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Abstract. If ξ is a countable ordinal and (fk) a sequence of real-valued
functions we define the repeated averages of order ξ of (fk). By using a
partition theorem of Nash-Williams for families of finite subsets of positive
integers it is proved that if ξ is a countable ordinal then every sequence
(fk) of real-valued functions has a subsequence (f ′

k
) such that either every

sequence of repeated averages of order ξ of (f ′

k
) converges uniformly to zero

or no sequence of repeated averages of order ξ of (f ′

k
) converges uniformly to

zero. By the aid of this result we obtain some results stronger than Mazur’s
theorem.

Introduction. Argyros, Mercourakis and Tsarpalias in [3] introduced
for every ξ < ω1 the summability methods (ξL

n ), where L ∈ [N].
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In this paper we define the families Mξ[N ], ξ < ω1, where N = (nk)
a strictly increasing sequence of positive integers, as follows: We set M0[N ] =
{{nk} : k = 1, 2, . . .} . If Mξ[N ] has been defined then we set

Mξ+1[N ] =

∞⋃

k=1

{∪nk

i=1Ai : A1, . . . , Ank
∈ Mξ[N ] with A1 < . . . < Ank

and

min A1 = nk}.

If ξ is a limit ordinal and (ζk) be the strictly increasing sequence of successor
ordinals with supk ζk = ξ that defines the sequence (ξL

n ) for every L ∈ [N ] then
we set

Mξ[N ] =

∞⋃

k=1

{A ∈ Mζnk
[N ] : min A = nk}.

If (fk) is a sequence of real-valued functions defined on a set X, ξ < ω1

and H ∈ Mξ[N] we define the function aξ((fk);H) called repeated average of
order ξ of sequence (fk) (cf. Definition 1.7).

By using a well-known result of Nash-Williams in [16] and a method
created by Prof. Negrepontis and author (cf. [12] or [15, Def. 3.6, Lemma 3.7])
we prove that if n ∈ N, ξ1, . . . , ξn < ω1, N ∈ [N] and {P1,P2} a partition of
[N ]<ω then there exist N ′ ∈ [N ] and j ∈ {1, 2} such that ∪n

i=1Ei ∈ Pj for every
E1 ∈ Mξ1 [N

′], . . . , En ∈ Mξn
[N ′] with E1 < . . . < En (cf. Theorem 2.1).

By using the above result we prove the following dichotomy: If (fk) is a
sequence of real-valued functions defined on a set X, M ∈ [N ] and ξ < ω1 then
there exists N ∈ [M ] such that

either (1) for every strictly increasing sequence (Hn) of Mξ[N ] the sequence
gn = aξ(fk);Hn), n ∈ N converges uniformly to zero;

or (2) does not exist a strictly increasing sequence (Hn) of Mξ[N ] such that
the sequence gn = aξ((fk);Hn), n ∈ N converges uniformly to zero

(cf. Theorem 2.5). This result is analogous with a dichotomy theorem of Erdos
and Magidor in [7] for regular methods of summability.

Kechris and Louveau in [9] defined the convergence index “γ((fk))” of
a sequence (fk) of continuous real-valued functions. We prove that if K is a
compact metric space, (fk) a uniformly bounded sequence of continuous real-
valued functions on K and ξ < ω1 with γ((fk)) ≤ ωξ then for every M ∈ [N]
there exists N ∈ [M ] such that for every strictly increasing sequence (Hn) of
members of Mξ[N ] the sequence gn = aξ((f2k+1 − f2k);Hn), n ∈ N converges
uniformly to zero (cf. Proposition 2.6).
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Also we prove that if K is a compact metric space, (fk) a sequence of
continuous real-valued functions and 1 ≤ ξ < ω1 such that for every subsequence
(f ′

k) of (fk) there exists a strictly increasing sequence (Hn) of members of Mξ[N]
such that the sequence gn = aξ((f ′

2k+1 − f ′
2k);Hn), n ∈ N converges uniformly to

zero then there exists a subsequence (f ′
k) of (fk) with γ((f ′

k)) ≤ ωξ (cf. Proposi-
tion 2.7).

Kechris and Louveau in [9] defined the oscillation index “β(f)” of a real-
valued function f . We prove that if K is a compact metric space, 1 ≤ ξ < ω1 and
(fk) a sequence of continuous real-valued functions on K pointwise converging to
f then the following hold:

(i) If for every subsequence (f ′
k) of (fk) there exists a strictly increasing

sequence (Hn) of members of Mξ[N] such that the sequence gn = aξ((f ′
2k+1 −

f ′
2k);Hn), n ∈ N converges uniformly to zero then β(f) ≤ ωξ.

(ii) If f is bounded and β(f) ≤ ωξ then there exists a sequence (hk)
of convex blocks of (fk) (i.e., hk ∈ conv((fp)p≥k) for all k) such that for every
M ∈ [N] there exists N ∈ [M ] such that for every strictly increasing sequence (Hn)
of members of Mξ[N ] the sequence gn = aξ((h2k+1 − h2k);Hn), n ∈ N converges
uniformly to zero. (Here conv((φk)) denotes the set of all combinations of the
φk’s) (cf. Corollary 2.8).

Also we obtain the following result: If K is a compact metric space and
1 ≤ ξ < ω1 such that for every sequence (fk) of continuous real-valued functions
on K pointwise converging to zero there exists a strictly increasing sequence
(Hn) of members of Mξ[N] such that the sequence gn = aξ((fk);Hn), n ∈ N

converges uniformly to zero. Then β(f) ≤ ωξ for every Baire-1 function f on K
(cf. Corollary 2.9).

Finally, we prove that if X is a pseudompact topological space (i.e., if (Un)
is a decreasing sequence of non-empty open subsets of X then

⋂∞
n=1 cl Un 6= Ø)

and (fk) a uniformly bounded sequence of continuous real-valued functions on X
pointwise converging to zero with infk ‖fk‖∞ > 0 then there exists 1 ≤ ξ < ω1

such that for every M ∈ [N] there exists N ∈ [M ] such that for every strictly
increasing sequence (Hn) of members of Mξ[N ] the sequence gn = aξ((fk);Hn),
n ∈ N converges uniformly to zero (cf. Proposition 2.12).

1. Preliminaries. This section contains definitions, combinatorial lem-
mas and known results which we shall use for the proof of main results in the
section 2.

By N we mean the set of all positive integers, by ω we mean the first
infinite ordinal (i.e., ω := {0, 1, 2, . . .}) and by ω1 we mean the first uncountable
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ordinal. For any set M , the set of all finite subsets of M and the set of all infinite
subsets of M will be denoted by [M ]<ω and [M ] respectively. A family F of
finite subsets of N is said to be hereditary if all subsets of members of F belong
to F . A family F of finite subsets of N is said to be compact if the set of all
characteristic functions χF , where F ∈ F , is compact subspace of {0, 1}ω with
the product topology. A family F of finite subsets of N is said to be adequate if
it is hereditary and compact.

For F ⊆ [N]<ω and M ∈ [N] the set F ∩ [M ]<ω denoted by F [M ].

Generalized Schreier families.

Definition 1.1. Let F,H ∈ [N]<ω and n ∈ N. We write F < H if
either set is empty or if maxF < min H, and n ≤ F iff n = min F or {n} < F .

Alspach and Argyros in [1] introduced some families called generalized
Schreier families. We can define these families as follows:

Let Sξ, be an family of finite subsets of N for each ξ < ω1. The families
{Sξ}ξ<ω1

will be said to have the generalized Schreier property if

(i) S0 = {Ø} ∪ {{n} : n ∈ N};

(ii) S1 is the Schreier family, i.e., S1 = {F ⊂ N : |F | ≤ min F} (cf. [18]);

(iii) Sξ+1 =
⋃∞

n=1{∪
n
i=1Fi : n ≤ F1 < . . . < Fn, Fi ∈ Sξ for i = 1, . . . n}

for 1 ≤ ξ < ω1;

(iv) for every limit ordinal ξ < ω1, there exists a strictly increasing sequence
of ordinals (ξn) such that ξ = sup{ξn : n ∈ N} and Sξ =

⋃∞
n=1{F ∈ Sξn

:
n ≤ F}.

It can be noticed that for each m < ω there is an unique Sm. The families
(Sm)m<ω appeared for the first time in an example constructed by Alspach and
Odell [2]. For every ζ ≥ ω there are infinitely many families Sζ such that the
families {Sξ}ξ<ω1

have the generalized Schreier property.

Summability methods. The following definition was given by Argyros,
Mercourakis and Tsarpalias in [3].

