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A CONVERSE THEOREM FOR THE BEST ALGEBRAIC
APPROXIMATION IN L,[—1, 1] (0<p<1)

GANCHO T. TACHEV

The problem of characterizing the best algebraic approximation in a finite interval has been solved
by K. Ivanov [I,2 3], Ditzian and Totik [8] for l1=p=co. In this paper we prove a con-
verse theorem for the best algebraic approximation in Lp[—l. 1], 0<p<1 which completes the direct

theorem proved in [9].

1. Introduction. We shall consider functions belonging to the spaces L,[—1, 1],
O<p<1 ana as usual we denote

1
U ey imn={_J1f G Py, (| f = f e -1

Let H,(T,) be the set of all algebraic (trigonometric) polynomials of degree at most
n. If w¢Cp, 1, w=0, then the best L, approximation of f by polynomials of degree
n with the weight w is given by
E,(w; fly=inf{l|lw.(f~Q)ll,: Q¢ H,}; Ex(1; flo=E,(f),
The best L, approximation of a 2x-periodic function by trigonometric polynomials of
degree n is given by
ET(flo=in{[f—¢ L 02m 1 L€ T}

For 0<p <1 the following theorem for the best trigonometric approximation was proved
in [6, 7].

Theorem A. If feL,[0, 2rn], O<p<1, k, n¢N, N is the set of all natural
numbers, then we have

(1.0 o (f, 1, = CENE (v 1yt (BT ()0,

where o, (f95), is the k-th modulus of L, continuity of f, i. e.
(1.2) Ok (f: )p=3up || ALf () 1, 0. 21
The finite difference Ak f(x) is defined as
k -k .
(1.3) AL (=X (=141(;) - f(x+ik).
We denote by —(A, B, ...) the positive constants, depending only on A, B etc. The
theory of best trigonometric approximation in L, [0, 2n], 0<<p<1 reached a high level
of completeness in the works of V. Ivanov, Storozenko et al. [6 7). But some

difficulties due to the boundary effect and to the fact that we consider a quasinormed
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space appear in the solution of the corresponding algebraic problem. This paper con-
tains a theorem, similar to Theorem A for the algebraic problem. We cannot use the
usual integral moduli of smoothness w,( f, 8), as a characteristic of the best approxi-
mation, again because of the boundary effect. As a characteristic of the best algebraic
approximation in L,[—1, 1], 0<p<1 we shall use the moduli

(1.4) W (o @ Agpp=I| @ ()0p (frri Ayl L,i=1 11 0p1s
T (fo 15 Appp=71x (f, An)p, ,» where the local L, moduli are defined by
4,0
(15) 0 (f, %3 A (N, =[280 ()7 [ |84f (6) Pde)'”.

For x¢[—1, 1] we set A,(x)=(1—x2)"?/n+1/n? and by Ak f(x) we denote the expres-
sion (1.3) if x, x+k.ve[—1, 1] and O otherwise. The moduli (1.4) for 1=<p=<co have
been introduced for the first time by K. Ivanov [1] and using these moduli he
proved in [2] the following converse theorem:

Theorem B. If feL,[—1, 1], lsp=co then

(1.6) W Adpr= G E s+ 1P E (),

Here we shall prove the following converse theorem for the best algebraic appro-
ximation in L,[—1, 1], 0O<p<1.
Theorem 1. Let feL,[—1, 1], 0<p<I1. Then we have

2}

In [9] we proved the following direct theorem for the best algebraic approximation in
L,[—1,1], 0<p<l.
Theorem 2. If feL,[—1, 1), O<p<], then
En(f)ﬂéc(k' p)"rk(f’ A(kv p)°An)p.p'
We expect that the constant A (k, p) may be replaced by 1. Then from Theorem 1
and 2 we obtain the following characterization of the best algebraic approximation in
L,[—1, 1], 0<p< 1.
Corollary 1:If O<a<k, feL,[—1, 1], 0<p <], then
Ep()p=0(n=) <> (f, An)pp=0(n"").

2. Some auxiliary results
Lemma 1. If feL,[—1, 1], 0<p<1, then

(2.1) W (fs Anpp=c (ks )| fll,
Proof. We set

(1.7) % (f An)p.ﬂ§C(kke)

~ flx) i |x|sl
=10, if |x|>1

A(Y
1 )

B Bdpr = sz 4 f |43 f (x) P dhdx

A,(x)

f |2A (x)_[ o ',E (— ‘)"’(k )8 (x+ r.k) Pdhdx
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A pPo1 1 A,(x)
= ’2;0(') _flw)_A{(x)] g(x+rh)Pdhdx.
From (4.8) in [1] it follows that
1 4 k 1 ka0
(2.2) {27&75_‘5{ o BT hy'dh)'e < ‘F{W_k Af o Bty
Using the above inequalities and (2.5) from [1], we have
RA (x
(23) G A= B8t P) g oy J(} Zc+) Patdx
1 kAN~

— i filp i M
=\f ,,‘,’-rt‘(k. p)—"l‘—kgn(x) A (x+10) dtdx

| X+RA, (x)

~rNP
il flle g .
'f"’+c(k' p) L x——k{n(x) A () dydx

Let p(x)={y:x—k.A,(x)<y<x-+k.A,(x)}. From (2.5) in [1] it follows that
(24) y—kM@k+2)A,(V)<y—k.A,(xX)<x<y+k. A, (x)<y+k(4R+2)A,(y).
Thus
(25) n(x) <2k (4k+2) A, ().
Using (2.3) and (2.5), we get
(S A= [ fl5+C (ke P) 118 1G=C" (ks p)|If I

Thus lemma 1 is proved.

