ON BERNSTEIN POLYNOMIALS FOR RIEMANN INTEGRABLE FUNCTIONS
S. K. JASSIM

Direct and inverse theorems for Bernstein polynomials B,f are well known for continuous func-
tions f in the sup-norm e. g. Ditzian and Totik (1987). Wickeren (1989) extended these
results for Riemann integrable functions on [0, 1}. In terms of corresponding t-moduli he proved the
direct and inverse theorems in locally global norms. In this paper we prove the direct and inverse
theorems in locally global norms in terms of t-moduli (ta(f, A(8)),, 1sp=co) whichimprove the above
results.

1. Notations. Let R=R|[0, 1] be the space of Riemann integrable functions on
[0, 1. We denote by ||f||, the L, norm (1<p<cc) and by [f|l~ the sup-norm L.
of the function f.

The Bernstein polynomial of f¢R is defined by "

Bufin)= £ A4 pn(®); pulo)=( Y2 (1=~

For x€[0, 1], >0, we set A(x, 8)=0®(x)+8; A,(x)=A(x, n™),
where ®(x)=\x (1—x). % i
Consider the following seminorms

7 lp=( [ sup{£(3)]: Y€V, B ),

1

1112, [sup{ £ y€ULx, & (x B o),

where
Ulx, 8)={y€[0, 1]: |x—y|<8}. ,
Let us denote by L, or LY, the set of functions from L. equipped with the
norm |[o|fs, or |[o[[$, respectively'
As a characteristic of the approximation of Bernstein polynomial we use the ave-
raged moduli of smoothness

w(f A=l 0p(f-, AL, ) [l

where
o, (f, x, A(x, 8))w=sup{|ALf(£)]: & t+RREU(x, Alx, 8))};

T (fy AQ))p =l 0x (£, A(., 8))p |pns

where the local L,r moduli o, are defined by
A(x,8)
o, (f, % A(x, 8))r=((2A(x, §)~ J. |A* f(x) | dv)'e".
- x‘)
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Here 1<p, p’<co and the finite difference A*f(x) is defined as

:io(—,l)"_'"(:)f(xwhmvx it x, x+kve[0, 1]

and as O otherwise.
Let W%[0, 1] be the space of functions g with g~V absolutely continuous and

g»¢€L,[0, 1], endowed with seminorm
| £ A G o, =( [ 1AGx. 8 g () 7 )"
2. Assertions. Let 0<3<3". Then for f¢ L. [0, 1], we have
1. : I IS Ig,=IFlIF =S »
b)) 1£ ls.o=11 £ 11755+

The first inequality follows immediately from the definitions of the norms; the second
is trivial since 8<<A(x, Vd).
We also mention [4] that for every n=1

®) (& 2 1) Preselflums.

In the following lemma we give some of the properties of t,(f, A(8))-
Lemma 1. For 1=p, p'<<, f€L.[0, 1] and ge W%[0, 1] we have

B

4 : w(f, A®),=2* | flop
(5) (8 A),=C,[AG) 7|5 ‘
(6) T (£ A (18))p== CAB+1 1, (f, AB))p 10,
(N % (f, A@)p ss=Cia(f, A@B)),
Proof. To prove (4) note that
o0, (f, %, A(x, 8)ws2tsup {|f(t+mh)|: m=0, 1,...,k; R

t, t+kheU(x, A(x, 8))}=2*[f(-)l=wi.. ac..onr
Hence

w(fo A@),=2%11 15
Now to prove (5) using Holder inequality (—:,—+ —;—: 1), we get

|k |k
0r(@ 5 A hssupl ] - ] g0 okt o) dudor

t, t+kheU(x, A(x, 8))}
'2 403tk - o 4 A
j .

ssup{ | 8% ()| dudoy:--d0:

404 Ot o T

b t+hhEU (%, A(x O))
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<sup{(2| 4 g)*—l:j::: 8% () |du: b, t+RAEU (%, A(x, B))}

=(4A(x, 8)/k)—1 [ 1g®(u)|du
Ulx, A(x, 8))
SCAx, Sy ([ [gW(u)Pda)ie( [ 19da)ie
- Ulx, A(x, 8)) U(x, A(x, 8))

<CpA(x, ST || g® || s, acx, 5y -

Hence using lemma 4 in [3], we obtain

1
(g A@)=Ca([ A Spe—t [ | gh () dudx)s

=Gy ( 6]" T&(i{’a)_ s [ A, 3y | g® (1) |? du dx)'e

A(x, 8y .