Definition 1.2. We denote by Sl1 the positive part of the unit sphere
of l1(N). For A = (αn) in S+

l1
we set suppA = {n ∈ N : αn 6= 0}.
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If F = (xn) is a sequence in a Banach space X and A = (αn) in S+
l1

with
| suppA| < +∞ we denote by A · F the usual matrices product, that is:

A · F =

∞∑

n=1

αnxn.

For A = (an) ∈ l1(N) and F ∈ [N]<ω we denote by 〈A,F 〉 the quantity
∑

n∈F

an.

For M ∈ [N] an M -summability method is a sequence (An) ⊆ S+
l1

with
suppAn < suppAn+1 for each n and M = ∪∞

n=1 suppAn.

For each M ∈ [N] and ξ < ω1 the M -summability method (ξM
n ) is defined,

inductively, as it follows:

(i) For ξ = 0, M = (mn) we set ξM
n = emn .

(ii) If ξ = ζ +1, M ∈ [N] and (ζM
n ) has been defined then we, inductively,

define (ξM
n ) as it follows. We set k1 = 0, s1 = min supp ζM

1 , and

ξM
1 =

ζM
1 + . . . + ζM

s1

s1
.

Suppose that for j = 1, 2, . . . , n − 1, kj , sj have been defined and

ξM
j =

ζM
kj+1 + . . . + ζM

kj+sj

sj
.

Then we set,

kn = kn−1 + sn−1, sn = min supp ζM
kn+1 and

ξM
n =

ζM
kn+1 + . . . + ζM

kn+sn

sn
.

This completes the definition for successor ordinals.

(iii) If ξ is a limit ordinal and if we suppose that for every ζ < ξ, M ∈ [N]
the sequence (ζM

n ) has been defined, then we define (ξM
n ) as it follows:

Let (ζn) be a strictly increasing sequence of successor ordinals with
supn ζn = ξ. For M ∈ [N], M = (mk) we inductively define M1 = M , n1 = m1,
M2 = {mk : mk 6∈ supp[ζn1

]M1

1 , n2 = minM2, M3 = {mk : mk 6∈ supp[ζn2
]M2

1 },
and n3 = min M3, and so on. We set

ξM
1 = [ζn1

]M1

1 , ξM
2 = [ζn2

]M2

1 , . . . , ξM
k = [ζnk

]Mk
1 , . . .

Hence (ξn
n) has been defined.

From Theorem 2.2.6 and Proposition 2.3.2 of [3] we get the next theorem:

Theorem 1.3. Assume that the families Sξ, ξ < ω1 of finite subsets
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of N have the generalized Schreier property. If F is an adequate family of finite
subsets of N, M ∈ [N], ξ < ω1 and ǫ > 0 such that supF∈F〈ξ

n
n , F 〉 > ǫ for every

N ∈ [M ], n ∈ N, then there exists a strictly increasing sequence (mk) of elements
of M such that

{mj : j ∈ F} ∈ F for all F ∈ Sξ.

Definition 1.4. Let N = (nk) be a strictly increasing sequence of
positive integers. We define the families Mξ[N ], ξ < ω1 as follows: We set

M0[N ] = {{nk} : k = 1, 2, . . .}.

If Mξ[N ] has been defined then we set

Mξ+1[N ] =

∞⋃

k=1

{∪nk

i=1Ai : A1, . . . , Ank
∈ Mξ[N ] with A1 < . . . < Ank

and minA1 = nk}.

If ξ is a limit ordinal and (ζn) be the strictly increasing sequence of successor
ordinals with supn ζn = ξ that defines the sequence (ξL

n ) for every L ∈ [N ] then
we set

Mξ[N ] =

∞⋃

k=1

{A ∈ Mζnk
[N ] : min A = nk}.

Proposition 1.5. For every N ∈ [N] and ξ < ω1 holds

Mξ[N ] = {supp ξL
k : L ∈ [N ], k = 1, 2, . . .}.

P r o o f. Let ξ < ω1 and N ∈ [N].
Step 1: Mξ[N ] ⊆ {supp ξL

k : L ∈ [N ], k = 1, 2, . . .}.

Claim. For every F ∈ Mξ[N ] it holds F = supp ξNF

1 , where NF =
F ∪ {m ∈ N : m > max F}.

P r o o f o f C l a i m. We proceed by induction on ξ < ω1. Let ξ = 0 and let
F ∈ M0[N ]. Then F = {n} for some n ∈ N . Therefore, NF = {m ∈ N : m ≥ n}
and supp ξNF

1 = {n} = F.

Let 1 ≤ ξ < ω1 such that F = supp ζNF

1 for every ζ < ξ, N ∈ [N]

and F ∈ Mζ [N ]. We shall prove that F = supp ξNF

1 for every N ∈ [N] and
F ∈ Mξ[N ].
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Case 1: ξ = η + 1, where η < ω1. Clearly η < ξ. Now let E ∈ Mξ[N ].
Then there exist E1, . . . , En ∈ Mη[N ] with E1 < . . . < En, min E1 = n and
E = E1 ∪ . . . ∪ En. We set L = NE = E ∪ {m ∈ N : m > maxE}. For

every i = 1, . . . , n, by the inductive assumption, we have supp η
LEi

1 = Ei, where
LEi

= Ei ∪ {m ∈ L : m > maxEi} = Ei ∪ . . . ∪ En ∪ {m ∈ N : m > maxEn}.

It is easy to see that ηL
1 = η

LE1

1 , ηL
2 = η

LE2

2 , . . . , ηL
n = η

LEn

1 , supp ηL
i = Ei for

every i = 1, . . . , n and min L = min E = min E1 = n. Also ξNE

1 = [η + 1]L1 =
ηL
1 + . . . + ηL

n

n
. Hence supp ξNE

1 = ∪n
i=1 supp ηL

i = ∪n
i=1Ei = E.

Case 2: ξ is a limit ordinal. Let (ζk) be the strictly increasing sequence
of successor ordinals that defines the sequence (ξL

n ) for every L ∈ [N ]. Let also
F ∈ Mξ[N ]. Then F ∈ Mζn

[N ], where n = min F . By the inductive assumption

we have F = supp[ζn]NF

1 , where NF = F ∪ {m ∈ N : m > maxF}. Since

n = min NF we have [ζn]NF
1 = ξNF

1 . Hence supp ξNF
1 = supp[ζn]NF

1 = F. �

Step 2: {supp ξL
k : L ∈ [N ], k = 1, 2, . . .} ⊆ Mξ[N ].

We proceed by induction on ξ < ω1. Let ξ = 0 and L ∈ [N ] with
L = {l1 < . . . < lk < . . .}. Then supp ξL

k = supp0L
k = {lk} ∈ M0[N ] for every

k = 1, 2, . . . .

Now let 1 ≤ ξ < ω1 such that {supp ζL
k : L ∈ [N ], k = 1, 2, . . .} ⊆ Mζ [N ]

for every ζ < ξ. By Definition 1.2 (ii) and (iii) we easily prove that {supp ξL
k :

L ∈ [N ], k = 1, 2, . . .} ⊆ Mξ[N ]. �

Repeated averages.

Definition 1.6. Let N ∈ [N] and F be a finite subset of N. For
every n ∈ N we define a0

F ({n}) = χF (n), that is, a0
F ({n}) = 1 if n ∈ F and

a0
F ({n}) = 0 if n /∈ F. For every H = {n1 < . . . < nm} ∈ M1[N ] we set

a1
F (H) =

1

m

m∑

i=1

a0
F ({ni}) =

|F ∩ H|

|H|
.

Let ξ < ω1 be an ordinal such that the numbers aξ
F (H) have been defined for every

H ∈ Mξ[N ]. Then for every H ∈ Mξ+1[N ] there exist unique H1, . . . ,Hm ∈
Mξ[N ] such that m = min H1, H1 < . . . < Hm and H = H1 ∪ . . .∪Hm (cf. Def.
1.4, Def. 2.2.1 and Lemma 2.2.3). We set

aξ+1
F (H) =

1

m

m∑

i=1

aξ
F (Hi).
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Let ξ be a limit ordinal such that aζ
F (H) has been defined for every ζ < ξ

and H ∈ Mζ [N ]. Let (ξn) be the strictly increasing sequence of successor ordinals
with supn ξn = ξ that defines the family Mξ[N ]. For every H ∈ Mξ[N ] we set

aξ
F (H) = aξn

F (H), where n = min H.

(By induction on ξ, it is easy to remark that aξ
F (H) is well-defined for all ξ, H

and F , i.e., if ζ < ξ and H ∈ Mζ [N ] ∩Mξ[N ] then aζ
F (H) = aξ

F (H) for every
finite subset F of N.)

