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ABSTRACT. The non~commutative neutrix product of the distributions z% Inz
and 6(')(:) is evaluated for r = 1,2,... and s = 0,1,2,... . Further neutrix
products are then deduced.

In the following, we let N be the neutrix, see van der Corput [1], having domain
N’ ={1,2,...,n,...} and range the real numbers, with negligible functions finite linear
sums of the functions

n*In""'n, In"n: A>0, r=1,2,...

and all functions which converge to zero in the normal sense as n tends to infinity.
We now let p(z) be any infinitely differentiable function having the following
properties:
(i) p(z) =0 for |z| 2 1,
(ii) p(z) 20,
(iii) p(z) = p(-2),

(iv) /-ll p(z)dz = 1.

Putting 6,(z) = np(nz) for n = 1,2,..., it follows that {6,(z)} is a regular sequence
of infinitely differentiable functions converging to the Dirac delta-function é(z).

Now let D be the space of infinitely differentiable functions with compact sup-
port and let D’ be the space of distributions defined on D. Then if f is an arbitrary
distribution in D', we define

fa(z) = (f % 6a)(2) = (f(2), 8n(z - 1))
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forn =1,2,.... It follows that { f,(z)} is a regular sequence of infinitely differentiable
functions converging to the distribution f(z).

A first extension of the product of a distribution and an infinitely differentiable
function is the following, see for example [2] or [4].

Definition 1. Let f and g be distributions in D' for which on the interval
(a,b), f is the k-th derivative of a locally summable function F in L?(a,b) and g(*¥) is
a locally summable function in L(a,b) with 1/p+ 1/g = 1. Then the product fg =g f
of f and g is defined on the interval (a,b) by

k

f9=% (’j)(-l)-'[pgww—-').

1=0

The following definition for the neutrix product of two distributions was given
in [5] and generalizes Definition 1.

Definition 2. Let f and g be distributions in D’ and let g,(z) = (g * 6,)(z).
We say that the neutriz product f o g of f and g ezists and is equal to the distribution
h on the interval (a,b) if

Nn:lojom<f(z)gn(z)’ ¢(z)) = (h(x)v ¢(z))

for all functions ¢ in D with support contained in the interval (a,b).
Note that if

Jim (f(2)gn(2),6(2)) = (h(z), (),

we simply say that the product f.g exists and equals h, see [4].

It is obvious that if the product f.g exists then the neutrix product f o g exists
and f.g = fog. Further, it was proved in [4] that if the product fg exists by Definition
1 then the product f.g exists by Definition 2 and fg = f.g. Note also that although
the product defined in Definition 1 is always commutative, the product and neutrix
product defined in Definition 2 is in general non-commutative.

The following two theorems hold, see [5].

Theorem 1. Let f and g be distributions in D’ and suppose that the neutriz
products fog and fog' (or f'og) ezist on the interval (a,b). Then the neutriz product
f'og (or fog') ezists on the interval (a,b) and ‘

(fog)=fog+ fog

on the interval (a,b).
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Theorem 2. The neutriz products z’ o §(")(z) and 6(")(z) 0 z% ezist and

(=1)*r!
2(r —3)!

c;_ o 6(')(2) = 6(?)(:) o z:. - 5('—')(2)

fors=0,1,2,...andr=3s,8+1,....
The following extension of Theorem 1 was proved in (7).

Theorem 3. Let f and g be distributions in D’ and suppose that the neutriz
products f o gi¥) (or f() 0 g) ezist on the interval (a,b) for i = 0,1,2,...,r. Then the
neutriz products f(!) o g (or f o g(¥)) ezist on the interval (a,b) for k =1,2,...,r and

k

(1) fPog=3%" (’:)(—l)"[fo g k=)
=0
or .
(2) fol (k) — k (—1)‘ f(i) o glk=9)
g § (,) [f*og]

on the interval (a,b) for k =1,2,...,r.
The next two theorems were proved in [5).

Theorem 4. The neutriz products In z, 0 §(")(z) and §(")(z)oln z, ezist and

(3) Inzy080)(z) = [c(p) + } ¥(r)])67)(2),
(4) §0(z)olnz_ = ¢(p))(2)

forr=0,1,2,..., where .
o(g) = / In tp(t) dt
0

and
0 r=0,

¥(r) = ii“, r>1.

=1

Theorem 5. The neutriz products (27, Inz,)06(")(z) and §(")(z)o (2% Inzy)
ezist and

2 Inzy 060)(2) (=1)"r[e(p) + § ¥(r))é(=),
6 (z)o (2} Inzy)

forr=1,2,....
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It was shown in [6] that by suitable choice of the function p, ¢(p) can take any
negative value.

In the next theorem, which was proved in [4], the distributions z" and z_" are
defined by

—1\-1
777 = T ey, o7 =~ (2 )C),

for r = 1,2,... and not as in Gel’fand and Shilov [8].
Theorem 6. The neutriz products z° o §((z) and §(")(z) o z.* ezist and

(5) 27 080)(z) = ,%g(rw)@),
(6) 6(')(2)021‘ =0

forr=0,1,2,... and s = 1,2,.
The following theorem was proved in (7] using Theorem 3.