3 1
k 1 v
gC,(J | Ulx, Alx, 8)) | e, 5'('4', 8) | &" (8) Alu, 3} dudx)'” <C, || ABY g®]|,-
Property (6) was proved in [3].

Now to prove (7) let y¢U(x, a(x, 8)) and |v|<A(y, 8). In view of A(x, 8)/a<A(y, )
<al(x, 3), a=1 (see [5]), we have y, y+Ave[x—A(x, bd), x+A(x, bd)], b=ka+1,
a=1 and 0,(f, ¥, A(y, 8))p<0,(f, x, A(x, b3)).. which with (6) gives

lox(fo-s AC, ) o =Ta (s A(B8)),=Cyi(f, A(3)),e
Lemma 2. [6]. For every k, n¢N; n=6 and for each f¢R, there is g,,¢ W
10, 1], such that

(®) | & (X)—f(x)|=Crop(f x. Alx, J%))n for x¢[0, 1],

9) | ALV n) g ll,<Chl|0p (f, .. A, 1A, |l I
We want to mention that

(10) Now(fo s AC, sl @g(fy s A 3y [l =Ta (fr AB) s,

amn 1/ —8ealliyi , S Cetalfy AUNR)),

Indeed (10) follows from (1), then to prove (11) using (8) and (7), we get

a
| f—8&rn II% L=G( j sup{o,(f, ¢, A(#, I%))me U(x,A(x,J% DY dx)”?

At =) :
1 1 n 1 _l_ _’_
:C.(J S“P{m —Au.f—'_—) [Af(#)|dv: teU(x, A(X-J; )} dx)
J;l_ Vn
1 1 ‘“x'—:_) 1
SC.(JI—I-“’ [ A f(O]dv)Pdx)?

W(x. =) —earx, 1)
Vn

Vn
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<Culloa(f. %, A (e [pSCata (A
Lemma 3. For f¢R, we have

(12) HB,.HI\; L=CIIfl

M
Fikle

Proof. Using Jensen inequality ( 3 P, (H)=1, t€[0, 1]) and (3), we obtain
k=0

(1Pl , =7 laD
vn
1

1B, = o0, 1T P UG 8l Lyyay”

1
I3

R

([ supl £ IF(A) P Pa(0): 16U A 2D} )

n 1
<( S AP [ sup(Prn(B): t€Ux, A=)} dx)’
Vn

<(<5 2 1) nesCifl

1 .
Flibdd

Lemma 4. For gew2|0, 1], we have

RN X ~3l£’ BTy, SCIAG e
o P »

Proof. (13)is true for o=co (see [7]),
1Bug—gl ~1Bag—gleS O P& OlasT MG E =
Vn

and for p=1 (see [9]). :
Then using the interpolation property of L, and Ls, » (see [4]) spaces (1=psco, b is
fixed), we obtain the preposition of lemma 4.

Lemma 5 If feR, g€ W30, 1], then

(14) |98 flpsenlfls, -
(15) | B flosenliflla o
(16) 102 B, gll, <l @+ & I
(7 1B, glly=I & s

Proof. The inequality (14) is true for p=co (see [li) and for p=1 (see [9]).
From the interpolation property of the spaces L, and Ls, » (5-fixed) we have (14) for
every p€[l, oo. Analogously (15)is true because it is valid for p=co (see [10]) and
for p=1 (see [9]).
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To establish (16), we need the identity (see [1])
. s k— k
O(x)B, g()=n" T &% g(*7) O () Paa ()

Note that @%(y)<®?(2)+-, if |y—2|<— So that for g¢ W2[0, 1] (see [10])
1 1

g hextycon k) T f?, &5 s+t dsat

E‘ 2n {
as) g herrd
<[ . @@+)|gw)]dvat.
“m At
Thten from (18) and by using Jensen inequality and Holder inequality two times, we
ge

1 n—1 b
|0 B gl =n [| 2 &% gCZH0U L) pru(x) P dix

27 "5l 2 k-1 k 4 !
<n 3% g(*7h) 0 ()P [ pyn(x)dx

i L PR "
n—1 2n n 2n 1
Ay AN (@A) +-)| &'(v)| dv dty
L R W Loi |
2n n 2n
AR v :
A b A (@%(v)+)| &) | doyat( -y
A=l RO ALEE .
2n n 2n
B T 0V
n—1 2n n 2n
ety W f (@) + )| & (2) P dv. (- at
k=1 _.l_ .*_+[_L 3
I 2n
217 n—1 L+’+% 1
sn [ (2 [ @@+ g @Pdo)dt
i D reodmd
=n [ [ (O0)+—Y|g@)Pdvat
& ok

sn [ [ @@++P|g@Pdvdi=| 9+ D ()