Definition 1.7. Let (fk) be a sequence of real-valued functions defined
on a set X. For any ordinal ξ < ω1, we define the function aξ((fk);H), where
H ∈ Mξ[N ], called repeated average of order ξ of the sequence (fk), as follows:

For each n ∈ N we define

a0((fk); {n}) = fn.

For H = {n1, . . . , nm} ∈ M1[N ] with n1 < . . . < nm we define

a1((fk);H) =
1

m

m∑

i=1

fni
.

For any ξ < ω1 and H = H1 ∪ . . . ∪ Hm ∈ Mξ+1[N ], where m = minH1

and H1, . . . ,Hm ∈ Mξ[N ] with H1 < . . . < Hm, we define

aξ+1((fk);H) =
1

m

m∑

i=1

aξ((fk);Hi).

Let ξ be a limit ordinal and (ξn) be the strictly increasing sequence of
successor ordinals with supn ξn = ξ that defines the family Mξ[N ]. Then for
every H ∈ Mξ[N ] we set

aξ((fk);H) = aξn((fk);H) where n = min H.

It can be noticed that repeated averages of order m, where m < ω, was
introduced by Alspach and Odell in [2] by using other notations.

Remarks 1.8. Let N ∈ [N]. By induction on ξ < ω1 it is easy to show
that

(i) If L ∈ [N ], n ∈ L and F ∈ [N]<ω it holds

〈ξL
n , F 〉 = aξ

F (H) where H = supp ξL
n .

(ii) If A = (fk), L ∈ [N ] and n ∈ L it holds

ξL
n · A = aξ((fk);H) where H = supp ξL

n .
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Definition 1.9 (cf. [16]). If F ⊆ N and I = {x ∈ F : x < n} for some
n ∈ N we shall call I an initial segment of F.

A family C of finite subsets of N is said to be thin if there do not exist
A,B ∈ C such that A is an initial segment of B and A 6= B.

Theorem 1.10 (cf. [16]). If M ∈ [N] and C is thin family of finite
subsets of M then for every partition {C1, C2} of C there exists N ∈ [M ] such that
C ∩ [N ]<ω ⊆ C1 or C ∩ [N ]<ω ⊆ C2.

Trees.

Definition 1.11 (cf. [4]). Let X be a set.

(i) A tree on X will be a subset of
⋃∞

n=1 Xn with the property that (x1, . . . , xn) ∈
T whenever (x1, . . . , xn, xn+1) ∈ T .

(ii) A tree T on X is well-founded if there is no sequence (xn) in X satisfying
(x1, . . . , xn) ∈ T for each n ∈ N.

(iii) Proceeding by induction we associate to each ordinal ξ a new tree T ξ such
that: Take T 0 = T .

If T ξ is obtained, let

T ξ+1 =

∞⋃

n=1

{(x1, . . . , xn) ∈ Xn : (x1, . . . , xn, x) ∈ T ξ for some x ∈ X}.

If ξ is a limit ordinal, define T ξ =
⋂

ζ<ξ T ζ .

Proposition 1.12 (cf. [4, 5, 6]). If T is a well-founded tree on N then
there is ξ < ω1 such that T ξ = Ø.

Convergence index, oscillation index. A real-valued function f de-
fined on a set X is bounded if ‖f‖∞ := supx∈X |f(x)| < +∞. A sequence (fk) of
real-valued functions defined on a set X is uniformly bounded if supk ‖fk‖∞ <
+∞.

Let X be a topological space and C(X) the set of continuous real-valued
functions on X. By R we mean the set of all real numbers. A function f : X → R

is Baire-1 if there exists a sequence (fk) in C(X) that converges pointwise to f .
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Definition 1.13 (cf. [8, 9]). Let K be a compact metric space, f : K →
R a function, P ⊆ K and ǫ > 0. Let P 0

ǫ,f = P and for any ordinal α let Pα+1
ǫ,f

be the set of those x ∈ Pα
ǫ,f such that for every open set U arround x there are

two points x1 and x2 in Pα
ǫ,f ∩U such that |f(x1)− f(x2)| ≥ ǫ. At a limit ordinal

α we set Pα
ǫ,f =

⋂

β<α P β
ǫ,f . Let β(f, ǫ) be the least α with Kα = Ø if such an α

exists, and β(f, ǫ) = ω1, otherwise. Define the oscillation index β(f) of f by

β(f) = sup{β(f, ǫ) : ǫ > 0}.

The complexity of pointwise convergent sequence of continuous real-valued
functions defined on a compact metric space is described by a countable ordinal
index “γ” which is defined in the following way.

Definition 1.14 (cf. [9]). Let K be a compact metric space, (fk) a
sequence of continuous real-valued functions defined on K, P ⊆ K and ǫ > 0. Let
P 0

ǫ,(fk) = P and for any ordinal α let Pα+1
ǫ,(fk) be the set of those x ∈ Pα

ǫ,(fk) such
that for every open set U around x and for every p ∈ N there are m,n ∈ N with
m > n > p and a point x′ in Pα

ǫ,(fk) ∩ U such that |fm(x′) − fn(x′)| ≥ ǫ.

At a limit ordinal α we set Pα
ǫ,(fk) =

⋂

β<α P β
ǫ,(fk). (It can be noticed that

Pα
ǫ,(fk) is a closed subset of P with the relative topology in P .) Let γ((fk), ǫ) be

the least α with Kα
ǫ,(fk) = Ø if such an α exists, and γ((fk), ǫ) = ω1, otherwise.

Define the convergence index γ((fk)) of (fk) by

γ((fk)) = sup{β((fk), ǫ) : ǫ > 0}.

In [9] it is proved that γ((fk)) < ω1 iff (fk) is pointwise converging. Also
in [9] it is proved that if the sequence (fk) of continuous real-valued functions on
K converges pointwise to f then β(f) ≤ γ((fk)).

By Lemma 3.3.3 and Definition 3.3.1 of [10] we get the following propo-
sition.

Proposition 1.15. Asumme that the families Sξ, ξ < ω1 of finite subsets
of N have the genaralized Schreier property. Let K be a compact metric space,
ξ < ω1, (fk) ⊆ C(K) and ǫ > 0 such that for every E = {k1 < . . . < kλ} ∈ Sξ

(where λ ∈ N) there is xE ∈ K with |f2kj+1(xE)−f2kj
(xE)| > ǫ for all 1 ≤ j ≤ λ.

Then there exists x ∈ K such that x ∈ Kωξ

ǫ,(fk).

Proposition 1.16 (cf. [10, Prop. 3.2 and Th. 3.3(i) ⇒ (iii)]). Assume
that the families Sξ, ξ < ω1 of finite subsets of N have the generalized Schreier
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property. Let K be a compact metric space, 1 ≤ ξ < ω1 (fk) ⊆ C(K) and
ǫ > 0 such that γ((fnk

), ǫ) > ωξ for every strictly increasing sequence (nk) of
positive integers. Then there exists a subsequence (f ′

k) of (fk) such that for every

F = {k1 < . . . < kλ} ∈ Sξ there is xF ∈ K such that |f ′
2kj+1(xF )− f ′

2kj
(xF )| >

ǫ

4
for all 1 ≤ j ≤ λ.

2. Main results.

Theorem 2.1. Let n ∈ N, ξ1, . . . , ξn < ω1, N ∈ [N] and {P1,P2} a
partition of [N ]<ω. Then there exists N ′ ∈ [N ] such that

either ∪n
i=1Ei ∈ P1 for every E1 ∈ Mξ1 [N

′], . . . , En ∈ Mξn
[N ′] with

E1 < . . . < En;

or ∪n
i=1Ei ∈ P2 for every E1 ∈ Mξ1 [N

′], . . . , En ∈ Mξn
[N ′] with

E1 < . . . < En.

For the proof of the above theorem we shall use the next proposition.

Proposition 2.2. For every n ∈ N, ξ1, . . . , ξn < ω1 and for every
N ∈ [N] the family

Mξ1,...,ξn
[N ] = {∪n

i=1Ei : E1 ∈ Mξ1 [N ], . . . , En ∈ Mξn
[N ] with E1 < . . . < En}

is thin subset of [N ]<ω.

For the proof of this proposition we shall use a method created by Prof.
Negrepontis and the author (cf. [12] or [15, Def. 3.6, Lemma 3.7]). This method
consists in a double induction. More precisely, we give the next definition and
we prove Lemmas 2.2.2 and 2.2.3.

