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ASBSTRACT. In this paper we shall first consider a number of interesting formulas of

Srinivasa Ramanujan (1887-1920) and others involving products of certain classes
of generalized hypergeometric functions and point out their connections with some
general series identities given in the recent literature. We shall then investigate
various basic (or ¢—) extensions of Ramanujan’s formulas (to hold true for products
of certain classes of basic hypergeometric functions) and indicate their connections
with some general g-series identities also available in the literature.

1. Introduction, Definitions, and Preliminaries. In terms of the Pochham-
mer symbol (1), given by

F(A+n) 1’ lf n=0,
(1) (Mn = = NE) —{,\(/\+1)..-(,\+n—l),ifn=l,2,3,-

let ,F, denote a generalized hypergeometric function with r numerator and s denom-
inator parameters, defined by

Ay, Qp) (01),. (ar)nz"
® 'F'[ﬂl,...,ﬂ. J E Ba--- B ot

re=0,1,2,...;
r<s and |2|]<oo (or r=38+1 and |z] <1).

Among well-known special cases of , F,, we have the Gaussian hypergeometric function
for r = 2and s = 1, (Kummer’s) confluent hypergeometric function forr = 1 and s = 1,
and the Clausenian hypergeometric function for r = 3 and s = 2.



Srinivasa Ramarnujan and generalized basic hypergeometric functions 193

whose special cases (when 3 = a and 8 = 1 — a) were given by C.T. Preece (1924).
S.Ramanujan (Notebooks [8]):

A; /\; Aal‘ - ’\1
z| 1F —z| = 2F3 22,
B B By A(2; )5

which is Entry 24 (Chapter 13) of Volume I [or Entry 18 (Chapter 11) of Volume IIJ;

—_ — ' A(3;p+0 - 1);
oF; z o —z| = 3Fs -2,
12) p,0; p,0; £,0,A(2;p),A(2;0),A(2;p+ 0 - 1);
12

which is Entry 22°(Chapter 13) of Volume I [or Entry 16 (Chapter 11) of Volume II.
(See also Hardy [4].)

P. Henrici (1987) [5]: .
(13) oFfy [—, z] oA [_, wz] OFl»[ , w’z]
6p; 6p; 6p;

3p- 513+ 1

==F7[ P ‘(%)3],
6p,A(3;6p),A(3;12p - 1);

where w = exp(27i/3), i = /—1.
Fach of the above formulas [(4) through (12)] has been extended to hold true
for various double series with bounded coefficients (see Srivastava and Karlsson [12,
Chapters 1 and 9]). It is not difficult to prove an analogous triple-series extension of
Henrici’s formula (13). (See, for details, Karlsson and Srivastava [7).) In particular, by
applying Dixon’s theorem for summing a well-poised hypergeometric 3F, series with
argument 1, Buschman and Srivastava [1] gave the aforementioned double-series exten-
sions of Ramanujan’s formulas (11) and (12). More generally, they applied Whipple’s

quadratic transformation:

. a’ﬂv'y;
(14) 3F2[ i Z]
l1+a-B14+a-17;
A(2;0)71+a—ﬂ‘7;
=(1-2)""3F -
l+a-6,1+a-17;

to derive certain double-series transformations which eventually imply Ramanujan’s
formulas (11) and (12).

(11) 15

oF,
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2. Basic (or ¢—) Extensions. Since basic (or g—) extensions of each of the
results of Buschman and Srivastava [1] has been given already by Srivastava and Jain.
[11], it is not difficult to derive various extensions of Ramanujan’s formulas (11) and
(12) to hold true for basic (or g—) hypergeometric functions defined by

A1y ...y Oy o
(15) .0, [ ¢.z| = Z(_1)(1—r+o)nq(l—r+-)n(n-l)/2
1y++ 2y ﬂn; n=0

.(al;q)n t T '(af;q)n z“
Br;@n-(Bs; @)n (g5 9)n’
lgl<1; rs=0,1,2,...;

r<s and |z/|<o0 (or r=8+1 and |2| < 1),
where, by analogy with the definition (1),

(16) (X:q) 1, if n=0,
O E VA=A =Ag) (1= Ag™Y), if n=1,2,3,...,

so that

. (Q'\W)n — (A)n
(17) P—Ipx {(q“;q)..} ~ (W)

(n=0,1,2,...; p#0,-1,-2,...).

Indeed, making use of the following g-extension of a terminating version of (14):

a,B,v;
(18) 302 [ q,%]
aq/B,aq/y;

a; \/a,'\/an/a_‘lv—\/‘l_,aﬂﬂ‘ﬁ
190 g, 2| 5P4 ' q

aq/ﬂ,QQ/‘Y,az,q/z;
a= q_"(ﬂ =0, 1v21" ')’

given independently by Sears [9] and Carlitz [2], we can prove directly various g-
extensions of Ramanujan’s formulas (11) and (12). For example, we thus find that
(cf. Srivastava [10])

A; A, 05
(19) 19 [ q,—z] 2% [ q,C]
B 75
. i qn(n—l)(A;q)m-f-ﬂ(_qnz/(;q)m(#/z\;q)" ("' (—,\z()"
(5 Oma2n (4 @)n (:9)m (g:9)n '

mn=0
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which, for ( = —z/q, would provide a g-extension of Ramanujan’s formula (11);
— 0.0; S 3)/24n(3n-5)/2
(20) 192 q,z| 292 q,—§» = E q"‘""’"‘("" )/24n(3n-5)/
P, 05 p, 0, mn=0

(pog™ N (=" /G m (" (20"
(23 Dm+2n(7; Q) m+20 (2 D03 O (45 9)m (45 9)n’

which, for { = —z, would provide a g-extensions of Ramanujan’s formula (12).
As a matter of fact, a g-extension of Dixon’s theorem will lead us similarly to the result:
A=/ A, —p/ X
(21) 2@, [ ' q,z] 2%, [ q,—2
H; H;
A2, —p, —pg, u? /2%
= ‘¢3 q2) zz b
u?,p, pug;

which is a more interesting g-extension of Ramanujan’s first formula (11) than that
provided by the product in (19) with ( = —z/q. A g-extension of Ramanujan’s second
formula (12), more interesting than that provided by the product in (20) with { = -z,
does not seem to have been found as yet (cf. Strivastava [10]).

3. Remarks and Observations. In Geometric Function Theory, which is
the study of the relationship between the analytic properties of a given function f(z)
and the geometric properties of the image domain

(22) D = f(U),
where
(23) U:={z:z€Cand |z| <1},

it is an extremely difficult problem to find a (useful) set of conditions on the coefficients
of the power-series expansion of f(z) that are both necessary and sufficient for the
function f(z) to be class S of normalized univalent (and analytic) functions in &/. One
of several partial results in connection with this problem is provided by de Branges’
theorem (cf., e.q., lliev [6]), which asserts the truth of the Milin conjecture of 1971
(and hence also of the Robertson conjecture of 1936 and the celebrated Biberbach
conjecture of 1916.)

The key ingredients in de Branges’ proof of the Milin conjecture include (among
other known results) the special cases (a = 2,4,6,...) of the following non-negativity
result for the Clausenian hypergeometric function:

—matn+2}a+1);
x

(24) 3F;
a+1,}(a+3);
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(0<z<1l; a>-2; n=0,1,2,...).

The known proofs of the non-negativity result (24), used in Geometric Function
Theory (as observed above), are based rather heavily upon Clausen’s identity (4) for
hypergeometric functions (cf., e.q., Gasper [3] who also considered g-extensions of these
results).
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