1
Now to establish (17) using that :EI 07 (1) 0 (£) p,, () =", x€[0, 1]
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1
and J¢“’(x)d>’(%)p,,,(x)dx g-,l!—. analogously we get

n—1 =
|B,g 50y =2 'S 0200 () pan () 4% &) .

n

s o S
e
&

e =1 g o Nk
=n( (832 (=2 K O 2ADN( T ) (V)4

a
I 21
-

n—1
i k—1
S = |8 &(—-)F
2 %

n—1 217 _:—+’+ 2:;
<20 o [ |&@)|dodty
k=1 1 1
~am wttm
15k 1
PEE SR~ hand — 1 #—1
< par—1 n§1 fl ( ) f : | & (v)|dv)P dt. ()
BN A et )
n—1 % %+l+2‘"— ) S o |
= k;-—:l fn k / 1 Ig'('v)]’dfu,(__"_) at
o wtiTm
;7 l+t—% -
—n [ g@Pdoas| gl
A

3. Direct and inverse theorems. The method of proving, the following prepo-

sition is analogous to that in [9].
Theorem 1. If f¢R, then

(19) I B.f~fII° sCr(f A J;f»..
ﬁ' P

Proof. Let g—g, be the function from lemma 2. In view of (12), (13), (2), (9),
(11) and (7), we get

|Buf—fI0%. S 1B/ +f—gl’y | +IBe—el’
= = e et e
<Cllf—gll, +1f—gl®% +ClACE)E b
r 4 rﬂ_-
. ! 4
5C||f—8||_1_"+c“s(fo A(\/—T)),'%', SCTn(f-A(J;- »’-

n
Remark 1. In view of (2), (12), (13), (9) and (8), we can get analogously
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(20) | Buf 1l = Cals MG, 1
Theorem 2. If f¢R, then
@1) u(f, M) =+ 2 UBf =11
Vn 7/, k=1 i

Proof. Let us apply the lemma given in [10] namely if p, v, v¥,=0 with
p,=v,=0 satisfying (1<k<n)

k
(22) HaS— HetVat Ve
E 2
(23) Vn§(T) Vk+‘|’lu
then it follows that
@4) . ps By,
L S
Setting

Ba=n"1|| BB, f|l,+n2| B, f|l»»
Va=n"2| B, f||p»
Va=cllBaf—fI% .
v '

We obtain in view of (14)—(17) and (1) »
U=t [ @B (B, f) |y +n72 || By (BuNllp 17 || @2 Br(Bof—1) llp+n72 || BL(Bef—1) llo
s @ BLf (|, +n2 | By fll,+ 12| B f [l +C I ka—fll"x +CIIka—fII K
V/'l wl !
s{n7||®* B, fl|,+ n"IIB"pr}+n"‘H3f|l,+CHan fll.
va
=( %)l‘k'*‘( ‘%‘)’ Vet Vi

which proves (22). Similarly, we establish (23). From (22) and (23), we obtain (24)
which yields

\ Ay < £ % — 1
(25) 18C5) Billy = o Z IBS—I%
'3
Now let m¢N with ——SmSn such that ||B I~ s I B,f—-fH, for any
Vm o

5 Sksn. In view of (4), (5) and (25), we get
(/s A(‘,-)) S0 (f—Baf, A(‘/—)) +%(Bnf, A( ))
5 Cepauka, Ku, |
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Scllf=Bafl  +elA() Baflls

c A o o )
=5 . - Bt 33_, I1Bef —FIIs
—5 Sk=n V‘F'p % vk &

<< 3 |Bf—fI% s
k=1 — P
V&
which completes the proof of the theorem.
Remark 2. In view of

T (f, AB))p, 52 p=c || flls2p, 1 <p'<p, using (2), (7), (5) and the inequalities (14)-(17),
we can get that

(26) W(f M)
o

n

=< B uBs—fl,

P

The inequality (26) is the in\;erse theorem for the direct result (20).
From theorems 1 and 2 we have
Corollary. Let fe¢R[0, 1], 1=p=co and 0<a<l. Then

B f=f1% = 0()
Vn
iff :
w(f AGE) =05
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