Definition 2.2.1. For any n ∈ N and ξ1, . . . , ξn < ω1 we say that
the n-tuple (ξ1, . . . , ξn) has property (T ) if whenever N ∈ [N] and E1, F1 ∈
Mξ1 [N ], . . . , En, Fn ∈ Mξn

[N ] with E1 < . . . < En and F1 < . . . < Fn such
that E1 ∪ . . . ∪ En is an initial segment of F1 ∪ . . . ∪ Fn then Ei = Fi for every
i = 1, . . . , n.

Lemma 2.2.2. If (ξ1, . . . , ξn) has property (T ) then (ξ, ξ1, . . . , ξn) has
property (T ) for every ξ < ω1.

P r o o f. We proceed by induction on ξ < ω1.
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Step 1: ξ = 0.
Assume that (ξ1, . . . , ξn) has property (T ) and we shall prove that (0, ξ1, . . . ,
ξn) has property (T ). Indeed, let N ∈ [N], m1,m2 ∈ N , E1, F1 ∈ Mξ1 [N ], . . . ,
En, Fn ∈ Mξn

[N ] with m1 < E1 < . . . < En, m2 < F1 < . . . < Fn and {m1} ∪
E1 ∪ . . . ∪ En is an initial segment of {m2} ∪ F1 ∪ . . . ∪ Fn. Then m1 = m2 and
E1 ∪ . . .∪En is an initial segment of F1∪ . . .∪Fn. Since (ξ1, . . . , ξn) has property
(T ) we have Ei = Fi for every i = 1, . . . , n.

Step 2: Suppose that 1 ≤ ξ < ω1 such that the conclusion holds for every
ζ < ξ and we shall prove that it holds for ξ.
Assume that the n-tuple (ξ1, . . . , ξn) has property (T ) and we shall show that
(ξ, ξ1, . . . , ξn) has property (T ). Indeed, let N ∈ [N], H,G ∈ Mξ[N ], E1, F1 ∈
Mξ1 [N ], . . . , En, Fn ∈ Mξn

[N ] with H < E1 < . . . < En, G < F1 < . . . < Fn and
H ∪ E1 ∪ . . . ∪ En is initial segment of G ∪ F1 ∪ . . . ∪ Fn. Then min H = minG.
We set m = minH = minG. Consider these two cases:

Case 1: ξ = ζ + 1, where ζ < ω1. Then H = H1 ∪ . . . ∪ Hm, where
m = min H1, H1 < . . . < Hm and and Hj ∈ Mζ [N ] for every j = 1, 2, . . . ,m.
Also G = G1 ∪ . . . ∪ Gm, where m = min G1, G1 < . . . < Gm and Gj ∈ Mζ [N ]
for every j = 1, . . . ,m. Clearly H1 ∪ . . .∪Hm ∪E1 ∪ . . .∪En is initial segment of
G1 ∪ . . . ∪ Gm ∪ F1 ∪ . . . ∪ Fn and since ζ < ξ we have that (ζ, . . . , ζ

︸ ︷︷ ︸

m−times

, ξ1, . . . , ξn)

has property (T ) by the inductive assumption, whence Hj = Gj for j = 1, . . . ,m
and Ei = Fi for i = 1, . . . , n.

Case 2: ξ is a limit ordinal. Let (ζk) be the strictly increasing sequence
of successor ordinals with supk ζk = ξ that defines the family Mξ[N ]. Since
m = minH = min G = m we have H,G ∈ Mζm

[N ]. Since ζm < ξ the (n + 1)−
tuple (ζm, ξ1, . . . , ξn) has property (T ), by the inductive assumption. Therefore
H = G and Ei = Fi for i = 1, . . . , n. The proof is complete. �

Lemma 2.2.3. The n-tuple (ξ1, . . . , ξn) has property (T ) for every
n ∈ N and ξ1, . . . , ξn < ω1.

P r o o f. By induction on ξ < ω1 we prove that (ξ) has property (T ). For
ξ = 0 is trivial. Now, let 1 ≤ ξ < ω1 such that the 1-tuple (ζ) has property (T )
for every ζ < ξ.

If ξ = ζ + 1, where ζ < ω1 then (ζ) has property (T ) and therefore, by
Lemma 2.2.2, (ζ, . . . , ζ

︸ ︷︷ ︸

j−times

) has property (T ) for every j ∈ N. By using the definition

of the property (T ) we prove that (ξ) has property (T ).
If ξ is a limit ordinal and (ζk) a strictly increasing sequence of ordinals

with supk ζk = ξ then the 1-tuple (ζj) has the property (T ) for every j ∈ N.
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By using the definition of the property (T ) we obtain that the 1-tuple (ξ) has
property (T ).

Therefore, by Lemma 2.2.2, (ξ1, . . . , ξn) has property (T ) for every
ξ1, . . . , ξn < ω1. �

P r o o f o f Th e o r e m 2.1. It is immediate by Proposition 2.2 and
Theorem 1.10. �

The following theorem is an other form of Theorem 1.3. By the proof of
Theorem 2.3 we obtain an alternative proof of Theorem 1.3.

Theorem 2.3. Assume that the families Sξ, ξ < ω1 of finite subsets of
N have the generalized Schreier property. Let F be an hereditary family of finite
subsets of N, ξ < ω1, N ∈ [N] and δ a positive real number such that for every

N ′ ∈ [N ] there exist H ∈ Mξ[N
′] and F ∈ F with aξ

F (H) ≥ δ.

Then there exists a strictly increasing sequence (nk) of elements of N such
that

{mj : j ∈ E} ∈ F for all E ∈ Sξ.

The proof of the above theorem requires the following lemmas.

Lemma 2.3.1. Let ζ < ω1, N ∈ [N], δ > 0 and 0 < δ′ < δ. Then for
every ordinal ξ with ζ < ξ < ω1 and L ∈ [N ] there exists Lξ ∈ [L] satisfying the
following property:

For every H ∈ Mξ[Lξ] and F ∈ [N]<ω with aξ
F (H) ≥ δ there exists

H ′ ∈ Mζ [Lξ] such that H ′ ⊆ H and aξ
F (H) ≥ δ′.

P r o o f. Fix ζ < ω1, N ∈ [N]. We shall prove it by induction for ξ greater
than ζ, every L ∈ [N ], δ > 0 and 0 < δ′ < δ. Consider these next cases:

Case 1: ξ = η + 1, where η < ω1. Indeed, if N ∈ [N], L ∈ [N ], δ > 0 and
0 < δ′ < δ then there exists Lη ∈ [L] satisfying the conclusion for the ordinal η.
We set Lξ = Lη and it is obvious that for every H = H1 ∪ . . . ∪ Hm ∈ Mξ[Lξ],
where H1, . . . ,Hm ∈ Mη [Lξ] with minH1 = m, H1 < . . . < Hm and F ∈ [N]<ω

with aξ
F (H) ≥ δ there exists i0 ∈ {1, . . . ,m} such that aη

F (Hi0) ≥ δ and so, by
the inductive assumption, there exists H ′ ∈ Mζ [Lξ] such that H ′ ⊆ Hi0 and

aζ
F (H ′) ≥ δ′.

Case 2: ξ is a limit ordinal. Fix the strictly increasing sequence (ξn) of
successor ordinals such that supn ξn = ξ that defines the family Mξ[N ]. Since
each ξn is successor ordinal it has the form ξn = ζn + 1.
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Choose L0 ∈ [N ] with min L0 = m1, where m1 ∈ N with m1 ≥ 2, ζm1
> ζ

and
1

m1
<

δ − δ′

2
. We inductively choose L0 ⊇ L1 ⊇ . . . ⊇ Lk ⊇ . . . such that if

mk = min Lk−1 then (mk) is strictly increasing and Lk = Lζmk
for N = Lk−1,

δ =
δ + δ′

2
and δ′.

Claim. The set {mk : k = 1, 2, . . .} is the desired Lξ.

Indeed, let H ∈ Mξ[Lξ] and F ∈ [N ]<ω with aξ
F (H) ≥ δ. Then H ∈

Mξmn
[Lξ], where mn = minH. Since ξmn = ζmn + 1 there are H1, . . . ,Hmn ∈

Mζmn
[Lξ] such that min H1 = mn, H1 < . . . < Hm and H = H1 ∪ . . . ∪ Hmn .

Then

δ ≤ aξ
F (H) = a

ξmn

F (H) =
1

mn

(
mn∑

i=1

a
ζmn

F (Hi)

)

and hence
1

mn

mn∑

i=2
a

ζmn

F (Hi) ≥ δ −
1

mn
>

δ + δ′

2
. Then there exists 2 ≤ i0 ≤ mn

such that a
ζmn

F (Hi0) ≥
δ + δ′

2
. It is clear that min Hi0 > mn and

δ + δ′

2
> δ′.