Theorem 7. The neutriz products z_" o z% and z% oz_" ezist and
-7 s _ =T .8 -
7oz, = z'zy = 0,
s - s -r p—
zioz " = ziz_ = 0

forr=1,2,...ands=r,r+1,... and

z:'oz;_ = z (1‘)( 1) [c(p)+ l¢('_’__l)]6(r—l—l)( )

i) (r-1)!
=841
s -r ( 1). (r—s-1)
zioz " = c( )é (),
* _22,() r-nr

forr=1,2,...and s=0,1,...,r - 1.
We now prove the following generalization of Theorems 4 and 5 also using
Theorem 3.

Theorem 8. The neutriz products (z% Inz4)06(")(z) and 60)(z)o(z4 Inzy)
ezist and
(2% Inz4).60)(z) = 0,
§0)(z).(z4 Inz4) = 0,

(7 (z4Inz4)060)(2)
(8) §)(z)o (24 Inzy)
fors=12,...andr=0,1,...,8-1 and

l) r!

(z4Inzy)o §0)(z) [c(p) +3 Y(s)}6U ) (z) +
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. r (-l)i r—s
o - 3 (Dagt e
(10) §")(z) o (z% Inzy) (=1)r! [e(p) + 4 ¥(8))6"~*)(2),

(r=9)!
fors=0,1,2,...andr=s,8+1,....
Proof. We define the function f(z,,s) by

ziInzy — Y(s)z}
s!

flz4,8) =
and it follows easily by induction that
O (z4,8) = flz4,8- 1),
for i =0,1,...,s. In particular,
fO(z4,8) =Inzy,

so that
fO(z4,8) = (1) 7N (i = s - D3,

fort=s+1,8+2,.... Now f(‘)(z+,.s) is a continuous function which is zero at the
origin for : = 0,1,...,8 — 1 and so

(1) fO(z4,9).8(z) = 0,
for s =0,1,...,8 — 1. Using equation (3) we have
(12) F)(24,9) 0 8(2) = e(p)b(2)

and using equation (5) we have

(13) fN(z4,8)06(z) = - §0="(z)

2(1 - s)
fori=s+1,8+2,....
Using Theorem 3 and equation (11) we now have

Z (:) (—l)i[f(i)(z+, 8)-6(:)]('-0')
=0
= 0,

f(z4,8).6")(z)

fors=1,2,...and r = 0,1,...,s — 1. Equations (7) follows on noting that

:f*.&(z) =0,
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fort=1,2,....
When r > s we have

E (:) (=1)'[f)N(z4,8) 0 6(z)) "9

1=s

") (=1)e(p)st () - Y (752 500
() (a5

=341

f(z4,9) 080 (z)

on using Theorem 3 and equations (11), (12) and (13). It now follows that
(24 Inz4) 0 60)(z) = s!f(24,8) 0 87 () + $(8)z% 0 6)(2)

and equation (9) follows on using Theorem 2.
We now consider the product §(")(z) o (z4Inz;). As above, we have

(14) 8(2)-fN(z4,9) =0,
for s =0,1,...,s — 1. Using equation (4) we have
(15) 8(z) 0 f)(z4,8) = c(p)b(z)

and using equation (6) we have
(16) 6(Z)Of(i)(z+,8) = 0’

fori=s+1,84+2,....
Using equations (1) an (14) we now have

3 (7)o@ ey )

1=0
= 0,

§7)(z).f(z+,9)

fors=1,2,...and r = 0,1,...,8 — 1. Equations (8) follow on noting that
§(z).z% =0,

fori=1,2,....
When r > s we have

i: (:) (=1)'[6(z) 0 fO(z4,s))"

(7) -1retore=aca)

8o f(z4,9)
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on using equations (1), (14), (15) and (16). It now follows that
§7) ()0 (25 Inzy) = s160)(2) 0 f(z4,8) + ¥(8)6)(z) 0 2%

and equation (9) follows on using Theorem 2. This completes the proof of the theo-
rem. O

Note that by putting s = 0 in equation (9) and comparing with equation (3)

we prove that .
VOEDY (:) SUB

i=1
forr=1,2,....
Corollary 1. The neutriz products (z* Inz_)06(")(z) and 6§")(z)o(z% Inz_)

erist and
(z2Inz_)o0 6" (z) (z2Inz_).6(z)=0
6§ (z)o(z2nz_) = §)(z).(z2lnz_)=0
fors=1,2,...andr=0,1,...,8s—1 and

(zInz_)o6")(z)

——le(p) + § ¥(s))6" ) (z) +

5 (O

1=s41

820 na-) = Tlelp) + U6 a),

fors=0,1,2,...,andr=s,8+1,....

Proof. The results follow immediately on replacing z by —z in equations (7),
(8), (9) and (10). O

Corollary 2. The neutriz products (z*In |z|) 0 §")(z) and §(")(z) o (z*In |z]|)
ezist and

(r 3)'

(z*In|z]) 0 6()(2)
§7(z) o (z*In|z|)
fors=1,2,...andr=0,1,...,8—1 and

(zInjz]) 0 60(z) = T .[2c(p)+ $($)]6(z) +

(r-
_Z;( )( 1)* 5r=9)(z),
(=1)

S 2e(p) + W),

(z*In|z]).60)(z) = 0
60)(z).(z*In|z|) = 0

§7)(z)o(z*In|z|)

5 Cepamka 2-3/93



152 Adem Kiligman, Brian Fisher

fors=0,1,2,...andr=s,8+1,....
Proof. The results follow on noting that
’Infz|=ziInzy +(-1)’zlInz_

and that the neutrix convolution product is distributative with respect to addition. O
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