Lemma 2. Let q,¢T, v>0, 0<p<l. Then we have

(2.6) g, (X) [sinx ML rm=c (v, p)rllg, (X)) sinx |||z (—xzp
(2.7) g ()| sinx " nm=c (v, pP)ng.(x)|sinx |l |, .

Proof. The inequality (2.6) follows from Corollary 1.2 in [5] for p=0c=0, p=7,
r=1, p=gq and (2.7) is obtained from the same Corollary for p=0c=0, r=0, g=p.
Lemma 3. (Markov’s inequality). /f g(x)¢ H,, 0<p<]1, m, réN, then
(2.8) &7 m2 =c"(p) || g llyr
Proof. The assertion follows from (2.17) in [4] for p=0=0, ¢g=p.
Lemma 4. Let g(x)€H,, i¢N, 1<i<m, 0<p< 1. Then we have

(29) 189 An) lp=c(p) ey (p) il &l
Proof.Wehave (A,(x)) < 2max {m%(m-'(y1—x?)}). Lemma 3 gives that
(2.10) | gOm=% |, <! (p)|| 8 i
Now we shall prove the following inequality for f ¢/,
(211 S )m T x4 e (p), ]| f(e)m T—x2 [

Setting x —cosy, the function f(x)=f(cos y)=t,(y) is an even trigonometric polyno-
mial. Then (2.11) is equivalent to

(2.12) {. t. (y)sin'y ”sin ydy<c?(p) m’i’df'; t, (y)siny | sinydy.
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We have
(2.13) ¢, (y)(sin Yy 12 =(t, (y)sin y)’)(sin y)'7 —it, ( y)(sin y)—'*"7cos y.
From (2.6) with y=1/p, n=m+i we get
(2.14) | (y)(sin yY) (sin y)12 1 0. =)
=277 (£, (y)sinyy) |siny | "’wL Hl0.2%]

<27 Vec (p)(m+i) || tp (yXsinyy |siny 7|1 0,25
=c(p)m+1i) |y (YXSinYY 1|1 o).
From (2.7) with y=1/p+1, n=m+i—1 we get
(2.15) || £ (¥)(sin )12 L o =272 £, (y)(sin y) 7 [siny V2| j0.2n)
<2-"2c (D) m+i—1)| £, (y)Xsiny)y=*|siny Y71 {[L jo.2m)
=c(pXm+i—1|[t, (yXsiny) 12| jom.

From i=m, (213), (2.14) and (2.15) follows the inequality (2.12). So (2.11) is proved.
Let f=g. From (2.11) we obtain

(2.16) | @i+ (o) (m—t T—xB)+ | ,<c (p) i ]| g (x)Xm—1 yT—x2) |,

< 5. =dM®ilg

From (2.10) and (2.16) we get (2.9).
Now we are ready to prove the following basic Bernstein type inequality.
Lemma 5. If g¢eH,, m=n, 0<p<]1, then

2.17) %@ Adpp=ch P2 1l gl

Proof. We shall consider two cases.
1) m>n/(2ke,), where ¢, is the constant c,(p) in (2.9). Then (2.17) follows from

lemma 1.
2) m=n/(2kc,).

k
It is obvious that Z(—I)*—"(f)i/=0 for j=0, 1, ..., k—1 and
i=0
k k m N
Mg ()= £ (— 1 i(ygte+ )= £ (—1p—t(HE W g ().
i=0 4 == L j=n J!

Using the semi-additivity of the function ¢(x)=x” for O<p<1, we get from the
above equality

@13 (MgCor=E () E LI @aeseth o E XU 00002,

From (2.18) and (1.4) we obtain

A, (x)

%8 Anpp= sz s f lA,‘,g(x)[’dhdx

2 3 “’k”lm”lz‘/’(x»
=c(k p) E jm (x)_Af( T dhdx
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m

= E U1 (Jp+l)(1 Iy - f( n (X)) | 89 (x) Pdx.

From the inequality A,(x)<(m/n)A,,(x) and Lemma 4 we get

pP
% (& Anpp=c(k, p)m/n)® ka (m/m)o=52 || (AnYE” I5
J—kp
Scall, pXmim £ — IV (FIAELTE g lrca e p)miny | g5

Thus Lemma 5 is proved.

3. Proof of Theorem 1. We follow the scheme used in [6] for obtaining the
converse theorem for best trigonometric approximation in L,[0, 2n], 0<p<l. We
choose m such that 2" <n<2"+! and let g;(x)¢/H,i be the polynomlal of best L,-ap-
proximation of f, i=0, 1, ..., m+1, g ,€H,

| f—&llp=Esi(f)p Erpi=Eo

From Lemmas 1 and 5 we get
(31) t‘k’ ( f’ An)p-p'——; T’k’ (f—'gaﬂ- 1 An)p'ﬂ+ le, (gnﬁ—l' An)p'p

=c (k' [’) E;m 1 (f)p+ ‘rz (go"g—x' An)p-p + ? T: (gV+ l—g\" An)p.P

=c(k, p)EL, . (ot c(k P {Ep(f)p+ 2 2(Vfl)kap (o)

Using

24 mEs (), =c (p) u=2§i‘_lu""“‘5£(f),,
we obtain
(3:2) 2 (& An).,.,-_“’iff-’ z v+ DPLEL(),e

The inequality (1.7) follows from (3.1) and (3.2). So, Theorem 1 is proved.
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