Hence Hi0 ∈ Mζmn
[Ln] and hence there exists H ′ ∈ Mζ [Ln] such that aζ

F (H ′) ≥
δ′ and H ′ ⊆ Hi0. This completes the proof of Lemma. �

The next Definition and Lemmas 2.3.3, 2.3.4 are based in the method of
double induction created by Prof. Negrepontis and the author (cf. [12] or [15,
Def. 3.6, Lemma 3.7]).

Definition 2.3.2. Assume that the families Sξ, ξ < ω1 of finite subsets
of N have the generalized Schreier property. For n ∈ N and ξ1, . . . , ξn < ω1 we say
that the n-tuple (ξ1, . . . , ξn) has property (∗) if whenever F is a hereditary family
of finite subsets of N, N ∈ [N] and δ a positive real number such that for every
H1 ∈ Mξ1 [N ], . . . ,Hn ∈ Mξn

[N ] with H1 < . . . < Hn there exists F ∈ F with

aξi

F (Hi) ≥ δ for every i = 1, . . . , n then there exists a strictly increasing sequence
(mk) of elements of N such that {mj : j ∈ ∪n

i=1Ei} ∈ F for all E1 ∈ Sξ, . . . , En ∈
Sξn

with E1 < . . . < En.

Lemma 2.3.3. If (ξ1, . . . , ξn) has property (∗) then (ξ, ξ1, . . . , ξn) has
property (∗) for every ξ < ω1.

P r o o f. We proceed by induction on ξ < ω1.

Step 1: ξ = 0. Assume that (ξ1, . . . , ξn) has property (∗) and we shall
show that (0, ξ1, . . . , ξn) has property (∗). Indeed, let F be a hereditary family
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of finite subsets of N, N ∈ [N] and δ a positive real number such that for every
m ∈ N , H1 ∈ Mξ1 [N ], . . . ,Hn ∈ Mξn

[N ] with m < H1 < . . . < Hn there exists

F ∈ F with a0
F ({m}) ≥ δ and aξi

F (Hi) ≥ δ for every i = 1, . . . , n.

We set m1 = min N , N1 = (m1
k) = N , N ′

1 = {m ∈ N : m > m1}
and G1 = {F ∈ F : min F > m1, {m1} ∪ F ∈ F}. By the hypothesis, for
every H1 ∈ Mξ1 [N ], . . . ,Hn ∈ Mξn

[N ] with m1 < H1 < . . . < Hn there exists

F ∈ F such that a0
F ({m1}) ≥ δ and aξi

F (Hi) ≥ δ for every i = 1, . . . , n. Since
a0

F ({m1}) = χF (m1) ≥ δ it follows m1 ∈ F . Also the set G = F ∩ N ′
1 belongs to

G1 and aξi

G(Hi) = aξi

F (Hi) for every i = 1, . . . , n. Because (ξ1, . . . , ξn) has property
(∗) there exists a strictly increasing sequence N2 = (m2

k) of elements of N ′
1 such

that

{m2
j : j ∈ ∪n

i=1Ei} ∈ G1

for every E1 ∈ Sξ1 , . . . , En ∈ Sξn
with E1 < . . . < En.

By induction on j ≥ 1, we can find a strictly increasing sequence Nj =

(mj
k) of elements of N such that Nj+1 is subsequence of Nj and setting mj = mj

j

and Gj = {F ∈ F : minF > mj, {mj} ∪ F ∈ F} we get

{mj+1
k : k ∈ ∪n

i=1Ei} ∈ Gj

for every E1 ∈ Sξ1 , . . . , En ∈ Sξn
with E1 < . . . < En. By [3, Lemma 2.1.8(b)], if

{p1, . . . , pλ} ∈ Sα, where α < ω1, and q1 ≥ p1, . . . qλ ≥ pλ then {q1, . . . , qλ} ∈ Sα.
The proof of Step 1 can be finished by taking the sequence (mk) and using the
above fact.

Step 2: Let 1 ≤ ξ < ω1 such that the conclusion of Lemma holds for
every ζ < ξ. We shall prove that it holds for ξ.

Indeed, we assume that (ξ1, . . . , ξn) has property (∗) and we shall prove
that (ξ, ξ1, . . . , ξn) has property (∗). Let F be a hereditary family of finite subsets
of N, N ∈ [N] and δ > 0 such that for every H ∈ Mξ[N ],H1 ∈ Mξ1 [N ], . . . ,Hn ∈

Mξn
[N ] with H < H1 < . . . < Hn there exists F ∈ F such that aξ

F (H) ≥ δ and

aξi

F (Hi) ≥ δ for every i = 1, . . . , n. Let δ′ with 0 < δ′ < δ.

Consider the next cases:

Case 1: ξ = ζ + 1, where ζ < ω1. Then ζ < ξ and so, by the inductive
assumption, (ζ, . . . , ζ

︸ ︷︷ ︸

j−times

, ξ1, . . . , ξn) has property (∗) for every j ∈ N.

Claim. For every j ∈ N and for every N ′ ∈ [N ] there exists N ′′ ∈ [N ′]
such that for every G1, . . . , Gj ∈ Mζ [N

′′],H1 ∈ Mξ1 [N
′′], . . . ,Hn ∈ Mξn

[N ′′]

with G1 < . . . < Gj < H1 < . . . < Hn there exists F ∈ F such that aζ
F (Gλ) ≥ δ′
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for λ = 1, . . . , j and aξi

F (Hi) ≥ δ′ for i = 1, . . . , n.

P r o o f o f C l a i m. Let j ∈ N and N ′ ∈ [N ]. We set

P1 = {∪j
λ=1Gλ ∪ ∪n

i=1Hi : G1, . . . , Gj ∈ Mζ [N
′],H1 ∈ Mξ1[N

′], . . . ,Hn

∈ Mξn
[N ′] with G1 < . . . < Gj < H1 < . . . < Hn such that there exists

F ∈ F with aζ
F (Gλ) ≥ δ′ and aξi

F (Hi) ≥ δ′ for every λ = 1, . . . , j, i = 1, . . . , n}

and P2 = [N ′]<ω \ P1. {P1,P2} is a partition of [N ′]<ω. By Theorem 2.1, it
is enough to show that for every N ′′ ∈ [N ′] there exist G1, . . . , Gj ∈ Mζ [N

′′],
H1 ∈ Mξ1 [N

′′], . . . ,Hn ∈ Mξn
[N ′′] with G1 < . . . < Gj < H1 < . . . < Hn such

that there exists F ∈ F with

aζ
F (Gλ) ≥ δ′ for λ = 1, . . . , j and aξi

F (Hi) ≥ δ′ for i = 1, . . . , n.

Indeed, let N ′′ ∈ [N ′]. We choose kj ∈ N ′′ with
j

kj
< δ − δ′. Let G =

G1 ∪ . . . ∪ Gkj
∈ Mξ[N

′′], where minG1 = kj , G1, . . . , Gkj
∈ Mζ [N

′′] and G1 <
. . . < Gkj

, and let H1 ∈ Mξ1 [N
′′], . . . ,Hn ∈ Mξn

[N ′′] with G < H1 < . . . < Hn.
Then there exists F ∈ F such that

aξ
F (G) ≥ δ and aξi

F (Hi) ≥ δ for every i = 1, . . . , n.

We claim that |{1 ≤ λ ≤ kj : aζ
F (Gλ) ≥ δ′}| ≥ j. Indeed, we assume that

|{1 ≤ λ ≤ kj : aζ
F (Gλ) ≥ δ′}| < j. Then

δ ≤ aξ
F (G) =

1

kj

kj∑

λ=1

aζ
F (Gλ) <

j

kj
+

kj − j

kj
δ′ < δ − δ′ + δ′ = δ,

a contradiction. This completes the proof of Claim. �

By using that (ζ, . . . , ζ
︸ ︷︷ ︸

j−times

, ξ1, . . . , ξn) has the property (∗) for every j ∈ N

and using the claim we can find strictly increasing sequences Nj = (mj
k), j ∈ N

of elements of N such that for every j ∈ N, Nj+1 is subsequence of Nj and {mj
k :

k ∈ ∪j
λ=1Eλ ∪ ∪n

i=1Fi} ∈ F for every E1, . . . , Ej ∈ Sζ , F1 ∈ Sξ1 , . . . , Fn ∈ Sξn

with E1 < . . . < Ej < F1 < . . . < Fn. The proof of Case 1 can be finished by
taking the diagonal sequence {mk

k : k = 1, 2, . . .} and using [3, Lemma 2.1.8(b)].

Case 2: ξ is a limit ordinal. Let (ζk) be a strictly increasing sequence
of ordinals with supk ζk = ξ. By the inductive assumption, (ζk, ξ1, . . . , ξn) has
property (∗) for every k ∈ N.

Claim. For j ∈ N, N ′ ∈ [N ] there exists N ′′ ∈ [N ′] such that for every
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H ∈ Mζj
[N ′′],H1 ∈ Mξ1 [N

′′], . . . ,Hn ∈ Mξn
[N ′′] with H < H1 < . . . < Hn

there exists F ∈ F with

a
ζj

F (H) ≥ δ′ and aξi

F (Hi) ≥ δ′ for every i = 1, . . . , n.

P r o o f o f C l a i m. Let j ∈ N and N ′ ∈ [N ]. By Theorem 2.1, it
is enough to show that for every N ′′ ∈ [N ′] there exist H ∈ Mζj

[N ′′],H1 ∈
Mξ1 [N

′′], . . . ,Hn ∈ Mξn
[N ′′] with H < H1 < . . . < Hn and there exists F ∈ F

with a
ζj

F (H) ≥ δ′ and aξi

F (Hi) ≥ δ′ for every i = 1, . . . , n.

Indeed, let N ′′ ∈ [N ′]. By Lemma 2.3.1, there exists L ∈ [N ′′] such that

for every H ∈ Mξ[L] and F ∈ F with aξ
F (H) ≥ δ there exists H ′ ∈ Mζj

[L] such

that H ′ ⊆ H and a
ζj

F (H ′) ≥ δ′. Choose H ∈ Mξ[L], H1 ∈ Mξ1 [L], . . . ,Hn ∈
Mξn

[L] with H < H1 < . . . < Hn. By the hypothesis there exists F ∈ F such

that aξ
F (H) ≥ δ and aξi

F (Hi) ≥ δ for every i = 1, . . . , n. For H fix H ′ ∈ Mζj
[L]

such that H ′ ⊆ H and a
ζj

F (H ′) ≥ δ′. Since H ′ ⊆ H and H < H1 < . . . < Hn we
have H ′ < H1 < . . . < Hn. This completes the proof of Claim. �

We set M0 = M. By using that for every j ≥ 1, (ζj, ξ1, . . . , ξn) has

property (∗) and using the claim we can find a subsequence Mj = (mj
k) of Mj−1

such that {mj
k : k ∈ E ∪∪n

i=1Fi} ∈ F for all E ∈ Sζj
, F1 ∈ Sξ1 , . . . , Fn ∈ Sξn

with
E < F1 < . . . < Fn . The proof of Case 2 can be finished by taking the diagonal
sequence {mk

k : k = 1, 2, . . .} and using again [3, Lemma 2.1.8(b)].

Lemma 2.3.4. The n-tuple (ξ1, . . . , ξn) has the property (∗) for every
n ∈ N and ξ1, . . . , ξn < ω1.

P r o o f. By induction on ξ < ω1, we prove that (ξ) has property (∗). For
ξ = 0 is trivial. Now, let 1 ≤ ξ < ω1 such that the 1-tuple (ζ) has property (∗)
for every ζ < ξ.

If ξ = ζ +1, where ζ < ω1 then (ζ) has the property (∗) and therefore, by
Lemma 2.3.3, (ζ, . . . , ζ

︸ ︷︷ ︸

j−times

) has property (∗) for every j ∈ N. By using the definition

of the property (∗) and a diagonal argument we prove that (ξ) has property (∗).

If ξ is a limit ordinal and (ζk) a strictly increasing sequence of ordinals
with supk ζk = ξ then the 1-tuple (ζj) has the property (∗) for every j ∈ N.
Using the definition of the property (∗) and a diagonal argument we obtain that
the 1-tuple (ξ) has the property (∗). Therefore, by Lemma 2.3.3, (ξ1, . . . , ξn) has
property (∗) for every ξ1, . . . , ξn < ω1. �
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P r o o f o f Th e o r e m 2.3. We set

P1 = {H ∈ Mξ[N ] : there exists F ∈ F such that aξ
F (H) ≥ δ}

and P2 = Mξ[N ]\P1. {P1,P2} is a partition of the set Mξ[N ]. By the assumption
P1 ∩Mξ[N

′] is nonempty for every N ′ ∈ [N ]. Therefore, by Theorem 2.1, there
exists N ′ ∈ [N ] such that for every H ∈ Mξ[N

′] there exists F ∈ F such that

aξ
F (H) ≥ δ. Also the 1-tuple (ξ) has property (∗) by Lemma 2.3.4. Hence there

exists a strictly increasing sequence (mk) of elements of N ′ such that {mj : j ∈
F} ∈ F for every F ∈ Sξ. �

Proposition 2.4. Let (fk) be a sequence of real-valued functions defined
on a set X, δ a positive real number and ξ < ω1. Then for every N ∈ [N] there
exists N ′ ∈ [N ] such that

either ‖aξ((fk);H)‖∞ < δ for every H ∈ Mξ[N
′];

or ‖aξ((fk);H)‖∞ ≥ δ for every H ∈ Mξ[N
′].

P r o o f. We set

P1 = {H ∈ Mξ[N ] : ‖aξ((fk);H)‖∞ < δ}

and P2 = [N ]<ω \ P1. By Theorem 2.1, there exists N ′ ∈ [N ] such that either
Mξ[N

′] ⊆ P1 or Mξ[N
′] ⊆ P2. The proof is complete. �

Theorem 2.5. Let (fk) be a sequence of real-valued functions defined
on a set X, M ∈ [N] and ξ < ω1. Then there exists N ∈ [M ] such that

either (1) for every strictly increasing sequence (Hn) of members of Mξ[N ] the
sequence gn = aξ((fk);Hn), n ∈ N converges uniformly to zero;

or (2) does not exist a strictly increasing sequence (Hn) of members of Mξ[N ]
such that the sequence gn = aξ((fk);Hn), n ∈ N converges uniformly to zero.

Before to prove this theorem we shall use a method created by Mer-
courakis in [14]. This method consists in two next lemmas.

Lemma 2.5.1. Let (fk) be a sequence of real-valued functions on a set
X, N0 ∈ [N] and ξ < ω1. Suppose that every N ∈ [N0] has the following property:

(**) for each δ > 0 there exists Nδ ∈ [N ] such that ‖aξ((fk);H)‖∞ < δ
for all H ∈ Mξ[Nδ].

Then there exists N ∈ [Nδ] such that for every strictly increasing sequence
(Hn) of members of Mξ[N ] the sequence gn = aξ((fk);Hn), n ∈ N converges
uniformly to zero.
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P r o o f. By our assumption applied to N = N0 and δ = 1, there exists
N1 ∈ [N0] such that ‖aξ((fk);H)‖∞ < 1 for all H ∈ Mξ[N1]. We proceed
inductively and find a decreasing sequence of infinite subsets of N0 N1 ⊇ N2 ⊇
. . . ⊇ Nn ⊇ . . . such that for every n = 1, 2, . . . we have,

‖aξ((fk);H)‖∞ <
1

n
for all H ∈ Mξ[Nn].

We choose a strictly increasing sequence m1 < m2 < . . . < mn < . . . of positive
integers such that mn ∈ Nn for all n = 1, 2, . . .. We claim that N = {mn : n =
1, 2, . . .} is the desired set. Indeed, let (Hn) be a strictly increasing sequence of

elements of Mξ[N ], δ > 0 and n0 ∈ N such that
1

n0
< δ. Then there exists n1 ∈ N

such that Hn ∈ Mξ[Nn0
] for every n ≥ n1 and hence ‖aξ((fk);Hn)‖∞ <

1

n0
< δ

for every n ≥ n1. The proof of our Lemma is complete. �

Lemma 2.5.2. Let (fk) be a sequence of real-valued functions on a set
X, M ∈ [N] and ξ < ω1. Suppose that there exists N0 ∈ [M ] not having property
(**) (stated in the previous lemma). Then there exists N ∈ [M ] and δ > 0 such
that ‖aξ((fk);H)‖∞ ≥ δ for every every H ∈ Mξ[N ].

P r o o f. Since N0 does not have property (**) there exists δ > 0 such
that for every N ∈ [N0] there exists H ∈ Mξ[N ] such that ‖aξ((fk);H)‖∞ ≥ δ.
Then from Proposition 2.4, there exists N ∈ [N0] such that ‖aξ((fk);H)‖∞ ≥ δ
for every H ∈ Mξ[N ], which finishes the proof of the lemma. �

P r o o f o f T h e o r e m 2.5. Suppose that every N ∈ [M ] has property
(∗∗) of Lemma 2.5.1, then (according to this lemma) there exists N ∈ [M ] such
that for every strictly increasing sequence (Hn) of elements of Mξ[N ] the sequence
gn = aξ((fk);Hn), n ∈ N converges uniformly to zero, namely we get (1). If there
exists N0 ∈ [M ] not having (∗∗) then we get (2) by Lemma 2.5.2. The proof of
Theorem 2.5 is complete. �

Proposition 2.6. Let K be a compact metric space, (fk) a uniformly
bounded sequence of continuous real-valued functions defined on K and ξ < ω1

with γ((fk)) ≤ ωξ. Then for every M ∈ [N] there exists N ∈ [M ] such that
for every strictly increasing sequence (Hn) of members of Mξ[N ] the sequence
gn = αξ((f2k+1 − f2k);Hn), n ∈ N converges uniformly to zero.

P r o o f. Let M ∈ [N]. By Lemma 2.5.1, it is enough to prove that for every
δ > 0 and N ∈ [M ] there exists Nδ ∈ [N ] such that ‖aξ((f2k+1 − f2k);H)‖∞ < δ
for all H ∈ Mξ[Nδ]. Indeed, we assume that there exists δ > 0 such that for
every N ′ ∈ [N ] there exists H ∈ Mξ[N

′] such that ‖aξ((f2k+1 − f2k);H)‖∞ ≥ δ.
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For every x ∈ K let Fx =

{

k ∈ N : |f2k+1(x) − f2k(x)| >
δ

2

}

. Then for

every H ∈ Mξ[N ] and x ∈ K we have

|aξ((f2k+1 − f2k);H)(x)| ≤
δ

2
+ aξ

Fx
(H)(sup

k

‖fk‖∞).

So, for every N ′ ∈ [N ] there exist H ∈ Mξ[N
′] and x ∈ K such that

aξ
Fx

(H) ≥
δ

2 supk ‖fk‖∞
.

Therefore, by Theorem 2.3, there exists a strictly increasing sequence
(mk) of elements of N such that for every F ∈ Sξ there exists x ∈ K with

|f2mk+1(x) − f2mk
(x)| ≥

δ

2
for every k ∈ F.

We set n1 = 1 and n2k = 2mk, n2k+1 = 2mk+1 for every k ∈ N. Therefore,
by Proposition 1.15, Kωξ

δ
2
,(fnk

)
6= Ø and hence γ((fk)) > ωξ. �

Proposition 2.7. Let K be a compact metric space, (fk) a sequence of
continuous real-valued functions and 1 ≤ ξ < ω1 such that for every subsequence
(f ′

k) of (fk) there exists a strictly increasing sequence (Hn) of members of Mξ[N]
such that the sequence gn = aξ((f ′

2k+1 − f ′
2k);Hn), n ∈ N converges uniformly to

zero. Then there exists a subsequence (f ′
k) of (fk) such that γ((f ′

k)) ≤ ωξ.

P r o o f. Assume that γ((f ′
k)) > ωξ for every subsequence (f ′

k) of (fk).

Claim. There exist ǫ > 0 and a subsequence (f ′
k) of (fk) such that

γ((f ′′
k ), ǫ) > ωξ for every subsequence (f ′′

k ) of (f ′
k).

P r o o f o f C l a im. Assume the contrary. Then for every ǫ > 0 and
for every subsequence (f ′

k) of (fk) there exists a subsequence (f ′′
k ) of (f ′

k) such
that γ((f ′′

k ), ǫ) ≤ ωξ. We set M0 = N. So, by induction on m ∈ N, there exists
a subsequence Mm = (nm

k ) of Mm−1 such that γ((fnm
k

), 1
m

) ≤ ωξ. Then for the

sequence f ′
k = fnk

k
, k ∈ N we have γ((f ′

k)) ≤ ωξ, a contradiction. The proof of

Claim is complete. �

For every α < ω1 we set Sα = {F ∈ [N]<ω : F ⊆ H for some H ∈ Mα[N]}.
The families {Sα}α<ω1

have the generalized Schreier property. By Claim and
Proposition 1.16, there exists a subsequence (f ′

k) of (fk) such that for every
F = {k1 < . . . < kλ} ∈ Sξ there exists xF ∈ K with

|f ′
2k+1(xF ) − f ′

2k(xF )| >
ǫ

4
for all k ∈ F.

For every x ∈ K we set

Fx =
{

k ∈ N : |f ′
2k+1(x) − f ′

2k(x)| >
ǫ

4

}

,
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F+
x =

{

k ∈ N : f ′
2k+1(x) − f ′

2k(x) >
ǫ

4

}

and

F−
x =

{

k ∈ N : f ′
2k+1(x) − f ′

2k(x) < −
ǫ

4

}

.

So, for every H ∈ Mξ[N] there exists x ∈ K such that aξ
Fx

(H) = 1. Also

aξ
Fx

(H) = aξ

F+
x

(H) + aξ

F−

x
(H)

for every x ∈ K and H ∈ Mξ[N]. Therefore for every N ∈ [N] and H ∈ Mξ[N ]

there exists x ∈ K such that aξ

F+
x

(H) ≥
1

2
or aξ

F−

x
(H) ≥

1

2
. By using Theorem

2.1, there exists N ∈ [N] such that

either for every H ∈ Mξ[N ] there exists x ∈ K with aξ

F+
x

(H) ≥
1

2
;

or for every H ∈ Mξ[N ] there exists x ∈ K with aξ

F−

x
(H) ≥

1

2
.

By Theorem 2.3, there exists a strictly increasing sequence (mk) of elements of
N such that

either for every F = {k1 < . . . < kλ} ∈ Sξ there exists x ∈ K such that

f ′
2mki

+1(x) − f ′
2mki

(x) >
ǫ

4
for every 1 ≤ i ≤ λ;

or for every F = {k1 < . . . < kλ} ∈ Sξ there exists x ∈ K with f ′
2mki

+1(x) −

f ′
2mki

(x) < −
ǫ

4
for every 1 ≤ i ≤ λ.

So, ‖aξ((f ′
2mk+1 − f ′

2mk
);H)‖∞ ≥ ǫ

4 for every H ∈ Mξ[N]. We set f ′′
1 = f ′

1,

f ′′
2k+1 = f ′

2mk+1 and f ′′
2k = f ′

2mk
for every k ∈ N. Then ‖aξ((f ′′

2k+1−f ′′
2k);H)‖∞ ≥

ǫ

4
for every H ∈ Mξ[N], a contradiction by the hypothesis. This finishes the

proof of Proposition. �

Corollary 2.8. Let K be a compact metric space, 1 ≤ ξ < ω1 and
(fk) ⊆ C(K) pointwise converging to f.

(i) If for every subsequence (f ′
k) of (fk) there exists a strictly increasing se-

quence (Hn) of members of Mξ[N] such that the sequence gn = aξ((f ′
2k+1 −

f ′
2k);Hn), n ∈ N converges uniformly to zero then β(f) ≤ ωξ.
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(ii) If f is bounded and β(f) ≤ ωξ then there exists a sequence (hk) of convex
blocks of (fk) (i.e., hk ∈ conv((fp)p≥k) for all k) such that for every M ∈ [N]
there exists N ∈ [M ] such that for every strictly increasing sequence (Hn)
of members of Mξ[N ] the sequence gn = aξ((h2k+1 − h2k);Hn), n ∈ N

converges uniformly to zero. (Here conv((φk)) denotes the set of convex
combinations of the φk ’ s.)

P r o o f. (i) By Proposition 2.7 there exists a subsequence (f ′
k) of (fk) with

γ((f ′
k)) ≤ ωξ. Also β(f) ≤ γ((f ′

k)) by Proposition 1.1 of [9]. Hence β(f) ≤ ωξ.
(ii) By using [9; Theorem 1.3] or the proof of [11; Theorem 17] we prove

that there exists a sequence (hk) of convex blocks of (fk) with γ((hk)) ≤ ωξ.
Therefore, by Proposition 2.6, the conclusion is immediate. �

Corollary 2.9. Let K be a compact metric space and 1 ≤ ξ < ω1 such
that for every sequence (fk) ⊆ C(K) pointwise converging to zero there exists a
strictly increasing sequence (Hn) of members of Mξ[N] such that the sequence
gn = aξ((fk);Hn), n ∈ N converges uniformly to zero. Then β(f) ≤ ωξ for every
Baire-1 function f on K.

P r o o f. Let (fk) ⊆ C(K) pointwise converging to f. Then the sequence
(f2k+1 − f2k) converges pointwise to zero. So, by the hypothesis, for every sub-
sequence (f ′

k) of (fk) there exists a strictly increasing sequence (Hn) of members
of Mξ[N] such that the sequence gn = aξ((f ′

2k+1 − f ′
2k);Hn), n ∈ N converges

uniformly to zero. Therefore, by Corollary 2.8 (i), β(f) ≤ ωξ. �

Corollary 2.10. Let E be a Banach space, A = (xn) ⊆ E, M ∈ [N] and
ξ < ω1. Then there exists N ∈ [M ] such that

either lim
n→∞

‖ξL
n · A‖ = 0 for every L ∈ [N ];

or does not exist L ∈ [N ] such that limn→∞ ‖ξL
n · A‖ = 0.

P r o o f. We consider the elements xn, n ∈ N, as functions on the dual
unit ball. So, by using Theorem 2.5, Proposition 1.5 and Remarks 1.8(ii), we get
the conclusion. �

The next Proposition is a result stronger than a theorem of Pták in [17].

Proposition 2.11. Let (fk) be a uniformly bounded sequence of real-
valued functions defined on a set X, δ > 0 such that for every ξ < ω1 there
exists M ∈ [N] such that for every N ∈ [M ] there exists H ∈ Mξ[N ] with
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‖aξ((fk);H)‖∞ ≥ δ. Then there exists a strictly increasing sequence (mk) of

positive integers such that for every k ∈ N there exists x ∈ X with |fmj
(x)| >

δ

2
for every j = 1, . . . , k.

P r o o f. For every ξ < ω1 there exists M ∈ [N] such that for every

N ∈ [M ] there exist H ∈ Mξ[N ] and x ∈ X such that aξ
Fx

(H) ≥
δ

2 supk ‖fk‖∞
,

where Fx =

{

k ∈ N : |fk(x)| >
δ

2

}

.

Therefore, by Theorem 2.3, for every ξ < ω1 there exists a strictly in-
creasing sequence (mξ

k) of positive integers such that for every F ∈ Sξ there

exists x ∈ X with |f
m

ξ
k

(x)| >
δ

2
for every k ∈ F .

Consider the tree

T

(

(fk),
δ

2

)

= {(1)} ∪ {(1, k1, . . . , kn) ∈ N
n+1 : 1 < k1 < . . . < kn and

there exists x ∈ X so that |fki
(x)| >

δ

2
for all i = 1, . . . , n}.

Therefore, by Lemma 2.6 of [10], we have

(

T ((fk),
δ

2
)

)ωξ

6= Ø for every

ξ < ω1. So, by Proposition 1.12, the tree T

(

(fk),
δ

2

)

is not well-founded, i.e.,

there exists a strictly increasing sequence m1 < . . . < mk < . . . of positive

integers such that for every k ∈ N there exists x ∈ X with |fmj
(x)| >

δ

2
for every

j = 1, . . . , k. This finishes the proof of Proposition. �

The next Proposition is a result stronger than Mazur’s theorem in [13].

Proposition 2.12. If X is a pseudocompact topological space (i.e., if
(Un) is a decreasing sequence of non-empty open subsets of X then

⋂∞
n=1 cl Un 6=

Ø) then for every uniformly bounded sequence (fk) ⊆ C(X) pointwise converging
to zero with infk ‖fk‖∞ > 0 there exists 1 ≤ ξ < ω1 such that for every M ∈ [N]
there exists N ∈ [M ] such that for every strictly increasing sequence (Hn) of
members of Mξ[N ] the sequence gn = aξ((fk);Hn), n ∈ N converges uniformly
to zero.

P r o o f. Let (fk) ⊆ C(X) uniformly bounded and pointwise converging
to zero.

Claim 1. For every δ > 0 there exists ξ < ω1 such that for every M ∈
[N] there exists N ∈ [M ] such that ‖aξ((fk);H)‖∞ < δ for every H ∈ Mξ[N ].
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P r o o f o f C l a i m 1. Assume the contrary. Then there exists δ > 0
such that for every ξ < ω1 there exists M ∈ [N] such that for every N ∈ [M ]
there exists H ∈ Mξ[N ] with ‖aξ((fk);H)‖∞ ≥ δ. So, by Proposition 2.11, there
exists a strictly increasing sequence (mk) of positive integers such that for every

k ∈ N there exists xk ∈ X with |fmj
(xk)| >

δ

2
for every j = 1, . . . , k. For every

k ∈ N we set

Uk =

{

x ∈ X : |fmj
(x)| >

δ

2
for j = 1, . . . , k

}

.

For every k ∈ N the set Uk is open and non-empty because fmj
is continuous

for 1 ≤ j ≤ k and xk ∈ Uk. Also U1 ⊇ U2 ⊇ . . . ⊇ Uk ⊇ . . . . Therefore, by
the hypothesis, there exists x0 ∈

⋂∞
k=1 clUk. By the continuity of fmk

’s we have

|fmk
(x0)| ≥

δ

2
for every k ∈ N, a contradiction because (fk) converges pointwise

to zero. This finishes the proof of Claim 1. �

For every n ∈ N we choose ln,mn ∈ N with n < mn < ln such that

1

n
inf
k
‖fk‖∞ −

1

mn
sup

k

‖fk‖∞ >
1

ln
.

Applying Claim 1 for δ =
1

ln
, n ∈ N we find a sequence (ξn) of countable

ordinals such that for every n ∈ N and M ∈ [N] there exists Nn ∈ [M ] such

that ‖aξn((fk);H)‖∞ <
1

ln
for every H ∈ Mξn

[Nn]. We set ξ = supn ξn. Clearly

ξ < ω1.
If ξ = 0 then ξn = 0 for every n ∈ N and so, by using Lemma 2.5.1,

for every M ∈ [N] there exists N ∈ [M ], N = (nk) such that the sequence (fnk
)

converges uniformly to zero, a contradiction because infk ‖fk‖∞ > 0. Hence ξ ≥ 1.

Claim 2. For every n ∈ N and M ∈ [N] there exists Ln ∈ [M ] such that

‖aξ((fk);H)‖∞ <
3

n
sup

k

‖fk‖∞

for every H ∈ Mξ[Ln].

P r o o f o f C l,a im 2. Assume the contrary. Then there exists n ∈ N

and M ∈ [N] such that for every L ∈ [M ] there exists H ∈ Mξ[L] such

that ‖aξ((fk);H)‖∞ ≥
3

n
sup

k

‖fk‖∞. By Proposition 2.4, there exists L ∈ [M ]

such that ‖aξ((fk);H)‖∞ ≥
3

n
sup

k

‖fk‖∞ for every H ∈ Mξ[L]. Then for ev-

ery H ∈ Mξ[L] there exists x ∈ X such that aξ
Fx

(H) ≥
2

n
, where Fx =
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{

k ∈ N : |fk(x)| ≥
1

mn
sup

λ

‖fλ‖∞

}

. By using Lemma 2.3.1 and Theorem 2.1,

there exists N ∈ [L] such that for every H ∈ Mξn
[N ] there exists x ∈ X with

aξn

Fx
(H) ≥

1

n
.

Since for every x ∈ X and H ∈ Mξn
[N] we have

|aξn((fk);H)(x)| ≥ aξn

Fx
(H) inf

k
‖fk‖∞ −

1

mn
sup

k

‖fk‖∞

it follows that for every H ∈ Mξn
[N ] there exists x ∈ X such that

|aξn((fk);H)(x)| ≥
1

n
inf
k
‖fk‖∞ −

1

mn
sup

k

‖fk‖∞ >
1

ln
.

Hence ‖aξn((fk);H)‖ >
1

ln
for every H ∈ Mξn

[N ], a contradiction. This

finishes the proof of Claim 2. �

By using Claim 2 and Lemma 2.5.1 we get the desired conclusion. �

Remark 2.13. The conclusion of Proposition 2.12 fails if X is an
arbitrary topological space. For example, let X = N with the discrete topology.
For every k ∈ N we consider the function fk : N → {0, 1} where fk(n) = 1 if
n ≥ k and fk(n) = 0 if n < k. Then (fk) converges pointwise to zero, but
‖aξ((fk);H)‖∞ = 1 for every ξ < ω1 and H ∈ Mξ[N].
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[13] S. Mazur. Üder konvexe Mengen in linearen normierten Räumen. Studia
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